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Abstract

The Weibull distribution is a probability density function (PDF) which is
widely used in the study of meteorological data. The statistical analysis of the
wind speed v by using the Weibull distribution leads to the estimate of the

mean wind speed <v> , the variance of v around <v> and the mean power
density in the wind. The gamma function T is involved in those calculations,
particularly T'(1+1/k), T(1+2/k) and T(1+3/k). The paper reports the
use of the Weibull PDF £(v) to estimate the gamma function. The study was

performed by looking for the wind speeds related to the maximum values of f
(v), ¥ £(v) and v’ £(v). As a result, some approximate relationships were ob-

tained for T'(1+1/k), T(1+2/k) and T'(1+3/k), that use some fitting
polynomial functions. Very good agreements were found between the exact
and the estimated values of F(l +n/k ) that can be used for the estimation of
the mean wind speed <v>, the variance & of the wind speed v around the

mean speed and the average wind power density.

Keywords

Gamma Function, Weibull Distribution, Beta Function, Mean Wind Speed,
Average Wind Power Density

1. Introduction

A growing interest in renewable sources of energy is observed, owing to the in-
crease in electricity demand and the world environmental concern. Due to its

cleanness, wind energy becomes more and more attractive. A Wind Energy
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Conversion System (WECS) produces electricity from wind power. The produc-
tion price depends on several factors. One of those factors is the amount of wind
available at a site. Therefore, a reliable estimate of wind energy potential at a se-
lected site is important. For wind energy applications and more generally for
weather forecast, wind speed is analysed. Samples are set out from real re-
cordings of wind speed. Then the fitting parameters are looked for to find the
distribution that fits the best the data recorded. Several probability density func-
tions (PDF) are used in the study of meteorological data, such as the
2-parameter Weibull distribution, the 3-parameter Weibull distribution or the
mixture Weibull distribution which are widely used in wind energy potential
analysis. This Weibull model is often used for the assessments of the mean wind
speed and the mean power density. It is worth noting that the gamma function is
involved in those assessments. The Flexible Weibull Extension is also used to
study the distribution of random variables [1]. The beta PDF is also used in the
study of meteorological data. All those PDF calculations use the gamma func-
tion. This gamma function is also very important because it is involved in several
Laplace transform calculations. The Laplace transform is a tool for solving dif-
ferential equations. Let a function £ (#) be considered. Its Laplace transform is
defined as [2]:

LLA()](s)=["r(e)edr. (1)
For instance, if f(1)=1", one gets, for a real number x> -1
I'(x+1
L[r](s)= (sx ), @

In Equation (2), I is the gamma function. So far, some tables exist, that give
approximate values of the gamma function. The objective of the present work is
to find some simple expressions of the gamma function, linked to a fitting pa-
rameter of the Weibull PDF, which may be used in wind power estimate and in
the study of other meteorological data.

2. The Gamma Function and Some Related Special Functions

The gamma function was first introduced by Leonhard Euler in 1729 and 1730
[3] [4] [5] [6] Euler defined this function as follows:
For x> 0,

I(x) =, (~log(r)) " dr. (3)

When the following change of variable u = —10g(t) is performed, the gamma

function becomes:

T(x)=[ ¢ exp(—)dt . (4)
For x> 0, the above relationship can be written as:
1"()C+1)=J.:t)C exp(—t)dt. (5)

From Equation (5), integration by parts yields the following recursion for-

mula, commonly known as the functional equation:
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[(x+1)=xI(x). (6)
When xis an integer number, the functional equation becomes:

T(n+1)=n!. (7)

Hence, the gamma function can be considered as a generalization of the facto-
rial function to real non null positive numbers.

The gamma function is often approximated by infinite products or infinite se-
ries. For instance, the Weierstrass definition defines the gamma function as an
infinite product [7]:

1

e T X | -/
) xe Hp_l(l+ ]e . (8)

p

xis any real number which should not be a negative integer (0,-1,-2,---). yis
the Euler’s constant.

For large integer values 1, the Stirling formula is used. It is expressed as:
[(n+1)=n!~~2nnn"e™". 9)

For x> oo, the Stirling asymptotic formula is expressed as [8]:

l"(x+1):\/27txxe_x(1+L ! 139 571 j (10)

+ - - +
12x 288x% 51840x° 2488320x"

The eulerian beta function B(x, y), x> 0, y> 0 is related to the gamma func-
tion. It is expressed as:

B(x.y)=[r" (1-1)"dr. (11)
The gamma function and the beta function are related by the following equa-
tion:
B(x,y)zm' (12)
F(x + y)

The beta function is often used in the statistical analysis of sunshine duration
data and in other meteorological data, such as the wind speed [9] [10] [11] [12].

In those studies, the probability distribution function of a random variable x
which ranges from 0 to 1, may be expressed as a beta kind and expressed as:

f(x):x”" (l—x)q_l/B(p,q). (13)

pand gare the fitting parameters of the beta PDF.

The revue made above shows that, so far, no simple expressions of the gamma
function are known. As a matter of fact, the values of the gamma function are

found in tables, where the arguments lie on the interval [1] [2] with an incre-
ment of 0.001 [7].

3. The 2-Parameter Weibull Distribution and the Gamma
Function

For a given wind speed v, the 2-parameter Weibull distribution is expressed by
the following probability density function (PDF) [13]:
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f(v):(éj(v/c)kl exp[—(v/c)q,k>0,c>0. (14)

k is the dimensionless shape parameter whereas ¢ (m-s™) is the scale parame-
ter. This Weibull distribution has been used by several authors. For instance,
Manish Kumar and Cherian Samuel [14] considered in their study the Weibull,
Gamma and Lognormal probability distributions to look for the best-fitted dis-
tribution. The result showed that, for the wind speed data of their selected site,
the Weibull distribution is the best-fitted distribution.

These fitting parameters & and c are determined by using several procedures
such as the regression method [15] [16] [17], the maximum likelihood proce-
dure [18] [19] and the Eigen-coordinates method [20]. The nth moment of the

Weibull random variable vis expressed as:
n_ [*P.n _n ﬁ
E(v )—J.va(v)dV—c F(1+kj. (15)

Then the first moment (which is the mean speed) <v> and the second mo-

ment <v2> are expressed as:

1
<v>— CF[I-I—;) (16)
<v2>:c21“(1+%). (17)

Hence <v> and <v2> are functions of k and ¢ as well as the variance ¢® of
the wind speed v around the mean speed, which is given by o° = <v2>—<v>2.
On another hand, the theoretical wind power density is expressed as
P=1/2pv’, where pis the density of air. Then the average wind power density
is given by:

1 3
P)y=—pcT|1+=|. 18
(P)=7r [ k] (18)
Equation (15) shows that the Weibull distribution £ (v) may be used to esti-

mate F(l +nfk ) which is involved in the wind energy potential assessment.

4. Some Simple Expressions of the Gamma Function
4.1. Some Previous Works Related to the Subject

Some previous works establish a direct link between <v> and & An example is

the formula given by Justus in 1978 for 140 sites in the USA [21] It is expressed

k=dJ(v). (19)

kis the Weibull shape parameter; the constant d, is site specific. Equation (19)

as:

is a relation between the mean speed <v> and the shape parameter k.
Another interesting relationship is the one given by Gash and Twele. It is ex-

pressed as [22]:

1k

(v)=c(0.287k" +0.688) (20)
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This relationship is interesting because, like Equation (16), it expresses the
mean speed (v) as a function of the Weibull fitting parameters kand c.

Hence, the reliability of Equation (20) was tested by using the data that we
reported in our previous study of wind power potential in Cote d’Ivoire
(TOURE and LAOUALY, 2000). An estimated value <vc> of the mean wind
speed was calculated by using Equation (20) with the Weibull parameters k& and
¢ found for Korhogo, a city located in the north of Céte d’Ivoire. Table 1 dis-
plays not only (v‘,>, but also the experimental mean wind speed <vex> and the
relative error between <vc> and <vex>.

A fairly good agreement is observed between experimental and calculated
values of <v>

So the Equation (20) given by Gash and Twele gives a good estimate of the
mean speed <v> It should be noted that Equations (16) and (20) are both ex-
pressions of <V> . A comparison between the two equations shows that
I'(1+1/k) can be expressed as:

1k

r(1+1/k)= (0.287k‘1 +0.688) (21)
Equation (21) can be transformed as follows:
1k
F(l +lj - 0.688(1+Mj . (22)
k k
Then one gets
1 LeopYt
F[l+—j=0.688k (l+—j . (23)
k k
In Equation (23), 5= 0.287/0.688.
Moreover, a fitting number a is introduced, by expressing 0.688"* as:
0.688" = ﬁa . (24)

As a matter of fact, the fitting number depends on 4. Hence a (k) was defined

as:

a(k)=0.688a.

Finally, the transformation of Equation (21) leads to the following relation-

1/k
F(H%j:a(kk)[H%j . (25)

Then investigations were made to find how Equation (25) can be used as a ba-

ship:

sis to find some simple expressions of F(l +nf k) .

4.2. Some Simple Expressions of I'(1+1/k), T'(1+2/k) and
I'(1+2/k) in Wind Power Theoretical Estimate

4.2.1. T(1+1/k) Estimate
The Weibull distribution £(v), given by Equation (14), was used to find an esti-
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mate of I’ (l+l/ k). The value of the wind speed v for which Av) is maximum,
V.., 18 a solution of the equation

df (v)/dv=0.
It is easily found that
v, =c(1-1/k)". (26)

Vp and the mean wind speed <v> given by Equation (16) are correlated. For
instance, in the case of the Rayleigh distribution, for which k= 2, one gets
2

Vo = EM . (27)

Therefore, Equations (16) and (27) suggest a link between F(l + l/ k) and
(1-1/k )l/ * . This link was established by using Equation (25), so that one gets:

1k
r(1+lj =4 (k)(l—lj . (28)
k) & i

A comparison between Equations (25) and (28) shows that, b= b (1) = —1. As
F(l +1/k) is the value of r(l + n/k) for n =1, a, (&) is the fitting number a (&)
for n=1. b (1) = b= -1 is the value of b (n) for n= 1. The fitting number a, ()

was investigated.

For each value of %, the exact value of F(l+l/ k ) was calculated by using ta-
bles. Then by using Equation (28), a, (k) was found. Subsequently, a, () was
plotted against k.

This plotting is given in Figure 1. It was found that a (&) is a polynomial
function of & The following relationship was found for k£ < 8, with & = 0.999:

a, (k) =-0.0085k" +0.1578k> —0.0024k +1.9112. (29)

Accordingly, by combining Equations (16) and (28), an estimated value of the

mean wind speed is given by:

a,(k) 9 -
8 -
7
6
5 4 y =-0.008x3 + 0.157x? - 0.002x + 1.911

R2=0.999
4 -
3 | ¢ a(k
2 — Multinomial (a,(k))
1 A
0 T T T )
0 2 4 6 8 10 k
Figure 1. Plotting of a, (k) against k.
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(v)= CM(I —lj/k (30)

k k
The reliability of Equation (30) was tested by using the data of Korhogo men-

tioned in Section 4.1. The mean wind speeds (vc> calculated by using Equation
(30) and the corresponding experimental values <vex> are displayed in Table 2.

A fairly good agreement is observed between experimental values of <v> and
the calculated values gotten by using Equation (30), as the relative errors lie in
the range 0.1% - 4%. It should be noted that the relative errors found for the
comparison between the experimental values of <v> . and the values calculated g
by using the relationship of Gash and Twele (Equation (20)), lie in the range
1.5% - 3.5%, as shown in Table 1.

Hence, the estimate of the mean speed <v> is better by using Equation (30),
if compared with the results gotten from the Gash and Twele equation. By using
Equation (30), as shown in Table 2, the greatest values of the relative errors are
found in July (2.6 %) and December (4.0 %). As a matter of fact, for those two
months, the Weibull parameter kis so that k> 7. For the remaining ten months,
where k < 7, the relative errors lie in the range 0.1% - 1.6%.

Let G, and G. be respectively the value of F(l-l—l/ k) calculated from tables
(the exact value) andits estimated value gotten by using Equation (28). A com-
parison between G, and G. was made. The results of the calculations are dis-
played in Table 3, where the calculations are made for & < 6. Table 3 shows a
very good agreement between G, and G,, since the relative errors lie in the range
0.16% - 1.5%.

Hence, Equation (28) is a very good estimate of F(l + l/k).

Table 1. Comparison between (v, ) (m/s)and (v, ) (m/s).

Month Jan. Feb. Mar. Apr. May Jun. Jul. Aug. Sep. Oct. Nov. Dec.
<Vﬂ,> 3.42 3.34 3.22 3.50 3.52 3.21 3.37 3.06 2.68 2.66 2.58 3.18
<VL> 3.51 3.44 3.32 3.58 3.61 3.31 3.45 3.15 2.76 2.72 2.62 3.23
Relativeerror (%) 2.6 3.0 3.1 2.3 2.5 2.8 2.4 2.9 3.0 2.2 1.5 1.6
Table 2. Comparison between (v, ) (m/s)and the calculated mean speed (v,) (m/s) obtained from Equation (30).
Month Jan. Feb. Mar. Apr. May Jun. Jul. Aug. Sep. Oct. Nov. Dec.
<VL,X> 3.42 3.34 3.22 3.50 3.52 3.21 3.37 3.06 2.68 2.66 2.58 3.18
(v{) 3.43 3.34 3.23 3.53 3.54 3.22 3.46 3.11 2.72 2.65 2.56 3.05
Relativeerror (%) 1.1 0.1 0.3 0.8 0.5 0.3 2.6 1.6 1.5 0.4 0.8 4.0
Table 3. Comparison between the exact value and the estimated value of T'(1+1/k) gotten by using Equation (28).
k 2 2.5 3 4.22 5.58 6
G, 0.8862269 0.8872639 0.8929796 0.9091863 0.9239619 0.9277197
G, 0.8736304 0.9007007 0.9032822 0.9106438 0.9337902 0.9414530
Relative error (%) 1.4 1.5 1.1 0.16 1.06 1.5
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4.2.2. T(1+2/k) Estimate

Let Equation (15) be considered. The second moment suggests that I'(1+2/k)
may be investigated by using v* £(v). For that purpose, the wind speed for which

v £(v) is maximum was looked for. This wind speed is obtained for
d
E[vzf(v)J:O. (31)

The solution of Equation (31) is given by

1 1k
—cl1+=] .
y c( +kj (32)

1k
Equations (15) and (32) suggest a link between F(l+2/k) and (1+%j .

By introducing a fitting number a, (%), F(1+2/ k ) was expressed by the fol-

Vk
r[1+%) = az}gk) [1%) . (33)

In Equation (33), a, (k) is the fitting number for n=2; b (2) = +1 is the value
of b (n) for n = 1. For each value of 4 F(l + 2/k) was calculated by using ta-
bles. Then a, (k) was calculated from Equation (33). Figure 2 is a plotting of a,
(k) against k.

The following polynomial function was found (R = 1), for k< 6:

a, (k) =-0.0053k> +0.0837k> +0.502k +0.3429 . (34)

lowing relationship:

In order to test the reliability of Equation (33), G, the exact value of
F(I-I-Z/ k) calculated from tables and G, its estimated value gotten by using
Equation (33) were compared. The results of the calculations are displayed in

Table 4, where the calculations are made for £ < 6.

a,(k)
6 -

y =-0.005x3 + 0.083x2 + 0.502x + 0.342
R?Z=1

* a,k)

Figure 2. Plotting of a, (k) against k.
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Table 4. Comparison between the exact value and the estimated value of I'(1+2/k)

gotten by using Equation (33).

k 2 3 3.5 4 5 6

G, 1.000000  0.9027344 0.8905792  0.8862269  0.8872639 0.8929796

G, 1.0030660  0.9025268  0.8906764 0.8876632  0.8923529  0.8998236
Relative error (%) 0.3 0.02 0.01 0.16 0.57 0.76

A very good agreement is found between G, and G, since the relative errors,
which lie in the range 0.01% - 0.76% are all below 1%. It shows that Equation
(33) is a very good estimate of F(l + 2/k) .

4.2.3. T(1+3/k) Estimate

The third moment, obtained from Equation (15), was used to investigate
F(l +3/k ) . Hence, the investigation was made by using the product v’ £(v). The
wind speed for which v’ £(v) is maximum was looked for. It is given by the fol-

lowing equation:
dr,
E[V f(v)] =0. (35)
The following solution of Equation (35) was obtained:

1k
v, = c(l+%j . (36)

In the study of the power curve of a wind energy conversion system, v, is

deemed to be the rated wind speed [21]. As in the previous cases, Equations (15)
1k
2
and (36) suggest a link between I' (1 +3/ k) and [1 +;j . Once again, the fit-

ting number a (&) introduced in Equation (25), was used to establish this link,
resulting in the following relationship:

1k
F[1+EJ:M(I+EJ . (37)
)k i

a, (k) is the fitting number for n = 3; b (3) = +2 is the value of b for n = 3. The
fitting number a, (k) was investigated. For each value of &, F(l +3/ k) was ob-
tained from tables. Then a; (%) was calculated by using Equation (37). Figure 3
shows a plotting of a, (k) against k&

The following polynomial function was found with & = 0.999, for £ < 6.5:

a, (k) =—-0.012k> +0.1958k> — 0.1496k +1.5179.. (38)

The reliability of Equation (37) was tested. The exact values of I’ (1 +3/ k) , Gy
calculated from tables and the estimated values G, gotten by using Equation (37)
were compared for various values of k. The results are displayed in Table 5,
where the calculations are made for 2 < £ < 6. A very good agreement is found

between G,and G,, since the relative errors lie in the range 0.075% - 1.47%.
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a,(k)
6 7 y=-0.0123+0.195x2- 0.149x + 1.517

R?=0.999
5 -

¢ ayk)
3 — Multinomial (a,(k))

0 T T T 1
0 2 4 6 s k

Figure 3. Plotting of a, (k) against k.

Table 5. Comparison between the exact value and the estimated value of I'(1+3/k) ob-
tained by using Equation (37).

k 2 2.5 3 4 5 6

G, 1.3293403 1.1018027  1.000000  0.9190626 0.8935153 0.8862269

G, 1.3456242 1.1009763  0.9884201 0.9055425 0.8871348 0.8831800
Relative error (%) 1.2 0.075 1.1 1.47 0.7 0.3

Hence, the average wind power density, expressed by Equation (18), can be
written as:
/i
1 e (k)( 2)‘
P)=—pc ——|1+—| . 39
(P)=5pe’ == 147 (39)
On the whole, by taking into account Equations (28), (33) and (37), one may
write the following equation:

r(1+%) - M[H@]W. (40)

k

In Equation (40), n is an integer number and b is a function of n. The corre-
sponding values of b are b (1) = -1; 6 (2) = +1; b (3) = +2. The fitting number a,
(k) is a polynomial function of 4. It is expressed by Equations (29), (34) and (38)
for n=1, n=2 and n = 3 respectively.

A comparative evolution of a, (%), a, (k) and a, (k) with kis given in Figure 4.

An equation giving b (n) as a function of n was investigated. The following

equation was found:

b(n):—%n2+%n—4. (41)

5. Conclusions

A practical and simple expression of the gamma function was found, which
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9 1 a, (k)
8 .
a,(k) ®
7 - " L g
6 - a9 . *a,K)
*, t
5 - ool a,(k)
A
4 - .:A A a (k)
3 - 0:‘
0:A

2 4 A A
1 .
0 T T T T 1

0 2 4 6 8 10 k

Figure 4. Comparative evolution of a, (), a, () and a, (k) with k.

allows the calculation of I'(1+1/k), T(1+2/k) and T(1+3/k). In all the
three cases, a polynomial fitting function a, (%) was found, with a very high coef-
ficient of determination R. Very good agreements were found between the exact
and the estimated values of I’ (1 + n/k) .

The simple expression reported in the paper may be used in wind power
theoretical estimate, for the estimation of the mean wind speed (v> , the vari-
ance ¢ of the wind speed varound the mean speed and the average wind power
density. The goodness of the estimate of the gamma function, by using Equation
(40), depends on the value of the shape parameter k. Very good estimates are
gotten for & < 7. For values of k£ up to 12, the estimate remains good, with rela-

tive errors not greater than 5%.
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Nomenclature

B: Beta function.

¢ the Weibull scale parameter (m-s™).
k: the Weibull shape parameter.

P Beta function fitting shape parameter.
P power density (W/m?).

PDF: Probability Distribution Function.
¢ Second beta function fitting shape parameter.
v: wind speed (m/s).

Greek Symbols

I': the gamma function.

¢ variance of the wind speed (m?/s?).

o density of air (kg/m?).
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