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1. Introduction

In 1991, O. G. Xi [1] applied the concept of fuzzy sets to BCK-algebras. After
that, concept of fuzzy sets to BCK-algebras has been considered by a number of
authors, amongst them, Y. B. Jun [2]. E. Y. Deeba (1980) [3] introduced the
concept of lattice filters. Y. B. Jun, S. M. Hong and J. Meng (1998) [4] introduced
the concept of fuzzy BCK-Filter. For the general development of BCK-algebras,
the filter theory plays an important role as well as ideal theory. The purpose of
this paper is to give the fuzzification of BCK-algebras and we study relationships
between BCK-filters and lattice filters in BCK-algebras.

2. Preliminaries

(For more details of BCK/BCI-algebras we refer to [5] [6] and [7].)
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An algebra (X;*,0) of type (2, 0) is said to be a BCK-algebra if it satisfies
the following

D ((x*y)*(x*2))#(z*y)=0

(I1) (x*(x*y))*y=0

(IIr) x*x=0

(IV) 0xx=0

(V) x*y=0 and y=x=0 imply x=y

A BCK-algebras can be (partially) ordered by x <y if and only if xxy=0.
The following statements are true in any BCK-algebras: forall x,y,z,

(p) (x;<) isa partially ordered set.

(p,) x*0=x.

(ps) (x*y)*z=(x*z)*y.

(p) x¥(xx(xxy))=xxy.

(ps) x<y implies x*z<yxz and zxy<z=x

BCK-algebra X satisfying the identity XAy =yAXx where xAy=y#*(y*x)
for all x,ye X is said to be commutative. If there is an element ¢ of
BCK-algebra X satisfying x </ for all xin X, the element ¢ is called the unit
of X. A BCK-algebra with the unit is called to be bounded. In a bounded
BCK-algebra, we denote /*x by N, forevery xe X .Inbounded commuta-
tive BCK-algebra denote Xvy=N NaNy)

(ps) In bounded BCK-algebra we have N, * N, <y=*x) [8].

3. Fuzzy BCK-Algebra

Definition 3.1. Zadeh [9] A fuzzy subset of a BCK-algebra X is a function
u:X —>[01].

Definition 3.2. [10] Let X be a BCK-algebra. A fuzzy set x4 in Xis called a
fuzzy subalgebra of Xif, forall x,ye X,

p(xxy)zmin{u(x), u(y)}

Definition 3.3. [11] Let Xbe a BCK-algebra and let /be a non empty subset of
X Then 7itis called to be an ideal of Xif, forall x,y in X

(a) 0el

(b) x*yel and yel imply xel.

Definition 3.4. [12]. Let u be a fuzzy set of X. For te[0,1], the set
U= {X e X1 u(x) Zt} is called a level subset of 4 .

Theorem 3.5. Let X be a BCK-algebra and let x4 be an arbitrary fuzzy sub-
algebra of X, then for every te[0,1], g isanideal of X, when gz #4.

Proof. For any element xe X we have

1(0)= u(x*x)=min{u(x), u(x)} = u(x)=t, where te[0,1],
sothat Oe g, .Let x*yey and yey,andforany X,y inJX denote
t=min{z(x), u(y)}.

Then by the hypothesis 4 is a fuzzy subalgebra of X, we have
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p(xxy)zmin{u(x), u(y)f =t.

If min{,u(x),,u(y)} =u(y)=t, then p(x)>t so that xey . Or
min {,u(x),,u(y)} = u(x)=t whichimplies X e 4 .Hence g isan ideal of X.

Definition 3.6. [13] A partially ordered set (X ,S) is said to be a lower se-
milattice if every pair of elements in X has a greatest lower bound (meet (A)); it
is called to be an upper semilattice if every pair of elements in X has least upper
bound (Join (v )). If (X ,S) is both an upper and a lower semilattice, then it is
called a lattice.

Definition 3.7. Let X be a bounded BCK-algebra, x be a fuzzy set in X.
Then g is called a fuzzy BCK-filter of Xif, for all X,y e X

(FF) p(0) (%)
(FE,) ﬂ(X)Zmin{ﬂ(N(Nx*Ny))'ﬂ(y)}

Theorem 3.8. A BCK-algebra (X;*,0) is commutative if and only if it is
lower semilattice with respect to BCK-order <.

Theorem 3.9. Let x be a fuzzy BCK-filter of bounded commutative
BCK-algebra. Then for every te[0,1], x4 isan upper semilattice with respect
to BCK-order <,when g # 4.

Proof. For bounded commutative BCK-algebra x=N, for all xe X (by
Y.B.Jun) and N, A N, <N,,N, (by Theorem 3.7), then we have
x=Ny < N(NMNy) =Xvy and y= Ny, < N(NMNy

This shows that xvy is a common upper-bounded of x and y: Next if
X,y<z,then N, <N, N, . (by Theorem 3.7) we obtain
N, <N, AN, N(NxANy
bound of x and y; so it remains to prove XvYyey, from (p;) we have
N, *N, <y*(xvy)=0,andso Niey) *N, =0.

(xvy)
N, i) =i (M) () = ).

so that Xvye . Hence (g,<) is upper semilattice. This completes the

):va forall x,ye .

)SNNZ thus Xvy<z. Hence xvy is a least upper

Hence pu(xvy)= min{u[N(N

(xvy)

proof. m

Theorem 3.10. Let x be a fuzzy BCK-filter of a bounded commutative
BCK-algebra X. If y<X for all X,ye X, then for every te[0,1], g is a
lower semilattice with respect to BCK-order <, when g, # ¢.

Proof. Let X,y €z . By (I) we know that (xAy)<X,y. Let z be any ele-
ment of Xsuch that Z<X,y. Then z*x=2z*y=0,so

2=7%0=17%(z%X)=x*(X*2).
By the same reason, we have z=y=*(y=z), hence
z:x*(x*z):x*(x*(y*(y*z)))gx*(x* y)=XAY.

This says that forall X,y in gz, XAy itisthe greatest lower bound, so it is
remain to prove XA Y € 4. Then from (p,) we have

Niay) * Ny < y*(xay)=y*(y*(y*x))=y*(y*0)=y*y=0,and so
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N(my) *N, =0
u(xny)= mln{y(NN(W) y),ﬂ(y)}
Hence =min{u(N,), u(y)}
=min{z(£), u(y)f = .

so that xAye s (y). Hence (u,<) is lower semilattice. This completes the
proof. m

Theorem 3.11. Let x be a fuzzy BCK-filter of a bounded commutative
BCK-algebra X. If y<Xx forall X,ye€ X, thenforevery te[0,1], 4 alattice
with respect to BCK-order <, when g, # ¢.

Proof. Since pu fuzzy BCK-filter of a bounded commutative BCK-algebra X.
and y<Xx for all X,ye X, then for every te[0,1], g is lower semilattice
with respect to BCK-order <, (from Theorem 3.10). also g is upper semilat-
tice with respect to BCK-order <, (from Theorem 3.9) combining with Defini-
tion 3.6, thus 4 1is alattice with respect to BCK-order <.

Definition 3.12. [14] A non-empty subset Fof a BCK-algebra X'is said to be a
lattice filter if it satisfies that (D;) xeF and X<y implies yeF ; (D,)
X,yeF gLb. {x,y}eF.

Theorem 3.13. Let Xbe a bounded commutative BCK-algebra, u be a fuzzy
BCK-filter of X, then for every te[0,1], 4 is a lattice filter of X, when
M #=¢ and Yy<X forall x,y inX

Proof. Assume p is a fuzzy BCK-filter of X, then for all te[0,1], let
X,ye€ X be such that yey and y<x. Then N,*N <y*x=0 and so
N, *N, =0. Hence

So that X € g . This shows that g, satisfies (D,). The proof of (D’,) is similar
to the proof of Theorem 3.10 and omitted. Hence g is a lattice filter of X. This
completes the proof.

Theorem 3.14. Let X be a BCK-algebra and u be an arbitrary fuzzy subal-
gebra of X. Then for every a,x and yin Xand for every te[0,1], the following
hold when 4, # ¢:

(a) a*(a*((((a*x)*o)*>*0)) € 4

(b) if Xit is positive implicative, then (X * My ) €y, where x*"y is recursively
defined as follows x#'y=xx*y, x* "y = (X* “y)* y for any neN (where N
is the set of all the natural numbers).

(©) (x*y)*xep

(d) if X'is bounded commutative, then N, *N, € 4

(e) if Xis positive implicative, then (xxy)*y e s
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(f) if Xis implicative, then (x* y)*(y #( X y)) € 4
(g) if Xis commutative, them x*(y*(y*x))e 4
Proof. Forany X,y in Xdenote t= min{y(x),,u(y)}

’u(a*(a*((((a*x)*o)*)*0)))
= u(axx)=min{u(a), u(x)} =t
So a*(a*((-~-((a*X)*O)*---)*O))e,ut. Hence (a) holds. In any positive
implicative BCK-algebra, the following identity hold x*"y=x=*y for any

neN thus ,u(x*“y)z,u(x*y)zmin{y(x),y(y)}:t so x*"ye u . Hence
(b) holds.

S

= p(x*x) 2 min{u(x), u(x)} =t

so (x*y)*xe g and (c)holds.

y
:y(y*(y*f)*x):#((y*o)*x)
= p(y*x)zmin{u(x), #(y)} =t,
thus ,u(Nx * Ny)zt.
Which implies N, *N, € 4, proving (d).
(e) Since Xis a positive implicative BCK-algebra, it follows that

((329)3)= a(xe)+(y#) = al(x9)+0)
= p(xxy)zmin{u(x), u(y)f =t
thus (x#*y)*y e 4 . Hence proving (e).
(f) Since Xis an implicative BCK-algebra, it follows that
w((xxy)x(y=(xxy))) = p(xxy) 2 min{u(x), u(y)} =t,

thus y((x*y)*(y*(x*y)))zt,so (x*y)*(y*(x*y))e m.
Hence (f) holds.

(g) Form commutative of X and it follows that
p(xe(yx(y=x))) = p(xe(x (xxy))) = u(xxy)
> min{y(x),y(y)} =t.

Thus ,u(x*(y*(y* x)))zt so X*(y*(y*Xx))e .
Hence (g) holds. This finishes the proof.

4. Conclusions

1) A level subset of a fuzzy sub-algebra of BCK-algebras X'is an ideal X.

2) A level subset of the fuzzy BCK-filter of bounded commutative BCK-algebra
Xis an upper semilattice with respect to BCK-order <.

3) A level subset of a fuzzy BCK-filter of abounds commutative BCK algebras
X is a lower semilattice with respect to BCK-order < and If y<X for all
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X,yeX.

4) A level subset of a fuzzy BCK-filter of abounds commutative BCK algebras
Xis alattice with respect to BCK-order <.

5) A level subset of a fuzzy BCK-filter of a bounded commutative BCK-algebra
Xis a lattice filter with respect to BCK-order < and if y<X forall X,ye X.
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