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Abstract 
Rayleigh wave is an interference wave of longitudinal wave and transverse 
wave which propagate along the free surface of solids. There remains a dis-
pute about the number of Rayleigh waves in viscoelastic media until now, 
which is an essential problem of Rayleigh wave propagation. The purpose of 
this study is to propose a brief way of handling this essential problem within 
half-space Kelvin viscoelastic media. Starting from the dynamic equations of 
transverse wave and longitudinal wave based on Kelvin viscoelastic model, 
this study sets the complex wave number as a variable, introduces complex 
moduli and complex exponential factors, then a characteristic equation of 
Kelvin viscoelastic Rayleigh wave in half space is derived and simplified sup-
port for analysis of its uniqueness. After reviewing mathematical models de-
scribing phenomena of having multiple solutions but uniqueness when a 
natural condition is taken into account, a conjecture is given that the Rayleigh 
wave in Kelvin viscoelastic media must be unique if we assume a natural con-
dition in accordance with the natural phenomena. 
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1. Introduction 

The Rayleigh wave is a surface wave that propagates along the surface of a me-
dium [1]. It has a wide application prospect in many research aspects, ranging 
from seismic wave, surface sound wave and material science etc. In early seismic 
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exploration, Rayleigh wave was once treated as disturbing wave until the 50 s of 
last century when the frequency dispersion characteristics had been confirmed 
mathematically [2] [3], its application value has been gradually excavated. Ray-
leigh wave is essentially the formation of interference on the surface of the me-
dium of two kinds of body waves, which are the longitudinal wave (P-wave) and 
the transverse wave (S-wave) propagating inside the medium. Therefore, Ray-
leigh (1885) [1] summed it up as the simultaneous solution of the equation of 
transverse wave and longitudinal wave. Yet to this day, the method of the cha-
racteristic equation of surface wave velocity he deduced is still the important way 
to seek for Rayleigh wave. 

A viscoelastic medium, which is dissipative, is a state between elastic solid and 
viscous fluid, showing both the elastic and viscous properties at the same time. 
When considering that the propagation process of Rayleigh wave will result in 
some attenuation, compared with an ideal elastic medium, a viscoelastic medium 
is closer to the actual condition of the engineering. Study of Rayleigh wave in 
viscoelastic media was first discussed by Scholte [4], he proofed that the Rayleigh 
wave also existed on the surface of half-space viscoelastic media, but he was not 
sure whether the Rayleigh wave he calculated was the only one valid. In 1960, 
from the mathematical aspect of the effective characteristic root, Bland [5] raised 
the question of the existence and uniqueness of Rayleigh wave in viscoelastic 
media “It has not yet been shown that for any viscoelastic material there is one 
and only one such root” [[5], p. 75]. In response to this question, after a series of 
studies based on linear viscoelastic models, Currie et al. [6] [7] [8] came to a 
conclusion in 1977 that there was more than one possible Rayleigh wave in the 
viscoelastic half-space surface. In most cases, there existed two while in some 
special material there would even be three possible Rayleigh waves [7]. What’s 
more, they predicted that the velocity of viscoelastic surface wave would some-
times be higher than that of the body wave, and there would even be retrograde 
wave [6] [7]. After that, Bland’s question seemed to be solved. But, on the one 
hand, there is no report about the practical examples that the velocity of surface 
wave will surpass the body wave velocity nor the retrograde propagation phe-
nomenon. On the other hand, in 2001 Romeo [9] [10] promoted Nkemzi’s elas-
tic Rayleigh wave equation [11] to linear viscoelastic situation, thus put forward 
an opposite viewpoint. He took advantage of complex modulus to analyze the 
root number of the characteristic equation of viscoelastic half-space Rayleigh 
wave. Although his derivation process contained multiple variable substitutions, 
which appeared complicated and obscure, he deemed that there is only one 
complex root valid, while the other two are invalid. This implied that there is 
only one truly valid Rayleigh wave in viscoelastic half-space surface. Obviously, 
Romeo’s opinion denied the conclusion by Currie et al., but it hasn’t been widely 
accepted yet. Except that Ivanov and Savova’s study [12] supports Romeo’s opi-
nion only in the sense of wavelength fixed condition, studies in the common 
sense of frequency fixed condition [13] [14] and more researchers’ studies [15] 
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[16] [17] are in favor of the conclusion of Currie et al. The possibility of the ex-
istence of a retrograde Rayleigh surface wave is even suggested [17], and there 
maybe third types of Rayleigh waves in the case of some special combinations of 
material parameters [17]. What is worth noting is that the study in 2014 by Chi-
rita et al. [17] is carried out based on Kelvin viscoelastic model, which is simple 
but very commonly adopted in practical engineering. It is interesting but a little 
unbelievable that the process of derivation, settings of variable and multiple va-
riable substitutions by Chirita et al. in the study [17] were similar to Romeo’s 
method, but in the conclusion, Romeo’s opinion is completely negated. The ob-
scure of mathematical derivation process in Chirita et al.’s article brings some 
difficulty to understanding for us, but the authors’ work arouses our interest and 
makes us want to find out the truth. 

As mentioned above, the question how many Rayleigh waves within the 
propagation along the surface of half-space viscoelastic media is still not so clear. 
In this study we refer to previous research methods based on above review, espe-
cially the literature of Chirita et al. [17], we follow their method using complex 
wavenumber as a variable and introducing complex modulus as the coefficients 
of the wave equation, but we try to use complex attenuation coefficients. Mean-
while, following their study, we adopt Kelvin viscoelastic model to derive the 
characteristic equation of Rayleigh wave in isotropic half-space model. But we 
don’t adopt the methods which include multiple variable substitutions as those 
studies [9] [12] [13] [14] [17] in order to avoid complicated and vague substitu-
tions of variables. We intend to use physically meaningful complex variables and 
complex coefficients, maintaining their utilization throughout the derivation, 
this makes it easy for the obtained mathematical model to contain physical 
meanings. We then make the characteristic equation simplified to analyze its 
uniqueness problem in the range of Kelvin viscoelastic medium. 

The results obtained in the papers by Chirita et al. [17] and Currie et al. [6] [7] 
[8] claimed “a viscoelastic Rayleigh wave may propagate with a speed greater 
than either the P or S body-waves, whereas in the elastic case the speed is always 
less than that of P and S waves”. Their results clearly conflict with the real natu-
ral condition that the Rayleigh wave is an interference wave of longitudinal wave 
and transverse wave. Referring to mathematical models made recently [18] [19] 
[20] [21], which have plural solutions but have unique solution under some 
condition in view of natural phenomena, so an assumption should be made that 
the Rayleigh wave speed is less than the transverse wave speed, we speculate that 
the Rayleigh wave in a Kelvin viscoelastic medium must be unique if we assume 
such a condition in accordance with the natural phenomenon. 

The organization of the paper is as follows. The simplified characteristic equa-
tion of Rayleigh wave in isotropic half-space model is first described. Next, a 
brief way is shown to analyze the validity of characteristic roots in physical 
sense. Finally, the uniqueness problem is addressed, followed by discussion and 
future work. 
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2. Viscoelastic Wave Equation 

According to the theory of Continuum Mechanics, the dynamic equilibrium eq-
uation neglecting body force is expressed as 

2

,2
i

ij j
u
t

ρ σ
∂

=
∂

,                         (1) 

confirm where   ijσ  is second order symmetric stress tensor, ρ  is the density 
of the medium, and iu  is the displacement vector, , 1, 2,3i j =  denote the axis. 

For a linear isotropic viscoelastic medium, the constitutive equation can be 
uniformly expressed as 

( ) ( ), , ,d d dij ij k k i j j it u t u uσ λ δ µ  = ∗ + ∗ +  ,              (2) 

where, ( ) ( ),t tλ µ  are Lame coefficients of viscoelastic material which depend 
on the time, * denotes convolution operator, ijδ  is the Kronecker symbol. By 
submitting the relation (2) into (1), we obtain the displacement vector satisfying 
the dynamic equilibrium equation 

( ) ( ) ( )
2

, ,2 d di
j ji i jj

u
t t u t u

t
ρ λ µ µ
∂

= + ∗ + ∗  ∂
.             (3) 

As for constitutive relations of linear viscoelastic medium, there are exactly 
many mathematical models. In this paper, we adopt Kelvin model, which is a 
simplified model more efficient for describing the attenuation of elastic waves. It 
is also called Voigt model or Kelvin-Meyer-Voigt model [[22], p. 99] and it is 
commonly used in practical engineering, especially in the field of seismic explo-
ration. 

Under the assumption of the Kelvin model, the above equation of displace-
ment vector can then be expressed as 

( ) ( )
2

, ,2
i

j ji i jj
u

u u
t tt

ρ λ µ λ µ µ µ
∂ ∂ ∂   ′ ′ ′= + + + + +  ∂ ∂∂    

,         (4) 

where, λ  and µ  are the elastic partition of Lame coefficients, while λ′  and 
µ′  describe two variables of the viscous partition which is independent on time, 
whose effect is corresponding to the λ  and µ  in describing elastic medium. 

Applying Helmholtz decomposition theorem on displacement vector field 

, , ,, 0i i ijk k j k ku e= Φ + Ψ Ψ = , 

where, Φ  is the scalar potential function, kΨ  is the vector potential function, 
1, 2,3k =  denote the coordinate axes. Substitute it in (4), change the differential 

order, the longitudinal wave equation and the transverse wave equation can be 
obtained in expression of potential functions 

( ) ( )
2

,2
,

2

,2
,

2 2jj
jj

k k
k jj

jj

tt

tt

ρ λ µ λ µ

ρ µ µ

 ∂ Φ ∂Φ ′ ′= + Φ + +  ∂∂  


∂ Ψ ∂Ψ  ′= Ψ +   ∂∂  

.             (5) 
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The above Equation (5) shows that, in Kelvin viscoelastic medium, there are 
also two kinds of independent wave modes like in the elastic medium, namely, 
the P-wave and the S-wave. But we should pay attention to the addition of first 
order partial derivative term for time in their wave equations. 

3. The Characteristic Equation for Viscoelastic  
Medium Rayleigh Wave 

As shown in Figure 1, the lower half space is characterized by Kelvin viscoelastic 
medium, whose elastic coefficients are λ  and µ . Its density is ρ  and the 
viscoelastic coefficients are λ′  and µ′ . The origin O of the axis is located on 
the free surface of the half space, with the axis Ox on the free surface and the 
vertically downward axis Oz pointing to the inner medium part. Assume the 
propagation direction of the wave pointing x along the plane xz, so the dis-
placement component ,x zu u  are independent on y and 0yu =  so that it 
could be considered as a plane problem. The vibrations of particles happen only 
in plane xz and the potential function of the displacement vector in space is in-
dependent on y. 

Since the formation of Rayleigh wave propagating on the free surface is due to 
the interference and superposition of the transverse wave and longitudinal wave, 
thus the problem comes down to establishing the simultaneous solution of the 
P-wave equation and the S-wave equation, meanwhile finding the solution that 
the free surface boundary condition equation is satisfied. Here as Figure 1 shows, 
to be specifical, that the wave Equation (5) can be expressed as 

( ) ( )
2 2 2 2 2

2 2 2 2 2

2 2 2 2 2

2 2 2 2 2

2 2

k k k k k

tt x z x z

tt x z x z

ρ λ µ λ µ

ρ µ µ

    ∂ Φ ∂ Φ ∂ Φ ∂ ∂ Φ ∂ Φ′ ′= + + + + +    ∂∂ ∂ ∂ ∂ ∂   


   ∂ Ψ ∂ Ψ ∂ Ψ ∂ Ψ ∂ Ψ∂ ′= + + +    ∂∂ ∂ ∂ ∂ ∂   

,      (6) 

where the scalar potential function is ( ), ,x z tΦ = Φ , the vector potential func-
tion kΨ  is taken as ( ), ,y x z tΨ . From Equation (6) it is easy to find that Φ  
and yΨ  satisfy the same form of equation, so they should have the same form 
of expression. To begin with we try to find the solution in the form bellow: 

 

 
Figure 1. Diagram of Rayleigh wave. 
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( ) ( )

( ) ( )

, , e e

, , e e

i Kx tz

i Kx tz
y

x z t a

x z t b

ωα

ωβ

−−

−−

Φ =

Ψ =





,                   (7) 

where a and b are both real non-zero constants; α  and β  are positive real 
constants just like the condition in elastic medium, expressing the attenuations 
on the direction of axis z; ω  denotes the circular frequency of the motivation 
source. What is different here from that in the elastic condition is, K denotes the 
complex circular wavenumber, whose real part is associated with the phase ve-
locity of Rayleigh wave, and whose imaginary part reflects the attenuation effect 
of viscoelastic medium on the propagation along the free surface. 

It is worth mentioning that α  and β  above act as coefficients attenuating 
exponentially with the increase of depth in medium (both in elastic and viscoe-
lastic condition), which were firstly introduced by Rayleigh [1] in elastic me-
dium and is commonly accepted up to now. Therefore, the unknown variable in 
(7), namely the complex wavenumber K, is the key factor to determine the cha-
racter of Rayleigh surface wave in Kelvin viscoelastic medium. In order to de-
termine K, the boundary stress condition must be used 

0

0

0

0
zx z

zz z

σ

σ
=

=

 =


=
.                          (8) 

Taking use of constitutive equation of Kelvin viscoelastic medium, the stress 
,zx zzσ σ  are expressed by displacement ,x zu u . Finally, substitute the potential 

functions above with it 

y
x

y
z

u
x z

u
z x

∂Ψ ∂Φ
= − ∂ ∂

 ∂Ψ∂Φ = + ∂ ∂

.                        (9) 

Then 

( ) ( )

2 2 2

2 2

22 2

2 2

+ 2

2 2 2

y y
zx

y
zz

t x zx z

t t t x zz x

σ µ µ

σ λ µ λ µ λ λ µ µ

  ∂ Ψ ∂ Ψ∂ ∂ Φ ′= − +    ∂ ∂ ∂∂ ∂   
∂ Ψ ∂ ∂ Φ ∂ ∂ Φ ∂     ′ ′ ′ ′= + + + + + + +     ∂ ∂ ∂ ∂ ∂∂ ∂     

. (10) 

Substitute (10) with (7) and simplify it, on the free surface 0z =  it satisfies 

( ) ( ) ( ){ } ( )

( ) ( ){ } ( ){ } ( )

2 2 2 2
0

2 2 2 2
0

2 e

2 2 2 e

i Kx t
zx z

i Kx t
zz z

i K i a K i K b

K i K a i K i b

ω

ω

σ α µ ωµ µ β ωµ β

σ λ µ α λ ω λ µ α λ β µ ωµ

−
=

−
=

 ′ ′= − − ⋅ − + − + ⋅ 

   ′ ′ ′ ′= + −




 − + ⋅ − − ⋅  − 

. (11) 

Substitute (8) with (11), we get the homogeneous linear equations for a and b 

( ) ( ) ( )
( ) ( ){ } ( )

2 2 2 2

2 2 2 2

2 0

2 2 2 0

i K i a K i K b

K i K a i K i b

α µ ωµ µ β ωµ β

λ µ α λ ω λ µ α λ β µ ωµ

  ′ ′− − ⋅ − + − + ⋅ =  

   ′ ′ ′ ′+ − + ⋅ − − ⋅ =   − −

. (12) 

If there is non-zero root for (12), the coefficient determinant should be zero. 
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Rearrange it 

( )( ) ( ) ( ){ }
( )

2 2 2 2 2 2

2 2

2 2

4 0

i K K i K

i K

ωµ µ β λ µ α λ ω λ µ α λ

µ ωµ αβ

   ′ ′ ′ ′− + + − − + −   

′− + =
. (13) 

The above Equation (13) is the characteristic equation to determine the com-
plex wave number K of Rayleigh surface wave. It is seen that for this problem, 
variable K is not only related to the material modulus λ , µ , λ′ , µ′ , but also 
related to the circular frequency ω . Meanwhile, it has mutual inference with 
α , β . 

In the special case of elastic medium, where 0λ µ′ ′= =  the imaginary part 
of complex wavenumber K is zero. So, in such a case K is exactly the circular 
wavenumber Rk  of Rayleigh wave in elastic medium. What has been known is 
that 22 2

PRk kα = − , 22 2
SRk kβ = − , here ,P Sk k  are respectively the circular wave 

numbers of elastic longitudinal wave and transverse wave. The equation of Kel-
vin viscoelastic Rayleigh wave (13) retrogrades to 

( ) ( )( )22 22 22 2 24 02 R R R RS P Sk k k k k kk − − − − = .             (14) 

Equation (14) above is well-known equation for Rayleigh wave in elastic me-
dium. 

The solution of complex wavenumber K can be obtained by solving characteristic 
equation of Kelvin viscoelastic Rayleigh wave (13). Obviously, except in elastic 
medium, it is commonly complicated to find out an analytic solution of complex 
wave number K. 

4. Simplified Form for Analysis of the Uniqueness Problem 

In this section, we try to get simpler form of the above Equation (13). We intro-
duce two new complex moduli 

iλ ωλ′Λ = − , iµ ωµ′Μ = − . 

The introduced complex moduli Λ, Μ are composed of two parts, real parts of 
them are the Lame elastic coefficient λ , µ , while imaginary parts act as the 
viscous part λ′ , µ′  of Lame coefficient times circular frequency ω . Then 
Equation (13) can be rearranged into the following form: 

( ) ( )4 2 2 2 2 22 4 2 0K Kβ α αβ α β Λ + Λ − Λ + Μ + Μ − Λ + Μ =  .    (15) 

In the deduction above, we continue using of ,α β  as undetermined coeffi-
cients, but on complex field. Similar relationships with elastic case can be ob-
tained by substituting Equation (7) into Equation (6) as bellow: 

2 2 2

2 2 2
P

S

K K

K K

α

β

= −

= −





,                       (16) 

where 
2

2

2PK ρω
=
Λ + Μ

, 
2

2
SK

M
ρω

= . ,P SK K  respectively express wave numbers  

of longitudinal wave and transverse wave in viscoelastic medium, and like Ray-
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leigh wave number K, ,P SK K  are complex numbers. Substitute (16) into (15), 
the following simplified equation can be obtained 

( ) ( )( )22 2 2 2 2 2 22 4 0S P SK K K K KK K− − − − = ,           (17) 

which has the same form as the characteristic Equation (14) of Rayleigh wave for 
elastic medium except that the relevant parameters are on complex field. Rear-
range the equation above, we can get a sixth-order algebraic equation including 
only even order terms on variable K, which is actually equivalent to a third-order 
algebraic equation about K2 

( ) ( )2 2 6 2 2 4 4 6 2 8116 86 24 0S P P S S S SK K K K K KK KKK − + − − =+ .      (18) 

Thus, as a result of the above simplification, we have derived the Rayleigh 
wave Equation (18) in Kelvin viscoelastic medium, a similar form to the one in 
elastic medium. Then according to the basic algebraic equation theory, there are 
three pairs of complex roots with inter conjugate. We can simply focus on three 
complex roots whose imaginary parts are positive as wave energy will not in-
crease by itself. Certainly, we can use the Equation (18) to analyze the number of 
Rayleigh wave in Kelvin viscoelastic medium. However, the direct expression of 
the solution of the Equation (18) can be presumed to be rather cumbersome and 
difficult to analyze. 

From the viewpoint of natural phenomena, Rayleigh wave is generated by in-
terference between longitudinal wave and transverse wave, so in physical sense, 
the velocity (phase velocity) of Rayleigh wave should not surpass the velocity of 
transverse wave. Because the phase velocity of Rayleigh wave can be decided by  

( )Re
v

K
ω

= , the phase velocity of transverse wave is decided by 
( )ReS

S

v
K
ω

= . 

The Rayleigh wave velocity is lower than that of transverse wave, that is: 

( ) ( )Re Re SK K> .                      (19) 

In this study, we proposal the Equation (18) combined with the above condi-
tion (19) to study the uniqueness problem of Rayleigh wave in half-space Kelvin 
viscoelastic medium. We speculate that there is only one root that satisfies the 
Rayleigh wave Equation (18) with the condition of ( ) ( )Re Re SK K> . This also 
means that there is only one possible characteristic root of the Equation (18), 
corresponding to the physical nature that the velocity of Rayleigh wave should 
be lower than the transverse wave. 

The study of Currie et al. [6] [7] [8] in 1977 claims that there is not only one 
valid Rayleigh wave in linear viscoelastic half-space medium as well as the study 
of Chirita et al. [17] in 2014 on the method of solving several solutions of the 
Rayleigh wave in Kelvin viscoelastic condition. When they were studying the 
characteristic roots of Rayleigh wave, they also required that the characteristic 
roots should satisfy the characteristics of attenuation and the propagation direc-
tion, but none of them have taken consideration of the relative value between the 
velocity of Rayleigh wave and transverse wave. Take the example of the article of 
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Chirita et al. [17], there is only one root in the paper whose corresponding Ray-
leigh wave velocity is lower than that of transverse wave, the ratio modulus of 
the other two roots to the velocity of transverse wave are larger than 2, this 
means that the velocities of Rayleigh wave are far higher than that of transverse 
wave. Therefore, in physical sense, it is reasonable to presume that there is only 
one valid Rayleigh wave in their calculation examples. 

5. Examples of Mathematical Models with Plural Solutions 

In this section, we introduce examples of mathematical models representing 
phenomena, which allow plural solutions and whose solution would be unique 
under a condition in view of the natural phenomena, which shall be strongly 
connected with our proposal of the main problem in the next section. 

The first example is the uniqueness of the diffusion equation in the infinite 
rod. Consider the following initial value problem for the diffusion equation. 

Problem 1: Solve the following initial value problem 

( ) ( ) ( )

( ) ( ) ( )

2

2, , 0,

0,

u ut x t x t x
t x

u x f x x

∂ ∂
= > −∞ < < ∞

∂ ∂
 = −∞ < < ∞

.            (20) 

We shall discuss unique solvability of (20). Since the equation is linear, what 
we have to study is the following problem. 

Problem 2: Assume that [ ) ( )1 20,t xu C C∈ ∞ ×   satisfies 

( ) ( ) ( )

( ) ( )

2

2, , 0,
 

0, 0

u ut x t x t x
t x

u x x

∂ ∂
= > −∞ < < ∞

∂ ∂
 ≡ −∞ < < ∞

.            (21) 

In this case, does it hold that 0u ≡ ? 
In general, the answer to Problem 2 is negative. There is a following famous 

counterexample. 
Example 1: 

( ) ( ) ( ) ( )
2

0
,

2 !

n
n

n

xu x t f t
n

∞

=

= ∑ , ( ) ( )
( )

21e 0

0 0

t t
f t

t

− >= 
≤

.         (22) 

The function constructed in (22) is known to be convergent and satisfies (21), 
but it is not identically zero. Confer [18], for this example. This example grows 
faster than 

2

ea x  for any 0a > , which cannot be the case in the real phenome-
na, for example, consider the diffusion of the heat. If we preclude such unrealis-
tic examples, then the unique solvability of the initial problem (20) holds. 

Theorem 1 (Unique solvability of the initial value for the diffusion equation): 
Assume that ( ) [ )( ) ( )( )2, 0, 0,u x t C C∈ ∞ × ∞ ×   satisfies (21) and there 

exist some 0C >  and 0a >  such that 

( )
2

, ea xu x t C≤ , for x∀ <  .                 (23) 

Then ( ),u x t  identically vanishes. 
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This theorem is also proved in [18]. In fact, there are more advanced re-
searches in Problem 2, for which confer [19] and [20]. 

Next, let us study two uniqueness problems relating the computerized tomo-
graphy (“CT” for short). It is known that the mathematical problem of CT is 
formulated as follows. 

Problem 3: Reconstruct the function ( ),f x y  defined on the two-dimensional 
space 2  from the data 

( ){ }2, d is a line in
l

f x y l l∫  .                 (24) 

In general, for a function ( )f x  defined for x in n , its Radon transform is 
defined by: 

( )( ) ( ) ( ), , : dRf H s Rf s f s y y
θ

θ θ θ⊥≡ = +∫ ,            (25) 

where 1nSθ −∈ , s∈ , { }: ;nx xθ θ⊥ = ∈ ⊥ , y θ ⊥∈ . 
Note that the pair ( ), sθ  is identified with the hyperplane 

( ) { }, ;nH H s x x sθ θ= = ∈ ⋅ =
, 

and that ( ) ( ), ,H s H sθ θ= − − . 
We also note that the function ( ),f x y  represents the density of the human 

body at the point ( ),x y  in 2 , where the section of the human body by a 
plane is of interest. Confer [21] for the mathematical problems in CT. 

Let us study the uniqueness of the exterior problem of the Radon transform. 
The exterior problem of the Radon is formulated by the following. 

Problem 4: Let K  be a compact convex set in n  and ( )\nf C∈ K . 
Assume that for any hyperplane ξ  with ξ =K Ø , its Radon transform 

( )Rf ξ  absolutely converges. Reconstruct ( ){ }f x x∉K  out of the data 
( ){ }Rf ξ ξ =K Ø . 

Radon transform being linear, its uniqueness problem leads as. 
Problem 5: Let K  be a compact convex set in n  and ( )\nf C∈ K . 

Assume that for any hyperplane ξ  with ξ =K Ø , its Radon transform 
( )Rf ξ  absolutely converges. Does the condition ( ) 0Rf ξ =  for any ξ =K Ø  

imply that ( ) 0f x =  for x∉K ? 
The answer to this problem is not affirmative in general. 
Example 2: For 2n =  and 1 m< ∈ , consider 

( )
( )1 2

1 2

1, : mf x x
x ix

=
+

.                    (26) 

The integral of ( )1 2,f x x  along any line not passing through the origin con-
verges to 0 by Cauchy integral theorem, which leads that the uniqueness of the ex-
terior problem would not hold by lettering K , for example, { }2 2

1 2 1x x= + ≤K . 
In this example, the support the function f is the whole plane. It cannot happen 
in the problem of CT since any section of a human body by a plane must be 
boundedly supported for there is no human being who occupies the unbounded 
area or space. Mathematically, the following theorem holds. 
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Theorem 2 (Uniqueness of the exterior problem for the Radon transform): 
Let K  be a compact convex set in n  and ( )\nf C∈ K . Assume that
( ) 0Rf ξ =  for ξ =K Ø  and that 

( ) 0kx f x →  as x →∞ , for k∀ ∈ .             (27) 

Then ( ) 0f x =  for x∉K . 
For the proof of this theorem and the example (26), confer [23]. It is known 

that this theorem holds for the most singular functions, the hyperfunctions, 
which was proved by Takiguchi and Kaneko [24]. Therefore, it is essential that 
the condition (27) is satisfied with the uniqueness of the exterior problem to 
hold, and the regularity of the function would not matter at all to this problem. 
Note also that by the condition (27), all unrealistic examples like (26) con-
structed in Example 2, which break the uniqueness, are excluded. 

Finally let us study the global uniqueness problem for the Radon transform, 
which reads as. 

Problem 6: Let a function f be defined on n . Assume that for any hyper-
plane ξ , its Radon transform ( )Rf ξ  converges absolutely and equals to 0. 
Does this condition imply that 0f ≡ ? 

The answer to this problem is known to be negative without any global growth 
condition, for which confer [25] and [26]. The counterexamples constructed in [25] 
and [26] are very artificial functions. In both papers, we regard that 2 ≅   and 
let z x iy= +  for a complex number z, where Rex z=  and Imy z= . The one  

constructed in [25] grows super-exponentially in 1 2y
x x

 < < 
 

 as x →∞ . The 

other one also grows super-exponentially in 2 21 4
4

x y < − < 
 

 as x →∞ . In  

some inverse problems in quantum mechanics, we obtain the observation data 
are obtained as the Radon transform (or the X-ray transform) of the potential 
(cf. [27]), however, the usual potentials would not grow super-exponentially, in 
view of which, the counterexamples constructed in [25] and [26] are unrealistic. 
If we assume that ( )1 nf L∈   then the global uniqueness holds. 

Theorem 3 (Global uniqueness for the Radon transform): 
Let ( )1 nf L∈  . Then ( ) 0Rf ξ ≡  implies that 0f ≡ . 
The proof of Theorem 3 is in [25] and is too simple to omit. 
We first note that for a fixed 1nSθ −∈ , ( ),Rf sθ  is well-defined for almost 

all s∈  and ( ) ( )1,Rf s Lθ ∈   as a function of s∈ . Denote ( ), nx x x′= , 
1nx −′∈ , nx ∈ , then we have 

( ) ( )10, e d , 0ˆ dn x
n

ix
n n nx f xf x xξξ −

− ′ ′= =∫ ∫  , 

where for nξ ∈ , 

( ) ( )
 

eˆ dn
ix f x xf ξξ − ⋅= ∫ , 

is the Fourier transform of the function f. In the same way, we can prove that for 
any 1nSθ −∈ , the condition ( ) 0Rf H =  for any hyperplane H θ⊥  implies 
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( )ˆ 0f rθ =  for any r∈ . Since f̂  is continuous by Riemann-Lebesgue 
theorem, we conclude that ˆ 0f ≡ . Therefore 0f ≡ . 

Note that this theorem holds under a much weaker condition. 
Theorem 4 (Extension of the global uniqueness for the Radon transform): 
Let a measurable function f defined on n  satisfy that for any 0ε >  there 

exists a constant 0Cε >  such that 

( ) e xf x C ε
ε≤  for almost every nx∈ .            (28) 

Then ( ) 0Rf ξ ≡  implies that 0f ≡ . 
The theorem is proved by interpreting the proof Theorem 3, in terms of the 

Fourier hyperfunctions. In view of practical applications, the condition that 

( )1 nf L∈   may not be sufficient, especially in view of the potentials in quan-
tum mechanics. In some inverse scattering problem in quantum mechanics, we 
have to reconstruct the potential from its Radon (or X-ray) transform, confer the 
paper [27] [28] for this kind of inverse problems. The short-range potentials sa-
tisfying the condition that ( )1 nf L∈  , the long-range ones decay much slower, 
that is 

( ) 0f x →  as 0x → ,                    (29) 

which is included in the condition (28). 
In this section, we have introduced three uniqueness problems where the un-

iqueness would hold without any conditions, which are uniquely solvable under 
natural conditions in view of the real phenomena. At the end of this section, we 
summarize our claim in view of these three examples. 

In the modeling process of phenomena, we need to idealize and simplify 
them, which results in that there are numbers of solutions to mathematical 
models representing the phenomena. If there is a natural assumption in accor-
dance with the phenomenon, then it makes the mathematical model for the 
phenomenon has the unique solution representing the phenomenon itself. 

6. Conclusion and Discussion 

We derived the characteristic equation of Rayleigh surface wave in Kelvin vis-
coelastic half-space in a brief way and in terms of complex wave number. We 
then proposed a relatively convenient and concise method which is suitable for 
analyzing the validity of characteristic roots in a physical sense and presumed 
that there is only one Rayleigh wave in Kelvin viscoelastic half-space surface. We 
introduced uniqueness problems where the uniqueness would hold without any 
conditions, which are uniquely solvable under natural conditions in view of the 
real phenomenon. We conjecture that the essence of the unique problem for 
Rayleigh waves is identical. 

Conjecture: There being researches show that there are plural Rayleigh waves 
in Kelvin viscoelastic medium. If we assume a natural condition in accordance 
with the natural phenomenon and the medium, then the Rayleigh wave must be 
unique. 
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By “a natural condition” in this conjecture, we mean the condition that the 
speed of the Rayleigh wave would not exceed the transverse one. Since the Ray-
leigh wave is generated by the interference of longitudinal wave and transverse 
wave, it is very natural that the speed of Rayleigh wave is slower than longitu-
dinal and transverse ones. The authors claim that the uniqueness of the Rayleigh 
wave would be proved under this condition, whose story is similar to how the 
study of the eigensolutions of crack-tip stress singularity in elastic media has 
been developed [29]. 

In the future, we may have to develop the theory much further. In the study of 
Problem 2, uniqueness is proved under a more general assumption than the 
natural one (cf. [20]). It is also the same for Problem 5; the condition (27) is 
more general than the condition that the function f is compactly supported 
which is very natural in view of CT. In Theorem 4, a solution to Problem 6, a 
much more general condition than the natural one, (28) is given. The condition 
(28) allows the growth of the function which is far from the estimate (29) of the 
long-range potentials. 

In the study of the uniqueness of the Rayleigh wave on viscoelastic media, 
similar development can be expected; we firstly study the uniqueness under the 
condition that its speed is slower than the transverse one, which is a natural 
condition in view of the phenomenon. Then after proving it, we may have to 
study how we can weaken this condition. 
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