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Abstract

This paper concerns N-order fixed point theory in partially ordered metric
spaces. For the sake of simplicity, we start our investigations with the tripled
case. We define tripled generalized Meir-Keeler type contraction which ex-
tends the definition of [Bessem Samet, Coupled fixed point theorems for a
generalized Meir-Keeler contraction in partially ordered metric spaces, Non-
linear Anal. 72 (2010), 4508-4517]. We then discuss the existence and uni-
queness of tripled fixed point theorems in partially ordered metric spaces. For
general cases, we generalized our results to the N-order case. The results will
promote the study of N-order fixed point theory.

Keywords
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1. Introduction and Preliminaries

Banach contraction principle [1] is classical and powerful in fixed point theory.
It has been widely generalized (see [2] [3] [4] and others). Recently, fixed point
theory in partially ordered metric spaces has been presented by many scholars:
Ran and Reurings [5], Agarwal et al [6], Bhsakar and Lakshmikantham [7], Sa-
met [8], Berinde and Borcut [9], Amini-Harandi [10], etc., considered some
coupled and tripled fixed point theorems. For more fixed point theorems in par-
tially ordered metric spaces, one can refer to [11] [12] [13] and others.

This paper focuses on the tripled and N-order fixed point theory. For conven-
ience, we denote N* ={1,2,---,n,---} . Let (X,<,d) denote a partially ordered
set (X,<) endowed a metric d (Ze, (X,d) is a metric space). Our work is
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carried out on the following two preliminaries: a result about fixed point in par-
tially ordered metric space in [6] and a definition of generally Meir-Keeler type
function for the case of coupled fixed points in [8].

Lemma 1.1 ([6]). Let (X ,<,d ) be a partially ordered metric space and sup-
pose the metric space (X,d) is complete. Assume there is a nondecreasing
function ¢:[0,0)—[0,00) with ¢"(t)—>0 as n—>ow for each t>0. If
f:X > X isanondecreasing mapping with

d(f(x).f (v) < o(d(x.)).vx=y.

Assume that either

1) f iscontinuous or,

2) If a nondecreasing sequence x, — x, then x, <x,Vne N™.

If x,e X with x,< f(x,) then [ hasa fixed point. If for each x,ye X,
there exists z e X which is comparable to x and y, then the fixed point of f
Is unique.

Definition 1 ([8]) Let (X,<,d) be a partially ordered metric space and
F:XxX — X beamapping F is called generalized Meir-Keeler type function
ifforall £>0 thereexists 5(¢)>0 such that

xZu,ySv,gS%(d(x,u)+d(y,v))<€+§(€) w1
= d(F(x,y),F(u,v)) <e.

Let (X,<) be a partially ordered set with a metric don X, M=XxXxX
and F: M — X be a given mapping. Let < be the partial order on M:
(x, y,z) =< (u,v, w) < x<u,y<v,z<w. We employ the notion of tripled fixed
point introduced by Samet and Vetro which is investigated by Amini-Harandi
[10].

Definition 2 ([11]) An element x,y,ze X is called a tripled fixed point of
F-M->X if

F(x,y,z) = x,F(y,z,x) = y,F(z,y,x) =z

In this paper, we first define N-order generalized Meir-Keeler type contrac-
tion by adding some parameters (see Definition 3 and Definition 5), which is an
extension of Definition 1. Then we use a simple approach introduced by [10] to
discuss N-order fixed point theorems. We start our discussions with the tripled
case. Section 2 devotes to tripled fixed point theorems. Section 3 devotes to
N-order fixed point theory. Section 4 gives two examples to illustrate the results

obtained in Section 2.

2. Tripled Fixed Point Theory

Recalling that (X,<,d) is a partially ordered set with a metric d on X and
M=XxXxX.Let p be the metric and =< be the partially order on M.
For each (x,y,z),(u,v,w)e M, we define

p((x,y,z),(u,v,w))=d(x,u)+d(y,v)+d(z,w)
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(x,y,z)j(u,v,w)@xﬁu,yﬁv,zﬁw

and
(x,,2) < (u,v,w) < at least one of the inequalities x <u,y <v and z < w hold.
Now, we define tripled generalized Meir-Keeler type contraction which is a
useful tool for the following theorems in this section.
Definition 3 Let (X,<,d) be a partially ordered metric space and
F:M— X be a mapping. F is called a tripled generalized Meir-Keeler type

contraction iffor all & >0 there exists 5(&)>0 such that

(x,y,z) = (u,v,w),g S%[ld(x,u)+kd(y,v)+jd(z,w)] < 8+5(8) 1)

= d(F(x,y,z),F(u,v,w)) <¢

where l,k,j are constants with 0<[+k+ j<3.
Theorem 2.1 Let (X,<,d) be a partially ordered metric space. Let 1k, j
be the given constants with 0<Il+k+j<3.If F: M — X Isa tripled genera-

lized Meir-Keeler contraction mapping, then
d(F(x,y,z),F(u,v, w)) < %[Zd(x,u)+kd(y,v)+jd(z, w)]

forall (x,y,z)=<(u,v,w).
Proof. Let (x,y,z),(u,v, w) e M such that (x,y,z) < (u,v, w). Then it fol-
lows that

%[Zd(x,u)Jrkd(y,v)Jrjd(z,w)} > 0.
Setting
& :%[ld(x,u)+kd(y,v)+jd(z,W)],
we have

0<e :%[ld(x,u)+kd(y,v)+jd(z,w)} <e+6().

By F:M — X being a tripled generalized Meir-Keeler type contraction,
then

d(F(x,y,z),F(u,v,w)) <¢ :%[ld(x,u)+kd(y,v)-i—jd(z,w)]. ]

Let F: M — X be a mapping. We say Fis nondecreasing in each of its va-
riables if
XX € X, x <X, = F(x,9,2)<F(x,,5,2),¥y,z€ X,
VoY, €X, <y, = F(x,y],z)<F(x,y2,z),Vx,z eX,
and

z,2,€X,z <z, :>F(x,y,zl)<F(x,y,zz),Vx,yeX.

By the monotone property of F, we can get
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(x,3,2),(u,v,w) e M, (x,3,2) < (u,v,w) = F(x,y,2) < F (u,v,w). (2.2)
Forall ne N*, n>1, we define:
F" (x, y,z) = F(F"_1 (x,y,z),F"_1 (y,z,x),F"_1 (Z,x,y)) (2.3)

with F'=F.
In order to investigate the tripled fixed point of £ we introduce a mapping
T: M — M which is defined by

T(x,y,2)=(F(x,3.2),F (y.2,x),F (z,x,y)). (2.4)
Obviously, by the definition of p , we have
p(T(%,2.2),T ()
=d(F(x,y,2),F (u,v,w))+d(F(y,z,x),F (v,wu)) (2.5)
+d(F(z,x,y),F (w,u,v)).

Simultaneously, by (2.3) and (2.4), we have
7" (x,3,2) = (F" (x.9.2). F" (y.2.x).F" (z.x.))
with 7' =T, and we have
F"(x,y,2)= F(T”’] (x, y,z)).

Theorem 2.2 Let (X,<,d) be a partially ordered metric space and 1.k, j
be the given constants with 0<l+k+ j<3.Let F: M —> X be
nondecreasing in each of its variables and be a tripled generalized Meir-Keeler
type contraction. There exist (x,y,z),(u,v,w)e M with (x,y,z)<(u,v,w).
Then, for ne N, we have

1) T"(x,y,z)<T" (u,v,w);

2) p(r" (x, y,z),T”+1 (u,v, w)) < p(T” (x, y,z),T” (u,v, w));

3) plT" (x,y,z),T” (u,v,w)) —>0,n—> 0,

Proof. We first prove 1). Since (x,y,z)~<(u,v,w), due to the monotone
property of Fand (2.2), we have F(x,y,z)<F(u,v,w), F(y,z,x)<F(v,w,u)
and F(z,x,y) < F(w,u,v). By T'=T and (2.4), 1) holds for n=1. Now we
assume 1) holds for ne N'*, ie

(F" (x,y,z),F" (y,z,x),F" (z,x,y))
=7" (x,y,z) <T" (u,v,w)

T
:(F” (u,v,w),F" (v,w,u),F" (w,u,v)).

Then, we obtain
F(F" (x,y,z),F” (y,z,x),F” (z,x,y)) < F(F” (u,v,w),F” (v,w,u),F" (W,u,v))

which means F"*'(x,y,z)< F"" (u,v,w). Using the same strategy, we have
F! (y,z,x) < F"™! (v, w,u) and F™ (z,x,y) < F"! (w,u,v) . Hence we have
" (x,y,2)<T"" (u,v,w), that is, 1) holds for n+1. Simultaneously, we can
also obtain that 7" (y,z,x) <T" (v,w,u) and T" (z,x,y) <T" (w,u,v) .

Now, we prove 2). We consider
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(T (x.3.2). T (v, w))
= d(F"” (x,3,2), F"" (v, w))-i—d(F”” (y,2,%), F" (v, w,u))
+d(F"™ (z,2,),F"" (wu,v)).
It follows from Theorem 2.1 and 1) that
d(F" (x,y,2),F"™" (u,v,w))
=d(F (1" (x.p.2 ) ( " (u,,w)))
[ (F" (x..2).F" (u,v,w)) + kd (F" (y,2,x), F" (v,w,u))

+]d( (z,x,y),F (w,u,v))],

( Y.z, x), " (vyw, u))
=d(F(1" (r.2 x) ( " (vowa)
[ ( (v,z.x), F" (v,w u))+kd(F” (z,x,y),F"(w,u,v))

+jd (F" (x,3,2),F" (u,, W))}

and
d(F" (z,x,),F"" (w.u.v))
=d(F (1" (z.%,9)), F(T" (w,,v)))
< %[ld(F” (25, 0), F" (w,10,0) )4 kd (F" (%, 3,2), F" (1, )
+ Jd(F" (3,2,%),F" (v,wu)) |
Thus,

p(T"”(x y.z), T””(u,v,w))
3 l+k+] |:d(F x v, z (u,v,w))+d(F" (y,z,x),F”(v,w,u))

F" (w u v))}
(u v, w))

Last, we prove 3). From 2), we know that lim p(T” (x, y,z),T” (u,v, w))

( "(z,x,y),
<p( (xyz)T

exists. If lim, ,, (7" (x,,2),T" (1,v,w)) # 0 , we suppose that
m%p(r" (x,2,2),T" (u,v,w)) = £ > 0. (2.6)
Then it follows that
%p(T" (35,9,2). 7" (v w)) 2 21 € N

By (2.6), we have
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liml[ld(F” (x,y,2),F" (u,v,w))+kd(F" (v,z,x),F" (v,w,u))

n—w 3
+jd<F" (z,x,y),F" (w,u,v))] =
which implies that there exists m,, € N such that

£< %[ld(F'"o (x,3,2), F" (u,v,w)) + kd (F"™ (3,2,%), F™ (v, w,u))

+jd (F™ (z,%,9),F™ (wu,v)) | 2.7)
<e+6(s).
Since Fis a tripled generalized Meir-Keeler type contraction, we get
&> d(F(F™ (x,0,2), F" (1,2,%),F" (z,x,)),
F(F™ (,v,w),F"™ (v,w,u), F" (w,,v)) (2.8)

= d(F'"0+l (x,y,z),Fm"+l (u,v, w))
By (2.7), we also have

g S%[kd(Fm" (y,z,x),F"’O (v,w,u))+jd(Fm° (z,x,y),Fm" (w,u,v))

+ld(F'"° (x,y,z),F”’" (u,v, w))}
<e+d(e),
and

& S%[jd(F'"o (z,x,y),F™ (w,u,v))+ld(Fm° (x,9,2),F"™ (”’V’W))

kd (F™ (3,2,%),F™ (v,w,u) |
<e+6(¢).
Then, we get
e>d(F™" (y,2,x),F™" (v,wu)) (2.9)

and

& >d(F'"0”(z,x,y),F'""“(w,u,v)). (2.10)
From (2.8)-(2.10), we get

%p(T”"’+l (x,,2),T™" (u,v, w))
= %[d(F’”"” (x, y,z),F’"0+1 (u,v, W)) +d (F'""+1 (v, z,x),F"")+1 (v, w,u))
+d (Fm0+1 (z,x,y),F'""+1 (w,u,v))]
<e.
This is a contradiction. The proof is completed.
From the definition of 7, we observe that the fixed point of 7 is exactly the
tripled fixed point of F; that is,

(x,y,z):T(x,y,z) <:>x:F(x,y,z),y: F(y,z,x),z:F(z,x,y).
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We will obtain the tripled fixed point theorems by investigating the fixed
point of 7.

Theorem 2.3 Let (X,<,d) be a partially ordered metric space and (X,d)
is a complete metric space. Let l,k,j be the given constants with
O<l+k+j<3.Let F:M— X be nondecreasing in each of its variables and
be a tripled generalized Meir-Keeler contraction. T : M —> M be a mapping
defined as (2.4) satistying that there exists (x,,y,,z,)e€ M with
(X05¥0:20) 2 T (xy, 92, ) - Then, there exists (x*,y*,z*) e M whichisa
tripled fixed point of F, if either

1) Fis continuous or

2) a nondecreasing sequence (x,,y,,z,)— (x,y,z), then
(%5 2,,2,) 2 (x,3,2),Vne N*.

Furthermore, if

3) for (x,y,z),(u,v,w)e M, there exists (a,b,c)e M that is comparable
to (x,y,z) and (u,v,w), we get the uniqueness of tripled fixed point of F and
x =y =z

Proof. Since (.X,d) isa complete metric space, it is obvious that the metric
space (M,p) is complete. By Theorem 2.2, T'is non-decreasing. Meanwhile, by
Theorem 2.1 and (2.5), for each (x,y,z),(u,v,w)e M with

(x,,2) < (u,v,w), we have

p(T(x,y,z),T(u,v, w))
=d(F(x,y,z),F(u,v,w))+d(F(y,z,x),F(v,w,u))+d(F(z,x,y),F(w,u,v))

<%(1+k+j)p((x,y,z),(u,v,w)).

By Lemma 1.1, we deduce that 7 has a unique fixed point denoted by
(x*,y*,z*) , then (x*,y*,z*) is the unique tripled fixed point of F.

However, we can check that ( y*,z*,x*) is also a tripled fixed point of £ In
fact, since (x*,y*,z*) is the tripled fixed point of F, ie.,
x = F(x*,y*,z*),y* = F(y*,z*,x*),z* = F(z*,x*,y*) , we have

y* _ F(y*’z*,x*),z* _ F(Z*,x*’y*)’x* _ F(x*’y*,z*)

which implies that ( y*,z*,x*) is also a tripled fixed point of F. By the unique-
ness, weget x =y =z . |

Corollary 1 Suppose that all the hypotheses of Theorem 2.3 are satisfied, then
the tripled fixed point (x* s y*, z*) can be deduced by

F" (xo,yo,zo) S x L F" (yo,zo,xo) - y*,F" (zo,xo,yo) -z, as n— . (2.11)
Proof. By examining the proof of Theorem 2.3, (x*, y*,z*) is actually the
fixed point of 7on M. According to the proof of Lemma 1.1 in [6], we have
,I,ETOIOT’I (x5 ¥0-20) = (x*,y*,z*).
By the definition of 7", we can easily get (2.11). U

Theorem 2.4 [n addition to the hypotheses of Theorem 2.3 except (3), we
have x" =)' =z by adding the hypotheses (3): X,,y,,z, in X are compara-
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ble.

Proof. Without the restriction of the generality, we assume that x, <y, <z, .
Setting (x,,3,.2,) = (%), 9.2,) and (u,v,w)=(,.2,.2,) » it’s easy to see
that (x,,»,,z )= (u;,%,w ). From Theorem 1.1, we have
p(T” (x5, p1,2,),T" (ul,vl,wl)) —0 as n—> o, which implies that

d(F” (x,y,2),F" (ul,vl,wl)) —0,n > o,
ie,

d(F" (xy.39:2)) . F" (¥9:2:2,)) > 0.1 > . (2.12)
By the similar strategy, setting (x,,,,2z,)=(»,2,,%,) and

(“stz,Wz):(yo,Zo,zo),we can get

d(F"(yo,zo,xo),F”(yO,zo,zo))—>0,n—)oo. (2.13)

It follows from the triangular inequality that
d(x",y" ) <d (%" F" (020,20 ) ) +d (F" (%0, 30:20 ) F" (395 2002))
+d(F" (§9:20:20)» F" (¥01Z0 %0 ) )+ d (F" (39120 % )> ")
Taking the limit as 7 — o, by (2.11), (2.12) and (2.13), we get x = y".
Similarly, by setting
(x3,73523) = (V95 290 %0 )5 (55 v5, w3 ) = (20,205 0 )
and
(x4, 4-24) = (20, X5 Y0 ) (g, v Wy ) = (205205 35 ) »
we can get two equalities,
d(F" (39:20:% )» F" (29,29, %)) = 0,1 > 0 (2.14)
and
d(F" (29:%:0)» F" (20,20, )) = 0,1 > 0 (2.15)
respectively. Then it follows from (2.11), (2.14) and (2.15) that
d(y".27)<d (¥ F" ($0:20:% ) )+ d (F" (3920 % )- F" (20,20 30))
+d (F"(29:20:30 ) F" (202505 %0) ) +d (F" (20235, ). 2")
— 0.

We get " =z". Hence we have x =y " =z". O

3. N-Order Fixed Point Theorems

Let (X,<,d) be a partially ordered set with a metric don X. Let K=X", p
be the metricon X and =< be the partially order. For each
x=(x,,xy ),y = (3., yy) €K, we define
n(x,y)=d(x,,y,)+-~+d(xN,yN)
X2y xSy Xy Sy

and
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x <y < there exists 1 <i < N, such that x, < y,.

Definition 4 [11] Let X be a non-empty set and F :K — X be a given map-
ping. An element x €K Iis called a N-order fixed point of F if

X =F (x5 )%, = F (0,0 ), Xy = F (xy,x,,xy ).

We introduce generally N-order generalized Meir-Keeler type contraction.

Definition 5 Let (X,<,d) be a partially ordered metric space and F:K — X
be a mapping. F is called a N-order generalized Meir-Keeler contraction if for all
£>0 thereexists §(&)>0 such thatfor x,y ek
kd (xp, p, )+ +kyd (xy,yy)

x=<ye<
2y N

<e+6(¢) (3.16)

:d(F(x),F(y))<8

where k,---,k, areconstants with O0<k +---+k, <N.
Substituting the tripled case with N-order case in the discussions of Section 3,
by the similar strategy, we can obtain the same results with Theorem 2.1, Theo-

rem 2.2, Theorem 2.3, Corollary 1 and Theorem 2.4.

4. The Examples

This section provides two examples to illustrate Theorem 2.3 and Theorem 2.4.
Example 1 This example is aroused by [13]. Let X =R, d(x,y)= |x —y|

and F: M — X, defined by

_A4x—4y+3z+1

- 15 '

F

It is easy to check that Fsatisfies all the hypotheses of Theorem 2.3 with

l=1,k=1,j=%,5(£)=%g

and (x*,y*,z*) = (%,%,éj is the unique tripled fixed point of .

Example 2 Let
X ={(01).(0.2).(13).(1.0).(2.0).(3.0)}.

FOI' x:(xlsxz)ay:(yl’yz)EX’ d(X,y):|x1_;V1|+|x2_J’2| and
X2y x <y,x,<y,. F:M— X isdefined by

F(x,y,z)= {(0,3), x,,2€{(0,1),(0,2),(0,3)}

(3.3), xy.ze{(11).(2,0),(3,0)} (4.1)

It is easy to check that:

1) Fis continues on M;

2) Fis a tripled generally Meir-Keeler type contraction. In fact, we can deduce
that

d(F(x, y.2),F (u,v, w)) =0 for each (x,y,z) = (u,v,w);

3) Setting x, = y, =z, =(0,1) , then we have
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F(xy,99:20) = F (345 205%0 ) = F (245 %45 ¥, ) = (0,3) . Clearly, we have
(x():)’o:zo) = T(xo:)’oazo) ;

4) Setting (x,y,z)=(0,1,0,2,0,3),(u,v,w)=(1,0,2,0,3,0), there are no ele-
ments in M which are comparable to (x,y,z) and (u,v,w).

The above 4) implies that F doesn’t satisfy all the hypotheses of Theorem 2.3.
However, the above 1)-3) imply that Fsatisfies all the hypotheses of Theorem 2.4,
then Fhas the unique tripled fixed point (x*,y*,z*) with x"=y"=z"=(0,3).

5. Conclusion

In this paper, we extend the definition generalized Meir-Keeler type contraction
to N-ordered case. And we use it to discuss N-order fixed point theorems. In

future work, we will study N-ordered fixed point theory with invariant set.
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