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Asymptotic Stability of Combination of Con-

tact Discontinuity with Rarefaction Waves  In this paper, we consider with the large time behavior of solutions of the
for the One-Dimensional Viscous Micropo-  Cauchy problem to the one-dimensional compressible micropolar fluid mod-
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el, where the far field states are prescribed. When the corresponding Riemann
problem for the Euler system admits the solution consisting of contact dis-

continuity and rarefaction waves, it is shown that the combination wave cor-
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1. Introduction

In this paper, we consider the one-dimensional viscous micropolar fluid model

in Lagrangian coordinates:

v,—u, =0,

2 2
e+u_ +(pu) :K[ﬂJ _|_/u[uuxj +a)x +va)2, (1)
2 t ' v x v X v
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Here xeR is the Lagrangian space variable, € R" the time variable and
the primary dependent variable are the specific volume v = v(l,x) >0, the ve-
locity u= u(t,x), the absolute temperature 6 = H(I,x) >0 and the microrota-
tion velocity = a)(t,x) . The positive constants x#, x and A denote the
viscosity coefficient, heat conduction coefficient and microviscosity coefficient,
respectively. The pressure p and the internal energy e are given by the state equ-
ations

p(v.0)= ko =Bv’ exp(y—_lsj, e= i@,
v R y—1
where y >1 is the adiabatic exponent, sis the entropy of fluid, R and B are the

positive constants. We impose the following initial and far field conditions:

(v,u,H,a))(x,O)=(v0,u0,6’0,a)0)(x) xelR, @)
(vu,0,0)(£0,0) = (v,,u,,6.,0,)(x) >0.
where v, >0, u,,0, >0, @, are given constants, and we assume infy v, >0,
inf, 6, >0, (vo,uo,ﬁo,a)o )(ioo) = (vi,ui,ﬁi,a)i) as compatibility conditions.
It is known that the large-time behavior of solutions of the Cauchy problem (1)
and (2) is closely related to the Riemann problem of the compressible Euler system:

v,—u, =0,
u +p(v,0) =0, xeR,t>0.
’ E ) (3)
u
udil =0,
(e+ 5 1+(pu)x
with the Riemann initial data
(vu,0), x<0,
= 4
(v)uae)(oax) {(V+,M+,9+), $>0. ()

It is well-known that the above system has three eigenvalues:

20 =2, 1m0 4 (v0)= |72,

v

which implies that the first and third characteristic fields are genuinely nonli-
near and the second field is linearly degenerate. Then it is known that the basic
Riemann solutions of the problem (3)-(4) are dilation invariant solutions: shock
waves, rarefaction waves, contact discontinuities, and the linear combinations of
these basic waves. In particular, the contact discontinuity solution of the Rie-

mann problems (3) and (4) takes the form [1]:

(Vcd ucd HCd)(l x): (Vﬁ,u,,a), x<0,t>0, (5)
v,,u,,0.), x>0,t>0,
’ ’ ’ (+ + +)
provided that
w=u, pef Kbs, (6)
v v

- +

The viscous contact wave (VC,UC,('DC,WC)(t,x) with W”(t,x)zO corres-
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ponding to the contact discontinuity (v"d 0%, o )(t, x) with (v“d ,u, 0 )
defined in (5) and @ (1,x)=0 for the compressible micropolar fluid model (1)
becomes smooth and behaviors as a diffusion waves due to the effect of heat
conductivity. As in [2], we can define the viscous contact wave (V”,U “,0° )(t,x)
as follows.

Since the pressure of the profile (V“,U c,®c)(t,x) is expected to be almost

constant, we set

RO°
P = Xrp =p. (7)
S SP=P
Then the leading part of the energy Equation (1), is
R G
—0;+p U, =x| —| . (8)
y—1 Ve ).
Using the Equation (7), V" =U; and (8), we get a nonlinear diffusion equation
(CN K -1
O =a| == |, O (+m.1)=0,, a=&2)>o, 9)
o) - 7R

because

X
which has a unique self-similar solution O°(#,x)=0(&), &=

of [3] [4]. Furthermore, @(é) is a monotone function, increasing if 6, > 6
and decreasing if 6, <& . On the other hand, there exists some positive con-

stant &, such that for & = |¢9+ —9_| <5, O° satisfies
2

k _GY_
(1+t)5|6ﬁ®" <¢de ", k=1, as|x|—>oo, (10)

+|®“—6’i

where ¢, and ¢ are two positive constants depending only on 6 and & .
Once O°(t,x) is determined, the viscous contact wave profile (V",U NCH )(t,x)

is defined as follows:

c _1 c
Vc=R® , UC=M7 +M®X’ ®C=®U(t,x). (11)
p. yR O°

It is straightforward to check that (VC , U, Of ) satisfies
| =o(x"P)(140)/") | p21,

which means the nonlinear diffusion wave (VC,U ‘,0° )(x,t) approximates the

VC—VCd,UC—MCd,(DC—ng

)24

contact discontinuity (v"d,u"d,é"'d)(x,t) to the Euler system (3) in L norm,
p 21 on any finite time interval as the heat conductivity coefficient x tends
to zero. And it is easy to check that the viscous contact wave (V”,U C,G)E) sa-

tisfies the system

Ve -Us =0,
. [ RO° U:
U, +( = l :y[V” errRl’

+(p(V”,®C)U”)X ={K§§ +yU;C§

(12)

j +R,,
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where
. U; -1 ¢ + ¢
kU _ﬂ[Fl :%((h@ )Xt_ﬂ(ﬁ(m@ )U 13)

_0(8)(141) T 1 as|x| - oo,

and
-
x(y-1) ’ x p
:[7—RJ [(h’l@c )x (111@[ )X, _#[R@;” (ln@c )x (111@5 )xxjxj (14)

c(]xz

=0(8)(1+1) e = as|| > o0,
We are now in a position to state our main results. Let
(6. C.0)(x,1) = (v=*u~U",0-0°,0) (1,x).
For interval /< [0,%0), we define a function space
X(I)cy(n)2c(nH (R))
as

X (1) ={(6w.¢.0) Y (1)|g, € (L1 (R)),(w,.¢,0,) € I (1 H' (R))].

We can get main result from [5] and it is stated as the following theorem.

Theorem 1.1. For any given (v_,u_,0.), suppose that (v,,u,,0,) satisfies
(6), Let (VC,UC,(@C)(Z,x) be the viscous contact wave defined in (11) with
strength o6 = |49+ - 9_| <8 . Then there exist positive constants 0, and g,, such
that if 6 <6, and the initial data (vo,uo,é’o,a)o) satisfies

(5 (=77 (0.).1 () =0 (0),6, ()= 0° (0.), 0, ()] ... <20

(R)
then the Cauchy problem (1)-(2) admits a unique global solution (v,u,@, a))(t,x)
satisfying (v— Ve u-Uc,60— @”,a))(t,x) IS X([O,oo)) and
timsup{|(v-¥*,u-U*,0-6°,0)(1.x)| =0, (15)

teo ‘cr

When the relation (6) fails, the basic theory of hyperbolic systems of conser-
vation laws (for example, see [6]) implies that for any given constant state
(v_,u_, 6’_) with v >0,0 >0 and u_eR, there exists a suitable neighborhood
Q(v_,u_,0.) of (v_,u_,0.) such that for any (v,,u,,6,)eQ(v_,u_,0_), the
Riemann problem of the Euler system (3)-(4) has a unique solution. In this pa-
per, we only consider the stability of the superposition of the viscous contact

wave and rarefaction waves. In this situation, we assume that
(v u,,0 ) € RCR, (vﬁ,uf,@f) C Q(vf,uf,Hf),

+3% oYy

where
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R,CR, (vf,uf,@f) e (u,v,6’) € Q(vf,u7,97)|s S,

v

u>u —Lﬁ A (n,s_)dn,u=zu _J.e%(”*)v A, (n,s)dn
with
s=ilnR—9+Rlnv, s+=ilnR9i+Rlnv+,
y—-1 B - y-1 B -
and

A (v,s) =4\ B}/v""e(yil)ﬁ.

It is well-known [6] that there exists some suitably small &, >0 such that for
(v+,u+,(9+)eR1CR3(v_,u_,9_), |0_—0+|S51, (16)

there exists a positive constant C=C (6[,51) and a unique pair of points
(vi’l,u"l,Hi’l) and (vf’,u”’,@f’) in Q(v_,u_,0 ) satisfying

RO™ RO" .
= =p"
v Vi
and
v -, -|—|u"'—ui +167 -0, £C|6[—¢9+|.

Moreover, the points (v, ,um,Hf") and (Vf,u'",@f) belong to the 1-rarefaction
wave curve R_ (v_,u_,@_) and the 3-rarefaction wave curve R, (v+,u+,6’+),

respectively, where
R, (v.,u..,0.)= {s =s,u=u, —J-VV/L! (7,5, )dn,v> vi}.

The points (vf",um,é’f") and (vf’,umﬁf) may coincide with (v_,u_,@_)

+9 Y4

and (v,,u,,0,), respectively. The 1-rarefaction wave (vf,uf,Hf)(%j (respec-

, x
tively the 3-rarefaction wave (vi,ui,@f)(—)) connecting (v_,u_,@_) and
t

+9 Y4

(vﬁ”,um,Hf”) (respectively (vi”,u’”,@j”) and (v+,u o )) is the weak solution

of the Riemann problem of the Euler system (3) with the following initial Rie-
mann data

(vi",u"’,@i’), +x<0,

(17)
(vi,uiﬁi), +x>0.

(vi.ut.07)(0.x) ={

Since the rarefaction waves (vi,ui,@i’) are not smooth enough solutions, it is
convenient to construct smooth approximate ones. Motivated by [7], the smooth
solutions of Euler system (3), (Vi’ UL, 0, ), which approximate (v;,u;,ﬁi’) are

given by
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Ay (Vi’ (t,x),si) =a, (1,x),

U; —u, _J‘E-(t,x)ii (n’si )d77, (18)

0L =0, (v, )y_l (Vi’ )H ’

where @ (t,x) (respectively aA)+ (t,x)) is the solution of the initial problem
for the typical Burgers equation:
o, +ad, =0, xeR,t>0,

O+, & - (19)
+———tanh x,
2 2

a3(0,x):

with @ =4 (v.,s.) and &, =4 (vf",sﬁ) (respectively @, = A, (vf’,s+) and
@, =2, (v,,5,)).

Let (V“,UC,GC)(t,x) be the viscous contact wave constructed in (11) and (9)
with (v,,u,,0,) replaced by (v;" ,O,Him) , respectively. We define

14 V4V +V! vV
Ul(t,x)=| U +U°+U. |(t,x)-| 20" |, (20)
® 0 +0°+0) 6" +0;

and
(¢,l//,g“,a))(x,t) = (v—V,u—U,é’—@,a))(t,x).

Then our main result of this paper is as follows:

Theorem 1.2. For any given (vﬁ,uf,ﬁf), suppose that (16) holds for some
small 6,>0. Let (V,U,@)(t,x) be as in (20) with strength 5=|49+ —497| <5,
Then there exist positive constants J, (S min{él,(? }) and ¢,, such that if
5 <6, and the initial data (v,,u,,0,,@,) satisfies

[0 0)=7 (0,00 ()-0 (0.6, ()-0(0.). 0, )., = 0
then the Cauchy problem (1)-(2) admits a unique global solution (v,u,6,®)(t,x)
satisfying (v—V,u-U,0-,0)(t,x)€ X([0,%)) and
[(v=v7 =7 = v v ) (1)
(= =l ) (1,)
(0-0 -0 —0r+67+0r)(1.x)

|a)(t,x)|

Now, we briefly recall some related work in this aspect and make some com-

lim sup

[540 R

=0. (21)

ments on the analysis in this paper. The nonlinear stability of some basic wave
patterns has been studied by many authors. The stability toward contact waves
for solutions of systems of viscous conservation laws was first studied by Xin [8]
who proved the nonlinear stability of a weak contact discontinuity for the com-
pressible Euler equations with uniform viscosity. Later, Liu and Xin [9] showed
the stability of contact discontinuities for a class of general systems of nonlinear

conservation laws with uniform viscosity. And this result was improved by Xin
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and Zeng in [10]. The large-time asymptotic nonlinear stability of the supposi-
tion of viscous shock waves and contact discontinuities for system of viscous
conservation laws with artificial viscosity under small initial perturbations was
proved by Zeng [11]. Some interesting results have been obtained for compressi-
ble Navier-Stokes system. The asymptotics toward the rarefaction waves for
compressible Navier-Stokes system is established in [7] [12] [13] [14]. For a
free-boundary value problem, the asymptotic stability of a viscous contact wave
of the one-dimensional compressible Navier-Stokes system was first proved by
an elementary energy method by Huang, Matsumura, and Shi [15], where the
initial perturbation and the strength of the contact discontinuity are suitably
small. The asymptotic stability of the linear combination wave of viscous contact
wave and the rarefaction waves for the Cauchy problem of the one-dimensional
compressible Navier-Stokes system was obtained by Huang, Li and Matsumura
in [16], and provided the strength of the combination wave is suitably small. The
viscous shock profiles and viscous rarefaction waves have been shown to be
asymptotically stable for quite general perturbation for the compressible Navi-
er-Stokes system and more general systems of viscous strictly hyperbolic con-
servation laws [4] [12] [14] [17]-[22]. There are many results have been obtained
for the nonlinear stability of some basic wave patterns consisting of viscous
shock waves, rarefaction waves, viscous contact discontinuities and their certain
linear superpositions with small perturbation. We refer to [23]-[31] and the ref-
erences therein for viscous shock waves, [13] [14] [20] for rarefaction waves, [2]
[32] [33] [34] [35] for viscous contact discontinuities, [16] [36] [37] [38] for the
composition of a viscous contact wave and rarefaction waves. For the corres-
ponding results with large initial perturbation, see [39] [40] [41] and the refer-
ences cited therein.

The compressible micropolar fluid model has become an important area of inter-
est for mathematicians in the last several decades. The model for compressible flow
of micropolar fluid in the one-dimensional case was first studied by N. Mujakovic.
She considered the local-in-time existence and uniqueness [42], the global existence
[43] and regularity of solutions [44] to an initial-boundary value problem with ho-
mogeneous boundary conditions of the compressible one-dimensional micropolar
fluid system respectively. Other results were proved in [45] [46] [47] for the cor-
responding non-homogeneous boundary value problems. Besides, she also ana-
lyzed large time behavior of the solutions and the stabilization of solutions to the
Cauchy problem [48] of the one-dimensional model. There are other authors in
[5] [49] showed the nolinear stability of some basic waves (such as rarefaction
waves and viscous contact wave etc.). The stability of composite wave for
one-dimensional compressible micropolar fluid model without viscosity was
studied by Zheng, Chen and Zhang [50]. For the three-dimensional compressi-
ble micropolar fluid model, I. Drazi¢ and N. Mujakovi¢ in [51] [52] [53] [54] [55]
studied the local existence, global existence, uniqueness, large time behavior and

regularity of spherical symmetry solutions.
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In this paper, we shall show the asymptotic stability of combination of contact
discontinuity with rarefaction waves for the Cauchy problem of the one-dimensional
viscous micropolar fluid model, provided the strength of the combination wave
is suitably small. After stating some notations, we will reformulate the original
problem and give some preliminary lemmas and a priori estimates of solutions
to the Cauchy problem (22) in Section 2. Finally, section 3 completes the proof
of Theorem 1.2.

Notation. Throughout this paper, several positive generic constants are de-
noted by C, ¢ without confusion. For functional spaces, H' (R) denotes the th

order Sobolev space with its norm

171, =

- where [ £ [ 2,

2. Reformation of the Problem and Preliminaries

Noticing that (V;,U;,@:) satisfies Euler system (3) and (VC,U”,GC) satis-
fies (1), and (8). To make it more convenient to prove Theorem 1.2, in this sec-

tion, we will reformulate the problem (1), then the system (1)-(2) be rewritten as

¢ -y, =0,

v, +(—R§_P¢j Z#[&j +F,

i1§[+pux—PUx =K( Ve .~ 99,
7/—

RoE.

(41,6, 0)(20,1) =0
(¢,W,§,0))( ) (¢o"//o’§o’a)o)

J — 4y’ +G,
x Vv (22)

where

(23)

and

@E 2
K (®XJ _[ TJ wulet¥s) (24)

14 Ve
2G +G,+G,.

We derive an elementary inequality concerning the heat kernel which will play

an essential role later. For « > 0, we define
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w(t,x)= (1+t)7% exp {—%}, g(t,x)= .[joow(t,y)dy. (25)

It is easy to check that

dag =w, ||g(t,-) < Ca™?. (26)

Then we have

Lemma 2.1 (see[16]) For 0<T <, suppose that h(t,x) satisfies
heL”(0.T;1 (R)),h, € I’ (0,T: 1 (R)),h, € I* (0,T; H ™' (R)).

Then the following estimate holds:

[ ], nPwidxde <4C|n(x,0)[ +4Ca™ ||

0

h, (6)] dr +8a Ior<h,,hg2>

dt. (27)

H'xH!

For the proof Lemma 2.1, one refers to [16]. Next, we summarize some basic
properties of the viscous contact wave (VC ,US, @C) .

Lemma 2.2 (see [36]) Assume that 6 = |6’+ —9_| <& for some positive con-
stant 5 . Then there exists two positive constants ¢, and C such that the visc-

ous contact wave (V‘ ROANCH ) satisties the following estimates:

2 2
_%o¥” L _ft
ve-v|+le-o|<cse v, Ut -u |<cs(ir) e (28)
kY R
e +|a’;®c <CS(1+1)2e ™, |aiUf SCS(1+1) 2 e ™, kileZ . (29)

Lemma 2.2 can be proved directly from Equations (10) and (11), the details
are omitted here. The solution c?)(t,x) of the Cauchy problem (19) has the fol-
lowing properties.

Lemma 2.3 (see[7]) Forgiven @&, €R, and © >0, let
o, € {(?)| 0<d=d-d < 5} Then the problem (19) has a unique smooth glob-
al solution in time satisfying the following:

) & <a(tx)<d, @& >0, xeR,1>0.

ii) For any pe [1,+oo], there exists some positive constant C = C(p,c?),,é)
such that for @>0 and >0,

iii) If @ >0, forany (f,x)e [0,+oo)x(—oo, 0]

1
&, (1)), < Cmin{cb, & (m)”i}, &, ()], < Cmin{a,(1+0)"}.

o(tx) =] <0 ), |, ()| 20020
iv) If @, <0, for any (t,x) € [0, +oo)><[0,+oo) ,
(%)~ | < e BN | (1,x) < 296 2.

v) For the Riemann solution @" (%] of the scalar Equation (19), with the

Riemann initial data
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R @, x<0,
a;(O,x):{aA)l x>0

o(tx)-a (f)‘ ~0.

We use Lemma 2.3 to investigate the properties of the smooth rarefaction
waves (V;",U;,G); constructed in (20) and the viscous contact wave

(V”,UC,G)C)(t,x), we divided the domain RX(O,!) into three parts, that is,
Rx(0,£)=Q_UQ UQ, with

Q, = {(x,t)|i2x >*A, (v;”,si)l},

we have

lim sup
t—>+0 xeR

and
Q, = {(x,t)‘/’tf (vﬁ”,sf)t <2x <A, (v:”,s+)t}.

Then, Lemma 2.3 and (10) easily give

Lemma 2.4. (see [16]) For any given (v_,u_,@_), assume that (v+,u+,6’+)
satisfies (16) with o6 =|¢9_ —z9+| <38. Then the smooth rarefaction waves
V;,Ui,@;) constructed in (18) and the viscous contact discontinuity wave
Ve, uc,ef ) satisty the following:
i) (UI) 20,xeR,t>0.

X

ii) Forany pe [1,+oo] , there exists some positive constant
C= C(p,vf,uf,a,él,é:) such that for J = |6’_ —9+| and >0,

1)) o, |

”(aﬁ;V;,afiU;,aﬁ@; )(x)”y <Cmin{s.'}, k=23,

iii) There exists some positive constant C =C (v7,147,97,51,5~ ) such that for

0= |t97 -0,.| and

c, = %min”l_ (vf”,s_ )‘,L (v:”,s+ ),czﬂ_z (v:”,s_),cz/if (v:",s+ ),1},

we havein Q_ that

[(72),v2), (e2), )+

v —vel+ler —or|< cse )
andin Q_,
vel+le |+ e —vrl+|ec —or|+|ue| < coeo ),
‘((V ) (U2) (@) |+ —vi|+|or —or| < coe .

iv) For the rarefaction waves (vi,ui,@f)(%j determined by (3) and (17), it
holds

lim sup

1>+ R

=0.

r r r roronr X
(v2.uL,er)(t,x)-(vi.ul, 6 )(ﬂ
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Finally, we give a Sobolev inequality without proof.
Lemma 2.5. (see [32]) Forany f(x)e H'(R), we have

oo
I <11 il (30)

Since the local existence of the solution is well known (for example, see [42]),
to prove the global existence part of Theorems 1.2, we only have to establish the
following a priori estimates.

Proposition 2.1

(A priori estimate) There exist positive constants &, <1, J, < min{é‘l,g,l}
and G, such thatfor 7>0 and (¢,y,{,0)€ X([O,T]) satisfying

N(T)= 0s<1t12||(¢,1//,§,a))(t)||12 <&, |6.-6,|=65<6, (31)

it follows the estimate

osgl,lfr||(¢l//§a))(t)”]2 +.[or(

0.+ )G ol Jas

l 2 (32)
< C[56 +||(¢0,l/,0,§0,a)0 )”1 J

Once Proposition 2.1 is proved, we can extend the unique local solution
(v,u,H,a)) which can be obtained as in [42], to T =oo. Estimate (32) together
with the Equation (22) implies that

I [II(«SX,%, o)) +

%”(fiﬁx,%, x’wx)(t)”szt<oo,

which as well as (32) and the Sobolev inequality easily leads to the asymptotic
behavior of the solutions, that is, (21).
From now on until the end of this paper, we always assume that &, +0, <1.

Proposition 2.1 is an easy consequence of the following lemmas.

3. Energy Estimates

In this section we will drive some a priori energy estimates for the solutions to
the system (1). Since Theorem 1.1 has been proved by Liu and Yin that we can
see the details in [5], we will give here the proof of Theorem 1.2 for brevity. We
first give the following key estimate.

Lemma 3.1. For T>0 and (p,y.{,0)e X([O,T]) satistying (31) with
suitably small &,+ 96, , we have for t € [O,T] ,

(6.0 ¢.0)O + Mot @) ds
L) (V) +(v), s (33)

o |

1 1
: C{& +||(¢0=V/0’§0’a)0)"2 +52-[(;

Proof. First, we use Lemma 2.4 to investigate some aspects of Fand G.

Since RO®° = p"V*¢ direct calculation yields that
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' (34)
(11 A1 1 11
=(@)x[V—;‘;J+(®+)x[7—;}®x(7—;j

+

(). (%%}(V; ) [Vﬁ@_]w [V8®_]
() () ()
It follows from (20) that
(o), ()" -]

thus, it derives from Lemma 2.4 that

(o) (7))

o=l

<C‘ HV -

SC‘(Gi)X (7 = e[+ _Vin|)g, +C‘(®f)x‘( - oy |)Q o )
<oy -v|+|pre _v1"|)gL +c‘(@i)x ..
< e ol
We can treat the other terms on the righthand side of (34) in the same way to
obtain
|F| < ce o), (36)
Since

|F|<C(U, +‘(U ‘

v) [+
#(07) J0) [+ (v2), [ \lvlvl)

sl o), (o), el o), (o), +P) G7)
o) [+ f0) )}+c|¢x|((w>x+<vi)x+|U:'|)

1 2 3
=0+ A,

),

the estimate (10) and Lemma 2.4 imply

|71, < C‘yé(”f)%, (38)
|71, < coe, (39)

and
|, <o 1oy 2 gl <co (er) "+ oo . (a0

The estimates (36)-(40) give
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2

1 1
|F], 8% (144)5 +Co2

a.| - (41)
Similar to (36), we have
|G| < cse ). (42)
Since
6,=x(r((0),+(e) ) +x(ex (' -(r)))
~G,+G..
and
= cflor) [on) [ o ferr e o)
44
wcf(er) ({) [+l +<len) (). +b])
It follows from (10) and Lemma 2.4 that
[61], <o (1+e) s (45)
62| < c (e + x| ) (77 —vr|+[rr ) +cles ((V) +|rr), ) »
< C5e_CO(M+t)’
and
" 2 r 2 c
6l < clwr) [+l | + ol v o
<cs(1+1) +Clw.|
Thus, one derives from (34), (42)-(47) that
l6ll, < cs* (1+6) 5 +Cly |- (48)

Now, multiplying (22), by —R@(v’l —y! ) (22), by w and (22), by 07,
(22),by @, then adding the resulting equations together, and using that

1.1 YV PV v
ol S}

OV 25 _of@
oaf2)] -55-0(2)e. -

then we have

2 2 2
R®®(1j+lw2 +i®®[£j+w— e +£
V) 2 y—1 ® 2, v vl

+ Ave’ +§a)f +H, +0,+0, :F«//+G%+Q3,

(51)

where
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H, =(p—P)w—ﬂ%—£(£_%j_Awwx

>

g\ v %
v PU, , RO, (©) ¢
=—RO O — |+ g +——O0| — |+=(p-P)U_,
0=~k |+ g s Ko ). -y,
2 c.9 0.5¢
=—K—— —K—==0 +x—="—0_, 52
< 9%% o et (52

v
(I)(s):s—l—lns.

Q3 :%(a)—f-i-vwzj)

Notice that ®(1)=®'(1)=0 and ®"(s)>0, there exists positive constants
C, and C, such that

C 4 Sd{%),@[%jsczqﬁ, and C,? sq{gj,q{%)sczgz. (53)
Noticing that
RO, =(y-1)P(U") +(7-1)P(U]) - p"U:
=(r-1)P((U7) +(u2) )+ (r-1(P-P) (V). (54)
Hr=0)(R-P)U7) "V,
we have

__ LA NP A
0 = R@{@(Vj y_lm(gﬂ{w+9(p P)}Ux 5

where

Q
[
<
L
=
N
2
=
VR
<<
N—
+
)
<
[
B
&

I
N—
+

[
|
=

oV v 0 v
_P(a—1+y(;—lj—(ln6+(y—l)ln;n (56)

and

L1 (P-P)(U" k[@(%}—ﬁ@[%]} (57)
J

satisfies
10, +0,]<C, (# +§2)(®§ +

0., |)+n¢? +Coe o)

58)

1 cﬂxz

- 7 _CoX” (
SC” (¢2 +é’2)[54 (1+t)72 +5(1+t)7le 1+¢ ]+77§j +Cé‘e*m(‘x‘+z)’
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due to Lemma 2.4 and (10). It is easy to compute
|Q3|SC||;’||LGc (a)f +a)2)SCgO (a)f +a)2). (59)

After integrating (51) on (O,t)XR , we deduce from (30), (41), (48), (22), (56),
(28) and (59) that

[(p.w.C.0)O) +[ (w60 0) ()] ds
[0+ ((vr), +(ur), s

[N
<C||(dyovos vy )| +CE° +C82 [

t
0

(60)
g.(s) ds

+c5j;(1+s)" [.(¢ +¢2)e’%dxds.

Lemma 3.1 thus follows directly from (60) and the following Lemma 3.2 by
choosing a =c¢,/4 in(61)and & suitably small. O
Lemma 3.2. For a € (0, ¢, / 4] and w defined in (25), there exists some posi-

tive constant C depending on o such that the following estimate holds

JoJo (¢ +y7 +7 ) widuds

‘ ¢ (61)
scrcfloposio o) dsrcff (¢ + ) (), +(vr), Jasas
Proof. The proof of (61) is divided into the following two parts:
o[ (RS = Pg)* 7 | widxds )

SC+Cm

(ot ao CO[] (¢ 62wt
and for any 77 >0,
o (RS +(r 1) Pp)’ widds
<Crofbvnd om0l ssc@en]f (¢ -6 a6
#CLLL &) (), +(vr), s

In fact, adding (63) to (62) and taking first # then & suitably small thus
implies (61) easily.

Here we used the same method as in [16] and combined with [50], then, we
can complete the proof of Lemma 3.2. We omit the details for simplicity. O

Lemma 3.3. Suppose that (¢,l//,§,a)) € X([O,T]) satisfies (31) with suitably
small &,+3,. Then it holds for t€[0,T],

b+,

Proof. We rewrite Equation (22), as

{2

v v v

R RS- P 14 P
=!//+ é’x_ ;2 ¢V_’Ll[_x) _L_’_UL‘_F;’
v v p v

t X t
14

@, (s)||2 ds < c(&(» +||(l//0,§0,a)0)"2 +| ¢ ||fj. (64)

(65)
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where we have used the following simple fact
LI I I U 0 BN
4 x 4 x v t v t v t ,

due to v, =u_. Multiplying (65) by ¢ ,using ¢, =y, noticing that
v

(¢_Xj _ Vo Sy +oU,

- s
v v V2

we have

{ﬂé—l/l—x] +(P+Mj@
2y v ) % %

v, R
ij e U vl RE-PY, RO,
N v

v V2 V2 V V2

—[y(ﬂj —Uquj—x—Fl ¢_X_1)x¢2¢x _

v v 1% v

Using (36), we obtain by direct calculation

N

< '75.[06 '

It follows from Lemma 2.4 that
|P| < cse ),

so, we have

dt

¢X

N

The Cauchy inequality leads to

T g ac(viee)

The estimate (10) and Lemma 2.4 yield that

IRg Py g,

wa g
V

<Op; +Cop’ +CS (¢ +y +¢7 )W +Cde (i)

and

(66)

(67)

(68)

(69)

(70)

(71)
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U
‘sz |,

)l

<C5((l+t 2wy, +e X“)j

9, (72)

<Cop? +Co(1+1) " w +Coy? + Coe o),

Lemma 3.3 thus follows directly from Lemma 3.1 and (61), (66)-(72) by first
choosing 7 suitably small then &§ suitably small.

Lemma 3.4. Suppose that (¢,1//,§,d)) € X([O,T]) satisfies (31) with suitably
small &,+6,. Then it holds for t € [O,T] ,

1
v O + [l o) as< c[fw +||<¢o,wo,4o,wo>||f]. 3

Proof. Multiplying (22), by -y, we have
%(v«f ) + #WV’“ =(vy,),+0. (74)

with

- RS — P
QZ(@ ¢)x% R¢ - P¢¢ 4 Py,

v

V.9, l//xVx
S

xxx xxx

Ve = FW s

Now, we need to control the term "F” Using (10), (37), Lemma 2.4 and
Lemma 2.5, we obtain by direct calculation

Hfw),[+f(e),

|F22| < Cé‘e*fo(\x\”)’ (75)

s
It follows from (10), (36), (75) and Lemma 2.4 that

|All<coe™,
||F;||sc( vell+|u

Rl=c(

Ch

+|Us,

|+ e,

c
+U;

=) ], 2(140) 4 |g,|

* “(U: )x L’

+ (U’ )H”+H(U1 )H“)Jrc&e‘c‘)’

1
<CS(141) 4 +C3* (144)75 +Ce ™, (76)
) co,

[ <cor (1+07 3,

The estimate (76) yields that

FI<lal+e ][] 7]
5 (77)

1
<SCSe ™ +C(1+1) 4 +CS® (1+1) fecon (1+¢) ||¢ I

The Cauchy inequality leads to

2
l//xx

V.Y,

L‘ =
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So, we have

lal, <

)

L
+C,0[ (¢ + 4 ) Wit 8% (141) 4 +C, 0%,

2
e

2+C,]( xz

V/XX + l//X

-

(78)

where we have used
1
[F < Co%™ +C82 (144) 2 +.C,6% (1+1) * 4 Co(1+1) 2 |4

1 7
<CS%e M +Co* (1+1) 4

due to (77).

Integrating (74) over RX(O,I), using (78), and first choosing 7 suitably
small then & suitably small, we can obtain Equation (73). This completes the
proof of Lemma 3.4. [

Lemma 3.5. Suppose that (p,y,{,0)e X([O,T]) satisfies (31) with suitably
small &,+6,. Then it holds for t € [O,T] ,

OF [l szl o=t oo

Proof. Multiplying Equation (22); by —¢_, we obtain

2 2
_R gx +K§_xx
y—12 ) v

R:chxx Pec U, S (8+V)S. (0.4+0.4)C,

O 0.9, :
_ ¢( )é‘xx _ ¢ zé/ a)xé/xx _VwZé/XX_Gé/XV.
vV 114 v ’

Now, we are devoted to controlling the term ||G§ |l - Using (10), (44) and

Lemma 2.4, we obtain by direct calculation
|G3] < coe o), (81)
it follows from (43), (46) and (81) that
G l+lc.] <|G]+|G + ]3] < coe . (82)

Using Lemma 2.2, Lemma 2.4, (31), the Holder inequality and the Young in-
equality, we have

1G]l <Cl. (U, +w,) (U2 +v?)
R R

scjwﬂquf+wqj

dx

é/XJ

LV

¢

<nle. +cJ((U'> #(Ur),+(v:) Jare ] vl

2 2 T (83)
<l (o) [ fwr) [ len) ] ),
+W;WJMMJ%MQW

2 2 2 5
<nlgal +nlyl +C v +C,6(0+0)

L
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The estimate (82) and (83) yields that
"Gé/xx I = ||(G1 + GZ + G3 )é/xx ||Ll < ||(Gl + GZ )é/xx”Ll + "GSé/xx I
<n|¢.

<nlg. I+ ¢, (IGI+G]) +nle..
+C, v 2-;-(?,,5(1+t)_3

X

"+ GG+ G + ]G

By (84)

5
PG, 5(14+1) 2 +C 5%

<nl¢. +aly.l +C,lv.

The Cauchy inequality and Lemma 2.5 lead to
a).f é/)f)f
v

1
XX E ;XX
. (85)

and

2 2
"va) §m||L1 < C||a)||

(I7f+ ||¢||)
Meal<nl¢

vx

(86)

xx

Then, by using the same argument as the previous, and integrating (80) over
R x (O,t) , using (84)-(86) and following Lemma 3.6, and first choosing 7 suita-
bly small then & suitably small, one can obtain equation (79). This completes
the proof of Lemma 3.5. OJ

The next Lemma is devoted to controlling the term J.(:”a)m (s)"2 ds .

Lemma 3.6. Suppose that (¢,l//,£;,a)) € X([O,T]) satisfies (31) with suitably
small &,+3,. Then it holds for t€[0,T],

1
0. (O + [ Jou (5)f ds < c[||(¢0,%,g0,w0)||j o j )
Proof. Multiplying (22), by —@_ , we have
[a)fj +£w2 = Ii oyv.o. +Avoo,,. (88)
2 v v

We have by Lemma 2.5 (31), the Holder inequality and the Young inequality

that
a))»vxa)xx
J. x xx|)
S I/x ij. x xx (89)
<., +C,7 cox 5 a)m"%
<o,
and
ool (V1. +l,. [ Joo.las <nlo.J <, Jof . o0
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Integrating (88) over RX(O,t), using (89) and (90), and first choosing 7

suitably small then & suitably small, one can obtain Equation (87). This com-

pletes the proof of Lemma 3.6. [

4. Conclusion

Thus, we finish the proof of Proposition 2.1, and so the proof of Theorem 1.2 is

completed.
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