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Abstract

The article investigates a SIQR epidemic model with specific nonlinear
incidence rate and stochastic model based on the former, respectively. For
deterministic model, we study the existence and stability of the equilibrium
points by controlling threshold parameter R, which determines whether the
disease disappears or prevails. Then by using Routh-Hurwitz criteria and
constructing suitable Lyapunov function, we get that the disease-free
equilibrium is globally asymptotically stable if R, <1 or unstable if R, >1.
In addition, the endemic equilibrium point is globally asymptotically stable in
certain region when R, >1. For the corresponding stochastic model, the
existence and uniqueness of the global positive solution are discussed and
some sufficient conditions for the extinction of the disease and the persistence
in the mean are established by defining its related stochastic threshold R} .
Moreover, our analytical results show that the introduction of random
fluctuations can suppress disease outbreak. And numerical simulations are
used to confirm the theoretical results.
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1. Introduction

Infectious diseases have always been a thorny issue that endangers human health,
triggers social unrest and even affects national stability. Therefore, it is of great
significance to take effective prevention measures to control the epidemic by es-
tablishing mathematical models with typical characteristics, discovering the

transmission and development trends of infectious diseases. In the last decades,
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many authors have made a great headway on SIR (Susceptible-Infected-Removed)
epidemic models [1] [2] [3]. However, for some diseases such as SARS, smallpox,
foot-and-mouth disease, parrot fever and so on, introducing quarantine is one of
the most pivotal and effective control means. In a model, assuming that some
susceptible individuals become infected ones, and then the infected individuals
flow into three parts, some remains at class Z some move into the removed R after
recovering health, while some are transferred to the quarantine class Q and enter
class R until they are no longer infectious. It is worth noting that the infected and
quarantined people have permanent immunity after recovery. The model with the
above characteristics is called SIQR (Susceptible-Infected-Quarantined-Removed)
model. It is not difficult to find that a large amount of researches on the impact
of quarantine on infectious diseases have been carried out so far [4] [5] [6] [7].
And in 2017, Joshi et al. [8] studied a SIQR epidemic model with saturated inci-
dence rate and proved the global stability of the disease-free and endemic equi-
librium.

In order to realistically reflect the process of human-to-human disease trans-
mission, it is very important to determine the specific form of the incidence
function which describes the increased number of infected people per unit time
and plays a vital role in epidemiological dynamics research. Due to the complex-
ity of disease transmission in real life, many scholars admit that the nonlinear
incidence function is more reasonable than the bilinear incidence and standard

AS(O!(Y)
F(s().1(1)

2013 [9], where f (S(t), I (t)) =1+ S(t)+a,l (t)+aS(t)1(t) and o, a,,a,

incidence. The specific nonlinear incidence was proposed in

are saturation factors that measure psychological or inhibitory effects and non-
negative constants. Obviously, depending on the values of o, a,,;, the inci-
dence can be changed to various common types of incidence rates in existing li-
teratures, including the bilinear incidence rate, the saturation incidence, Bed-
dington-DeAngelis incidence [10] and Crowley-Martin response [11]. Therefore,
it is more interesting and valuable than the saturation incidence and is also
widely used to study epidemic diseases. For instance, Adnani et al [12] intro-
duced the effect of white noise into a SIRS epidemic model with the above inci-
dence. They analyzed the global existence, positivity and boundedness of solu-
tions, as well as the dynamics of stochastic model. And Hattaf et al [13] applied
the incidence to a stochastic delayed SIR epidemic model with temporary im-
munity. They proved that the model is mathematically and biologically well-posed
and also obtained sufficient conditions for the extinction and persistence of the
disease. However, there are few articles on the SIQR model with this incidence
rate.

In this paper, to improve and generalize the model of Joshi et al [8], we pro-
pose a new SIQR epidemic model based on the incidence [9]. The deterministic

differential equations of the model are as follows:
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TR ORTO))

di(t) _ As(yl(y)

. _f(S(t),I(t))—(6+7+u+ﬂl)l(t)’ "
d%t(t)ﬁl(t)—(pwwz)Q(t)’

RO 10+ pa(t)- R (1),

The total population N(t) is divided into four compartments and
N(t)=S(t)+1(t)+Q(t)+R(t), where S(t),1(t),Q(t) and R(t) are the
number of the susceptible, infected, quarantined and recovered individuals at
time f respectively. The parameter constants have the following biological
meanings: A is the recruitment rate of the susceptible through birth and immi-
gration; g is the natural death rate of the population; 4 is the disease-caused
mortality of infective individuals; 4, is the disease-caused mortality of quaran-
tined individuals; £ represents contact rate of an infected person with other
compartment members per unit time; & is the isolation rate of the compart-
ment [ quarantined directly to enter & y is the recovery rate of infected indi-
viduals; p is the recovery rate of quarantined individuals. In addition, all pa-
rameters of model (1) are supposed to be nonnegative constants. Especially, A
and pu are positive constants.

In fact, any system is more or less affected by environmental factors. Stochas-
tic models can predict the future dynamics of the system accurately compared to
their corresponding deterministic models. Therefore, when establishing popula-
tion model, many stochastic biological systems and stochastic epidemic models
have been presented and studied [14] [15]. One of the most main ways to intro-
duce random effects is to directly perturb the parameters of the deterministic
model by Gaussian white noise. As an expansion of model (1), now we introduce
white noises into (1) by substituting the parameters 4,8 with g +0;B,(t)
(i=1,2) and B+0,B,(t), where B(t)=(B,(t),B,(t),B,(t)) is a standard
Brownian motion. aiz >0 (i =1, 2,3) denote the intensity of the white noise.

Other parameters are the same as in model (1). Hence, the stochastic system is
described by

B ), os1()
S ]dt_ s>

(2)
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This paper is organized as follows. In Section 2, we present some preliminaries
which will be used in our following analysis. In Section 3, the existence and sta-
bility of the equilibrium points of deterministic system is analyzed. In Section 4,
we study dynamics of the stochastic model. Firstly, the existence and uniqueness
of the global positive solution is proved. Then, the extinction and persistence of
the disease under certain conditions is discussed. Finally, numerical simulations
are presented to illustrate our main results. Section 5 just provides a brief discus-

sion and the summary.

2. Preliminaries

In this section, some notations, definitions and lemmas are provided to prove
our main results. Let (Q,7,P) be a complete probability space with a filtration
a }IZO satisfying the usual conditions (Ze. it is increasing and right continuous
while #, contains all P -null sets). And B, (t)(i=1,2,3) are defined on this
complete probability space.

Consider the 4-dimensional stochastic differential equation

dx(t) = f(x(t),t)dt+g(x(t),t)dB(t) fort=t,, (3)
with initial value x, € R?. We define the differential operator L of Equation (3)
as follows:
0 < 0o 13 0
L = f ,t - T T 1t !t :
at+§ i (x )axi +2i;[9 (xt)g(xt)], oox

Let L act on a nonnegative function V (X,t)e c* (Ri X [t0 ,0); R+) . Then,
LV (x,t) =V, (x,t)+V, (xt) f (x,t)+%trace[gT (% t)Ve (x1)g(x1)],

where Ri = {Xi >0,i=12,3, 4} . By It&’s formula,
dV (x,t) =LV (x,t)dt+V, (x,t)g(xt)dB(t). For an integrable function y on

[0,+00), we define

Definition 2.1 System (2) is said to be persistent in the mean if
liminf (1 (t))>0 as.
Moreover, we need the following lemma (see Lemma 5.1 in [16]).
Lemma 2.2. Let geC(R, xQ,R) and G eC(R, xQ,R). If there exist two

real numbers 1,20 and A>0 forall t>0, such that
t . G('[)
Ing(t)>At-4f g(s)ds+G(t) and tILrpoTzo as.,
then

liminf (g(t))= % as..

Lemma 2.3. Counsider the following two systems
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dx dy

- = f t,X v . T ’

dt (tx) dt 9(y)
where X,y eR", fand gare continuous, satisfy local Lipschitz conditions in any
compact set X cR", and f(t,x)—> g(x) as t—+ow, so that the second
system is the limit system for the first system. Let ®(t,t),X,) and o(t,t,, yO)
be solutions of these systems, respectively. Suppose that ee X 1is a locally

asymptotically stable equilibrium of the limit system and its attractive region is

W(e)={yeX|p(tty,y)—>et—+of.

Let W, be the omega limit set of ®(t,t;,x,). If W, N\W (e)=D, then

lim,_,,, ®(t.ty, % )=¢€.

t—+o0

3. Dynamics of the Deterministic SIQR Model

3.1. The Existence of Equilibrium Points

For a population dynamics system, studying its equilibrium points is the pre-
condition for predicting the development trend of populations within the sys-

tem.

A
Theorem 3.1 System (1) has two equilibrium points, E; = (—,0,0,0) for all
H

parameter values and E*:<S*,I*,Q*,R*) for Ry>1, here S*E[O,Aj s
7]

I",Q" and R">0.

Proof. Summing up all the equations of model (1), we find the following dif-
ferential equation: dd—,:l =A-uN -l - 1,Q. By comparison theorem, we ob-
tain that the solutions of model (1) exist in the region defined by

F:{(S,I,Q,R)eRj:S+|+Q+Rsé,820,|zO,on,Rzo}. To get the
i

equilibrium points, we set the right-side of equations to be 0,

s BSt
f(S.1) %
pSI —(é‘+)/+,u+,ul)|=0, (4)

f(S.1)
ol —(p+,u+,u2)Q=O,
yI+pQ-uR =0,

which yields
o AZHS g0 G Rpo|ri_ P |y
S+y+u+y P+ U+ 1 uoou(p+u+m)
pS =0+y+u+iy.
fls, AHS
O+y+u+u
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A
If 1 =0, the model (1) has a disease-free equilibrium E; = [—,0,0,0J for
7]

all parameter values. And we can get the basic reproduction number

R, = PA by using next generation method. The value R,
(+aqA)(S+y+p+ 1)

represents the average number of secondary infections when an infected person

A—uS

O+y+u+py

enters fully susceptible population. If 1#0, |= >0 implies

A A
S <—. Hence, there is no positive equilibrium point if S >—. Now, we con-
H H

sider the function g(S) defined on the interval {0, A} , where
7

9(S)= ps (St utm)
f[s A= pS j

Syt
Eh(S, ) (S+y+u+u).

Obviously, g(0)=—(S+y+u+4)<0 and

A LA

—|= —(0+y+u+u)=(0+y+u+ R,—1)>0 wh R, >1.
g(uj y+a1A( y+pu+m)=(8+y+p+m)(Ry-1)>0 when R,
Simultaneously, differentiating the function g, we gain

h h
9'(S)= h__ # N0 Because g(S) is monotonically increasing

s O+y+u+ ol

A A

in the interval {O,—} , 9(0)<0 and g (—J >0, the equation g(S)=0 has
JZ u

only one positive root by the zero theorem. That is, there exists a unique en-

demic equilibrium E'= (S*, 1",Q", R*) with S" e [O,Aj.
u

3.2. The Stability of Equilibrium Points

In the biological sense, we analyze the stability of the disease-free equilibrium
point and the endemic equilibrium point.

Theorem 3.2. The disease-free equilibrium E, of system (1) is globally
asymptotically stable if R, <1 and unstableif R;>1.

Proof. Consider the Jacobian matrix of system (1) at E,

LA
- - 0 0
a H+ay A
LA
J(Ey)=| O ﬂ+alA—(5+;/+y+,ul) 0 0
0 S —(p+u+uw) 0
0 Y p —u

The characteristic equation of system (1) at E; is

2 LA
A+ A+(p+u+ A- +(O+y+u+ =0.
(A+u) [A+(p+u+u,)] Y (8+y+u+u)
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Clearly, 4, =-u<0, A4 =—(p+pu+u,)<0 and the positive and negative
of the fourth eigenvalue depends on R, . That is,
LA

A :ﬂ+alA_(5+7+lu+/ui)=(5+;/+,u+,ul)(Ro—l)<0 when R, <1,

A, >0 when R;>1.Hence the disease-free equilibrium E, is locally asymp-
totically stable if R; <1 and unstableif R, >1.
Then we prove the global stability of the system (1) at the equilibrium E,

when R, <1. Taking the Lyapunov function W, (t)=1(t) into consideration,
we get

le(f(ﬁss,l)—(mywﬂﬁ)}

_[ﬂng—(5+y+y+;ﬁ)Jl

A

=(S+y+u+um)(Ry-1)1 <0.

Thus if R, <1, W, <0. And W, =0 if and only if | =0. In this case,
Z—f:A—,uS indicates S—>A as t—>oo. Similarly, Q >0 and R—0 as
U

t > . So the largest positive invariant set in {(S, 1,Q, R) el :V\'/1 = 0} is the

singleton E,. By Liapunov-Lasalle theorem, E, =(A,0,0,0) is globally
7

asymptotically stablein I".
Theorem 3.3. If R, >1, the endemic equilibrium point E of the system (1)
is globally asymptotically stable in the region Q=T — {(S, ILQ,R)el: 1= 0} .
Proof. Consider the Jacobian matrix of system (1) at E”

Bl +a,pl7? BS +a,pS™
T o A o x\ YR 0 0
f2(s"17) £2(s".17)
N Y| 1 BS" +a, fS™
JIE )= —(0+y+u+ 0 0
e R AR
0 o —(p+,u+,uz) 0
0 4 p —H
* *2 * *2
Let Cl=% and C2=M,then
£2(s"17) f2(s717)
—u-C, -C, 0 0
J(E*): C, C,—(6+y+u+u) 0 0
0 ) —(p+u+u,) O
0 4 p —H

Therefore the characteristic equation of system (1) at E" is
(/1+y)[/1+(p+,u+,uz)]{(l+,u+C1)[/1+(5+)/+,u+,ul)—C2]+Clcz} =0.

Obviously, 4 =-u<0, 4, =—(p+u+u,)<0 and the other two eigenva-
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lues are determined by the following quadratic equation
A H[Coru+(S+y+u+m)-C,a
+(Co+u)[(8+7+p+14)-C, ]+CC, =0
= A’ +al+a, =0,
where
8, =C +u+[(S+y+u+m)-C,,
a,=C,(S+y+u+m)+ul(5+y+u+u)-C,|.

By utilizing Routh-Hurwitz criteria, we know that the system is stable if
a,,a, >0 and unstable if a,a, <0. From the second equation of (4), we ob-
tain (8+y+u+ 1 )>C,, thus all eigenvalues have negative real parts. The en-
demic equilibrium E’ is locally asymptotically stable.

Now we confirm the global stability at the equilibrium E" when R, >1.
The first two equations of system (1) do not contain Qand R, so we consider the
following Lyapunov function in the positive quadrant of the two-dimensional

plane SL.
|

L s 1(S) X
W, (t)=S-8 —L*deﬂ ‘P(I—*J,
where I(S,I)= f{;SI),‘I’(X)zX—l—lnX,X>0.Clearly, Y:R" > R attains

its global minimum at x=1 and W¥(1)=0 . Besides, the function

. s 1(S0) X

@(S)=S-S —J.*—*dx has the global minimum at S=S and
s I(x,l )

w(S*)ZO. Then, ¥(x)>0 for any x>0 and @ (S)>0 for any S>0.

St _1(t)

Consequently, W, (t)>0 with equality holding if and only if Sainae

forall t>0. And |(S*,|*)|* :%=(5+7+/J+M)I*,Sothe derivative

function of W, (t) is given by

W, = II((SS—II S+[1_I|_*j I

L)
)

= 1—&")) [A—us_ ps) Hl_%( £3) —(5+7+/¢+M)IJ
L)
)

I(s.1°
'(S_' (_ﬂ(S—s*)Jrl(s*,I*)I*—I(S:')')

I(s,1
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ol(S,1
( )>0 forallS>0and | >0,

al(s,|

~

<0 forallS>0and | >0,

e = o L A

W, (t)<0 and W, =0 if and only if S=S" and 1=1". By the Liapu-

nov-Lasalle theorem, all solutions starting in the positive quadrant of SI-plane

with S+1 Sé approach (S*, I*) at t — oo . In this case, the differential eq-
u

uation for Q has the limiting equation C:j—? =sl" —( p+u+ ,uz)Q which im-

plies Q >Q" as t—oo, and similarly, the limiting equation for R is
((jj_lj =y1"+pQ" —uR so that R—>R" as t— . Therefore, by Lemma 2.3,
the endemic equilibrium E" = (S*, 1",Q", R*) is globally asymptotically stable

in the region Q for the system (1). This completes the proof.

4. Dynamics of the Stochastic SIQR Model

4.1. Existence and Uniqueness of the Global Positive Solution

In order to study the dynamics of stochastic models, the primary question to be
considered is whether the solution is global and nonnegative existence. Although
the coefficients of the model (2) satisfy the local Lipschitz condition, it’s not
enough to prove that the solution does not explode within a finite time for any
given initial value. Hence in this section, we will show that the solution of model
(2) is positive and global.
Theorem 4.1. For any given initial value

X (0) = (S (0), | (0),Q(0), R(O)) e Ri , there exists a unique solution

X (t) =<S(t), I (t),Q(t), R(t)) of system (2) on t>0, which is in R! with
probability one.

DOI: 10.4236/jamp.2019.78126
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Proof. Since the system (2) has locally Lipschitz continuous coefficients, then
for any initial value X (0)eR{, system (2) has a unique local solution X (t)
on [0,7,), where 7, is the explosion time. To verify this solution is global, we

only need to show that 7, = a.s.. Now define the stopping time 7" as
" =inf{te[0,7,):min{S(t),1(t),Q(t),R(t)} <0}.

Set inf@d =0 (J denotes the empty set). Obviously 7" <z,, if we can
show 7" =was., then 7, = as.. Assume that this statement is false, then
there exists a constant T >0 such that ]P’(Z'+ < T) >0.

Definea C?-function V:R* - R by

V(S,1,Q,R)=In(SIQR).

Applying Itd’s formula, for all te [0, T+) , we obtain
I-S

dv (S,I,(Q,R)é Lth_aldBl_O-ZdBZ —O'gmdB?’,
where
2
A Bl 1 oyl S
LV =——u- -= —(s5
s “TH(s) Z[f(S,I)J e Crrram)
1, 1 o8 | 1, 1 Q
—Zol-Z S—- —Zoly—4p—p
50 2£f(S,I)J rog(prutin) =g oty g ppH

Since S,1,Q,R>0 forall te[O,f),and f(S,1)>1, we have
LV 2—(4y+6+7+,u1+p+y2)—ﬂl—%[0'12+0'22+(03|)2+(0'38)2]

Hence,

V(S,1,Q,R)
ZV(S(O),I(0),Q(O),R(O))—J.;[(4y+§+7/+,ul+p+,uz)+ﬂ| (0)

+ 2ot ot +[ou ()] +[G3S(c9)}2)}d&—alBl(t)—o-sz o ®

o 1(6)-S(6)
7k s a1 (o) ™
From the definition of z*, it follows that S(f)l(f)Q(f)R(z'*)ZO.
Therefore,

limv (S.1,Q,R)= lim In(SIQR) = —o0.

Letting t — 7" in (5) and then taking the expectation on both sides of (5),

we have that

_OOZV(S(O),I(O),Q(O),R(O))—E_[or[(4,u+5+y+,ul+p+,u2)

B (9)%(05 +o? +[a,1(0)] +[05(0) ] )}da > o0,
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which is a contradiction and we confirmed 7* = as.. This completes the
proof.

Remark 4.2. The region T is almost surely positive invariant of stochastic
model (2), refer to [12]. In addition, from biological consideration, we next focus

on the disease dynamics of model (2) in the bounded set T .

4.2. The Extinction and Persistent in the Mean of the Disease

One of the most concerning issues in epidemiology is how to establish the thre-
shold condition for the extinction and persistence of the disease. The target of
this section is to study the extinction and persistence of the disease. First of all,

we define corresponding random threshold as follows:

RS = 2BA(u+aA)—oi A’
S =

2(,u+a1A)2(5+7+,u+,ul+;ofj

Theorem 4.3. Let X (t) = (S (t), | (t),Q(t), R(t)) be a solution of system (2)
for any given initial value X (0)eT .

+a,A
DIf R; <1 and aszﬁw,then

Inl(t
Iimsup#s(5+y+y+M+%afj(R§ —1)<0 as., (6)
towo

ﬂZ

, then
2(5+;/+,u+,ul+20'12j

2) If 0'32 >

Int(t 2
IimsupJ<ﬂ——(5+y+y+yi+%af)<0 as., (7)

t—o t 20'§

which means that 1 (t) tends to zero exponentially a.s., Ze. the disease dies out

with probability 1. Furthermore,

tIm(S(t)) :2 as.. (8)

Proof. Define Lyapunov function Inl, by Itd’s formula, we get that

2
d'“'(t){ i —(6+7+ﬂ+;ﬁ+3012}—102—5 }dt

f(S.1) 2 2 7 17(s,1)

-0,dB, + o,

S
mdBa )

s s
=y| ——— |dt-0o,dB ———dB,,
”’(f(s,l)] TN

where ://(x) :—%ofxz +ﬂx—(é‘+7+,u+,ul+%af}

Suppose 1) holds. Noting that w(x) is monotone increasing for

A
Xe{o,ﬁz} and Ggﬁl)j(%al),wehave

O3
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S < A <ﬁ

0< < <
f(S.1) pu+aA o

Then,

S
dlnl(t)ﬁl//( jdt—o’ldBl-FO'Bmst.

Integrating both sides of the above inequality from 0 to fand dividing by # we

H+a A

obtain

InI

]d9+|n|(0)—al Bl(t)+Mt(t), (10)

<
o u+aogA

where M (t)=0o J‘ILdB3 (6). By the strong law of large numbers

o t(s(0).1(0)

. . oM@ L B
for local martingales [17], we derive that lim,_, — lim,, — Oas..
Since ROS <1, Equation (10) becomes

Inl(t

limsup ()31// A
t—o t ,u+alA
2
:—3032[ A J+ﬂ( A J—[é‘+y+,u+,ul+lofj
2 H+a A u+o A 2
2BA(u+a,A)-cl A
= 5+)/+,u+,ul+10'12 p (,u %A)= o3 -1
2 2 1 2
2(p+ayA) 5+;/+,u+,ul+§a1
=(5+y+,u+ﬂl+%o-fj(R§ —1)<0 as..
We obtain the desired assertion (6).
If 2) holds, from Equation (9), we get
2
Int(t) 10 1 , S(6) B Vid
=l 5% | T oy 2| To2
t ot 2 7 1(S(0),1(0)) oF) 20}
Inl(0 B, (t) M(t

—(5+7+ﬂ+ﬂl+1012j do+ ( )—01 l()+ )

2 t t t (11)

1| p? 1,

SE'[O|:20'Z _[5+7+ﬂ+'ui+§o-lﬂd9
Inl(0 B,(t) M(t
) Bm M)
t t t
ﬂz
Since 0'32> 1 , Equation (11) becomes
2(5+7/+,u+;11+20'12)
Ilmsup () ﬂ 6+7/+y+ul+laf <0 as.
t—oo t 2 2
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We obtain the desired assertion (7). And so
liml(t)=0 as.. (12)

to
From the first two equations of system (2), there is
d(S(t)+1(t))=[ A= uS(t)=(5+y+u+m)l(t)]dt—oy1dB, (t). (13)
Integrating both sides of (13) from 0 to fand dividing by £ we have
S(t)+1(t) S(0)+1(0)
t t

_ K Oy o
= tjos(a)ole t [ 1(0)de tO|(.9)o||31(9).

Therefore,
<S(t)>=§_5+ﬁ+w<'(t)>‘HlT(t)' (14)
S(U+1(0)_S(0)+1(0) , o 1 N
H 7 U Jo I (g)dBl(g) . Clearly,

where H, (t)

lim,_, HlT(t) =0as. and from (12), we have
. A S+Hy+u+uy . _Hi(t) A
lim(S(t))=————"———=Ilim(I(t))-I =— as.
(S ()=~ im{1 () -lim=p= = as

Therefore the assertion (8) holds. The conclusion is proven.

Next, the conditions for the persistence of the disease are presented.

Theorem 4.4. Suppose that R; >1, then the solution
X (t) = (S (t), | (t),Q(t), R(t)) of system (2) is persistent in the mean for any
given initial value X (0) eI . Moreover,

liminf (1(t)) > 1. >0, (15)
liminf <A—S(t)>25+7/+—ﬂ+#ll* >0, (16)
t—>o lu /1
liminf (Q(t))le* >0, (17)
o P+ 1 i

Iiminf(R(t))z7('D+ﬂ+ﬂ2)+p5l*>0, (18)
t> u(p+u+m)

where
y(,u+alA)(5+7+,u+,ul+;O'lzj(Rg —1)

ﬁ[ﬂ(5+y+,u+,ul)+ A(az,u+a3A)]

Proof Since X eI, we have

BS _ BA Bu [A_Sj
f(S,I) H+o A f(S,I)(,u+alA) y7,
_ ﬂaZA | — ﬂa3A |

£S5, ) (u+tasA)  f(S.)(uraA)
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L [A‘Sj‘ paA | BaA

_,u+alA_,u+alA ; H+a A u+aA

L PuS___PA [aﬁ%éj..
A u

B ,u+a1A_,u+al

Then
BS ( 1 ,Y1, A
dinl(t)> —|S+y+u+py+—-of |-—o; — |dt
(© [f(S,I) 2°1) 2 3(ﬂ+a1A)2
S
_O-ldBl+G3mdBS
- (19)
> ﬂ—(5+7/+y+ﬂl+iafj—L2 dt
H+o A 2 2(p+ayA)

__PA (a2+aséjldt—0'ld81+03
“+oA H

S
———dB,.
f(s.1)

Integrating both sides of (19) from 0 to £ there is

In1(t)-In1(0)
Pu ( 1 2) 032A2
> S(0)dO—|6+y+u+puy+—o; t—————t
y+a1AI° ) FTHTATS 2(u+a,A)

_ung(“z +0‘3§]ﬁ 1(0)d0 -, () +M (b).

From (14), we have

2 p2
Inl(t)Z i—[5+7/+ﬂ+/¢l+lalzj_ O-BA 5 t
prah 27 ) 2(u+aA)

__F [(5+7+u+%)+A[0‘2+0‘3§Hﬁ'(9)d9+H2(t)

H+a A

:[5+7+,u+,ul+%o-12j(R§ —1)t

[(5+7/+,u+,ul)+ A[oc2 +a3§HJ'; 1(6)do+H,(t),

H+a A

whereH (1) =11 (0) 038, (1) +M (1)~ leA H, (t). Obviously,

H, (1)

lim, . 0as.. By Lemma2.2and R >1, we deduce that

=1>0.

,u(,u+a1A)(5+y+,u+,ul+1ofj(Ros —1)
liminf (1 (t)) > 2
oo ,B[,u(5+7+,u+ul)+A(a2y+a3A)]

This is the required inequality (15), and from (14), we have

<§_s(t)>:—5+y+”+”1<l (t)>+HlT(t).

u u
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Therefore,

“?Eﬂf<;;‘s(0>

=5+7+—’u+ﬂlliminf<l (t)>25+7+—f“+ﬂl|* >0,
H o H

the inequality (16) is valid. From the third equation of system (2), we have
t
=5[1(0)d0—(p+u+u,)[ Q(0)d0-0,[ Q(0)dB, ().

Then,

() -—2 )+,

P+, t
QO)-Q(t) o

where H,(t)=
PHUTH, pTUuti,

jQ( )dB ( ) It follows from the

H,(t
strong law of large numbers for local martingales that lim #:0 as.,

t—>o

hence (17) holds for

liminf (Q(t)) = — % liminf (1(t)

t—>o ,0+/J+/Jz too
> % o0
pPrH+

The last equation of system (2) gives
R(0)=7[ 1(0)d0+p[.Q(0)d0~ uf,R(0)do.

Then,

So we have

liminf (R (t)) = Ztiminf (1 (t))+ 2 liminf (Q(t))

towo ﬂ tow /u towo
A T . Y
uo p(pru+u,)
_r(p+u+uy)+ps

l.>0.
u(p+u+m)

This is the required inequality (18).

4.3. Numerical Simulations

In this section, we numerically simulate solutions of the models by using the
Milstein’s method [18] to confirm main results. We compare the threshold pa-
rameters of the deterministic model and stochastic model to illustrate the effect
of white noise on the system. The model (2) can be rewritten as the following

discrete equation:
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S =S, +| A—uS, — P, At
1+ S, +a,l, +a,S, 1,

B o35, 1, Aie
1+ oS, +a, |, +a S, 1, “

2
_ O3 Sl

&l —1)At,
2 1+a4S +a,l + ;S 1,

BSi 1y
l.,=1+ —(0+y+u+u)l, |At
1 = [1+a18k+a2|k+a38klk (7)),

2
S, 1
— ol Aty -2, (nkz —1)At+ T3k JAte,
2 1+ oS, +a,l, +a,S, 1,

2
O3 Sl

(&2 -1)at,
2 1+ oS, +a,l +a S, 1,

Qs =Qu+(01, (o 1+ 4)Q, ) at-0,Q/AE, -2, (&7 -1)a,

Rt =R +(7|k +pQ _IURk)At’

where ¢,7, and & , k=12,---,n are the Gaussian random variables
N (0,1). Similarly, the model (1) can also be written in the above form. We just
need to delete the disturbance term and will not repeat it here.

Example 4.3.1 For the deterministic system (1), we choose the initial value
(5(0),1(0),Q(0),R(0))=(12,8,6,3) and the parameter values A=1,
p=04, 6=025, y=04, p=04, pu=01, =03, ux =025,
o, =03, a,=01, a,=0.08. By Matlab software, we get R, =0.9524 <1
and find that the class 7, Q and R tend to 0, which means that the disease dies
out (see Figure 1(a)). Theorem 3.2 is illustrated. Then, let
(S(0),1(0),Q(0),R(0))=(9,8,8,8) and A=6, =04, 5=025, y=04,
p=04, u=02, 14,=03, u,=025, =003, a,=0.03, ;=007 to
draw Figure 1(b). It shows that the disease becomes endemic and R, =5.4920>1.
The condition of theorem 3.3 is satisfied.

Example 4.3.2 For the stochastic system (2), we choose the initial value
(5(0),1(0),Q(0),R(0))=(5.2,1,1) and the parameter values A=1, #=0.6,
6=03, y=03, p=03, =01, =02, & =015, =05, «,=01,
a,=02, 0,=001, o0,=0.01, o, =0.3. By calculation,

B(u+aA)
A

Ry =0.9722<1 and o} =0.09<0.36 = . Hence, the condition 1)

of theorem 4.3 is satisfied. In Figure 2(a), the class 7 exponentially decays to zero
which indicates the extinction of the disease. Next, we let parameter o, =0.7

and others are the same as above. In this case,

2
02 =0.49>036= p 1 . Therefore, the condition 2) of
2(5+7/+,u+,ul+20'12j

theorem 4.3 is satisfied and the disease dies out (Figure 2(b)). Finally, let
(5(0),1(0).Q(0),R(0))=(5,44,4), A=2, =02, 0,=01, 5,=0.09
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and keep the other parameters, we get R; =2.5945>1. According to theorem

4.4, all classes of the system (2) are persistent and are shown in Figure 2(c).

S(t)
—
Q) [
R(t)

80 90 100

Time
()
12 T T T T T T T T T
S(t)
— )
10 Q)|
R(t)

0 10 20 30 40 50 60 70 80 90 100
Time

(®)

Figure 1. Dynamics of the deterministic system (1).

—Ss

—)

80 90 100

Time
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—S(t)
—\)

70 80 9 100
Time

(b)

0 20 40 60 80 100 120 140 160 180 200
Time

(©)

Figure 2. Dynamics of the stochastic system (2).

Example 4.3.3 Now, we reselect the parameters
(5(0).1(0).Q(0),R(0))=(5,2.2,2) , A=2, p=06, 5=03, y=03,
p=03, u=01, =02, =015, =05, ,=01, a;,=02,
0,=0.01, 0,=0.01, o, =0.4 and give a set of comparison charts of simula-
tion results. In Figure 3, R =0.9182<1<1.2121=R, the class S, /, Qand R of
deterministic model all exist, which means that the disease break out, but after
adding white noise, except for the class S, the others tend to be 0. It reveals that

the random fluctuations can suppress disease prevail.

5. Summary and Discussions

In this work, we investigate the deterministic and stochastic SIQR epidemic
models with the specific nonlinear incidence. This incidence rate can become

multiple types, and is more abundant than saturation incidence. We obtain the
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Figure 3. The random fluctuations can suppress disease break out.
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dynamics properties of the SIQR model based on two threshold parameters R,
and R; . And owing to R; <R;, there may be an interesting situation
Ry <1< R,, which indicates that the random fluctuations can suppress disease
break out. Moreover, we simulate them with computer software and the results
of the simulation are also consistent with the theoretical results. It can provide
us with some useful control strategies to regulate disease dynamics.

In future work, we will further consider the delayed SIQR model with this in-
cidence and the SIQS model without permanent immunity.
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