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Abstract 
Boltzmann equation is an equation which is related to the three variables of 

, ,x v t . In this paper, we mainly study the space-uniform Boltzmann equation 
which unknown function F is not related to the position variable x. We 
mainly use the contraction mapping theorem to find the existence of the so-
lution, so our mainly work is to prove the self-mapping, i.e. to prove its un-
iformly bounded, and then to prove the contraction mapping. There we can 
get the range of ( ) ( )1B θ ∞L L

, next we can figure out the range of M and T 

from the conditions what we know. Finally, from these conditions, we can 
find the existence of the solution. 
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1. Introduction 

Boltzmann equation is a dynamic model which describes the state of gases, and 
it is one of the important branches of mathematical and physical equations. It 
has a wide range of applications in scientific research, such as astronomy, semi-
conductors, aerospace technology and so on. Nowadays, many people have stu-
died this equation, but due to its complexity and difficulty in dealing with the 
data, we simplify the problem most of time. 

Boundary effects play an important role in the dynamics of Boltzmann solu-
tions [1] of  

( ),t xF v F Q F F∂ + ⋅∇ =                           (1) 

where ( ), ,F t x v  denotes the particle distribution at time t, position x∈Ω  
and velocity 3v∈ . And the collision operator takes the form  
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( ) ( ) ( )

( ) ( ) ( ) ( ) ( )3 2

1 2 1 2

0 1 2 1 2

, , ,

d d

gain lossQ F F Q F F Q F F

v u q F u F v F u F v uκ θ ω

≡ −

′ ′= − −  ∫ ∫ 

    (2) 

where ( )u u v u ω ω′ = + − ⋅   , ( )v u v u ω ω′ = − − ⋅    and 0 1κ≤ ≤  (hard po-

tential) and ( ) ( )00 cosq Cθ θ≤ ≤  (angular cutoff) with ( )cos v u
v u

θ ω−
= ⋅

−
. 

Despite extensive developments in the study of the Boltzmann equation, many 
basic questions regarding solutions in a physical bounded domain, such as their 
regularity [2], have remained largely open. This is partly due to the characteristic 
nature of boundary conditions in the kinetic theory. In [3], it is shown that in 
convex domains, Boltzmann solutions are continuous away from the grazing set. 
On the other hand, in [4], it is shown that singularity (discontinuity) does occur 
for Boltzmann solutions in a non-convex domain, and such singularity propa-
gates precisely along the characteristic emanating from the grazing set. 

In the last years, the study of kinetic models for granular flows received a sig-
nificant interest. The largest part of this work deals with kinetic nonlinear mod-
els based on generalizations of the Boltzmann-Enskog equation. Most of the stu-
died refer to inelastic Maxwell particles, both for the driven case [5] [6] or for 
the free case [7] [8] [9]. 

In this paper, we mainly study the Boltzmann equation which unknown func-
tion F is not related to the position variable x  

 
( )

( ) 0

,

0,
tF Q F F

F v F

∂ =


=
                          (3) 

where ( ) ( )3,F t v C +∈ ×   denotes the particle distribution at time t and ve-
locity v. Throughout this paper, the collision operator takes the form  

 ( ) ( ) ( ) ( ) ( ) ( )3 2 0, d dQ F F v u q F u F v F u F v uκ θ ω′ ′= − −  ∫ ∫ 
      (4) 

where ( ) ( ),u u v u v u v uω ω ω ω′ ′= + − ⋅ = − − ⋅        and 0 1κ≤ ≤  and  

( ) ( )00 cosq Cθ θ≤ ≤  with ( )cos v u
v u

θ ω−
= ⋅

−
. 

Theorem Assume that [ ]( )30,F T∞∈ ×L  and for any M,  

( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( )

1 1

1

1 1

1

0 0

0 0

1 4 1 8

4

1 4 1 8

4

B F B F
M

B

B F B F
M

B

θ θ

θ

θ θ

θ

∞ ∞∞ ∞

∞

∞ ∞∞ ∞

∞

 − − −


≥



− + −
 ≤



L LL L L L

L L

L LL L L L

L L

 

then there exists ( ) ( )1B θ ∞L L
 and T, and they satisfy that  

( ) ( ) ( )
1 2

02

MB
F M

θ ∞

∞

≤
+L L

L
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( ) ( ) ( )1 04
T

B F M
α

θ ∞∞

≤
+LL L

 

such that the Equation (3) exists solutions in the space [ ]( )30,T∞ ×L . 

2. The Proof of the Result 

Define [ ]( ){ }3
00, |F T F F M∞

∞= ∈ × − ≤ LX L , from the definition of X , 
we can know that 0F F M∞ ∞≤ +L L . 

For this equation, we need to integrate both sides of the equation with respect 
to t. Then it becomes that  

 ( ) 00
, d

t
F Q F F Fτ= +∫                       (5) 

We denote  

 ( ) 00
, d .

t
TF Q F F Fτ= +∫                      (6) 

Now we just need to prove that TF F=  is a contractive mapping. 
Step 1. Prove uniformly bounded. 
Before we prove that the Equation (6) is contraction mapping, we need to 

prove that it is uniformly bounded. So we prove TF is uniformly bounded first. 
By the first mean value theorem of integral, it has  

 ( ) ( )0 0
, d ,

t
TF F Q F F t Q F Fτ∞ ∞

∞
− = ≤∫L LL

            (7) 

Next, we prove that ( ),Q F F ∞L
 is bounded. And we also need to prove that   

 ( ),Q F F M∞ ≤
L

                        (8) 

So  

 ( ) ( ) ( ) ( ) ( ) ( )3 2
3

0
0 ,

, sup d d
t t v

Q F F v u q F u F v F u F v uκ θ ω∞
′< < ∈

′ ′= − −  ∫ ∫ 


L
(9) 

In the above of Equation (9), let ( ) ( )0v u q Bκ θ θ− = , so  

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
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3 2
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3 2
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3 2
3

3 2
3

0 ,

0 ,
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0 ,

, sup d d

sup d d

sup d d

sup 2 d d
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θ ω

θ ω

θ ω

∞
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′< < ∈

′< < ∈

′< < ∈

′ ′= −  

′ ′≤ −  

′ ′≤ −  

≤

∫ ∫

∫ ∫

∫ ∫

∫ ∫

 


 


 


 


L

  (10) 

Then from Equation (8), we know ( ),Q F F M∞ ≤
L

, thus we can get  

 

( ) ( )

( )

( ) ( )

( ) ( ) ( )
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From Equation (11), we can know  

 ( ) ( ) ( )
1 2

02

MB
F M

θ ∞

∞

≤
+L L

L

                    (12) 

Step 2. Prove contraction mapping. 
First, we prove TF is the contraction mapping, so it means we prove that  

 1 2 1 2 ,0 1TF TF F Fα α∞ ∞− ≤ − < <L L                 (13) 

Next, we just to prove the above formula  

 

( ) ( )
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∫
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

 


 


L

  (14) 

For the above formula, we can simplify it as follows,  

( ) ( ) ( ) ( ) ( ) ( ) ( )(
( ) ( ) ( ) ( ) ( ) ( ) )
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
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

 




     (15) 

There, we substituted Equation (15) into Equation (14), and we can get  
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   (16) 

And then from Equation (13) and the first mean value theorem, we can get Equ-
ation (16) becomes as follows  
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Then, we need to prove that  

 ( ) ( ) ( )
1

04T B F Mθ α∞∞ + ≤LL L
                   (18) 

From Equation (18), we can get that there exists T such that the following 
formula holds.  

 ( ) ( ) ( )1
04

B
T F M

αθ ∞
∞

≤
+L L

L

                    (19) 

At last, to ensure TF is a contractive mapping, so we need to find the  
( )B θ ∞L

 satisfy the following formula at the same time  

 

( ) ( ) ( )
( ) ( ) ( )

( ) ( )

1

1

2
0

0

0

2

4

cos

B F M M

T B F M

q C

θ

θ α

θ θ

∞∞

∞∞

 + ≤



+ ≤

 ≤


LL L

LL L
                  (20) 

with C is a constant. 
So from Equation (12) and Equation (19), we have  

 ( ) ( ) ( ) ( )1 2
00

min ,
42

MB
T F MF M

αθ ∞
∞∞

  ≤  
++  

L L
LL

         (21) 

as long as the above formula holds, then the Equation (3) has solutions in the 
space [ ]( )30,T∞ ×L . 

In addition, from Equation (12), we can get a one-variable quadratic inequali-
ty about M.  

 ( ) ( ) ( ) ( ) ( ) ( )1 1 1
22

0 02 4 1 2 0B M B F M B Fθ θ θ∞ ∞∞ ∞ ∞
 + − + ≤ 
 L LL L L L L L

 (22) 

According to this inequality, the discriminant of this inequality is more than 
or equal to 0. So  

( ) ( ) ( ) ( ) ( ) ( )1 1 1

2
2

0 04 1 4 2 2 0B F B B Fθ θ θ∞ ∞∞ ∞ ∞
 − − × × ≥ 
 L LL L L L L L

 (23) 

then, simplify the upper form, we have  

 ( ) ( )1 08 1B Fθ ∞∞ ≤LL L
                     (24) 

So, we can get the value range of M. 
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
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       (25) 

From the upper conclusion and with Equation (19), we can get the range of T  
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( ) ( ) ( )1 04

T
B F M

α
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≤
+LL L

.                      (26) 

3. Conclusion 

In this paper, we mainly discussed the Boltzmann equation which is indepen-
dent of the position relation x, and the equation independent of x can be re-
garded as a squeezed fixed point mapping. So our main work is to prove the 
compressed mapping, and before we prove the compressed mapping, we need to 
ensure that the TF we want to prove is self-mapping, that is, to prove that its un-
iformly bounded. In this process, we find out a relation to make the proof valid, 
and then in the process of proving the compressed mapping, we find out another 
condition to make the proof valid. Finally, we must ensure that the two condi-
tions found earlier and the conditions required in the equation are satisfied at 
the same time. We mainly prove the existence of the equation by means of the 
compression mapping of the function. 
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