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Abstract 
The main goal of this work is to develop an effective technique for solving 
nonlinear systems of Volterra integral equations. The main tools are the car-
dinal spline functions on small compact supports. We solve a system of alge-
bra equations to approximate the solution of the system of integral equations. 
Since the matrix for the algebraic system is nearly triangular, It is relatively 
painless to solve for the unknowns and an approximation of the original solu-
tion with high precision is accomplished. In order to enhance the accuracy, 
several cardinal splines are employed in the paper. Our schemes were com-
pared with other techniques proposed in recent papers and the advantage of 
our method was exhibited with several numerical examples. 
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1. Introduction 

Integral equations appear in many fields, including dynamic systems, mathe-
matical applications in economics, communication theory, optimization and op-
timal control systems, biology and population growth, continuum and quantum 
mechanics, kinetic theory of gases, electricity and magnetism, potential theory, 
geophysics, etc. Many differential equations with boundary-value can be refor-
mulated as integral equations. There are also some problems that can be ex-
pressed only in terms of integral equations. Abundant papers have appeared on 
solving integral equations, for example, Polyanin summarized different solutions 
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of integral equations in [1] and [2] [3] published in 2013 and 2016. In [4] [5] and 
[6], we discussed numerical methods using cardinal splines in solving systems of 
linear integral equations. In this paper we are going to explore the applications 
of cardinal splines in solving nonlinear systems of integral equations. 

We are interested in the systems of Volterra integral equations of the second 
kind 

( ) ( )( ) ( ) ( )( )T T, , d ,
x

a
x x x x t t t= + + ∫y F y g K y              (1.1) 

where the kernel ( ) ( ) ( ) ( ) TT T T T
1 2, , , , , , , , , , ,mx t K x t K x t K x t =  K y y y y  and 

( ) ( ) ( ) ( ) T
1 2, , , mx g x g x g x=   g   are known functions, and  

( ) ( )T
1

m
i i

x y x
=

=   y  is to be determined;  

( )( ) ( )( ) ( )( ) ( )( )T T T T
1 2, , , mx F x F x F x =  F y y y y  are known functions in  

( )T xy . 

This paper is divided into six sections. In Section 2 and 3, two univariate car-
dinal continuous splines on small compact supports are presented. In Section 4, 
the applications of cardinal splines on solving integral equations are explored. 
The unknown functions are expressed as linear combinations of horizontal 
translations of a cardinal spline function. Then a system of equations on the 
coefficients is deducted. We can solve the system and a good approximation of 
the original solution is obtained. The sufficient condition for the existence of the 
inverse matrix is discussed and the convergence is investigated. In Section 5, the 
numerical examples are given. The non-linear system on unknowns is solved 
and an accurate approximation of the original solution is obtained in each case. 
Section 6 contains the concluding remarks. 

2. Cardinal Splines with Small Compact Supports 

Since the paper [7] by Schoenberg published in 1946, spline functions have been 
studied by many scholars. Spline functions have excellent properties and appli-
cations are endless (for example, cf. [8]). The spline functions on uniform parti-
tions are simple to construct and easy to apply, and are sufficient for a variety of 
applications. 

The starting point is frequently the zero degree polynomial B-spline, with the 
integral iteration formula 

( )0

1 11,
,2 2

0, elsewhere

x
B x

 − < <= 


                     (2.1) 

( ) ( )
1
2
1 1
2

d , 1,2,3,n nB x B x t t n−
−

= + =∫                   (2.2) 

we could construct higher order polynomial spline functions with higher degree 
of smoothness. More specifically, ( )1B x  has the expression 
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( )1
1 11 1 .
2 2

B x x x x= − + + −                  (2.3) 

( )nB x  are called one dimensional B-splines, which are polynomial splines and have 

small supports 1 1,
2 2

n n+ + − 
 

, i.e. ( ) 0nB x =  for 1
2

nx +
>  or 1

2
nx +

< − , and 

excellent traits (cf. [8]). In my previous papers [4] and [5], low degree orthonormal  
spline and cardinal splines functions with small compact supports were applied 
in solving the second kind of Volterra integral equations. In this paper we use 
the notation ( )max x AAu u x∈= . 

Let ( )1, 1h
xB x B
h

 =  
 

. It is proved that 

( ) ( ) ( )1, .h
k

a bkh B x kh a bx
∞

=−∞

+ − = +∑  

Notice that this particular B-spline is also a cardinal spline, therefore it is 
straightforward to apply it in interpolations. As far as the convergence rate of 
interpolation is concerned, we have the following proposition (cf. [9] [10] and 
[11]).  

Proposition 1. Given that ( ) [ ],f x C a b∈ , ( )f x′  exists and is bounded in 

[ ],a b . Let n be an integer, b ah
n
−

= , let ix a ih= + , ( ), 0,1,2, ,i if f x i n= = ⋅ ⋅ ⋅ , 

( ) ( )1,
0

;
n

k h
k

f x f B x kh
=

Ω = −∑  

then 

( ) ( ) [ ] ( ) [ ]
2

, ,
3 .

a b a b
f x f x f x h′Ω − ≤  

If ( ) ( ),f x C∈ −∞ ∞  and ( )f x′  exists and is bounded, let h be a real num-
ber, let ( ) , 0,1, 2,if f ih i= = ⋅⋅⋅ , 

( ) ( )1, ,k h
k

f x f B x kh
∞

=−∞

Ω = −∑  

then 

( ) ( ) ( ) ( ) ( )
2

, ,
3 .f x f x f x h

−∞ ∞ −∞ ∞
′Ω − ≤               (2.4) 

3. A Univariate C2 Cardinal Spline 
By cardinal conditions (cf. [7]), we mean, let ( )L x  be a function,  
{ }, 0, 1, 2, 3,ix i = ± ± ±   be interpolation points, then 

( ) 1, 0
, 0, 1,2, 3, 4, .

0, 0i

i
L x i

i
=

= = ± ± ± ⋅⋅⋅ ≠
               (3.1) 

The cardinal spline that was originally given in [9] is based on ( )3B x  from 
(1.1) using the similar process as in Section 2. Let 

( ) ( ) ( ) ( ) ( )
1 1

2 22 2
3 3 2 21 1

2 2

6 60 d 6 60 d .L x B x t B x t t t B x t t
− −

= − + = − +∫ ∫    (3.2) 
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Then 3
xL
h

 
 
 

 satisfies the above cardinal condition when ix ih= . Notice 

that by the construction, ( ) ( )2
3 ,L x C∈ −∞ ∞ . ( )3 0L x =  for  

( ) ( ), 2 2,x∈ −∞ − ∞ . ( )3L x  is a polynomial of degree ≤ 5 in each subinterval 

( ) ( ) ( ) ( )2, 1 , 1,0 , 0,1 , 1,2− − −  of its support. Furthermore, from direct calcula-
tion we deduct the following two propositions (cf. [9]).  

Proposition 2. Let ( )3L x  be the cardinal spline constructed above, then 

( ) ( )( )2 2
3 ,

k

xL k ih ih x x
h

α β γ α β γ
∞

=−∞

 − + + = + + 
 

∑  

( )3 3 3
3

1 ,
6k

xL k ih x h
h

∞

=−∞

 − − ≤ 
 

∑  

where , ,α β γ  are any complex numbers. 

Proposition 3. If ( ) [ ]3 ,f x C a b∈ , let b ah
n
−

= , n be an integer, let  

( ), 0,1,2,if f a ih i= + = ⋅ ⋅ ⋅ , 

( ) ( )

( )

0 1 2 3 3
0

1 2 3

3 3 1

3 3 1 ;

n

i
k

n n n

x xf x f f f L f L k
h h

xf f f L n
h

=

− −

   Ω = − + + + −   
   

 + − + − − 
 

∑
 

then 

( ) ( ) [ ] ( ) [ ]
3

, ,
7 .

a b a b
f x f x f x h′′′Ω − ≤  

If ( ) ( )3 ,f x C∈ −∞ ∞  and be bounded, let h be a real number, let  
( ), 0,1,2,if f ih i= = ⋅ ⋅ ⋅ , 

( ) 3 ,i
k

xf x f L k
h

∞

=−∞

 Ω = − 
 

∑  

then 

( ) ( ) ( ) ( ) ( )
3

, ,
7 .f x f x f x h

−∞ ∞ −∞ ∞
′′′Ω − ≤  

4. Numerical Methods Solving Systems of Integral Equations 
Method 1-V for solving the system of nonlinear Volterra integral equations 

As for the Volterra integral Equations (1.1) we solve it in an interval [ ],a b . 

Again we let b ah
n
−

= , ix a ih= + , 0,1, ,i n=  . Furthermore, by pluging in 

( ) ( ), 1,0
n

s s k h kky x c B x x
=

= −∑ ,  

( ) ( ) ( ) ( )T
1, 1,0 0, , , ,n n

s s i j j h i h ji jK x t K x x B x x B t x
= =

= − −∑ ∑y c ,  

( ) ( ) ( )1,0 , 1,2, ,n
s s k h kkg x g x B x x s m

=
= − =∑  , we get 

( ) ( ) ( ) ( ) ( )

( ) ( )

1, 1, 1,
0 =0 =0

1,
0

, , d

, 1,2, ,

n n n x
s k h k h i i j j h ja

k i j

n

s k h k
k

F B x x B x x K x x B t x t

g x B x x s m

=

=

− − − −

= − =

∑ ∑∑ ∫

∑

c c


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Let lx x= , we arrive at 

( ) ( ) ( ) ( )1,
0

, , d ,l
n x

s l s l j j h j s la
j

F K x x B t x t g x
=

− − =∑ ∫c c            (4.1) 

0,1,2,3,4, , ; 1,2, ,l n s m= =                       (4.2) 

which is a simple system of ( )1n m+  nonlinear equations of unknowns 

{ },0 ,1 , 1,2, ,
, , ,s s s n s m

c c c
= 

 . Notice that this is a nearly triangular system and it is 

solvable (the solution may not be unique because it is not linear): 

( ) ( )0 0 ,s sF g x=c  

( ) ( ) ( )
1

1 1 1
0

, , ,
2s s j j s

j

hF K x x g x
=

− =∑c c  

( ) ( ) ( ) ( ) ( )
1

0 0
1

, , 2 , , , ,
2

l

s l s l s l j j s l l l s l
j

hF K x x K x x K x x g x
−

=

 
− + + = 

 
∑c c c c  

2,3,4, , ,l n=   

where 
T

1, 2, ,, , , , 0,1,2, ,j j j m jc c c j n = = c   . 

Proposition 4. Given the Equation (1) and that ( ) ( ) [ ], ,s sf x g x C a b∈ , 
( )sf x′  and ( )sg x′  exists and is bounded in [ ],a b ,  
( ) [ ] [ ] [ ] [ ]( )1

1 1, , , , , ,s sx y C a b a b α β α β∈ × × ×⋅ ⋅ ⋅×K u , 
( ) [ ] [ ]( )1

1 1, ,s sC α β α β∈ ×⋅ ⋅ ⋅×F u . Furthermore, ( ), ,x yK u  and ( )F u  satis-
fies the condition: 

( )( ) ( )( )( )
[ ]

( ) ( )
,

, , , , d max .
b

a x a b
x t t x t t t LM x x

∈
− < −∫ K f K u f u  

( )( ) ( )
[ ]

( ) ( )
,

max
x a b

t x xχ
∈

− < −F f F u f u  

where 1LM χ+ < . Let n be an integer, b ah
n
−

= , let ix a ih= + ,  

( ), 0,1,2, ,si s if f x i n= = ⋅ ⋅ ⋅ , { },0 ,1 , 1
, , ,

m
s s s n s

c c c
=

  satisfy the nonlinear system 

(2.2) 

( ) ( ), 1,
0

;
n

s s i h
k

f x c B x kh∗

=

= −∑  

then 

( ) ( )
[ ] ( )2

,
.s s a b

f x f x O h∗ − =  

where ( ) ( ) ( )1 2, , , mf x f x f x    is the exact solution of Equation (1.1). 
Method 2-V for solving the Volterra integral equation 
To improve the approximation rate, we apply the spline function ( )3,hL x . 

Again we let b ah
n
−

= , , 0,1, ,ix a ih i n= + =  . Furthermore, let  

( )3, 3h
xL x L
h

 =  
 

 be the cardinal spline given in Section 3, and 

( ) ( )
1

, 3,
1

,
n

s s k h k
k

f x c L x x
+

=−

= −∑  

https://doi.org/10.4236/jamp.2020.83037


X. Y. Liu, Y. R. Pan 
 

 
DOI: 10.4236/jamp.2020.83037 475 Journal of Applied Mathematics and Physics 
 

( ) ( ) ( ) ( )3, 3,
0 0

, , , , ,
n n

s s i j j h i h j
i j

K x t K x x L x x L t x
= =

= − −∑∑y c  

( ) ( ) ( )3,
0

,
n

s s k h k
k

g x g x L x x
=

= −∑  

1,2, ,s m=  , where 

( ) ( ) ( ) ( )1 0 1 2, , 3 , , 3 , , , , ,j j j j j j j jx x x x x x x x− = − +K c K c K c K c  

( ) ( ) ( ) ( )1 0 1 2, , 3 , , 3 , , , , ,i j i j i j i jx x x x x x x x− = − +K c K c K c K c  

( ) ( ) ( ) ( )( )
( ) ( ) ( )( )
( ) ( ) ( )( )

1 1 0 0 1 0 2 0

0 1 1 1 2 1

0 2 1 2 2 2

, , 3 3 , , 3 , , , ,

3 3 , , 3 , , , ,

3 , , 3 , , , , ,

j j j j

j j j

j j j

x x x x x x x x

x x x x x x

x x x x x x

− − = − +

− − +

+ − +

K c K c K c K c

K c K c K c

K c K c K c

 

( ) ( ) ( ) ( )1 0 1 23 3s s s sg x g x g x g x− = − +  

( ) ( ) ( ) ( )1 1 2, , 3 , , 3 , , , , ,n j j n j j n j j n j jx x x x x x x x+ − −= − +K c K c K c K c  

( ) ( ) ( ) ( )1 1 2, , 3 , , 3 , , , , ,i n j i n j i n j i jx x x x x x x x+ −= − +K c K c K c K c  

( ) ( ) ( ) ( )( )
( ) ( ) ( )( )
( ) ( ) ( )( )

1 1 1 2

1 1 1 2 1

2 1 2 2 2

, , 3 3 , , 3 , , , ,

3 3 , , 3 , , , ,

3 , , 3 , , , , ,

n n j n n j n n j n n j

n n j n n j n n j

n n j n n j n n j

x x x x x x x x

x x x x x x

x x x x x x

+ + − −

− − − − −

− − − − −

= − +

− − +

+ − +

K c K c K c K c

K c K c K c

K c K c K c

 

( ) ( ) ( ) ( )1 1 23 3s n s n s n s ng x g x g x g x+ − −= − +  

0,1, , ,j n= 
 

where 
T

1, 2, ,, , , , 0,1,2, ,j j j m jc c c j n = = c   . Let { },0 ,1 , 1,2, ,
, , ,s s s n s m

c c c
= 

  be  

unknown coefficients to be determined and , 1 ,0 ,1 ,23 3s s s sc c c c− = − + ,  

, 1 , , 1 , 23 3s n s n s n s nc c c c+ − −= − + . Plug into the integral Equation (1.1), then we have 

( ) ( ) ( ) ( )

( ) ( ) [ ]

1 1 1

, 3, 3, 3,
1 1 1

1

3,
1

, , d

, , .

n n nx
s k h k s i j j h i h ja

k i j

n

s k h k
k

c L x x K x x L x x L t x t

g x L x x x a b

+ + +

=− =− =−

+

=−

− − − −

= − ∈

∑ ∑ ∑∫

∑

c
 

Let lx x= , we arrive at ( 0,1,2,3,4, ,l n=  ) 

( ) ( ) ( ) ( )
1

, 3, 3,
1

, , d ,l
n x

s l s l j j h i h j s la
j

c K x x c L x x L t x t g x
+

=−

− − − =∑ ∫      (4.3) 

which is still a relatively simple system of equations. For the convergency rate of 
solution of the Volterra integral Equations (1.1), we have a similar result. 

Proposition 5. Given that ( ) ( ) [ ]3, ,s sf x g x C a b∈ , ( ) ( )4
sf x  and ( ) ( )4

sg x  
exists and is bounded in [ ],a b ,  

( ) [ ] [ ] [ ] [ ]( )3
1 1, , , , , ,s sx y C a b a b α β α β∈ × × ×⋅ ⋅ ⋅×K u ,  

( ) [ ] [ ]( )3
1 1, ,s sC α β α β∈ ×⋅ ⋅ ⋅×F u . Furthermore, ( ), ,x yK u  satisfies the condi-

tion: 
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( )( ) ( )( )( )
[ ]

( ) ( )
,

, , , , d max ,
b

a x a b
x t t x t t t LM x x

∈
− < −∫ K f K u f u  

( )( ) ( )
[ ]

( ) ( )
,

max
x a b

t x xχ
∈

− < −F f F u f u  

where 1LM χ+ < . Let n be an integer, b ah
n
−

= , let ix a ih= + ,  

( ), 0,1,2, ,si s if f x i n= = ⋅ ⋅ ⋅ ; { },0 ,1 , 1
, , ,

m
s s s n s

c c c
=

  satisfy the system (4.2) 

( ) ( )
1

, 3,
1

,
n

s s k h k
k

f x c L x x
+

∗

=−

= −∑  

then 

( ) ( )
[ ] ( )3

,
.s s a b

f x f x O h∗ − =  

where ( ) ( ) ( )1 2, , , mf x f x f x    is the exact solution of Equation (1.1). 

5. Numerical Examples 

Example 1. Given the system of integral equations 

( ) ( ) ( ) ( )( ) ( )3 3
0

2 d
x

u x v x x u t v t t a x+ − + =∫  

( ) ( ) ( ) ( )( ) ( )3 3
0

1 d
5

x
v x u x u t v t t b x− − − =∫  

where ( ) 5 4 3 21 2 2 3a x x x x x= − − + + , ( ) 2 6 71 10 1 35b x x x x x= + − − , and  
( ) ( ),u x v x    are unknown functions. 
Let 0.1h = , , 0,1,2, ,10kx kh k= =  , ( ) ( )10

1,0 k h kku x c B x x
=

= −∑ ,  

( ) ( )10
1,0 k h kkv x d B x x

=
= −∑ , ( ) ( ) ( )10

1,0 k h kka x a x B x x
=

= −∑ ,  

( ) ( ) ( )10
1,0 k h kkb x b x B x x

=
= −∑ , 

( ) ( )( ) ( ) ( ) ( )
10 10

1, 1,
0 0

, , , , , , ,s s i j j j h i h j
i j

K x t u t v t K x x c d B x x B t x
= =

= − −∑∑  

we get 

( ) ( ) ( ) ( ) ( )

( ) ( )

1, 1, 1,
=0 =0 =0

1,
0

, , d

, 1,2, ,

n n n x
s k h k h i i j j h ja

k i j

n

s k h k
k

F B x x B x x K x x B t x t

g x B x x s m
=

− − − −

= − =

∑ ∑∑ ∫

∑

c c



 

where 1, 2,, ,j j j j jc c c d   = =   c , ( ) ( ) ( ) ( )1 2, ,g x g x a x b x=       . Let lx x= , we 

arrive at 

( ) ( )0 00 , 0c a d b= =    

( ) ( )

( ) ( )

1
3 3

1 1
0

1
3 3

1 1
0

2 0;
2

1 0
2 5

j j
j

j j
j

hc d h c d a h

hd c d c b h

=

=

 + − + − = 
 
 

− − − + − = 
 

∑

∑
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( )( ) ( )( ) ( )( ) ( )

( ) ( ) ( ) ( )

1
3 3 3 3

0 0
1

1
3 3 3 3

0 0
1

2 2 2 2 0;
2

1 1 12 0
2 5 5 5

l

l l j j l l
j

l

l l j j l l
j

hc d lh c d lh c d lh c d a lh

hd c d c d c d c b lh

−

=

−

=

  
+ − + + + + + − =  

  
   − − − + + − + + − + − =    

∑

∑
 

2,3,4, ,10.l =   
Solve the above nonlinear system and we obtain 
[ ]
[

]

0 1 2 3 4 5 6 7 8 9 10, , , , , , , , , ,

0,0.01004,0.04018,0.09046,0.16091,0.2515,

0.36195,0.4921,0.6419,0.81156,1.00125

c c c c c c c c c c c

=  

[ ]
[

]

0 1 2 3 4 5 6 7 8 9 10, , , , , , , , , ,

0,0.10000,0.20000,0.30001,0.40008,0.50031,

0.60084,0.70167,0.80264,0.90365,1.0047

d d d d d d d d d d d

=  

3Error 5 10 .−< ×  
(In the paper [12], the error is 0.02579 for 10c ) 
Method 2-V, let ( ) ( ) ( )3f x u x v x= + , ( ) ( ) ( )3g x v x u x= − . The original 

system becomes 

( ) ( ) ( )
0

2 d
x

f x x f t t a x− =∫  

( ) ( ) ( )
0

1 d
5

x
g x g t t b x+ =∫  

Applying L3, we still Let 0.1h = , 10n = , , 1,0,1,2, ,10,11kx kh k= = −  , 

( )( ) ( ) ( ) ( )
11 11

3, 3,
1 1

, , , , , ,s s k j j j h k h j
k j

K x t u t K x x c d L x x L t x
=− =−

= − ⋅ −∑ ∑  

( ) ( ) ( )11
3,1 k h kka x a x L x x

=−
= −∑ , ( ) ( ) ( )11

3,1 k h kkb x b x L x x
=−

= −∑ ,  

( ) ( )11
3,1 k h kkf x c L x x

=−
= −∑ , ( ) ( )11

3,1 k h kkg x d L x x
=−

= −∑ , where  

( ) ( ) ( ) ( )2 3
1 0 0 0 2 0 6 0.01 0.001 0.009c f hf h f h f− ′ ′′ ′′′= − + − = − = , (we use the 

given integral equation to find that ( ) ( )0 0 0f a= = , ( ) ( )0 0 0f a′ ′= = , 

( ) ( )0 0 2f a′′ ′′= = , ( ) ( )0 0 6f a′′′ ′′′= = ). Similarly,  

( ) ( ) ( ) ( )2 3
1 0 0 0 2 0 6 0.1d g hg h g h g− ′ ′′ ′′′= − + − = − . In addition, we let  

1 1 23 3n n n nc c c c+ − −= − +  and 1 1 23 3n n n nd d d d+ − −= − + . Plug into the integral eq-
uations, we obtain the nonlinear system: 

( ) ( ) ( )

( ) ( )

11 11 11

3, 3, 3,0
1 1 1

11

3,
1

2 d

,

x
k h k k j h k h j

k k j

k h k
k

c L x x x c L x x L t x t

a x L x x

=− =− =−

=−

− − − −

= −

∑ ∑ ∑∫

∑
 

( ) ( ) ( )

( ) ( )

11 11 11

3, 3, 3,0
1 1 1

11

3,
1

1 d
5

x
k h k j h k h j

k k j

k h k
k

d L x x d L x x L t x t

b x L x x

=− =− =−

=−

− + − −

= −

∑ ∑ ∑∫

∑
 

the solution of the system is 
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[ ]
[

]

0 1 2 3 4 5 6 7 8 9 10, , , , , , , , , ,

0,0.011,0.048,0.117,0.224,0.375,0.576,

0.833,1.152000,1.5389996,2.000054 ;

c c c c c c c c c c c

=  

[ ]
[

]

0 1 2 3 4 5 6 7 8 9 10, , , , , , , , , ,

0,0.099999,0.199936,0.299270,0.395902,0.484370,

0.553336,0.582339,0.537838,0.368533,0.0000508 .

d d d d d d d d d d d

=  

Furthermore, we solve ( ) ( )3
iu ih v ih c+ = , ( ) ( )3

iv ih u ih d− = ,  
0,1,2, ,10i =  . The results are 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
[

]

0 , , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 , 10

0,0.010000,0.040000,0.090000,0.160001,0.250003,

0.360006,0.490009,0.640010,0.810010,0.999990 ,

u u h u h u h u h u h u h u h u h u h u h  
=  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
[

]

0 , , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 , 10

0.09999996,0.1999997,0.299999,0.3999978,0.499996,

0.5999946,0.699994,0.799995,0.899995,1.000021 .

v v h v h v h v h v h v h v h v h v h v h  
=  

The error < 2 × 10−5. Our method is much better. 
Example 2 Given the system of integral equations 

( ) ( ) ( ) ( ) ( ) ( )( )4 2 4
0

1 1 2 3 d
2 2

x
f x a x g x xt x f t tg t t= − − − + −∫  

( ) ( ) ( ) ( ) ( ) ( )( )6 6
0

2 d
x

g x b x f x t x f t g t t= − − − +∫  

where ( ) 4 611 1
12 12

a x x x x= + − , ( ) 2 6 81 9
2 56

b x x x x x= + + − . Let 0.05h = ,  

kx kh= , 0,1,2, ,10k =  . ( ) ( )20
1,0 k h kkf x c B x x

=
= −∑ ,  

( ) ( )20
1,0 k h kkg x d B x x

=
= −∑ ,  

( ) ( )( ) ( ) ( ) ( )20 20
1, 1,0 0, , , , , ,s s i j j j h i h ji jK x t u t v t K x x c d B x x B t x

= =
= − −∑ ∑ ,  

( ) ( ) ( )20
1,0 k h kka x a x B x x

=
= −∑ , ( ) ( ) ( )20

1,0 k h kkb x b x B x x
=

= −∑ , where  

( ) ( ),f x g x    are unknown functions. we get 

( ) ( ) ( ) ( ) ( )

( ) ( )

1, 1, 1,
0 0 0

1,
0

, , d

, 1,2, ,

n n n x
s k h k h i i j j h ja

k i j

n

s k h k
k

F B x x B x x K x x B t x t

g x B x x s m

= = =

=

− − − −

= − =

∑ ∑∑ ∫

∑

c c



 

where 1, 2,, ,j j j j jc c c d   = =   c , ( ) ( ) ( ) ( )1 2, ,g x g x a x b x=       . Let sx x= , we 

arrive at 

( ) ( )0 00 , 0c a d b= =  

( ) ( ) ( ) ( ) ( )( ) ( )( ) ( )( )1 24 4
1 1

0
1 2 2 1 2 2 1 3 1 0j j

j
c d a h h h jh h c jh d

=

+ − + − + − =∑  

( ) ( ) ( ) ( )( )( )
1

6 6
1 1

0
2 2 1j j

j
d c b h h d jh h c

=

+ − + + −∑  
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( ) ( ) ( ) ( )( ) ( )( ) ( )( )(
( ) ( )( ) ( )( ) ( )( )

( ) ( )( ) ( )( ) ( )( )) ( )

24 4
0 0

1 2 4

1

2 4

1 2 2 1 2 2 0 3 0

2 1 2 2 3

1 2 2 3 0,

s s

s

j j
j

s s

c d h sh h sh c h d

sh jh sh c jh d

sh sh sh c sh d a sh

−

=

+ + − + −

+ − + −

+ − + − − =

∑  

( ) ( ) ( )( )( ) ( ) ( )( )( )

( ) ( )( )( ) ( )

1
6 6 6

0 0
1

6

2 0 2 2 2

2 0

s

s s j j
j

s s

d c h d h sh c d jh sh c

d sh sh c b sh

−

=


+ + + − + + −




+ + − − =


∑
 

2,3,4, ,20.s =   

Solve the nonlinear system and we obtain: 
[ ]
[
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20, , , , , , , , , , , , , , , , , , , ,

0,0.5000,0.1000,0.1500,0.2000,0.2500,0.3000,0.3501,
0.4001,0.4501,0.5001,0.5502,0.6002,0.6503,0.7006,
0.7488,0.7996,0.8498,0.899

c c c c c c c c c c c c c c c c c c c c c

=

]9,0.94998,1.0000 ;

 

[ ]
[
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20, , , , , , , , , , , , , , , , , , , ,

0,0.0500,0.1000,0.1500,0.2000,0.2500,0.3000,0.3500,
0.4000,0.4500,0.49999,  0.54998,0.59995,0.6499,0.6996,
0.7518,0.8009,0.8507,0

d d d d d d d d d d d d d d d d d d d d d

=

].9006,0.9506,1.0006 ,

  

3error 2 10−< ×  

6. Conclusion 
The proposed method is a simple and effective procedure for solving nonlinear 
Volterra integral equations of the second kind. The methods can be adapted eas-
ily to the Volterra integral equations of the first kind, which have the form  

( ) ( ) ( ), ds A
g x K x t y t t= ∫ , where the upper limit of the integration is a variable.  

The methods can also be extended to the Fredholm and Volterra integral equa-
tions of the first kind or the second kind, where the integral is on an infinite set. 
The higher degree cardinal splines could also be applied to non-linear integral 
equations; the resulting system of coefficients will be a little more complicated 
non-linear systems, which takes more time and effort to solve. Compared with 
the recent paper [2], our method is more effective. 
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