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Abstract

Boltzmann equation is an equation which is related to the three variables of
X,V,t. In this paper, we mainly study the space-uniform Boltzmann equation
which unknown function F is not related to the position variable x. We
mainly use the contraction mapping theorem to find the existence of the so-
lution, so our mainly work is to prove the self-mapping, Ze. to prove its un-
iformly bounded, and then to prove the contraction mapping. There we can

get the range of ||B(9)"L1(|_°°)’ next we can figure out the range of Mand T
from the conditions what we know. Finally, from these conditions, we can
find the existence of the solution.
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1. Introduction

Boltzmann equation is a dynamic model which describes the state of gases, and
it is one of the important branches of mathematical and physical equations. It
has a wide range of applications in scientific research, such as astronomy, semi-
conductors, aerospace technology and so on. Nowadays, many people have stu-
died this equation, but due to its complexity and difficulty in dealing with the
data, we simplify the problem most of time.

Boundary effects play an important role in the dynamics of Boltzmann solu-
tions [1] of

0,F +v-V,F =Q(F,F) 1)

where F(t,X,v) denotes the particle distribution at time # position X eQ

and velocity v eR®. And the collision operator takes the form
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Q(F’ F) = anin (F1' FZ)_QIOSS (F1' Fz)
= [ Je V=l 0 (O) R () Ry (v) = Fi(u) R, (v) Jdeodu

where u'=u+[(v—u)-a)]a), V'=u—[(v—u)-w]a) and 0<x<1 (hard po-

2)

tential) and 0<q,(0)<C |COS(6’)| (angular cutoff) with cos(6)= ﬁ o.

Despite extensive developments in the study of the Boltzmann equation, many
basic questions regarding solutions in a physical bounded domain, such as their
regularity [2], have remained largely open. This is partly due to the characteristic
nature of boundary conditions in the kinetic theory. In [3], it is shown that in
convex domains, Boltzmann solutions are continuous away from the grazing set.
On the other hand, in [4], it is shown that singularity (discontinuity) does occur
for Boltzmann solutions in a non-convex domain, and such singularity propa-
gates precisely along the characteristic emanating from the grazing set.

In the last years, the study of kinetic models for granular flows received a sig-
nificant interest. The largest part of this work deals with kinetic nonlinear mod-
els based on generalizations of the Boltzmann-Enskog equation. Most of the stu-
died refer to inelastic Maxwell particles, both for the driven case [5] [6] or for
the free case [7] [8] [9].

In this paper, we mainly study the Boltzmann equation which unknown func-

tion Fis not related to the position variable x

{@F:Q(F,F)

3
F(Ov)=F, @

where F(t,v)e C(R+ x R3) denotes the particle distribution at time #and ve-
locity v. Throughout this paper, the collision operator takes the form

Q(F’ F) - .[D@J-SZ |V B U|K % (Q)DZ (u') F (Vl) -F (u) F (V)]da)du (4)

where u':u+[(v—u)~a)]a),v’=u—[(v—u)'w]a) and 0<x <1 and

_v=u
C-uf

Theorem Assume that F e L”([0,T]xR®) and for any A,
1‘4||B(9)||L1(Lw)||':o||m ‘\/1‘8||B(5’)||L1(Lw)||Fo||uc
4B Oy
1= 4[B(O)] s Il +\/1‘8||B(9)||L1(Lw)||':o||w
4B,

0<qy(#)<Clcos()| with cos()

then there exists ||B(0)||I_1 () and 7, and they satisfy that

M
Bk vy

DOI: 10.4236/jamp.2020.82023

295 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.82023

Z.H.Ye,R. L. Li

o
4"B 0)"|_1 L°° ("F°||L°° + M)

such that the Equation (3) exists solutions in the space L” ([O,T] x R3) .

2. The Proof of the Result

Define X = {F el” ([O,T]XR3)|"F - Ry~ < M}, from the definition of X,
we can know that ||F||L < "Fo”._w +M.

For this equation, we need to integrate both sides of the equation with respect
to £ Then it becomes that

F=[Q(F.F)dr+F, (5)

We denote
TF =['Q(F.F)dr+F, 6)

Now we just need to prove that TF =F isa contractive mapping.

Step 1. Prove uniformly bounded.

Before we prove that the Equation (6) is contraction mapping, we need to
prove that it is uniformly bounded. So we prove 7Fis uniformly bounded first.

By the first mean value theorem of integral, it has

ITF ~ R =|[,_(F.F)dz| _ <t]Q(F.F)|.. @)

Next, we prove that ||Q (F.F )"Lm is bounded. And we also need to prove that
[Q(F.F). <M (®)
So

R(F.F). = sup 0)[F (u)F (v) = F (u)F (v) Jdedu| ©9

Rr3Js?
In the above of Equation (9), let |[v—u|"q,(8)=B(8), so
|Q(F.F)|.. = s [T JB(O[F ()F(v)-F(u)F (v)]dedy

< sup I JSZ (O)[F(u)F(v )—F(u)F(v):”da)du
O<t<t',ve RS
(10)
< sup SIR3J§2|B o)|LF(w) F (u)F (v) ] dedu
O<t<t',veR
< swp j J..[B(0)||2F? |da)du
O<t<t',v
Then from Equation (8), we know ||Q (F,F) || <M, thus we can get
R(FF)l. < sup [of[B(0)[2F?|dod
<2JF[ [
<2 B O an
< 2(||F0||L°° +M )2 ||B(9)”|_1(L°°)
<M
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From Equation (11), we can know

” )"Ll L°°

..M
2R MY

Step 2. Prove contraction mapping.

(12)

First, we prove 7Fis the contraction mapping, so it means we prove that
[TF,—TF)||- <a|F -F,|..0<a<1 (13)

L2

Next, we just to prove the above formula

.[;[Q(FliFl)_Q(Fz,Fz)}dr
= sup

L[ BOFRWRG)-RERV
~F, (U)K (V) +F,(u)R, (v))dwdu]dr‘

< sup '[UREISJB(@ ([RW)[R()-F(v)]

lt=Tv

+|F2(v )||Fl(u’ -F,(u) |+|F1(u)||Fl(v)—F2(v)|

+[F (V) [Fe (1) = F, (u)]) deodu Jaz

[TF, —TF,||. = sup
|<T ver®

(14)

For the above formula, we can simplify it as follows,
fuﬂg[ [ B[R WR )= F ()| +|F (V)R (u) - F, ()
+[R ()[R (v) = (v)| ] (V)| (1) = F, (u)] ) deodlu

sSupI3ISZZ|B ||F| |F,|)|F. - F,|dewdu
veR3 (15)
ssuRejR3jSz4|B(9)||F||Fl-F2|dwdu

<4JF|. R - Rl [s[B(0)]. du

= 4[B(0)]s(uo) IF - IF = Fell

|||_1(|_°’J) |
There, we substituted Equation (15) into Equation (14), and we can get

||TF1_TF2"|_°°: SUp J‘;[Q(FlvFl)_Q(FZ’FZ)}dT

< sup I4"B 9)" IF|l.- [F - Ff. d= (16)

= w0 LB (O (K- + M) ~F 0o
t)<T veR

And then from Equation (13) and the first mean value theorem, we can get Equ-

|_1 L°°

ation (16) becomes as follows

||T|:l —TF2||L® = sup

1)-Q(F,.F,)]dz

<t‘sup j4||B 9)|| (|F||Lm+|v|)|||: Ry, dr

lti< (17)
<47 "B ||L1(|_°°) (" I:0|||_“° +M )" F - F2|||_°c
<a|R-Fy.-
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Then, we need to prove that

ol "B(g)”Ll(L”) ("FUHL” +M ) sa (18)

From Equation (18), we can get that there exists 7 such that the following
formula holds.

G Re) "
At last, to ensure 7Fis a contractive mapping, so we need to find the
[B(6)],. satisfy the following formula at the same time
2[B(O) s (1Pl + M) < M
4T B0y (IFell- + M) < 20)

9 (60 §C|cos )

with Cis a constant.
So from Equation (12) and Equation (19), we have

. M a
B(0)|,1,- < min = (21)
Bk meb+m>mmaM+M$

as long as the above formula holds, then the Equation (3) has solutions in the
space L” ([O,T] x Rs) )

In addition, from Equation (12), we can get a one-variable quadratic inequali-
ty about M.

2||B(9)||L1(Lw)M2+(4||B(¢9)||L1(L®)||FO||LOQ— jM+2||B(49 loge IFIE- <0 @2

According to this inequality, the discriminant of this inequality is more than

or equal to 0. So
2
(4||B(9)||L1(L°°)"F0"L°° _]J —4x 2||B(‘9)|||_1(|_°°) % 2||B(9)|||_1(|_°°)"F0"2|_ >0 (23)

then, simplify the upper form, we have

8||B 9)|||_1 |_°° ”F |||_°° = (24)

So, we can get the value range of M.

1- 4||B(0)||L1(L°°) " F0|||_°° - \/1_8"8 (0)||L1(L°°) ||F0|||_°°
4B(9)

M >

|||_1(|_°°)

180 [Pl + RO -
4||B(0)||L1(L°°)

M <

From the upper conclusion and with Equation (19), we can get the range of 7"

DOI: 10.4236/jamp.2020.82023

298 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.82023

Z.H.Ye,R. L. Li

T< a .
T @ [P )

(26)

3. Conclusion

In this paper, we mainly discussed the Boltzmann equation which is indepen-
dent of the position relation x, and the equation independent of x can be re-
garded as a squeezed fixed point mapping. So our main work is to prove the
compressed mapping, and before we prove the compressed mapping, we need to
ensure that the 7F we want to prove is self-mapping, that is, to prove that its un-
iformly bounded. In this process, we find out a relation to make the proof valid,
and then in the process of proving the compressed mapping, we find out another
condition to make the proof valid. Finally, we must ensure that the two condi-
tions found earlier and the conditions required in the equation are satisfied at
the same time. We mainly prove the existence of the equation by means of the
compression mapping of the function.
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