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Abstract

The present research work is considered as part II of the previous work en-
titled [Plane Symmetric Solutions to the Nonlinear Spinor Field Equations in
General Relativity Theory, jmp, 2019, 10, 1222-1234]. Here, we opt for the
static spherical symmetric metric. In this metric, we have obtained spherical
symmetric soliton-like solutions to the spinor field equations with nonlinear

A 2
terms, which are arbitrary functions of I, = P? = (Il//}/st//) , taking into ac-

count the proper gravitational field of elementary particles. Equations with
power and polynomial nonlinearities are investigated in detail. It is shown
that the initial set of the Einstein and spinor field equations with a power-law
nonlinearity possess regular solutions with a localized energy density of the
spinor field only if we consider massless particle without losing the generality
(m = 0). In this case, a soliton-like configuration has negative energy. In or-
der to define the role of the nonlinearity and the own gravitational field of the
elementary particles in this model, we have obtained exact static symmetric
solutions to the above spinor field equations in the linear case by considering
Dirac’s equations and in flat space-time. It is proved that soliton-like solu-
tions are absent in the linear case. But in flat space-time soliton-like configu-
rations exist and have positive total energy.
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1. Introduction

The soliton as regular, localized energy density, finite total energy and stable so-
lutions of nonlinear differential equations, is widely used in pure science. In
the theory of General Relativity, this topic is dealt by many authors in various
research works. The type soliton solutions are used to describe the structure of
the elementary particles configuration. A. Adomou and G. N. Shikin [1] have
obtained exact plane-symmetric solutions to the spinor field equations with non-
linear terms, which are arbitrary functions of S =y . They have clarified the
role of nonlinear terms in the nonlinear field equations and the influence of
the own gravitational field of elementary particles in the formation of regular
localized soliton-like solutions. They have proved that the solutions obtained are
particular to the metric because the total charge and the total spin are not li-
mited. The spherical symmetric soliton-like solutions of the nonlinear spinor
field equations in gravitational theory are got by V. Adanhoume, A. Adomou, F.
P. Codo and M. N. Hounkonnou [2]. They have studied in detail equations with
power and polynomial nonlinearities. They have also proved that the soliton-like
solutions exist in flat space-time. In the research work entitled “Plane-Symmetric
Solitons of Spinor and Scalar Fields”, B. Saha and G. N. Shikin [3] have obtained
exact plane-symmetric solutions to the gravitational, spinor and scalar fields eq-
uations. On the one hand, the role of gravitational field in the formation of the
field configuration with the total energy, the spin and the charge has been investi-
gated. On the other hand, the influence of the change of the sign of energy den-
sity of the spinor and scalar fields on the properties of the configurations ob-
tained has been examined. Their study has come out that the choice of spinor
field nonlinearity can lead to the elimination of scalar field contribution to the
metric functions, but leaving its contribution to the total energy unaltered. In a
recent research work appeared in September 2019, which will be referred to part
I of the present research work and entitled “Plane Symmetric Solutions to the
Nonlinear Spinor Field Equations in General Relativity Theory”, A. Adomou,
Jonas Edou and Siaka Massou [4] have obtained the general plane symmetric
solutions to the spinor and gravitational fields equations. The nonlinear terms
Ly in the lagrangian density are an arbitrary function F(l,) depending on
the invariant function |, = (il/7}/51//)2. It is demonstrated that the static plane
symmetric metric doesn’t convenient to obtain the soliton-like solutions with fi-
nite quantities of the total charge and the total spin. Therefore, they concluded
that the consideration of the own gravitational field of the elementary particles
and the nonlinearity of the spinor field in the lagrangian density are not suffi-
cient in order to describe the configuration of elementary particles. The geome-
tric properties of the metric must be taken into account. That is why, in this
present study, considering the nonlinearity of the spinor field, the own gravita-
tional field of elementary particles and changing the geometrical properties of
the metric, we have extended the results initiated in [4] to exact spherical sym-

metric solutions.
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The introduction represents Section 1 which generalizes the previous studies
on the soliton model for the configuration of elementary particles in the gravita-
tional theory. Note that the rest of this paper is organized as follows. Section 2
deals with basics nonlinear and gravitational fields equations and their general
solutions. Then, taking into account the proper gravitational field of the ele-
mentary particles, we have solved nonlinear Dirac’s and Einstein’s equations.
We have also analyzed the general solutions obtained for concrete nonlinear
terms in the spinor lagrangian in Section 3. The paper is ended by the conclusion
which represents Section 4 where we summarize our results and the perspectives

of our research work in the future.

2. Basics Fields Equations and General Solutions

We choose the lagrangian of the self-consistent system of spinor and gravitational
fields in the form [1]:

R R i, _ _
=—+—("V =V ) -mgy + Ly, (1)

L=—+Ly, =
2y P 2y 2

where R is the scalar curvature, y =

ol is Einstein’s gravitational constant,

G is Newton’s gravitational constant, L, is the nonlinear part of the spinor la-

grangian and describes the self-interaction of the spinor field. L, = F(Ip) is
e 2

an arbitrary function depending on the invariant |, = P? = (Il//}/sl//) .

For a static spherically symmetric system an appropriate metric is considered

under the form
ds? =e?dt® —e?*d&? —e?” [d@2 +sin? 9d(p2]. ()

here the velocity of light C'is taken to be unity in geometric unity. In our study,
the metric functions, , B and y are functions depending on the single spa-

1
tial variable & = T where r stands for the radial component of the spherical sym-

metric metric, and obey the harmonic coordinate condition:
a=2B+y. €)

Let us now formulate the requirements to be fulfilled by soliton like-solutions.
These are:

- stationarity (applied to metric (2)), ie,
y=r($), a=a($), B=p(¢)

- regularity of the metric and matter fields in the whole space-time;
- localisation in space-time (with finite energy).

The last requirement assumes the rapid decreasing of the energy density of the
material field at spatial infinity, with together with the second one guarantees
the finite value of E, . The second requirement means the regularity of material
fields as well as the regularity of metric functions, which entails the demand of

finiteness of the energy-momentum tensor of material fields all over the space [3]
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[5].

The general form of Einstein equation is:
4 4 1 4 v
Gﬂ:Rﬂ—EdﬂR:— T, (4)

where G, is the Einstein’s tensor; R} is the Ricci’s tensor; o, is the Kro-
necker’s symbol and T, is the metric energy-momentum tensor of the spinor
field.

Taking into account the metric tensor g, , the larangian (1), the variational

w2
principle and usual algebraic manipulations, we obtain the nonzero components
of the Einstein’s tensor G, which represent the Einstein’s field equations for

the metric (2) under the harmonic coordinate condition (3) [6]:

Gy =e (28"~ 2yB' - B*) - = 4T, (5)
G =€ (28 + p*)-e¥ = 4T}, (6)

Gy =& (B"+y" =287 = %) =—1T;, 7)
G;=G;, T/=T} (8)

here prime (' ) denotes differentiation with respect to &.
Variational method applied to (1) with respect to spinor fields y and
leads to nonlinear spinor field equations [7]

iV, —my +F'(1, )y =0, ©)
iv gt +my—F'(1,)7 =0, (10)

with
F'(lp)zzipff”. 11)

al,
The corresponding metric energy-momentum tensor of the spinor field is
v i vp [ — — — — v
T=59" (77, Vv +0r,V v =V oy =V, iy w)-6.Lp.  (12)
Otherwise

i _ _ _
T, = Z(Wﬂv + 7,V =V Gy =V, )-9,,Lp
(13)

Using the spinor field Equations (9) and (10), Ls, can be rewritten under the

form

L 21 F
+ J— - 7
> ‘//al/7 61/// N P

Taking into account the expression obtained previously in (14), let us write

explicitly the nonzero components of the tensor T, :
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=2l GF(I")—F(lp),

=T =T =k, =20, —

(15)

i oF (1
i/_ _
Tf=§(WlV1w—V1Wll//)+2lpaE—p)—F(Ip)- (16)
p
In (9)-(10) and (12)-(13), V, denotes the covariant derivative of the spinor,
having the form [7] [8]:

oy _
e +I W (17)

where I', are the spinor affine connection matrices.

v ¢
PEZ

V. W0 V=

In curved space-time, the matrices y* are defined in the following way.

From the equalities
9., (§)=¢5(&)e (&)1
7.(8) =€ (6) 7

where 7, =diag (1, -1,-1, —1) , 7, are Dirac’s matrices in flat space-time,

(18)

ej (§ ) are tetradic 4-vectors, we obtain

0 _ —7=0 1 _ aat 2 _ f2 3_efﬂ773
=7y, y(x)=e Y, =ty pr=——r. (19)
sin@
Using the expression
1 o
T, (€)=5 9 (0,880 =0, )7 r”, (20)

where I are Christoffel’s symbols, we get explicitly

Mo=-2¢¥777, [,=0, [,=e"777p,

1 21)
r,= E(e’ﬂ’y;73;71ﬂ’sin 0+7°7" cosd).
According to the Einstein’s convention, we find
1
] _ _ o a7l 248
7y, = 2( ay +ye Cot¢9). (22)

Taking into account the obtained expression for y*I" x (22), the Equations (9)
and (10) may be rewritten as follows
i oF (1
ie 7" [65 +%a’jyx +l2772e‘ﬁ1// cotd—my + 2iP#y5y/ =0, (23
p

i oF (1
ie“;71(65+%a’jy7+|§;72eﬂy7c0t¢9+mli—2iP#y5y7:0. (24)
p
Vi(€)
V.
Further setting v (&) =V, (&) with V(&)= Vz g; , for the components
3
v, ($)
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of spinor field, we get the following system of equations from (23)

V4'+%a'\/4 —l?_e“*f”v4 cot g +ime”V, —2PF'(1,)e"V; =0, (25)
V3'+%a'\/3 +i5e“‘ﬁv3 cot & +ime*V, — ZPF’( I, )e”’V4 =0, (26)
V2'+%a’\/2 —ize““ﬁv2 cot & —ime“V, + 2PF’(Ip)e“V1 =0, (27)
Vl'+%a'\/1 +i5e“‘ﬂv1 cotd—ime“V, + 2PF'<Ip)e"V2 =0. (28)

The functions V;, V,, V; and V, arelinked by the relation
V7 -V -V +V,. =cste. (29)

Using the set of Equations (25)-(28), we define the functions S =y ,
P=ipy’w and R=yy°7'y , by afirst-order equations as follows

S'+a'S+4F'(1,)Pe“R =0, (30)
R'+a'R+2me“P+4F'(1,)Pe*S =0, (31)
P'+a’P+2me“R =0. (32)

The previous equations system has for solution

P? R?452=Ce) o & (33)

O

Cbeing an integration constant. The relation (33) proved that the gravitation-
al field equations are naturelly nonlinear and the field itself is universal and un-
screenable. It is also present in microcosm. The consideration of proper gravita-
tional field is very important in order to define physical interesting properties of
elementary particles. It is also signicantly influence the properties of interacting
particles, mostly at high energies. We shall more prove the important of own
gravitational field of elementary particle by investigating the properties of spinor
and Einstein’s equations in flat space-time.

Taking into account the spinor field equation and the conjugate one respec-
tively in their forms (23) and (24), we obtain another expression for T,' from
(16):

T =ms-F(1,). (34)

Let us now solve the Einstein equations. In view of T =T, substraction of

Einstein Equations (5) and (7) leads to the equation
ﬂﬂ _ 7/" _ e2ﬂ+2y. (35)

The previous equation can be transformed into a Liouville equation [5], to

produce the solutions:

B(&) =§[1+§)ln{#§%)} =(1+§j7(<f), (36)
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K K
7(§)=Zln{BT2(h,§+§l)}' (37)

where K'and Bare integration constants.
The function 7"has the form

1.
Fsmh[h(§+§1)],h>o

T(hé+&)=4(¢+&),h=0 (38)
1.
FanDﬁ§+§)]h<0
where Aand & are integration constants.

Using the expressions (36) and (37), we find from the harmonic coordinate

condition (3), the following expression of the metric function a(f) .

a(é) :%(%éjm{M} (39)

We also define the relations between the metric functions o, S and y as
follows

_2+B
4+3B

B
4+ 3B

Equation (6) being the first integral of (5) and (7), is a first order differential

B(&) a(é); r(¢)= a($). (40)
equation. Putting the results (34) and (40) into (6), the Eintein equation G) may

be transformed under the form

2
~2  (4+3B) . "‘;Ja
(@) =gerremrac ¢ ~#(m=F(1,))) (1)
Taking into account o' = —%g—z and P= Coe_a(f) , the general solutions to

the Equation (41) are
J- dpP

=+(E+&), & =cste. (42)

2+B

(3)c, K;ﬂ”_z[mwmﬂ

3B +8B+4

Setting a concrete form of the function F(I,), from (42) we can find P(¢).
If P(§) is known, we can determine a(g‘) from P= Coe_a(é) CIf a(f) is
known, we can determine S (§ ) and )/(§ ) from (40).

Note that, in the unified nonlinear spinor theory of Heisenberg, the massive
term is absent, and according to Heisenberg, the particle mass should be ob-
tained as a result of quantization of spinor prematter. It should be emphasized
that in the nonlinear generalization of classical field equations, the massive term
does not possess the same significance that it possesses in the linear one, as it by

no means defines total energy (or mass) of the nonlinear field system [9].
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Let us now resolve Equations (25)-(28) in more compact form in order to ob-
tain a concrete form of the functions V. In this perspective, when we take
W; (§ ) = eEV(; (f ) , we have the system of differential equations of the first order

as follows:
w;-'ze“*ﬂm cotd—2PF'(1,)e“W, =0, (43)
W3’+|§e"”’W3 cotd—2PF'(1, )e“W, =0, (44)
wz'—lzzea*ffw2 cotd+2PF'(1,)e“W, =0, (45)
Wl’+ée“‘ﬂw1 cot@+2PF'(1, )e“W, =0, (46)
where
1 5
A :(v[; +Ea\/p)e2 : (47)

The precedent equations system leads to the following set of equations de-
pending on functions of the argument 1, (&), ie W (l,)=W (&), 1,(&)=P?

and P=Cpe”:
aw,
S )W —H (1 )W =0, (48)
=)
‘(’j‘:vuim(up)ws_Hup)wﬁo, (49)
P
(jj\:vz—iM(IP)W2+H(IP)W1:O, (50)
=)
(:i\:v1+iM(IP)W1+H(IP)WZ=O, (51)
P
2+2B
( : ]4+3B )
cot
. 1l C2F(1,)C,
Wlth M(IP)—ET and H(IP)—T.
dé dé

Let us transform the set of first-order Equations (48)-(51) to the system of
second-order differential equations. Differentiating Equation (48) in |, and subs-
tituting into the result Equation (49), we obtain a second-order equation for the

function W, (1,) as follows:
w- o)y, MZ(IP)—HZ(IP)HM(IP)H,(IP)_H(IP)M’(IP) W, =0.
H(1:)

(52)

Differentiating also the Equation (49) in |, and substituting into the result

Equation (48), we obtain the second-order equation for the function W, ( Is )
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W3”—H,(IP)W3'+ MZ(IP)—HZ(IP)HH(IP)M,(IP)_M(IP)H,(IP) W, =0.

H (1) H(T7)

(53)

By combining (52)-(53) and setting U =W, +W,, we obtain the following
second-order differential equations obeyed by U:

U"—H’(IP)U’+2[M2(IP)—HZ(IP)]U:0. (54)
H(lp)
The Equation (54) is reduced to
1 d U’
— -U=0 55
H(lp)\/ﬂdlp{Hup)@} 59

under the condition M?(1,)=(1-¢)H?*(l,) with O<g£%.

The Equation (55) has the first integral

U'=J_r\/U27+ClH(IP)\/Z, C, = const. (56)
If C,=a’ >0, then the Equation (56) has the solution
U(l,)=a;sinhN;(1,). (57)
If C, =-h? <0, the solution of the equation of (56) is given by:
U(l,)=bcoshN,(I,). (58)
with
Ny (1p)=v2&[H(l,)dl, +R, R, =const (59)

By combining Equations (48) and (49) and taking into account (57) and (58),
we get V(I,)=W,-W, as follows:

v(|P)=—iJf1__[sinhNl(lp)—@costh(|P)], (60)
V(lp)= |J_[coshN(I )- \/Zsinth(lp)J, (61)

where & and b, areintegration constants.
Solving analogously the Equations (50) and (51), we obtain the following ex-
pressions for X =W, +W, and Y =W, -W,:

X (1p)=a,sinh N, (1,), (62)
X (1p)=b,coshN,(I,), (63)
E[J_COShN )+sinhN2(Ip)J, (64)
b, [\/Zsth )+coshN2(IP)], (65)
N
N, (1p)=+2&[H (1,)dl, +R,, (66)
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where a,, b, and R, areintegration constants.
Using (57)-(61), we get the expressions of W, (1) and W, (I,) as follows:

W3(IP):a0{sinh Nl(lp)+i\/ll__g[—sinh N, (15 ) ++/2¢ cosh NI(IP)]},(67)

W, (1,)= b{coshN )+i N [ cosh N, (1, )++/2¢sinh N, (1 ]} (68)
&

W, (1,)= ao{sth \/ll_g[sth )—~/2¢ cosh N, ( } (69)

w4(|P)=bo{coshNl(|P)+iJ11__g[coshNl(|P)—@sinhN } (70)

where a():%a1 and b0=%b1.

Analogously operating on the relations (62)-(66) leads to the functions W, (1;)
and W, (l,) defined by the following expressions:

Wl(lp):ao{sinhNZ(IP)+i\/11__g[\/ZcoshNZ(IP)+sinhN2(IP)]}, (71)
(1)<, {eosh N, (1, )i [VEzsinn, 1, scosn, (1), 0
W, (1) = SN, (1)1 [V25cost N, (1) s 1] 73
W, (17)= Ao fcosh N, (1)1 V2 s, (1) cosn N, (1) 79

with ao=%a2 and B, =—

From the expressions of W; (&) defined previously, the analytics general so-

lutions of the fundamental fields equations are

Vi (&) =W, (£)exp[-v($)], (75)
V3 (£)=W; (§)exp[-v ()], (76)
V2 (&) =W, (¢)exp[-v($)], (77)
V, (&) =W, (&)exp[-v(&)], (78)
where
v(é)=§@%}'ﬂ%- (79)

In the following paragraph, we will determine the solutions of the equations,

taking the concrete analytics forms of the nonlinear terms.

3. Results and Discussions

In this section, we shall analyze the general results obtained in the previous sec-
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tion for concrete nonlinear terms of the arbitrary function F(l,) in the la-
grangian density.

We opt for the following polynomial form as follows:
F(l,)=AP% (80)

where 4 is nonlinearity parameter and n power nonlinearity. It is convenient
to separately analyze the two cases N=1 and n>1.
e For n=1, F(l,)=1P® we get the Ivanenko-Heisenberg type nonlinear

spinor field equation:

—a—1

ie "y (65+%a’jw+'§eﬂ72wcot9—mz//+2iP/1y5y/=0. (81)
. 2+B . . .
From (42) and setting 21238 1, without loss of generality, we obtain:
+
4+3B 2
P(£)=Coexp| =——=11+Ci2A ({4 &) | (82)
\V3B*+8B+4
The invariant function 1, (&) is defined as follows

8+6B
I, (&)=C? exp{m,h+q§;ﬂ(§+§o)}. (83)

From P(f) C exp( a) and the relation (40), we deduce the expressions
of the metric functions (&), B(&) and y(&):

4+3B
J1+Cipa ) 1 (84)
a(§ L/3Bz+8 B+4 Tk (§+§)}
2+B
J1+Cipa ) 1 (85)
L/3Bz+8B+4 " Z(§+§)}
,/1+C§Zﬂ(§+§o)}. (86)

Taking into account (83), the energy density is

0 2 8+6B 3
Ty (&) =4C; eXp{m\/“Coﬂﬂ(ﬁ%)}- (87)

{ 3B? +8B +4

The energy density is bounded when & €[0,&,]. Its minimum value is CZa

8+6B
and its maximum value is AC? exp {&,/1+ Cg;(/l} for &, =0.

\J3B2+8B+4

Using (87) the energy density per unit invariant volume is

e(&)=AC? exp{B“lJr;MCO (§+§°)]sin0. (88)

\3B?2+8B+4

Let us note from (88) that the energy density per unit invariant volume of
Heisenberg-Ivanenko type equation of a nonlinear spinor field is positive and is

localized. Therefore, the total energy is finite. Finally, its value is given by the
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following expression:

E:I@h(g)déz/qusiné’ 3B?+8B+4 exp B, \[1+ 7ACE 2l @)
0 B 1+ 2C32 J3BZ+8B+4 ) |

We conclude that the Equation (81) has soliton-like solutions. Here, the exis-

tence of the soliton-like configurations with localized energy density, finite total

energy in Heisenberg-Ivanenko type nonlinear equation case is an interesting

result.
e For n>1, F(l,)=AP?, according to (80) the Equation (42) has the solu-
tion
1
n-1
1
p(éf)z n>1. (90)

J7ACZ sinh {\/%(n “1)(£+¢, )}

From (15), the expression of the energy density T, is

1
NPz sinh{\/%(n—l)(ﬁgo )}

Let us remarck from (90) and (91) that the energy density T has unlimited

T? ()= 421

;n>1.(91)

value when &=0, &, =0, and the initial set of equations has no solution with
localized energy density. Hence, the total energy has not a finite quantity. Since
the energy density is not bounded, the soliton-like solutions are absent when the
nonlinear terms are chosen under the form F(1,)=AP*".

When A =-A2?, from (42), we have

1
n-1
1

P(&)=
J#A*CZ cosh L/%(n—l)(e”fo )}

n>1. (92)

From (15), the energy density T, has the following expression

1

NP cosh{\/%(n “1)(E+6, )}

T (&) =-A%(2n-1)

n>1.

(93)

We conclude from (93) that the energy density of a nonlinear spinor field is

negative and is localized in space. As for the distribution of the spinor field
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energy density per unit invariant volume &(&) =T, (£),/3_, » it’s given by
e(&) =T, (£)e* 7 sine. (94)

From which

1

JZA?CZ cosh {J%(n—l)(ﬁgo)}

e@sing,

e(&)=-A*(2n-1)

(95)

where

¢)= K(8+SB)In[BT2(h}T§+é)}' 0

The total energy is defined by

1

| yA*CZ cosh L/%(n —1)(£+6, )}

‘O singdé < o

E=-A%(2n-1)f

(97)

The obtained solutions describe a nonlinear spinor field configuration with
regular localized energy density T (£) and energy density per unit volume
(&), negative total energy E and the metric functions are regular and statio-
nary. The solutions possess the properties of soliton-like solutions mentioned
above in the section 2. They may be used in order to describe the properties of
the field configuration of the elementary particles.

Considering F(I,)=-A*P*", we can get an explicit form of the function V;.
We have

V4(§):ao{sinh[ }+|

[smh[f ]—@cosh[f(5)}]}exp[—¢(§)],

(98)
V3(§):a0{sinh[f(5)}+i\/11__g[—sinh[f(5)}+\/§cosh[f }exp[ #(&

(99)
Vv, (&)= {cosh[f (5)]—iﬁ[\/§sinh[f (£)]+cosh[ f(& }exp[ #(&

(100)
Vl(gf):ﬂo{cosh[f ]+| [\/Zsmh[f )]+cosh[ f (& }exp[ #(&

(101)

where
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f(§)=Nl,z(§):—wtanh{ = } 2

(4+3B)2C; \/382+88+4(n D(E+4)
(102)

and

1

 ZA*C{ cosh {Aj?’B(n —1)(E+¢, )}
exp[—4(£) = 35 +\8/?4 .(103)

We can then finally write the components of the function l//(f ) of the spi-
nor field under the form:

pufeosn[ 1 (2)] i~ [VEzsion[ 1 (2)] s cos J]}exm
pufeos (S)J—iﬁ[@ﬁnh[f (€1 comn[ 1 (2] eso o)
oo £ (£)] 1< [-aimn[ (&) 2 o[ 1 (2 J]}exw
ao{sinh[f@ﬂn J_—g[sinh[f (6))-zzcosn[ 1 (2) ] exn[-6(5)

(104)

From (104), we conclude that the function (&) =V, (&) is regular.

The solutions obtained describe the configuration of nonlinear spinor field
with localized energy density. The energy density per unit invariant volume &(&)
is also a localized function. The total energy has a finite and negative quantity.
The metrics functions are stationnary and regular. Then, they are soliton-like
solutions and must be used to describe the configuration of elementary par-
ticles.

It is necessary to clarify the role of the nonlinear terms in the nonlinear field
equations in the formation of regular localized soliton-like solutions. In this case,
we must resolve Dirac’s equation and compare its solutions with solutions to

nonlinear spinor equations.

The Dirac’s equation corresponds to the linear spinor equation where L =0.
We obtain from (23)

—a—1

ie "y (a§+%a'jyx+%72eﬁwcote—mwzo. (105)

Then, according to (42), we get
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4+3B

P(£)=C, eXp{m(fﬂLQ)}- (106)

From P=C, e, wehave

4+3B
S| 8538 (eie)). (107)
“ {\/382 +88+4(§+§ )}

Using (40), we define the functions S(¢£) and y(&) as follows
4+ 3B

ﬁ(f)z—{m(ﬁ&))} (108)

B
7(5)2{m(5+§o)}- (109)

According to (15),
T)=0 (110)

The invarian function |, (¢£)=P? and the metric functions g, =€,

0, =€, g, =—€", Qs =—€"sin°@ are regular. But the energy density is
not localized. Here, it is clear that soliton-like solutions are not exist in the linear
case. Moreover, From these results it is shown that to obtain the regular loca-
lized soliton-like solutions, the nonlinear terms are very important. In the fol-
lowing paragraph, we shall consider the case when the influence of the gravita-
tional field is not taken account for proving the importance of the proper gravi-
tational field of elementary particles in the configuration of their geometrical
structures.

In order to determine the role of the own gravitational field in the formation
of regular localized solutions of soliton-like type to nonlinear spinor field equa-
tions, it is necessary to consider solutions to the Equation (9) in flat space-time
when a=p8=y=0 in (2). It then follows that the set of equations for the

functions V(&) becomes

V{ =V cotf—2PF'(1, )V, =0 (111)
V3'+%V3cot0—2PF’(IP)V4 =0 (112)
vz'—%v2 cot6+2PF'(1,)V, =0 (113)
V1’+%Vlcot¢9+2PF’(IP)V2 =0 (114)

From a=p=y=0, we obtain the expressions of the functions P (&),
I, (&) and F(l,) asfollows

P(£)=C,=const, I,=P?=C;, F(l,)=-A’C{". (115)

Introducing (115) into (15) we obtain the expression of the energy density ToO .
Then, reporting the result obtained into (94) we get the energy density per unit

DOI: 10.4236/jamp.2019.711194

2832 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.711194

A. Adomou et al.

invariant volume &(&). They are defined by the following expressions:
T (&)= A*C{" =const, &(&)=A*C{"sing = const. (116)
As for the total energy, it is given by

E=[s(£)ds = A*CPE sG>0, (117)

From (117), let us conclude that in the spherical symmetric metric the soli-
ton-like configuration has finite positive energy in flat space-time case. Here, in
our study the localization of the energy density and the finite value of the total
energy are been improved by the geometrical properties of the metric in flat
space-time. Indeed, in plane-symmetric metric, the energy density is not
bounded and the total energy diverges [4].

The system of Equations (111)-(114) has the solutions

V,(&)=C, exp[lz(§+§0)cot0}, (118)
Va(e‘)=Cgexp[—i§(§+§o)cot9}, (119)
V,(£)=C, eXpB(éJréo)COW] (120)
Vl(f)=Clexp[—%(e:+§o)cot.9}, (121)

where C,, C,, C, and C, are four unknown integration constants. We have
obtained the general solutions to the Equations (111)-(114), which are regular
and contain four arbitrary constants. The examination of the results proves that
the localized soliton type solutions exist well in the static spherical symmetric
space-time without gravitation. So the proper gravitational field of elementary
particles and the geometrical properties of the metric play an important role in
the configuration of elementary particles. The gravitational field is nonlinear by
nature and the field itself is universal and unscreenable. By ignoring the proper
gravitational field leads to the elimination of the nonlinear terms in the lagran-
gian density of the spinor field. In clear, the nonlinearity of the spinor field va-
nishes when the proper gravitational of elementary particles is negliged. The
following paragraph deals with the total charge and the total spin. Let us start
with the components of spinor current.

Using the solutions obtained (98)-(101), we can define the components of

spinor current as in [8]:
i =ty (122)

Taking into account that =y 7", where y' = (1//1* W W, 1//:) and
w5 (&)=V; (&), the general forms of the components of the current vector are

given by the following expressions

jo = (Vl*vl +V2*V2 +V3\/3 +V4*V4 ) e*(DHy) ’ (123)
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j _(V’\/ +V,V, +V,V, +V’\/) g2, (124)
——|(v*v —V,V, +V,V, v’\/) a2 (125)
3= (V= VoV, V5V, -V, e, (126)

The configuration is static. With this assumption, only one component j°

different to zero. The another components of the current vector j', j* and j°
vanish. This leads to a choice between the constant of integration in the solutions

to the spinor field equations and Einstein’s equations when j*=0. In our ana-
1
lyze, we obtain &= > a,=/f,=a and R =R, andin addition N;=N,=N.
Thus, the component j° comes
i =3a% ") cosh 2N (1,). (127)

The component j° defines the charge density p which is equal to chro-

nometric invariant as follows
=(j0j ) =3a’e™“ cosh2N (1,). (128)
The total charge of the spinor field is
Q= *p\J-3,d& =3a2[ " cosh 2N (1, )e“7d¢, (129)

where & represents the center of the field configuration and e*”” = e‘@sing
with 4’(5) defined by (96).

The relation (129) proves that the total charge has a finite quanttity when the
nonlinear therm in the spinor field lagrangian F(I,)= ~A*P*"; —A? <0 and
n>1. The analogous result can be found in [2]. The following paragraph will
deal with to the spin tensor study.

As defines in [4], the general form of the spin tensor for the spinor field is

1
gHvA :Zw{yiayv +U'uv7l}l//. (130)

According to (130), the spatial density of the spin tensor §*0 i k=123 is:

) 1 1_,
gik0 ZZ‘//{7/OUIk +o"k}/0}l,l/ =E(//}/Oo"k(//. (131)
Slz,o _ 813,0 =0. (132)
823'0:%a2 cosh2N (1,)e™. (133)

With (133), the chronometric invariant of the spatial density is

1

S230 —(82310523'0)E =§a2 cosh2N (1, )e™. (134)
Thus, the projection of the spin vector on the radial axis has the form:

5, = [Fsz0 [3,de=2 azjj“ cosh 2N (1, )e“7dé. (135)
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Note from (135) that the spin tensor of the spinor field has a finite value.

4. Conclusion

Taking into account the proper gravitational field of elementary particles, the
solutions that we have obtained in this research work are soliton-like solutions.
They are regular with a localized energy density and limited total energy. The
metric functions are stationary, the total charge and the total spin have finite
quantities else. The soliton-like solutions exist in flat space-time and absent in
linear case. The nonlinear terms and the proper gravitational field play an im-
portant role in the obtaining of the soliton-like solutions. Note that in static
plane symmetric metric, the charge Q and spin have no finite value but in the
spherical static symmetric metric, those are finite. In the forthcoming paper, us-
ing the same metric, we shall investigate the solutions to the spinor field equa-
tions with the nonlinear terms which are arbitrary functions depending on the
invariant function of bilinear forms | =S?+P? in general relativity theory.

The future work will generalize and will improve the previous studies.
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