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Abstract

In this paper, we prove some A-convergence and strong convergence results
for the sequence generated by a new algorithm to a minimizer of two convex
functions and a common fixed point for quasi-pseudo-contractive mappings
in Hadamard spaces. Our theorems improve and generalize some recent re-
sults in the literature.
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1. Introduction

Let (X,d) bea metric space and X,ye X with |=d(xy). A geodesic path
from xto yis an isometry ¢:[0,I]—> X such that ¢(0)=x,c(l)=y. The im-
age of a geodesic path is called a geodesic segment. A metric space Xis a geodes-
ic space if every two points of X are joined by a geodesic segment. A geodesic
triangle A(X,,X,,X;) ina geodesic space X consists of three points X;,X,,X; of
Xand three geodesic segments joining each pair of vertices. A comparison triangle
of a geodesic triangle A(X;,X,,X,) is the triangle A(X;,X,,X;):= A(X_l,x_z,x_S) in
the Euclidean space R? such that d (Xi X ) = d]RZ (xi , xj) forall i,j=1,23.

A geodesic space X is a CAT(0) space if for each geodesic triangle
A=A(X,X,,X;) in X and its comparison triangle A:= A(X_l,x_z,x_a) in R?,
the CAT(0) inequality

d(xy)<d.(Xy)
is satisfied by all X,y €A and X,y €A . The meaning of the CAT(0) inequality

is that a geodesic triangle in X'is at least as thin as its comparison triangle in the

Euclidean plane. It is well-known that any complete and simply connected Rie-

DOI: 10.4236/jamp.2020.84046 Mar. 31, 2020

597 Journal of Applied Mathematics and Physics


https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2020.84046
https://www.scirp.org/
https://doi.org/10.4236/jamp.2020.84046
http://creativecommons.org/licenses/by/4.0/

L. L. Wan

mannian manifold having non-positive sectional curvature is a CAT(0) space.
Other examples of CAT(0) spaces include pre-Hilbert spaces, R-trees, Euclidean
buildings. A complete CAT(0) space is called a Hadamard space.

Let Cbe a nonempty set and consider the following composite optimization
problem: find X" eC such that

f () + 9 () = min{ (x)+ 9 ()}, M)

where f,g are real-valued functions defined on C. This problem has a typical
scenario in linear inverse problems, and it has applications in image reconstruc-
tion, machine learning, data recovering and compressed sensing (see [1]-[7] and
the references therein).

In the case that X is a real Hilbert space or a real Banach space, problem (1)
has been studied by many authors ([3] [5] [8]-[12]). For example, in 2019,
Chang et al [8] used a modified hybrid algorithm to find a minimizer for prob-
lem (1) in Banach spaces without the assumption that the potential function is
Fréchet differentiable and its gradient is Z-Lipschitz continuous.

Recently, many convergence results for solving optimization problems have
been extended from the classical linear spaces to the setting of manifolds. For
example, in 2015, Cholamjiak-Abdou-Cho [13] established strong convergence
of the sequence to a minimizer of a convex function and to a fixed point of non-
expansive mappings in CAT(0) spaces. Also in 2019, Chang et al. [14] presented
a new modified proximal point algorithm for solving the minimization of a
convex function and the common fixed points problem for two &-strictly pseu-
dononspreading mappings in Hadamard spaces.

Recall that a mapping T:C — C is said to be

(i) nonexpansive, if
d(Tx,Ty)<d(xy),Vx,yeC;
(ii) quasi-nonexpansive, if Fix(T)#@ and
d (Tx, x*) <d (x,x*), vV xeC,Vx eFix(T);
(iii) k-strictly pseudononspreading, if there exists a constant k €(0,1) such
that forall x,yeC
d?(Tx,Ty)<d?(x,y)+kd?(x,Tx)+kd?(y,Ty)+2(1- k)<xT (x),yT (y)>;
(iv) demicontractive, if Fix(T)# and there exists k €(0,1) such that
d? (Tx, x*) <d? (x, x*) +kd?(x,Tx), ¥xeC, Vx" e Fix(T).
Definition 1. An operator T :C — C is said to be pseudo-contractive if
<TxTy,Ty> <d?(xy),vx,yeC.
Remark 1. The interest of pseudo-contractive operators lies in their connec-
tion with monotone mappings, namely, T is a pseudo-contraction if and only if

| - T is a monotone mapping. It is well known that T is pseudo-contractive if

and only if
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d?(Tx, Ty)<d?(x,y)+d?((1 =T)x,(1 =T)y), vx,y eC.

Definition 2. An operator T :C — C is said to be quasi-pseudo-contractive
if Fix(T)#< and
d? (Tx, x*) <d? (x, x*) +d?(x,Tx), YxeC, Vx" e Fix(T). (2)

From the above definitions, it is easy to see that the class of qua-
si-pseudo-contractive mappings is fundamental. It includes many kinds of non-
linear mappings such as the demicontractive mappings, the quasi-nonexpansive
mappings and the k-strictly pseudononspreading with fixed points as special
cases. Motivated by the researches above, we establish the convergent results to a
minimizer of two convex functions and a common fixed point of qua-
si-pseudo-contractive mappings in Hadamard spaces. Thus our results general-
ize the corresponding results of Cholamjiak-Abdou-Cho [13], Chang et al. [14],
Ariza-Ruiz et al [15], Ba¢dk [16], Dhompongsa et al [17], Khan-Abbas [18] and
many others.

2. Preliminaries and Lemmas

We now collect some elementary facts about CAT(0) spaces which will be used
in the proofs of our main results. In 1976, Lim [19] introduced the concept of
A-convergence in a general metric space. Recall that a sequence {X,} in a
CAT(0) space X is said to A-converge to x e X if xis the unique asymptotic
center of {u,} for every subsequence {u,} of {x,}. A geodesic space (X,d)
is a CAT(0) space, if and only if
dz((l—t)xeaty,z)s(1—t)d2(x,z)+td2(y,z)—t(1—t)d2(x,y) (3)
for all x,y,ze X and all te[0,1]. Berg and Nikolaev [20] introduced the
concept of quasilinearization as follows. Denote a pair (a,b)e X xX by ab
and call it a vector. Then quasilinearization is defined as a map
(+) (X xX)x(XxX)> R defined by

@,a)=%[dz(a,d)+dz(b,c)—dz(a,c)—dz(b,d)]

forall a,b,c,d € X . Itis easy to see that
(a5, = (e, aB), (a5, = (ba, o). (a,d ) + (36, o) - (a4

for all a,b,c,d,xe X . It is proved in [20] that a geodesically connected metric
space is a CAT(0) space if and only if it satisfies the Cauchy-Schwarz inequality:

(ab,cd)<d(ab)d(c,d), va,b,c,d € X.

Lemma 1. [14] Let X be a Hadamard space. Then for all X,y,z,u,we X and
t,se[0,1], we have

(i) d((1-t)x®ty,z)<(1-t)d(x,z)+td(y,2);

(ii) d(tx®(1-t)y,sx®(1-s)y)=[t—s|d(x,y);

(i) d(x®(1-t)y,u®(@-t)w)<td(x,u)+(1-t)d(y,w).

Definition 3. [14] Let Cbe a nonempty subset of a Hadamard space X and let
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{X,} beasequencein X. Then {x,} isFejér monotone respect to Cif

d(X,.;,x)<d(x,,X), ¥xeC and neN.

Lemma 2. [21] Let {X,} be a sequence in a Hadamard space X and let C be a
nonempty subset of X. Suppose that {X}| is Fejér monotone with respect to C
and that every A-sequential cluster point of {X,} belongs to C. Then {X,}
A-converges to a point in C.

Lemma 3. Let C be a nonempty closed and convex subset of a Hadamard

space Xand T :C — C be an L-Lipschizian mapping with L >1. Denote
Ki=(1-&)1®&T((1-n)1 @4T). (4)

If 0<&<p< , then the following conclusions hold:

1
1+ \/ﬁ
(i) Fix(T)=Fix(T ((1-n)1 ®7T))=Fix(K);
(i) If 1 =T isdemiclosed at0,then | —K is also demiclosed at 0;
(iii) If T'is quasi-pseudo-contractive, then the mapping Kis quasi-nonexpansive,
that s,
d (Kx,x*) <d (x,x*), vxeC and X e Fix(K).

Proof. (i) If X eFix(T), it is obvious that X" e Fix(T((1-»)1 ®5T)).
Conversely, if X" e Fix(T((1-7)1 ®7T)), ie, X =T((1-7)x ®7Tx’), let-
ting U =(1-n)1 ®nT, then TUX =x". Put UX =Yy . Then Ty =X . Now
we prove that X" =Y. In fact, we have

d(x7,y")=d(x"ux")=d (x*,((l—n)l @nT)x*)
=nd (x*,Tx*) =nd (Ty*,Tx*) < Lnd (y*, x*).
Since 0<Lp<1,wehave X =Y, ie, X eFix(T).This shows that
Fix(T) = Fix(T((1-7)1 ®4T)). It is obvious that x e Fix(K) if and only if
x € Fix (T ((1— n) ®nT )) . The conclusion (1) is proved.

(ii) For any sequence {X,}cC satisfying x,—X and d(x,,Kx,)—>0.
Next we prove that X e Fix(K). From conclusion (1), we only need to prove
that X" e Fix(T). In fact, since T'is L-Lipschizian, we get

d(%,,Tx,) <d (%, T((1-7)! @nT)xn)+d(T((1—77)l @qT)xn,Txn)
g%d(xn,(l—f)xn ® LT ((1-n)1 ©1T)x,)
+Ld (x,,(1-7)x, ®7Tx,)

=§d (X, Kx, )+ Lnd (x,,Tx, ),

which implies that
1
d(x, Tx,) < ———d(x,,Kx,) = 0.
( £(1-Ln)
Since 7'is demiclosed at 0, we have X e Fix(T)=Fix(K). The conclusion (2)
is proved.
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(iii) Since X" e Fix(K) = Fix(T ), we have from (2)
d*(T((L-n)1 ®4T )x,x")

<d?((1-n)x@nTx,x")+d*((L-7)x D 7TXT ((1-1)x®5Tx)) .

forall xe X . Since T'is L-Lipschitzian, we get
d(TX,T((1-7)x @ 4Tx)) < Ld (X, (1-7)x@7Tx) = Ld (x,TX).  (6)
From (2) and (3), one has
dz((l—n)xeanTx,x*)
< (1—77)d2(x,x*)+ndz(Tx,x*)—n(l—n)dz(x,Tx)
< (1—n)dz(x,x*)+ndz(x,x*)+ndz(x,Tx)—n(l—n)dz(x,Tx)
:dz(x,x*)+772d2(x,Tx).

™)

By (2) and (6), we obtain
dz((l—n)xer)nTxT((l—n)xer)nTx))
)d? (%,T((1=7)x@7Tx))+nd* (TX,T ((1-7)x © 7Tx))
(1 n)d’ (X TX) (8)
~7)d 2(x =) X®7Tx))+7°L°d’ (%, Tx) = (=" )d* (x,Tx)
=(1-7)d 2( x@nTx)) (77—77 —773L2)d2(x,Tx).
By (5), (7) and (8), we have
d*(T((@-n)1®nT)xx")
<d?® (x X )+772d (x, Tx)+(1—77)d2(x,T((1—77)x€r)77Tx))
—(n-n"-n Lz)dz*xTx) )
=% (x,X)+ (L=m)d* (x T ((L-7) x ©7Tx))
)-

—77(1 27— r]Lz)d (x,Tx

Since 7 < , we deduce that 1—27—7?L? > 0. From (9), one gets

1
1+«/1+—I_2
d*(T((A-m)1 @ 4T )xx")<d?(x,X" )+ (1=1)d*(x.T((1-n)x@7Tx)) (10)
forall xe X and X eFix(T).Combing (2) and (10) one has
d*((1-&)x@ T ((1-n7)x @ 7Tx),X)
g(1—§)d2(x,x*)+§d2(T((l—n)x®r7Tx),x*)
—E(1-&)d* (%, T((1-n)x @ 7Tx))
<(1-€)d* (XX )+ &d? (x,x) + E(1-7)d?* (T ((1-n)x @ 7Tx))
~&(1-)d* (xT((L-n)x@nTx))
=d? (x,x )+§(§—n)d (x,T((l—n)x@nTx)),

which together with &£ <7 implies that
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d ((l—ej)x@fT ((1—77)x@77Tx),x*) <d (x,x*),
that is,
d (Kx,x*) <d (x,x*), vxeC, VX" e Fix(K).

The proof is completed.

Now we consider the following problem: find a point X" € C such that

{f (x)+g(x)= rpeicn{f (x)+g(x)},

X =Tx,i=12,

(11)

where Cis a nonempty closed convex set of a Hadamard space X,

f,g:C —)(—oo,+oo] are proper convex functions and T,:C —>C,i=12 is a
quasi-pseudo-contractive mapping. Recall that a function f:C — (—o0,+o] is
said to be convex, if for any geodesic
[%.y]:={r,(2):0<A<1}={Ax®(1-1)y:0< A <1} joining X,yeC , the

function f oy is convex. If we set
O(x,y)=f(y)-f(x),

then the problem (11) is equivalent to the problem of finding X" e ﬂizleix(Ti)
such that

®(x*,y)+ g(y)—g(x*)zo, vy eC.
Define
F(xy)=0(xy)+9(y)-9(x),vxyeC.

It is easy to show that the bifunction F(X,y):CxC — (—o0,+%] has the fol-
lowing properties:

(A) F(x,x)=0;

(A,) Fis monotone, e, F (X, y) +F (y, X) <0,vx,yeC;

(A,) The function y+> F(X,y) isconvexforall xeC;

Define a mapping T,: X ->C by

Tr(x)z{ZEC:F(z,y)+%<ﬁ,ﬂ>zO,VyeC},XEX.

Lemma 4. Let C be a nonempty closed convex subset of a Hadamard space X.
Let F be a bifunction satistying assumptions (A,)-(A;) and
(A, For each Xe X and r>0, there exists a compact subset D, cC

containing a point Y, € D, cC such that F(X,y;)+ 1<x—ywﬁ> <0 whenev-
r
er xeC/Dy .
Then, the following conclusions hold:
(a) T, iswell definedin X and T, Iis single-valued,

(b) T, isfirmly nonexpansive restricted to C, i.e., ¥X,yeC,

dz(Trx,Try)£<W,Ty>;

(c) Fix(T,)=Q, where Q is the solution set of problem (1) (i.e., the set of
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minimizers of problem (1));
(d) For Fix(T,)#Q, one has

d?(T,x,x)<d?(x,p)—-d*(T,x, p), VxeC, ¥p e Fix(T,). (12)

Proof The result is a special case of Theorem 4 and Theorem 5 in [22], so we

omit the proof here. O

3. A-Convergence Theorems

We are in a position to give our main theorems. Throughout this section we as-
sume that

(1) (X,d) is a Hadamard space and Cis a nonempty closed convex subset
of X;

(2) f,9:C—(—o0,+] are proper convex functions and the bifunction
F(X,y) satisfies the assumption (A,);

(3) T,:C—>C,i=1,2 is an L-Lipschitzian and quasi-pseudo-contractive
mapping with L>1, | —T, isdemiclosed at 0;
(4) Denote

Ki :z(l_é)l ®§iTi((1_Ui)| ®’7iTi)

with 0< ¢ <n, < =12,

1
1+41+12
Theorem 1. Let X,C,f,q9,T,,T,,K,,K, be the same above. For any given
X, € C, define the sequence {X,}cC as follows:

u, =T.X,,

ynzﬂnKlun@(l_ﬂn)Xn' (13)
X = anszn G_D(:I'_cln)xn’

where r>0, {a,},{B,} aresequencesin [0,1] with

O<a<a,, f,<b<1,VYn>0. Ifthe solution set T of problem (11) is nonemp-
ty, then the sequence {Xn} A-converges to a point X €T, which is a mini-
mizerof f,9 in Cand alsoacommon fixed point of T,,T, inC.

Proof Step 1. It follows from Lemma 4 (c) thatif pel, then

p e[ Fix(T;)NFix(T,). Besides, by Lemma 3 (ii) we have | -K; (i=12) is
demiclosed at 0.

Step 2. Next we prove that {X,} is Fejér monotone with respectto I'.In fact,
by Lemma 4 (b), T, is firmly nonexpansive, then it is nonexpansive. Let pel,
then one has

d(u,, p)=d(T.x,,T,p)<d(x,,p). (14)
It follows from (13) and (14) that
d(y,.p)=d((1-5,)%, ® B,Ku,,p)
<(1-4,)d(x,,p)+ B,d(Ku,,p)
<(1-8,)d(x,,p)+Bd(u, p)
<d(X,,p).

(15)
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From (13), (14) and (15) we obtain
d (X P)=0d((1-a, )%, ® 2, K,Y,, )
<(1-a,)d(x,,p)+a,d(K,Yy,. p)
<(1-a,)d(x,,p)+a,d(Y,,p)
<d(%,,p),

which implies that {d (Xy p)} is decreasing and bounded below. Thus the limit

(16)

lim,,,d(X,,p) existsforeach pel.Itimpliesthat {Xx,} isFejér monotone
with respect to I". Without loss of generality, we can assume that

lim d(x,, p)=c. (17)

n—+0

Therefore the sequence {X,} isbounded and so are the sequences

SABCHALTNATEAA

Step 3. Now we prove that
lim d(x,,u,)=0. (18)

In fact, it follows from (12) that

d*(u,,x,)<d*(x,,p)-d*(u,, p), Vpel. (19)
Hence in order to prove (18), it suffices to prove that lim,_ d(u,,p)=c.In-
deed, by (16) we get

d(X,.0, P)<(1-a,)d(x,,p)+a,d(Y, P),

which can be rewritten as

(%, P) < (d (%0 P) ~d (%,0P)) +d (%, )

n

si(d(xn, p)—d(X,.., p))+d (Y, p),

which together with (17) implies that
c=liminfd(x,, p)<liminfd(y,,p). (20)

Combing (15) and (17) we obtain
limsupd (y,, p)<limsupd(x,,p)=c,

which together with (20) implies that
limd(y, p)=c. (21)
Also, by (15) we have
d(¥y p)<(1=5,)d(x,, )+ £, (s, p)-

Then one gets

d (%, p)<=(d(%,, P)=d(Y,.p))+d(u,p)

>

<

(d(%,,P)=d(Yn P))+0 (U, p).

|~
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which together with (21) shows that

c=liminfd(x, p)<liminfd(u,,p).

On the other hand, it follows from (14) that
limsupd (u,, p) <limsupd (x,, p)=c.

n—+00 N— -+

These imply that lim,_,, d(u,,p)=c. Thus by (19) one has that the equality
(18) holds.
Step 4. In this step, we show that

lim d(x,,Ku,)=0, limd(x,,y,)=0and lim d(x,,K,y,)=0.

In fact, it follows from (3), (13), (14) and Lemma 3 (iii) that
d?(y,, p)=d*((1-B,)x, ® B, Ku,,p)
<(1-B,)d*(x,, p)+ B,d*(Ku,, p)- B, (1- B,)d*(x,. Ku,)
<(1-8,)d? (%, p)+ B,d*(u,, p)— B, (1= B,)d*(x,. Ku,)
<d?(x,, p)— B, (1= B,)d*(x,.Kyu,),
which together with (3), (13), (14) and Lemma 3 (iii) implies that
d? (X, P)=d?((1-a,) X, ® 2, K,Y,,p)
<(1-a,)d?(x,, p)+a,d?(K,Y,, P) -, (-, )d? (%, K, Y, )
<(1-a,)d?(x,, p)+,d? (Y, p)—a, (1-a, )d* (.. K, Y, )
s(l—an)dz(xn,p)+an[d2(xn,p)—ﬂn(l—ﬂn)dz(xn,Klun)]
—a,(1-a,)d*(%,,K,Y,)
=d®(x,, p)-a,B,(1- B,)d?(x,, K, ) —a, (1-a,)d*(X,, K, Y, ).
After simplifying and by using the condition that 0<a<e«,, £, <b<1, one gets
a’(1-b)d?*(x,,Ku, ) +a(l-b)d*(x,,K,y,)
<d?(X,, p)—d?(X,,,, p) >0 (as n — +o),
which shows that
lim d(x,,Kyu,)=0 and nILde(Xn’szn)zo' (22)

Thus by (13) and (22), we get
d(Yp %) =d((1-B,)%, ® B,Ku,, X, )= B,d (X, Kyu,) >0 (as n — +o0). (23)

Furthermore, it follows form (18), (22) and (23) that
d(u,, K, )<d(uy,x,)+d(x,,Ku,)—0(as n > +w),
d (v, Kyy,) <d (Y, %,)+d (X, Ky, ) = 0(as n — +x), (24)
d(T,x,,%,)=d(u,,x,) —>0(as n > +o0).

r*n1 n n!n

Step 5. Finally, we prove that {X,} A-converges to some point X T . Since
in the second step, we have shown that {x,} is bounded in Cand it is Fejér
monotone with respect to I'. Then by Lemma 2, in order to prove {X,}
A-converges to some point in I, it suffices to show that every A-sequential
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cluster point of {X,} belongsto I.

In fact,let X be a A-sequential cluster point of {X }, then there exits a sub-
sequence {an} of {x n} A-converging to X . From (18) and (23), it follows
that A-lim, Uy, = =X and A- lim,, ., Yo, = =X. Since T, is nonexpansive,
1 -T
0 by Lemma 3 (ii). Now by (24) and Lemma 3 (i), we obtain
N eﬂizleiX YN Fix(T, ﬂ Fix(T;) N Fix(T,)=T. Therefore, by Lemma
2, {x,} A-converges to some point in F . The proof is completed. O

. s demlclosed at 0. Note that | — K, and I —K, are also demiclosed at

4. Strong Convergence Theorems

Let (X,d) beaHadamard space and Cbe a nonempty closed convex subset of
X. Recall that a mapping T:C — C is said to be demi-compact, if for any
bounded sequence {x,} in C such that d(x,,Tx,)—>0 (as n—+w), then
there is a subsequence {xni }c {x,} such that {xni } converges strongly (Ze, in
metric topology) to some point in C.

Theorem 2. Let all the conditions in Theorem 1 be satisfied and T, be de-
mi-compact restricted to G, then the sequence {X,} defined by (13) converges
strongly to a point p €Tl .

Proof Indeed, since T, is demi-compact restricted to G, it follows from (24)
that there is a subsequence {xni }c {x,} such that {xni } converges strongly to
. is demiclosed at 0, we have p” e Fix(T,).

Moreover, it follows from (18) and (23) that {uni }—) p~ and {yni }—) p° as
i —> +o0. Since | — ( =1,2) is demi-closed at 0, by (24) we have
p eﬂ Fix(K ﬂ Fix(T;). Hence p eI Besides, it follows form (17)
that lim . d (xn, p ) exists. Thus we get lim . d (xn, p )—O. The proof is

some point p €C.Since |-T

completed. O
Theorem 3. Suppose that all the conditions in Theorem 1 are satisfied.

Moreover, let ¢:[0,+0)—[0,+00) be a nondecreasing function with

(0(0) =0, (p(r) >0,Vr>0 and

p(d(x,I'))<d(xTx), vxeC. (25)

then the sequence {X,} defined by (13) converges strongly to a point ¢ €I .
Proof. 1t follows form (24) and (25) that

lim ¢(d (x,,T'))=0.

n—+0

Since ¢ isnondecreasing with ¢(0)=0 and ¢(r)>0,Vr>0, we have

lim d (x,,I') =0,
which implies that
I|m d(X,,%y) < lim d(x,,T)+ lim d(x,,I")=0.

Hence {X,} is a Cauchy sequence in C. Noting that Cis closed and convex in
the Hadamard space X, Cis also complete. Without loss of generality, we can

assume that {X,} converges strongly to some point q €C. Then

DOI: 10.4236/jamp.2020.84046

606 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.84046

L. L. Wan

d (q*, F) =lim__,, d(x, T')=0.Besides, since K;(i=1,2) is quasi-nonexpansive
and T, is nonexpansive, it is clear that

I= ﬂiz:lFix (T)NFix(T,) = ﬂizleix(Ki )N Fix(T,) is closed in C. Thus we get
g €T . The proof is completed. 0

5. Conclusion and Remarks

Let us conclude this paper with some open questions whose answers might
largely improve the applicability of the results in this present paper.
Question. Whether or not we can improve the (A,) condition: For each

Xe X and r>0, there exists a compact subset D, c C containing a point

Yz € Dy <C such that F(x, y7)+1<x—ywﬁ> <0 whenever xeC/Dy, in or-
r
der to obtain similar results regarding the resolvent operator T,?
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