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Abstract

This paper deals with an elliptic system of the form
—Au = ﬂp(x)f(u) inR",
-Av=2Ap(x)g(v) mR",
u,v—>0 as|x|—>oo,

eC?

loc

where N >3, A4 is a parameter, and p(x) (RN,R>(O<05<1) is a

weighted function. We employ the Rabinowitz’s global bifurcation theory and

the Dancer’s unilateral global bifurcation theory to determine the existence of
positive solution and negative solution on the interval of

(min {ﬂ,y—l},max {E,E}J with respect to A . Furthermore, we also pro-

(U o 0 o

vide the decay of the positive and negative solutions.

Keywords
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1. Introduction
In this paper, we consider the following asymptotically linear elliptic systems
—Au = lp(x)f(u) inR",
-Av=2Ap(x)g(v) mR",

u,v—>0

(1.1)
as | x| - oo,

eC?

loc

where N >3, 1 is a parameter, and p(x) (RN,R)(0<05<1) is a

weighted function. Moreover, the nonlinear perturbations satisfy the following
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assumptions:

(H1) f,g:R—>R are two Holder continuous functions with exponent «
such that f(s)s>0,g(s)>0 forall s=0;

(H2) There exist /,,/, €(0,+00) with [; #/, such that

0° %0
tim ) = im 86 i L) iy £00),
=0 ¢ s—=0 ¢ s ¢ s ¢

The primary motivation for this paper comes from the study of radial entire
solutions, spectrum and bifurcation for the following semi-linear elliptic prob-

lem

{—Auzﬂp(x)h(”) inR”, (12)

u—>0 as |x| - oo,

loc

where N >3, A is a real parameter, and p(x)eCj, (RN,R)(O <a<l) isa

weighted or radially symmetric function.

If there exist two continuous radially symmetric functions g and Q such that

0< q(|x|) < Q(|x|) for all x e R

and
oo ™ O [ < o0, (13)

then Edelson and Rumbos [1] have obtained that problem (1.2) is similar to the
classical Laplace eigenvalue problem. Furthermore, if Q satisfies the following

more strong condition

.[;pr’lQ(p)dp < 400, (1.4)
the eigenfunction ¢ has the asymptotic property
lim [x|" 7 ¢(x)=c (1.5)

x>+

for some constant c.
If h(u)=u,and p(x) isaradially symmetric function,
peC[0,+2),p(s)=0 on [0,4), and p(s)#0 on [T,+x). The further

condition
pp(p)dp <+ (1.6)

and
[P p(p)dp <+, (1.7)

Naito [2] has the following results:

1) Under the assumption (1.6), the number of zeros of every nontrivial radial
entire solution near the first eigenvalue.

2) Under the assumption (1.7), the number of zeros of every nontrivial radial

entire solution near higher order eigenvalue.

2. Preliminaries and Results

In this section, we will give some lemmas and our results.
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Suppose that Q(x)eC (RN ,R) is a positive radially symmetric function sa-
tisfying (1.3). Denote by S(RN the set of all measurable real functions de-
fined on R". Let I’ (RN,Q(x)) = {u € S(RN):LRN (x)u? (x)dx < +oo} . The
set L’ (RN , Q(x)) together with the inner product

(u,v)Q = IRNQ(x)u(x)v(x)dx for all u,v e I* (RN,Q(x)). (2.1)
For N>3 and 2° :2—N, defining
N-=-2
D" (RN) = {u el” (RN) : |Vu| el? (RN )}, (2.2)

1
endowed with the norm |u, = (IRN |Vu|2 )2 .

Define

M(Q):= {p(x) eCr (QR):{xeQ: p(x)>0} = @} , (2.3)

where QcR".

Next, we will define our work space
X = {u € C(RN,RN) : sup |u(x)| < +oo}, (2.4)
xeRN

with the norm

||u|| = sﬂllvp|u(x)| for x € X.

Now we consider the following boundary value problem
{—Au =Ap(x)u inR",

(2.5)
u—0 as x| > oo,

where A is parameter, p(x)eM (RN )

Lemma 2.1 ([3]) Assume that Q€ C(RN,R) is positive, radially symmetric
function and satisfies (1.3), and p(x)e M(RN) such that |p(x)| <Q(|x) for
all xeR". Then there exists an orthogonal basis {(ok }lm of I (]RN,|p(x)|)
and a sequence of positive real numbers {n,} "
such that problem (2.5) satistying

with 17, >+ as k — +o

0<;71§;72§...S,7k3...’

-Ap, = Ukp(x)(ok in RN:
¢, € DV (RM)NCL (R, R), (2.6)

loc

@, —0 as | x| — +oo.

Before giving the Lemma 2.2, it is necessary to give the definition of a nodal
domain. For the function u defining on the R", we say that a nodal domain
of u isconnected component of R" \{x eRY tu(x)= 0} .

Lemma 2.2 ([3]) Assume that p(x)>0 and satisfies the assumptions of
Lemma 2.1. Let ¢ be any eigenfunction associated to an eigenvalue n and

N be its any nodal domain. Then we have
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|N| >c, (2.7)

where ¢>0 is some constant depending only on Nand 7.
Lemma 2.3 Assume that there exists a positive constant p, >0 such that
S (s g(s
_( ) 2 pl’_( ) Zp (2.8)
s s
for any s#0. Then there exists o, >0 such that problem (1.1) has no
one-sign solution for any 1> o,.
Proof. Let (i1,v) be positive solution of problem (1.1). By Lemma 2.1, we

have
{—A;ol =np(x)g inRY, 29
9, >0 as|x] >
Multiplying (2.9) by i , we get
[ Viavede=n[ p(x)ipdr. (2.10)
Multiplying the first equation of (1.1) by ¢,, we have
[ WViavede=A[ ,p(x)f(%)pdx. (2.11)
This yields
[ p(x)igde =4[ .p(x) /(%)@ dr
= /1J'R,\,p(x)fg)ﬁ¢,dx (2.12)
> 2p, [ up (%) dx
Similarly, we have
m [ vp (x)Fpdx = [, p(x)g (i) pdx
=1 R‘Vp(x)gfzﬁ)ﬁ(pldx (2.13)
> 2p, [ op(x)iigdx

Thus it follow that 0< A< Therefore, the proof of lemma 2.3 is com-
P

pleted. O

Lemma 2.4 Assume that there exists a positive constant p, >0 such that

&<p g(s) <p (2.14)
N N

for any s#0. Then there exists o, >0 such that problem (1.1) has no
one-sign solution for any 0<A<o,. |

Proof. The proof follows similarly with minor changes.

Following lemmas will be helpful in the sequel.

Lemma 2.5 (Lebesgue dominanted convergence) Let Q c R" be open and
let u,(x)= L' (Q) beasequence such that

1) u(x)—>u(x) aein Q as k—+wo,
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2) there exists U(x)e L'(Q) such that for all & |u, (x)| <U(x) aein Q.
Then ueL'(Q) and u, >u inthe L'(Q) norm, namely
u eIQ|uk —u|dx—>0 as k— +o.

Lemma 2.6 (Strong maximum principle) Let the operator L is uniformly el-
liptic in Q (may not be bounded), ¢=0 and Lu>0(<0). Then, if the

maximum (minimum) of u can be assumed in the interior of Q, then u is a

. c . . .
constant, if ¢<0 and ) is bounded, then the nonnegative maximum

(non-positive minimum) of u can’t be assumed in the interior of Q unless u is
a constant.

Now we state our main results.

Theorem 2.1 Let the assumptions of Lemma 1 hold. If p(x)>0 and (H1),
(H2) are satisfied. Then for any

A €| min i,ﬂ ,max i,i ,
Ly 1, Iy 1,

problem (1.1) admit at least two one-sign solutions (u*,v*) and (u_,v_)
such that (u*,v+)>0 and (u’,v’)<0 in RY.

Theorem 2.2 Assume that QeC (RN ,R) is positive, radially symmetric
function and satisfies (1.4), and p(x) eM(RN) such that 0< p(x)<0(|x|)
forall xeR".If (u*,v*) and (u',v') are given in Theorem 2.1. Then there

exist constants c,,c, >0 and c,,c, <0 such that

lim |X|N72 u" =¢, lim |x|NfZ vi=¢, (2.15)

x>+ [x]—>+e0
and
. N-2 _ . N-2 _
lim |x| u =c;, lim |x| v =¢,. (2.16)

[x]—>+e0 [x]—>+e0

3. Proofs of Main Results

Define the integral operator

T(u):—IRNF(x—y)p(y)u(y)dy, (3.1)

1

—|x—y|2_N , o, denotes the volume of the unit
N(2-N)ao,

where F(x—y) =

ballin R".
Eedlson [4] has showed that 7: X — X islinear, continuous and compact.
Lemma 3.1 (u,v) is one-sign cre (RN) solution of problem (1.1) <

(u,v) solves the following operator equations

u=AT(f(v)) inR",

v:/iT(g(u)) in R", (3.2)
u,v—>0 as|x|—>+oo
in X*.
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Proof “ ="
Let (ﬁ,ﬁ) is a one-sign c*e (RN) solution of problem (1.1), if necessary,
we assume (11,7)>0.
For >0, we consider the following boundary value problem
{—Au =ip(x)f(¥) xeB,
u

3.3
=y (x)>0 x€0B,, (3)

where B, 1isa ball of radius of rin RY, t//(x) e D"’ (RN )ﬂ C' (RN,R) .
For 7ieC*™ (RN ) , problem (3.3) has the unique fundamental solution u,,

expressed as

__ ; Pl w()
U, = ﬂ’J'BrGr (x,y)p(y)f(v(y))dy+ Nri [x|=r ¥ y|N dS}” (3'4)
where
rll=st)-r{Est] veo
G, (x,y)= r ,y:(r /|y| )y(y:tO). (3.5)

T () -1 (r) y=0
Fix xeR" andchoose r>0 solargesuch that r>2[x|, then

J" v(») ds, :LJ' Ly)dg

bl
?_?
= —j S (3.6)
bi= 1|x/r a)|
2N
< TI‘M‘:I v (rw)ds,,
so that
r x| ( ) v |2 1
o
Setting ¥/ (ro)= Vo, J"w‘:ll//(ra)) dS, , we shall show that
v (ro)— 0(r — +0).
Writing (r,®) for polar coordinatesin R", we have
v (ro)=y(r,o)
- j *°° 6'7" t,w)dt (3.8)
- 1; NL oy
~[Tr2 12 o (t,0)de
< .[r t ; (t,0)
The Cauchy-Schwartz inequality implies
2 +00 A a(// 2
|gu(r,a))| = L MIEE (1 o) de
N-2 ot (3.9)
re -
< N—ZL MV (o) de
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So that
|l//(r, a))|2 < ]:7__2 L:th’l |V y/(t, a))|2 de. (3.10)
From (3.10) one gets
2-N
1
v (r,0)| < ( L Vv (no)f . (3.11)

Integrating on both sides over the unit sphere in R" we obtain

2-N

Jjalv (r0)las, \/7 T b

An application of the Cauchy-Schwartz inequality then yields

(17 v (o) dt) as,.  (312)

2-N
1
l// 7, a) JNa)N 2, (3.13)
w‘ 1
By (3.13), we have
2N
1 2
o, jw‘ v (r.0)|ds, < W”y/ (3.14)
Thus we obtain
2-N
||¢// ), = 0(r > +0). (3.15)
1/ N 2
Hence, by the previous equahty, one get
| J' dS —0 as 7 — +o. (3.16)
Nayr

Next, we still show that forany x#y, G, (x,y)>T(x-y) as r—+owo.

{1

Note that (H1) and (H2), there exists a constant ¢ >0 such that

supxeRN c

For r >0, we have

0<-G, (x—y):|F(x—y)| |F(x—y)|. (3.17)

(13)| <1. For our convenience, c|a(\3)| is denoted by |a(\3)|. Since

I'(x—y) isharmonic with respectto y, we have

J,, |r(x—y)|P(y)f (") dv

N 270
Q(p)dpmlxl”w 0(p)dp)  G19)

2-N  N-1

<[, IFG=y)e)

1 I+
=3

(L‘f‘pQ(p)dp+ I‘;pQ(p)dp)

O(p)dp

2-N  N-1

T N-2
(i p0(p)dp) = (I po(p)dp) <
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By Lebesgue Dominated Convergence Theorem,
~[,G (x.2)p(») £ (F(»)dy > = [ L (x=2) p(») £ (P(»))dy.  (3.19)
as r—+w,and for veC(R"), using (3.13)-(3.19), we obtain
u= —AIBFF(x—y)p(y)f(ﬁ(y))dy. (3.20)
By the uniqueness of the solution to problem (1.1), we have @ =u , that s,
i==2[,T(x=y)p(»)f(9(y))dy. (3.21)
By similarly, for i€ C** (R"), we get
p==2f,T(x=y)p(y)f(a(y))dy. (3.22)

Therefore, (i,7) satisfies the following operator equations

u=AT(f(v)) inR",

v:/iT(g(u)) inR", (3.23)
u,v—>0 as|x| — +00,
“<="7 The proofs of this part are analogous to the processes of [4]. U

Lemma 3.2 The solutions of problem (3.2) are acquired by the following equ-

ation
u =1T(f(/1Tg(u))) xeRY, (3.24)
u—0 as x| = +oo.
Proof.-Let u is the solution of problem (3.24), then we have
v=AT(g()). (3.25)

thus i = ﬂT(f(/ng(LT))) = ATf(v), thatis, (iz,v) solves the Equations (3.2).
Next, we will show that v —>0 as |x| — -+ . By (H2), we have
g(s)=ls+o(s), and v >0 as |x|— +oo. Hence, we obtain g(ir) >0 as
|x| = +o0..
Since the operator 7'is linear, continuous and compact, v — 0 as |x| — +o0. [
Proof of Theorem 2.1. From the previous processes, we know that
T:X — X islinear, continuous and compact. By Lemma 3.2, we have that the
solutions to problem (3.2) can be determined by u = /IT(f(/iTg(u))).
Define

RxX

zi={(Au):u=AT(f(ATg(u)))andu 0} . (3.26)

Let P*::{ueX:u(x)>0forxeRN} and
P’:={ueX:u(x)<Of0rxeRN}.

Suppose that &,&, :R —>R such that f(s)=1ls+&(s),g(s)=ls+&(s)
with

limm =0= limé—(s). (3.27)

s—0 Ky s—0 Ky

DOI: 10.4236/jamp.2019.75083 1233 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.75083

Y.Y.Ma

Thus we have

u= LT u+ 218 (u)+ ATE (Al Tu+ &, (u)). (3.28)

Set A° =, [;T* = A, A1, T°E, (u)+ ATE (Al Tu+ &, (u)) = G(A,u), we obtain
that Equation (3.24) is equivalent to
u =,uAu+G(l,u). (3.29)

Obviously, operator A4:X — X is a linear and compactly continuous map
G:RxX — X is compactly continuous.
Next, we show that G = o("u") at u =0 uniformly on bounded A

intervals. Let

& (w) = max

0<s<w

) (S)|, S (W) = max|¢,

0<s<w

(s)- (3.30)

Then ¢&,¢&, isnondecreasing with respectto w and

lim M =0= lim m (3.31)

w0t W w—0" w

Further it follow from (3.31) that

& @) &) & ()

< < -0 (3.32)
el el ]
as ||u|| — 0. Similarly, we have
|§1 (Al Tu+¢, (u))|
]
_E(ATu+ g, (u)) & (| Aty Tu]+ & (u)) (33
] ]
_ Gt & () b+ & (0)
|44, + & (w) ]

as |ul| > 0. It concludes our desired result.

Applying the Rabinowitz’s global bifurcation theory [5] [6] to the operator
Equation (3.29), we have that there exists a component X, of ¥ which con-
tains (77,2/13 ,0) and either is bounded or pass through (77,0), where 7 is
another eigenvalue of 7. Furthermore, by the Dancer unilateral global bifurca-
tion theory [7], one gets that there are two distinct unbounded continua, X/
and X, consisting of the bifurcation branch ¥, emanating from (7712 i ,O) ,
which satisfy either ¥} and ¥, are both unbounded or X NX] # (7712 in ,O).

Next, we shall show that

D g({(nf/lg,o)}u(RxP)) and - g({(nf/lg,o)}u(RxP-)).

For the case of “+” and “-”, we only prove the “+” case, because of the proof is
similar. we accomplish it by contradiction. Assume that there exists (7,,u,)€X;,

however (7,,u,)¢ ({(7712 /102 ,0)} U(RxP* )) .
Assertion: For the (7,,u,)€X/, wehave (7,,u,)# (77,2 12 ,0) )
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Otherwise, by the Dancer’s unilateral global bifurcation theory, then 7,

must be an eigenvalue of problem (3.29) different to 7/} . Hence, there exists

|um || *

a sequence {(,um U, )} <X such that(u,,u,)—>(7.,0). Let w, =u,
Then one has that

G(/i,um)

s

Since w, is bounded in X, after taking a subsequence if necessary, we have

W, = i, Aw,, + (3.34)

that w, — w, for some w, € X . It follows from (3.34) and the compactness of
A,G that w, - w, in Xand
w, =1n,4w,. (3.35)

By Lemma 2.1, w, must change its sign. Lemma 2.2 implies the existence of
a ¢>0 such that

‘{xeRN :w*(x)ZO}‘ >c, (3.36)

which is not compatible with the fact of u,, <0.So u, #0.
It follows from continuity argument that u, is a solution of the following
problem
—Au=2, /() p(x)u  xeR”,
u, (3.37)

u—>0 as|x|—>+oo,

where v, =7,Tu,. Clearly, u, >0 in R". By strong maximum principle, one
has u, >0 in R".Thus 3 and X, areboth unbounded.

Without loss of generality, we assume that 7?/I> <n?/I> . Next, we shall
show that X7 joins from (77,2/13,0) to (nlz/li,O). We only prove the “+”
case. Let {(4,.u,)} =%/ such that g, +|u,|— +o. Clearly, (H1) and (H2)

imply that there exist two positive constants ¢, and ¢, such that

s s
clﬁmﬁcz,clsﬁﬁcz for any s = 0. (3.38)
s s
By Lemma 2.4 and Lemma 2.3, there exist two constant 7?/c? and 7?/c?
such that 7] /c? < u, <n?/c? . Hence, we obtain that
Set w, =u, /
necessary, we have that w, > w for some we X . Let ¢{,{,:R—> R such
that

u,|—+o as n—> 4.

|u||n . Since w, is bounded in X, after taking a subsequence if

f(s)=Ls+< (), g(s)=Ls+&,(s) (3.39)
with
lim m =0= lim Q—(S) (3.40)
§—>+00 S §—>+00 S
Let 4:1 (M) = maXOSSSu é’l (S) > 4:2 (u) = maXOSSSu 4,2 (S) > é:l H é:2 are nonde_
creasing with respect to u .
Define
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a(u)zinaxk’l(s),Ez(u):inax|§2 (s)| (3.41)
ESsSu ESsSu
Then we get that
limM:O and ¢, (u)Sf, [%j+a(u) (3.42)
u—>+0 u
It follow from (3.42) that
lim M =0. (3.43)
u—>+0 u
Similarly, we can see that
lim M =0. (3.44)
u—+o oy

It follow from (3.43) and (3.44) that

)] _ &) & ()

< < -0 (3.45)
(27—
as [jul| > +o.
Furthermore, it follows that
|§1 (/UOT” +&, (”))|
e
_ s (AIOTM+§2 (u)) < §1(||MOT“||+§2 (u)) (3.46)
e e
_ [ (”ﬂ“loTou’_gz (”)) ) "ll()T”""' 52 (”) 50
1245w+ &, () e

as |ul| > -+ . Then by similar argument to the previous processes, we have that

w=pu, Aw, (3.47)

Where /.lw = hmnem /un ‘

Obviously, ||w|| =lL,w EF. Thus w>0 in RY and
w#0. It follows from the strong maximum principle (Lemma 2.6) that w>0
in R". By Lemma 2.1, the uniqueness of the principal eigenvalue implies that
u, =n2 /12 . In conclusion, Xf joins from (7712 12 ,0) to (< nt/ ,0). By the
definition of 7; the sign of u" is same as that of v". Thus there exist two

one-sign solutions (u*,v*) and (u’,v’) for

A €| min 1,i ,max i,i .
Ly 1, Iy 1,

Proof of Theorem 2.2. Let (u,v) is a one-sign solution of problem (1.1)
corresponding to . Since v is bounded in R", without loss of generality,
we assume that sup __, v(x)<1.

By the processes of Lemma 3.1, we have
u(x) = ,ujRN F(x—y)|p(y)f(v(y))dy. (3.48)

Note that (H1) and (H2), we get
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u(x)=ul |F(x—y)|P(J/)f(V(J’))dy

(3.49)
<pe, [ [P(x=2)p()v(y)dy.
Let 7(x)=c, IRN |F(x—y)|Q(|y|)dy , then we can see
N-2 Cy [+ Nl
x| 7(x) < N—2-[° P"0(p)dp. (3.50)
It follows from (3.50) that
|x|N_2 u(x)< pe,m(x) < ]\éliéz L:pr_lQ(p)dp. (3.51)

Since v(x) is bounded, then one has that
[ p () (v(0)dy <[ O(|¥)dy < c,Neoy [“p""0(p)dp.  (3.52)

Hence, for any ¢ >0, there exists d >0 such that

" fgd |F(x—y)|P(y)f(V(y))dy‘ <% (3.53)

and

J.de(y)f(v(y))dy‘ <4N(N-2)oye (3.54)

for all xeR", where Q, = {y eR" :|y| > d}. By Lebesgue dominated conver-
gence theorem, we obtain that

fim x| [, T(x=2)p(3) £ (v(»))dy = N (N =2)eo, [, p()f (v(»)) .

[x]—>+e0

(3.55)
where B, = {y eR"Y:|y|< d} . Then we have that

1

o2 IRNF(x—y)p(Y)f(V(J’))dy_M

[p()f(v(»))dy

<

[, p()f (v())dy

e

+

W [, T (=2)p(3) £ (v(¥))dy - [, P() S (v(5))dy

N(N-2)o,

[,,P(")f (v(»))dv

(3.56)

1

) N(N-2)o,

b f, T(x=2)p () £ (v(v)) dy-

&
+=.
2

Thus there exists d, such that

1
N(N-2)o,

&
< —
2

b [, T =2) ()1 (v(2)) dy - [, (7)1 (v())dy

(3.57)

forall |x|>d, . Therefore, we have
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N-2 1
o [ (e=2)p(0) S (V(y))dy—mfkwp(y)f (v(»)dy| <&
(3.58)
Hence, it follows that

Jim o () = NN =2)ay [[op(3) £ (v(2))d (3.59)

Thus there exist constants ¢,,c, >0 and ¢,,c, <0 such that
| l‘im |x|Nf2 ut = cl,‘ l‘im |x|N72 vi=c, (3.60)

and

‘l‘im |)C|Nf2 u = 03,‘ l‘im |)C|Nf2 Vi o=¢,. (3.61)

4. Conclusion

This article presents the result of an investigation into the existence of positive
solution and negative solution on R". Our results are not only in the given
configuration, but also extend single equation to system of equations. For the
first question, we apply the Rabinowitz’s global bifurcation theory and the
Dancer’s unilateral global bifurcation theory to determine the range of parame-
ter such that the existence of positive solution and negative solution. Under
some appropriate assumptions, we also get the decay of positive solution and
negative solution by fixing the parameter value on a small interval. We believe
that our work is a useful contribution to the existing literature on asymptotically

linear systems.
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