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1. Introduction

The fractional differential equations are used to describe mathematical models of
numerous real processes and phenomena studied in many areas of science and
engineering such as population dynamics, neural networks, industrial robotics,
electric circuits, optimal control, biotechnology, economics and many other
branches of science. Furthermore, the fractional calculus can also provide an ex-
cellent instrument for the description of memory and hereditary properties of
various materials and processes due to the existence of a “memory” term in the
model.

The oscillation theory as a part of the qualitative theory of differential equa-
tions has been developed rapidly in the last decades, and there has been a great
deal of works on the oscillatory behavior of integer order differential equations
[1] [2] [3]. As a new cross-cutting area, recently some attention has been paid to
oscillations of fractional differential equations [4] [5] [6] [7]. Some new devel-
opments in the oscillatory behavior of solutions of fractional differential equa-
tions with damping terms [8] [9] [10] [11] have been reported by authors.

In this paper, we consider the oscillatory behavior of solutions of the following

fractional differential equation:
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g[amg(p(r) +q()DS u(x,0)) |+ 2a,(x.0), (J; (t —s)*“u(x,s)ds)
. "~ (1.1)
=b(t)h(u)Au(x,t)+ Zbi Oh,(u(x,t —7,)Au(x,t —7,),t 21, >0
i=1

where (x,£)e QxR =E, A is the Laplacian in R", Q is a bounded do-
main in R" with a piecewise smooth boundary 0Q. 0<a <1 is areal num-
ber and Du(x,t) is the Riemann-Liouville left-sided fractional derivative of
order ¢ €(0,1) of u for teR, :=(0,0).

We shall consider Robin and Dirichlet boundary conditions

%Jr you(x,t)=0, (x,f)e0QxR, , (1.2)

and

u(x,t)=0, (x,£)€0QxR,. (1.3)

where y € C[0Q,R,] is continuous function, N is the unit out normal vector
to 0Q.

The following conditions are assumed to hold:

(H1) f,geC(R;R) are convexin [0,0) and g isa monotone increasing
function with xf;(x) > 0,xg(x) >0 for x =0, there exist positive constants £;,
p suchthat f,(x)/x>k, x/g(x)>p for x#0.And 7,20, u=0,
h(u)>0, h(u)>0, uh(u)>0, uh(u)>0, h(0)>0, h(0)>0.

(H2) a,a;,b,b; and g are positive continuous functions on ¢ [t,,0) for
a certain #,>0, and p is a nonpositive continuous function on ¢ €[t,,)

for a certain ¢, > 0. There exists a constant M >0, q(t)<M for t,>0.And

’

(—P(t)j 20, telt,,»), .[w—d_p(t) t <o,
q(t) o g(?)

(H3) g' e€C(R;R) is continuous function with sg”'(s)>0 for s#0,
there exists positive constant & such that g¢”'(uv)<5g ' (u)g™'(v) for uv<0,
and g '(uv)>5g ' (u)g™'(v) for uv>0.

(H4) a, € C(E;R,),and a,()=min_ a,(x,1).

By a solution of (1.1), (1.2) and (1.3), it mean a nontrivial function

ue C1+a (E, R+) with L:u(X,S)(t_S)_adS S C1 (E, R+) 5

r()g(p(t)+q(t)D; u(x,1)) € C'(E; R,) satisfies (1.1) for >0 on E and the
boundary conditions (1.2) and (1.3).

A solution u of (1.1) is said to be oscillatory if it is neither eventually posi-
tive nor eventually negative, otherwise it is nonoscillatory. Equation (1.1) is said

to be oscillatory if all its solutions are oscillatory.

2. Preliminaries

In this section, there are several kinds of definitions of fractional derivatives and
integrals and some lemmas which are useful throughout this paper.

Definition 2.1 [12] The Liouville left-sided fractional integral of order « >0
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of a function f:R, - R onthehalf-axis R, isgivenby
a _ 1 ! a-1
ENO=E0 [ @ foav,

provided that the left side is pointwise defined on R, , where I' is the gamma
function.
Definition 2.2 [12] The Riemann-Liouville fractional partial derivative of or-

der 0<a <1 with respect to fof a function u(x,?) is given by

« o 1 —a
(DYu)(x,t) = Emjo t—v) “u(x,v)dv.

Lemma 2.3 [12] Let
GO =[ -V “u@dv, a1, >0
Then
G (t)=T(1-a)Du)t), ac(0,1), >0
Lemma 2.4 [4]If X and Y are nonnegative, then
mXY""' — X" <(m-1)Y"

where the equality holds if and only if X =7 .

3. Oscillation of (1.1) and (1.2)

For the sake of convenience, we set

U@)= ﬁjﬂu(x,t)dx, where|Q| = fQ dx

z(t) = p(t) + q()(DLU)()
Theorem 3.1 Suppose that (H1)-(H5) hold and if the fractional differential

inequality
d m
E[a(f)g(Z(t))HZkl-a,-(f)G(f) <0 (3.1)
i=1
has no eventually positive solution and the fractional differential inequality

%[a(r)g@(r))]+§k,-a,(r>G(r) >0 (3.2)

has no eventually negative solution, every solution of (1.1) and (1.2) is oscillato-
ryin E.

Proof Suppose that u(x,#) is a nonoscillatory solution of (1.1) and (1.2), it is
either eventually positive or eventually negative. Without loss of generality, we
may assume that u(x,?) is an eventually positive solution of (1.1) and (1.2) in

Qx[t,,). Integrating (1.1) with respectto x over Q, we obtain

J.Q%[a(t)g(}’(t) +q(t)DY u(x, t))}dx + ifg a,(x,0)f, (j; (t —S)_“u(x,s)ds)dx
. (3.3)

= b(0)[_ h(u)Au(x, )dx + ibl. O Bt =) Au(x,t =7, )dx.

Using Green’s formula and boundary condition (1.2), it is obvious that
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IQ h(u)Au(x,t)dx = Im h(u) %s - fQ h'(u) |grad u|2dx

(3.4)
= _.[OQ y(x, ) uh(u)ds —IQh'(u)|grad u|2dx <0,t2¢
[ et = )AuCx,t-7)dx <0, 121, (3.5)
By using Jensen’s inequality and (H1), (H4), we get
.[Q a,(x,t) f, (L; (t—5)""u(x,s)ds )dx
(3.6)
>a,(t) jg dxf, [ j; (t—s)“ ( IQu(x, s)dx( fQ dx)”! )ds} > k.a(f) jQ dxG(t)
Combining (3.3)-(3.6), we obtain
%[a(t) 2(z(1)] + i ka.(6)G(1) <0 (.7)

Therefore, U(¢). is an eventually positive solution of (3.1), this contradicts
the hypothesis.
Secondly, if u(x,t) is an eventually negative solution of the problem (1.1)

and (1.2), then using above procedure, we can easily show that

U@t) = u(x,t)dx is an eventually negative solution of the Equation (3.2).

1
oy
This completes the proof.

Theorem 3.2 Suppose that (H1)-(H4) and

PRI
W8 (a(t))dt_ (3.8)

hold. if there exists a positive function 7 e C'[£,,0) such that

Ma(s)[r'(s)I
4pr(1-a)r(s)

where k;, [ are defined as in (H1), then every solution of (3.1) and (3.2) is

limsup | [0 k,a,(s) - Jds = o (3.9)

oscillatory.

Proof Suppose that U(#) is a nonoscillatory solution of (3.1). Without loss
of generality, we may assume that U(#) is an eventually positive solution of
(3.1). Then there exists G(¢) > 0,¢ €[t,,0), where G(¢) is defined as in Lemma
2.3.

It follows from (3.7) that

[a(t)g(z(1)] < —fk,.ai (O)G(t)<0, telt,»). (3.10)

Thus, a(t)g(z(t)) is strictly decreasing on a(¢) >0 . Since a(f)>0 for
t €[t,,) and (H1), we see that z(#) is eventually of one sign. We claim that

z(£)>0, te[t,o). (3.11)

If not, there exists ¢, >¢, such that z(z,) <0. Since a(t)g(z(¢)) is strictly
decreasing on [f,,0) and it is clear that a(¢)g(z(?)) <a(t,)g(z(t,))=c <0,

where ¢ isa constant for fe€[t,,). Therefore, we have
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N<g'(— 3.12
2n=<g ((t)) (3.12)

Dueto ¢(t)>0 and g'(c) <0, we get

g [c] 5g ' (0)g” (lj
20 _ PO | peyyy«—90) a(t
q()  q(1) q(t) M

Integrating the above inequality from ¢, to ¢, from Lemma 2.3, we have

, (3.13)

5g ' (0)g” (]
Lz(pm G'(s) jd I ® (3.1

gty Td-a) M

which yields

G(t) < G(t,)+T'(1- Q)D p(t)d +5g (C)L (Et)jds}. (3.15)

By (H2) and (3.8), letting ¢ — o, we get lim G(¢) = —o . This contradicts the
t—o0
fact that G(¢) > 0. Hence, (3.11) holds.

From Lemma 2.3

Gl
20 = PO+ gODIVO = PO+ =L, (3.16)
(I-a)
therefore,
G0 =r1-a) 2 DPD s r1_ ) 2D s ra- )20 (317
(l)(a)q(t) ( )()( )M (3.17)
Define the function w(#) by the generalized Riccati substitution
w(t)zr(t)M, t €ft,,). (3.18)

G(t)

Then we have w(t) >0 for ¢e[t,,),and from (3.18), it follows that

W(t) = ( G((t))J [a <r>g(z(r)>]+Lt))[a(t)g(z<r>)]'

0} (- a)z(1) w(t)

r (1) M- G()

r ( ) z(1) F(l—Ot)W2 (®)
7 ka(t)—
o MO0 ka0 (=) Mr(Da(0)

'@ pri-a) .
()W(t) r(t);k a;(t) - Mroa) " w (D).

_ All-a) we), 1 Mr(t)a(t) r'(t) (3.20)
\/ Mr(t)a(t) Prd-a) r(t)

from Lemma 2.4 and (3.19), we get

—w() - F(f)zk ()=
(3.19)

Taking
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W) < -3 ka0 + OU O (3.21)

4pT(1-a)r(e)’
Integrating both sides of the inequality (3.21) from ¢, to ¢, and taking the
limit supremum of both sides of the above inequality as ¢ — oo, we get
Ma(s)[r' ()]
401 -a)r(s)
Which contradicts (3.9). The proof is complete.

limsup J;t [r(t)i ka,(s)— lds < w(z,) < 0. (3.22)

Secondly, if U(#) is an eventually negative solution of the fractional diffe-
rential inequality (3.2) and there exists G(¢) <0,t €[t,,0) . When (3.2) is oscil-
latory is similar to that of above procedure, and hence is omitted.

Theorem 3.3 Assume that (H1) - (H4) and (3.8) hold. Furthermore, suppose
that there exist a positive function 7 e C'[f,,0) and a function H € C(D,R),
where D :={(s,t):s>t2>1t,}, such that

H(t,t)=0, for t2xt,
H(s,t)=0, for (s,t)eD,

where D, :={(s,t):s>¢t>1t,} and H has a nonpositive continuous partial de-
rivative H/(s,t) = 0H (s,t)/0t with respect to the second variable and satisfies
Ma(ts)[r' ()]
4pU(1=a)r (1)
where k,, B and r(t) are defined as in Theorem 3.2. Then all solutions of
(3.1) and (3.2) are oscillatory.

Proof Suppose that U(#) is a nonoscillatory solution of (3.1). Without loss

lim sup

s H(s,1,) ldt=00  (3.23)

I HGO O ka (0

of generality, we may assume that U(#) is an eventually positive solution of
(3.1). We proceed as in the proof of Theorem 3.2 to get (3.21), Multiplying (3.21)
by H(s,t) and integrating from ¢, to s,for s€[t,,0), we derive

J Hs. )[r(f)ikiai @ —%w <H(0wO], + [ H (st
< H(s,t)w(t,),
(3.24)
Therefore,
A j{o H(s,t)[r(t); kia,(t) AT (l—a)r(t)]dt <w(ty) <o, (3.25)

which is a contradiction to (3.23). The proof is complete.

Secondly, if U(t) is an eventually negative solution of the fractional diffe-
rential inequality (3.2). The proof when (3.2) is oscillatory is similar to that of
above procedure, and hence is omitted.

Next, we consider the case

* L Vg o
Jtog (a(t))dz< (3.26)

which is different from (3.8). In this case, we have the following results.
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Theorem 3.4 Assume that (H1)-(H4) and (3.26) hold, and that there exist a
positive function r e C' ([to,oo);R) such that (3.9) holds. If for every constant
T =max{t,,t,} , such that

j [ 02 er a, (S)dsjdt = (3.27)

Then every solutions U(¢) of (3.1) and (3.2) are oscillatory or satisfies
limG()=0 or hmG (t)=0, where G(¢) isdefined as Lemma 2.3.
Hi;roof Suppose that U(t) is a nonoscillatory solution of (3.1). We may as-
sume that U(¢) is an eventually positive solution of (3.1), proceeding as in the
proof of Theorem 3.2 to get (3.10). Then there are two cases for the sign of z(¢).

When z(¢) is eventually positive is similar to that of Theorem 3.2, we get
that every solution U(¢) of (3.1) is oscillatory.

If z(¢f) is eventually negative, there exists ¢ >¢,, such that z(rf)<0 for
t > t,. From (3.16), therefore,

G'(t)<T(1-a) ((;) (3.28)

Since l(t) #0 and I p—(t)dt<oo holds, then we obtain
q(t) o oq(t)

lim =20 _ ¢, (3.29)
t—>w q(t)
Letting ¢ — o in (3.28), we have
limG'(¥) <0. (3.30)

t—>®©

If imG'(f)<0, then there exists ¢, >¢ such that G'(r)<0 for ¢t>¢,.
t—0
Thus, we get limG(1)=A4>0 and G(¢#)= 4, t=t,. Now we claim that 4=0.
—w
If not, thatis 4 > 0, then from (3.10), we derive

[a®)g(z(1))] < Zka G < Zka 4, te[ty,»). (3.31)
Integrating both sides of (3.31) from ¢, to ¢, we have

a(D)g(=(0) < alty)g(=(t, ) - A K, [ a,(s)ds < A3k, ["a(s)ds, telt,,),

(3.32)
where a(t,)g(z(t,)) > 0, Hence, from (H2) and (3.32), we get
, ~AY k[ a(s)ds
W_p0, GO 1T (3.33)
q@) q@) I'(l-a) M a(t)
Integrating both sides of (3.33) from #, to ¢, we obtain
) Sk a(s)ds
p(t) Sg A |G
GH)LG)+I'( + ! ,(3.34
(02 G(t)+T(1-a)| [, —=ds+ =2 == g @ u |, (3.34)
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using g7'(-4)<0 and (3.27), as ¢t — o, limG(f) = —o. which contradicts
the fact that G(z) > 0. Therefore, we have ITEO, that is limG(¢)=0. The
proof is complete. o

Secondly, if U(¢) is an eventually negative solution of the fractional diffe-
rential inequality (3.2). The proof when (3.2) is oscillatory is similar to that of
above procedure, and hence is omitted.

Theorem 3.5 Assume that (H1) - (H4) and (3.26) hold, Let r(¢) and
H(s,t) be defined as in Theorem 3.3 such that (3.23) holds. Furthermore, as-
sume that (3.27) holds for every T =max{t,,t,}. Then every solutions U(¢) of
(3.1) and (3.2) are oscillatory or satisfies limG(¢#)=0 or limG'(¢) =0, where
G(t) is defined as Lemma 2.3. o o

Proof Suppose that U(#) is a nonoscillatory solution of (3.1). Without loss
of generality, assume that U(¢) is an eventually positive solution of (3.1), and
proceeding as in the proof of Theorem 3.2 to get (3.11), there are two cases for
the sign of z(7).

When z(¢) is eventually positive, the proof is similar to that of Theorem 3.3.
z(t) is eventually negative, the proof is similar to that of Theorem 3.4. Here we

omitted it.

4. Oscillation of (1.1) and (1.3)

In the next we establish sufficient conditions for the oscillation of all solutions of
(1.1), (1.3). For this we need the following:
The smallest eigenvalue A, of the Dirichlet problem
Aw(x)+ Aw(x)=0, in Q

w(x)=0, on 0OQ (1)

is positive and the corresponding eigenfunction ¢ is positivein Q.

Theorem 4.1 Let all the conditions of Theorem 3.2 and 3.3 be hold. Then
every solution of (1.1) and (1.3) oscillatesin E'.

Proof Suppose that u(x,7) is a nonoscillatory solution of (1.1) and (1.3).
Without loss of generality, we may assume that u(x,#) is an eventually positive
solution of (1.1) and (1.3) in Qx[¢,,0) for #, >0. Multiplying both sides of
the Equation (1.1) by ¢(x)>0 and then integrating with respect to x over

Q, we obtain for >

J.Q% Og(p(0)+ q(t)Df,tu(’“ t))}j(x)dx + IZ’::IQ a;(x,t) f; (J‘Ot(l —5) %u(x, S)dsjﬂx)dx w2

= b(t) IQ h(u)Au(x, D)F(x)dx + ibi ) IQ B (u(x,t — ) Au(x,t — 7, Y(x)dbx.
i=1

Using Green's formula and boundary condition (1.3), it is obvious that
j Au(x, 1) p(x)dx = j u(x, )AG(x)dx = 2, J‘ U PN <0, 121,
Q Q Q
(4.3)

J Au(x,t—7;)p(x)dx = _ﬂoj‘ u(x,t —)¢(x)dx <0, t=>1t,.(44)
Q o0
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By using Jensen's inequality and (H1) and (H4), we get
J' a,(x,0)f, ( I ‘=) u(x, s)ds]¢$(x)dx
Q 0

> a, (t)_[Q H(xX)dxf, U;(t e ( _[Qu(x,s)¢(x)dx( J'Q P(x)dx)”! ]ds:| (4.5)
> k.a, (z)J'Q B(x)dxG ().

Set
U@) = .[Q u(x, t)¢(x)dx( .[Q ¢(x)dx)_] ,  Wwhere |Q| = J.Q @d(x)dx

Combining (4.2)-(4.5), we obtain

[a(H)g(z(0)]+ Zk,-a,- (0G0 <0. (4.6)

a
dt i=1

The rest of the proof is similar to that of Theorems 3.2 and 3.3, and hence the
details are omitted.

Theorem 4.1 Let the conditions of Theorem 3.4 hold. Then every solution
U(t) of (1.1) and (1.3) is oscillatory or satisfies }gg G()=0 or }Lrg G'(t)=0,
where U(t) is defined as Lemma 2.3.

Theorem 4.2 Let the conditions of Theorem 3.5 hold; Then every solution
U(t) of (4.6) is oscillatory or satisfies limG(#)=0 or limG'(+)=0, where
G(t) is defined as Lemma 2.3. o o

The proofs of Theorem 4.1 and 4.2 are similar to that of Theorems 3.2-3.5 and
hence the details are omitted.

5. Applications

Example 1 Consider the fractional differential equation

ol 2 1 L 282
—|3(-=+1 D% u(x,0)) |+ (x> +=13)| (t—5)""u(x,s)ds =e " Au(x,t
at{ - Ll ))} (2 + 20 (1 =9) “u(xs) SO
+Au(x,t—7),t >0
2 | nl 2 3og s
Here, a(t)=t*, p{t)=—, qt)=t 2, bt)=1>, a/(x,t)=x> -i-gx3 and
t

f(x)=gx)=x.
Taking 7,=7, Q=0,7), m=1, t,=1, k=1, pf=4, M=9,

a,(f)=mina, (x,/) =12 .
xeQ

Then, we get ,

*} 0 — ©
" e = [ e <on, [ 2O | Lo 220 7 Lo
oo a() b q(t) 2 ©oq() b3

t3 t2

It is clear that conditions (H1) - (H4) and (3.1) hold. Furthermore, taking
4

rt)=13
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EN
. ¢ 8 952 (§S3 )2
1ds = limsup L [§S3 ——————lds=o
o 16I(1-a)s?

m ' 2

limsup .[t [r(s)Zkial. (s)—M
w10 P 480 (1-a)r(s)

which satisfies condition (3.10). For every constant T >¢,, fe[27,x), we ob-

tain

A e A e [
a i=1

t3

Which shows that (3.27) holds. Therefore, by Theorem 3.4 every solution of
(5.5) is oscillatory or satisfies limG(¢)=0 or limG'(¢) =0.
t—>00 t—
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