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1. Introduction

As we all know, infectious disease has been ravaging human beings for thou-
sands of years. In the long history, infectious disease has brought many disasters
to human beings. For a long time, people have been fighting various infectious
disease, and many methods have been used to study the spread of infectious
disease, such as to control and eliminate infectious disease. Since the pioneer
work of Kermack and McKendrick [1], mathematical models have been contri-
buting to improve our understanding of infectious disease dynamics and helping
us develop preventive measures to control infection spread qualitatively and quan-
titatively [2] [3]. The effect of intervention strategies, such as border screening,

mask wearing, quarantine, isolation or communications through the mass media,
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plays an important role in administering efficient interventions to control dis-
ease spread and hopefully eliminate epidemic disease [4]-[9].

In recent years, a number of mathematical models have been formulated to
describe the impact of intervention strategies on the dynamics of infectious dis-
ease [4]-[11]. Tang and Xiao indicate that strict interventions have been taken in
mainland of China to slow down the initial spread of the disease [10] [12], and
awareness through media and education plays an important role in changing
behavior or contact patterns, and hence in limiting the spread of infectious dis-
ease [9].

In particular, Wang [4] formulates and analyzes an SIRS (Suscepti-
ble-Infected-Remove-Susceptible) epidemic model to study the impact of inter-
vention strategies on the spread infectious disease and find that intervention
strategies decrease endemic levels and tend to simplify diseases. In this article,
we analyze the SEIR epidemic model to study the impact of intervention strate-
gies on the spread of infectious disease.

In real life, epidemic tends to have an incubation period, as susceptible to in-
fection after contacting with infected people. First of all, carrying virus, the virus
is not immediately, but after a period of time, to onset and into the herd of in-
fected people. In this paper, we mainly focus on the global stability analysis of
the steady states for an SEIR epidemic model with infectious force under inter-
vention.

We consider the global properties of this SEIR model and show that if the ba-
sic reproduction number R, <1, the disease-free equilibrium point is globally
asymptotically stable, while if R, >1, the disease-free equilibrium point is un-
stable and the unique endemic equilibrium point is globally asymptotically sta-
ble.

The rest organization of this article is arranged as follows: In Section 2, we
present the model. In Section 3, we illustrate the main results and proof the main
results in details. In Section 4, we provide the application of the results to SEIR
model with infection force under intervention policy to support our findings. In

the last section, we provide a brief discussion and summary of the results.

2. Model Derivations

We propose a deterministic SEIR epidemic model with infectious force. The

model is given by
ds

—=A-uS—-H(I)S,
o = AHSH()
dE
E_H()s-(u+0)E,
dt
dl (1)
—=0E—-(u+o+y)I,
il (u+d+7y)
drR
—=yl-uR,
dt yi—u
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where 8, £, Tand R denote the number of susceptible, exposed, infective and re-
covered individuals at time ¢ respectively, and N (t) =S (t) +E (t) +1 (t) +R (t)
All parameters are positive with

A: the recruitment rate of the population;

4 : the nature death rate of the population;

¢: the constant rate such that the exposed individuals become infective;

0 : the disease inducing death rate;

y : the natural recovery rate of the infective individuals.

The infective force H (I ) in (1) is a function of infective individuals which
plays a key role in determining the transmission of disease. There are several
different nonlinear transmission functions proposed by researchers, see more
details, we refer to [4] [5] [13] [14] and the reference therein.

Model (1) includes the adaption of individuals behavior under intervention
polices. For example, H (1) may decrease as the number of infective individu-
als increase due to the fact that the population may tend to reduce the number of
contacts per unit time under intervention polices. This has been interpreted as
the psychological effect [5]. Mathematically, this phenomenon can be modeled
as the infection force H (1) which is increasing when 7is small and decreasing

when 7is large. For simplicity in notations, we suppose that the infection force

ﬂ, where L represents the effect of
f(1) (1)

intervention strategies on the reduction of valid contact coefficient g [4]. It is

H (I) can be factorized into

worthy to note that, in the absence of intervention strategies, ie. f (I): 1, the

incidence rate becomes the well-known bilinear transmission rate ASI . To en-

sure a nonmonotonic infection force, we make the following assumptions [2]:
(H1) f(0)>0 and f’(|)>0 for 1>0.

(H2) Thereis ¢ such that [LJ >0 for 0<1<¢ and {LJ <0
uQ t(1)
for 1>¢.
In epidemiology, these assumptions describe the effects of intervention strate-
gies determining by a critical value ¢:if 0< | < ¢, the incidence rate is in-
creasing, while if | > ¢, the incidence rate is decreasing. Thus we can establish

the following SEIR epidemic model:

ds Bl

— =A-uS--+—s,

a TR

dE gl

dt f(1) @)
d—I:qE—( +5+7)l

ot p+o+y)l,

drR

—=yl-uR.

praa A

Since R does not appear in the first three equations of system (2), it can be
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reduced to the following three-dimensional system

@S _ A5 P

i AT

dE _ Bl o

TREION (n+a)E, 3)
d—lqu—(y+5+y)l.

dt

where the state space is in the first quadrant R’ = {(S, E, I ) :S>0,E>0,1 > O} .
It follows from system (3) that:

A—(,u+5+}/)M de—l\:lg A—uM.

where M =S+E+1.

Hence, by integrating the above inequality, there is

L{M (0) Lje*ww <M SL[M (o)_ﬁjem.

H+O+y _y+§+y
Then let t — oo, we can get

<lim

too

. . A
_— f(M)<I M)<—.
Py inf (M) <lim_,, sup(M) ”

That is

—£S+E+ISA.
“+o+y u

The feasible region for system (3) is thus a bounded set I':

F=(S,E1)eR%:0<S+E+I <2 RS,
y7,

The region I' is a positive invariant set for model (3). Moreover, every tra-
jectory of model (3) eventually stays in a compact subset of I'.
3. Main Results and Proof of Main Results
In this section, we give main results and the proof of main results.
A
Notice that model (3) has a disease-free equilibrium point P, = (—, 0,0J for
yri
all parameter. A main concern of deterministic epidemic model is to find condi-
tions when a disease introduced into a community can develop into a large out-
break, and if it does the disease may become endemic. A useful threshold in this

regard for deterministic models is called basic reproduction number R;.
Let X =(E,I, S)T , system (3) can be written as [15]
R0V (x)

where
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BIs
10 (u+0)E
F(X)=| 0 |V(X)=|-qE+(u+5+7)1]|
0 SIS

—A+uS+

uQ

The jacobian matrices of (9) at the disease-free equilibrium point are
F O v 0
DF(R,)= ,DV (Ry) = )
( 0 ) |: 0 0:| ( 0 ) |:.]1 J ) :|

where

|’ £(0) |,V
. Ul g u+s+y

IR
0 0

So the next generation matrix of model (3) is

BAq BA
Fv™*= ,uf(O)(,u+q)(,u+5+}/) ,uf(O)(,u+é'+7) .
0 0

and the spectral radius of FV ™' is

-1): BAq _
wf(O)(u+a)(u+5+y)

Therefore the basic reproduction number R; [16] is

R, = AAq .
© uf(0)(u+a)(uts+y)

p(FV

The epidemic model (3) has two equilibrium points: one is the disease-free

equilibrium point B, = (A,O,OJ which exists for all parameter values; and the
y7,

second is the endemic equilibrium point P = (S*, = I*) which is a positive

solution of the following system

A—,uS*— Al S" =0,

f(17)

Pls'(urq)E =0 W
f(1)
qE —(u+5+y)1" =0.
From (4),
S* — (lu+q)(lu+5+}/) f (I*), E* — /’l+5+7/ I*.
ap q
and
A_(y+qﬂy+5+y)r_;dy+qu+5+y)f(r):Q
q Aq
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Set

prQ)(utoty)  plura)(utdty) ()
q A4
It follows from the assumption (H1) that

(utaq)(u+d+y) p(u+aq)(u+d+y)

Q(1)=A-

"(1)=A- f'(1)<0.
0 : o) 1)
Hence Q(I) isa decreasing function.
Note that
o f(0
Q(o)- AN ) 1By,

If R,>1, we can know that Q(O) >0, and because Q(I) is a decreasing
function so Q(I ) =0 has a unique positive solution 1, then model (3) has a

unique endemic equilibrium P” = (S*, E", I*) with

S

*:(#+q)(ﬂ+5+}/) f(l*),E* :ﬂ+§+}/ I*.
Bq q

So we know that the unique endemic equilibrium point P = (S*, E", I*) of
model (3) exists when R; >1.

Theorem 3.1. The disease-free equilibrium point Py = [é, 0, Oj of model (3)
u

is globally asymptotically stable if Ry <1 or unstableif R, >1.
Proof. Define the Lyapunov function
2
Alu+
V(S,E,I):l[S—Aj JAp Alerd),
2 u) u uq
Take derivative of Valong the solution of model (3), there is
A
dV S_é d_S+éd_E+—(,tl+Q)d_l
at dt  u dt ugq o dt

=(s_§j[A_us_ fﬂ('f)}g[ f('f)_wq)E]
w(qE—(;ﬁ&ﬂ/)I)
B R T

fl) S‘_ " uf(1)
(0) '( ) ( ) we have
f

(1)

Note that f( )

AB—p(u+q)(u+d+y)——=

o]

:Aﬂ_ﬂ(ﬂ+Q)qﬂ+5+7 (1( (0)1+0(1))
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p(p+q)(u+5+y) f(o)_ﬂ(ﬂ+Q)(ﬂ+5+7) £(0)1

q
y(y+q)(y+5+7) f (0)(1— RO)_y(,u+q)(y+5+]/) f'(O)I
q q

<AB-

<0.
when R, <1.

So
R

A u(u+a)(u+S+y) F(0)(L-Ry)1+1'(0)1°
H q wf (1)
<0.

By applying the Lyapunov-LaSall asymptotic stability theorem [17] [18], we
conclude that P, is globally asymptotically stable if R, <1
When R, >1, the Jacobian matrix of model (3) evaluated at P, is

_ __BA
# 41 (0)
A
JR)=| 0 uma BT
0 q —(u+6+7)

which has an eigenvalue —u < 0. Denoted by

e BA
B=| “"% Lt (0)
qa —u—o-y

We find that when R;>1, detB=(1-R,)(u+0q)(u+5+y)<0,
trB=—(u+q+u+35+y)<0, so the matrix B must have a positive eigenvalue.
Thus, the disease-free equilibrium point P, is unstable whenever R, >1. This
ends the proof.

Theorem 3.2 If R, >1, the unique endemic equilibrium point
P" = (S*, ESI *) of model (3) is globally asymptotically stable.

Proof. The Jacobia matrix of model (3) evaluated at P” is

BI° . (y+q)(y+5+y)(|*f'(|*)—f(|*))

f(r) af (1)

o N (u+a)(u+S+y) (I f' * )
W e (1] |
0 q —u=-0-y
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The characteristic polynomial of J (P*) is 2°+cA%+c,A+c, =0, where

*

01:3y+q+5+;/+L>0,

f(17)
c, =[y+ f’B(II:)](Zy+q+5+y)+
(ﬂ+,uf’(l*))(y+q)(,u+5+7/) a0
f(17) '

Clearly c,c, —c, > 0. Therefore, by the Routh-Hurwitz criterion we can con-

(u+a)(u+S+y) f’(l*)

f(r)

1" >0,

C; =

clude that P” is locally asymptotically stable.
Next, we need to prove that P is globally asymptotically stable. Define a
Lyapunov function

V(S,E1)=[s-5

+|E—E*|+||—|*

Obviously, V (P*) =0,and when P#P", V(P)=#0.Remember that P" is

the solution of system (3), the upper right derivative of V' can be estimated:

D'V =sgn(S—S")(S—S")+sgn(E—~E")(E—E")+sgn(I1—17)(1-1)

=sgn(S—S") A-uS _ﬁ_{A_ﬂS*_ﬁI*S*}

f(I) f(|*)

+sgn(1=17)(B —(u+ 5+ 7)1 —(aB = (u+5+7)1")),

)

where
-1, x<0,
sgn(x)=40, x=0,
1, x>0.

In (5), there are 8 kinds of situations for the size of Sand S*, Fand E",
and 1”. It is enough to analyze the situation of S>S", E>E" and | >1"
since the other situations are similar.

Firstly there is

DV <-u[8 =8|~ u[E-E"|~(u+5+y)[1-1|
<—y|S—s*|—y|E—E*|—u||—|*| (6)
<—uV.

Integrating from t; to fon both sides of (6), we have

t
V (t)+p[Vdt <V (ty) < +oo.
fo

Since the front set I' has a boundary, S, £ and / must have boundaries, and
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their derivatives are bounded, which means that Vis uniformly continuous.
By Barbalat Lemma, there is t|imV (t) =0, so
—0

D'V <—uV <0.

Thus, the unique endemic equilibrium point P of model (3) is globally
asymptotically stable. This completes the proof.

4. Applications and Numerical Simulations
In this section, we choose the function f (I ) as
f(l)=1+a’.

which was proposed by Xiao and Ruan [5].
Then the model(3) becomes

ds Bl

= =A-uS- S,

dt # 1+a?

dE §I

—= S—(u+q)E, 7
dt  1+a? (n+a) @
dl

— =qgE- S l.

i (u+6+y)

It is easy to verify that the function f(1)=1+ @’ satisfies assumption
H (1) and H (2) , at the same time,

R(): ﬁAq .
u(u+q)(u+s5+y)

The model (7) has a disease-free equilibrium point P, =[A,O,Oj and an
7]

endemic equilibrium point P = (S*, E", I*) with

5o ﬂ(ﬂ+Q)(ﬂ+5+7’)(l+a*z)’
£q
£ H+O+y I
q
- B +dap (R, -1) - B
2ua ’

when R, >1.

Using the arguments in section 3, we can obtain the following results.

Theorem 4.1 The disease-free equilibrium point B, of (7) is globally
asymptotically stable if R, <1 and unstableif R, >1.

Theorem 4.2 The endemic equilibrium point P* of (7) is globally asymptot-
ically stable if R, >1.

We know that 4, 3,q,5,7 are greater than 0 and less than 1, so we selected
some data for numerical simulation. After many numerical simulation experi-
ments, we have selected the following data with good interpretation.

Let A=1, ©=015, =02, q=01, =005, »=01, =001 in
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Figure 1, we have R, =1.333>1. As is shown in Figure 1, the curve S starts to
go up very quickly, goes down at a certain value and then tends stabilize. The
curves E and I go up at a certain value and flatten out. This suggests that the
disease is present. Figure 1 shows that when R, >1, the endemic equilibrium
point P" exists and is globally asymptotically stable, which is consistent with
the previous conclusion.

Next, we choose some other parameter values: A=1, x4=0.2, =02,
q=0.1, 6=005, y=0.1, o=0.01. We have R, =0.9523<1. As shown in
Figure 2, the curve S rises rapidly, reaches a certain value and then flattens out.
While the curves E and I monotonically decrease and go to zero which indicate
that the disease disappears over time. Figure 2 reflects that the disease dies out
and the disease-free equilibrium point P, is globally asymptotically stable.

6-
—s
— E
5 —
44
3_
2_
1-
0 ‘/
0 20 40 60 80 100

t

Figure 1. The path of S(t),E(t),I(t) for the model (7)
with initial values (0.7,0.2,0.1) , R,=1.333>1.

54
4
3
— S
E
—1
2
14 K
0_ L
0 20 40 60 30 100

t

Figure 2. The path of S(t),E(t),I(t) for the model (7)
with initial values (2,1,0.5), R,=0.953<1.

DOI: 10.4236/jamp.2019.78117

1715 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.78117

M. M. Zhou, T. S. Zhang

5. Brief Summary

In this paper, we consider the global stability of an SEIR epidemic model with
infection force under intervention strategies. We suppose that the infection force

can be factorized into %, where f (1) satisfies some conditions, and we
use the regeneration matrix to obtain the basic reproductive number R;. We
also proved the existence of the equilibrium point.

We prove that if R, <1, there exists only the disease-free equilibrium point
which is globally asymptotically stable; if R, >1, there is a unique endemic
equilibrium point and the endemic equilibrium point is globally asymptotically
stable.
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