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Abstract

This paper deals with the some oscillation criteria for the two dimensional

AX, =Dy,
difference system of the form: . Examples il-
Ay, =-ax’ ,n,eN =123,

n = " %%

lustrating the results are inserted.
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1. Introduction

Consider a nonlinear two dimensional difference system of the form
Ax, =D, yy
Ay, =-ax’ ,n,eN =123,

n = %%

(1.1)

where {a,} and {b } are real sequences and neN(n,), a and B are
ratio of odd positive integers.

By a solution of Equation (1.1), we mean a real sequence {X,} which is
defined for all n>n; and satisfies Equation (1.1) forall ne N(n,).

In the last few decades there has been an increasing interest in obtaining
necessary and sufficient conditions for the oscillation and nonoscillation of two
dimensional difference equation. See for example [1]-[10] [11] and the
references cited therein.

Further it will be assumed that {b,} is non-negative for all nxn,,
u’ —v/

u-v (

uf —vf = u—v) for all u, v.
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The oscillation criteria for system (1.1), when
Da = (1.2)
studied in [12]. Therefore in this paper we consider the other case that is

Sa, <o (13)
S="gp
and investigated the oscillatory behaviour of solutions of the system (1.1). Hence
the results obtained in this paper complement to that of in [12].
We may introduce the function A, defined by

A = ias,neN(no) (1.4)

s=n+1

Throughout this paper condition (1.2) is tacitly assumed; A, always denotes
the function defined by (1.3).

In Section 2, we establish necessary and sufficient conditions for the system
(1.1) to have solutions which behave asymptotically like nonzero constants or
linear functions and in Section 3, we present criteria for the oscillation of all
solutions of the system (1.1). Examples are inserted to illustrate some of the

results in Section 4.

2. Existence of Bounded/Unbounded Solutions

In this section first we obtain necessary and sufficient conditions for the system
(1.1) to have solutions which behave asymptotically like nonzero constants.
Theorem 2.1. If

2IA[ <o 2.1)
n=ng
and
i BY <oo (2.2)
n=ng

are satisfied, then for any constant c=0, system (1.1) has a solution
({%,}.{¥n})- such that

X, :c+o[i(|;\|“+sg)] (2.3)

s=n
Yo =O(|A/[+B,)
as n — oo, where
B,= > |A[™" (2.4)
s=n+1
Proof. We may assume without loss of generality that ¢ >0. Let
c 3c
u=maxju’; = <u<=
2 2
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choose A >0, so that
Mo (u) == (2.5)

andlet N eN(n,) belarge enough such that

M ()" iN|A1|“ << (2.6)
M (4)" 3B << (27)

and

(2.8)

Let Bbe the space of all real sequences y={y,},n>N with the topology of
pointwise convergence. We now define X to be the set of sequences x e B . such
that

X —C sE,nzN (2.9)
" 2

and

|X”1 - an

sM((;:)“|Ra+(ﬂ)“ Bﬁ)|nl—n2|,nl,n22N. (2.10)

where |KN | =sup(|A,|:n=N) and define ¥ to be the set of sequences yeB.
Such that

|Vo| < u|A |+ AB,,n =N, (2.11)

Let T, and T, denote the mappings from X xY — B defined by

T(xy) =C-Yhby“n>N (2.12)
and
© X8 —xP
T,(xY), :ijnﬁ+1+z,%bsys“Lxs,nz N. (2.13)
s=n s+l ~ s

Finally define T:X xY —- BxB by
T(x, y):(Tl(x, y),Tz(x,y)),(x,y)e X xY (2.14)

Clearly X xY isabounded, closed and convex subset of BxB.
First we show that 77maps X xY into itself. Let (X, y) e X xY . From (2.11),

we have
ye <(u)*|A"+(2) B ,n=N.

and so, using (2.6) and (2.7), we see that
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Sbye <M ((w) AL +(2) (B.)')
<M (u)" Y |A"+M( ;B”

Now from (2.12) it follows that

|T1(x, y)n —c|s%,n2 N.

Moreover,

(), —Tl(x, y)nz
np,-1
= 2b.ys
s=ny
<M ((u)’ I%I“ + ﬂ)“ B“)|n |
for n,,n, >N . This implies that T, (X, y)e X . Next from (2.13), we have

Ty, <l [+ Mo 3 [A]((w)" AL +(2)" 87 )

slvl w) A"+

<ulA[+MS(u) 3 |A[ M) S |A B!

s=n+1 s=n+1

<ul 28, e ma(2) B, S |

s=n+1

< u|A|+2B,,n=N.

where conditions (2.5), (2.7) and (2.10) have been used. Thus T,(x,y)eY
Hence T (X, y) e X xY as desired.

Nowlet (X,y)=(X,,Y,)€ X xY and foreach i=12,-.Let
(X' y') (Xr'],yél) be a sequence in X xY . Such that .'L”l (Xi,yi)—(x, y)H:O
,)|=0 and hence T

Then a straight forward argument Ilm“T X! yn) T (X,

is continuous.

Finally, in order to apply Schauder-Tychonoff fixed point theorem, we need to
show that T(XxY) is relatively compact in BxB. In view of recent result of
cheng and patula [8] it suffices to show that T(X xY) is uniformly cauchy in
BxB. To prove this, it is enough to show that T, (X xY) and T,(XxY) are
uniformly cauchy in B To this end, let (X,y)=(X,,Y,)€ X xY and observe
that for any k>n2> N, we have

L6 Y) ~T(xy),|<

and

|T2 (X! y)k _Tz (X' y)n

=2ulA M5 3 A () [A] +(2) B

It is now clear that for a given ¢ >0, we can choose N; >N, such that
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k>n>N, , imply |Tl(x, y), —T(x, y)n| <e and |T2(x, y), —To (X y)n| <e .
Thus T,(XxY) and T,(XxY) are uniformly cauchy and so T(XxY) is
uniformly cauchy. Thus T (X xY) is relatively compact.

Therefore by Schauder-Tychonoff fixed point theorem, there is an element
(X, y) e XxY suchthat T (X, y) = (X, y). From (2.12), (2.13) and (2.14)

X, =c—> by¢ (2.15)
s=n
- xP —xP
Yo = AXra+ D) Abys - (2.16)
s=n+1 s+1 Xs

From (2.15) and (2.16), we see that ({xn} ,{yn}) is a solution of then system
(1.1) with the properties (2.3) and (2.4). This completes the proof of the
theorem.

Corollary 2.2. Assume (2.1) and (2.2) are satisfied. Then for any c=0
system (1.1) has a nonoscillatory solution ({xn} AYn }) such that

X, =c+0(1),
Yo = 0(1)

as n— o . The proof is left to the reader.

(2.17)

Before stating and proving our next results, we give a lemma which is
concerned with the nonoscillatory solution of (1.1).

Lemma 2.3. Let ({x,},{y,}) be a solution of (1.1) for n>N eN(n,) with
X, >0 forall n> N .Then

B B
a1 X — X

by X _Xn
Y <® (2.18)
i=N Xi X
and
b. yg+1 Xi{l — Xiﬂ
171
> X . — X
B D . B (2.19)
n+1 i=n+1 Xi+1Xi

for n> N ,where ¢ isanonnegative constant.

This lemma has been proved by Graef and Thandapani [3] and is very useful
in the following theorems. In our next theorem, we establish a necessary
condition for the system (1.1) to have nonoscillatory solution satisfying
condition (2.17).

Theorem 2.4. Assume that A >0 for all neN(n;). Then a necessary
condition for the system (I.1) to have a nonoscillatory solution ({x,}.{y,})
satisfying (2.17) is that

>, A7 <o and Zb( ibs#\?“j <. (2.20)
n=ngy n=ng s=n+1

Proof. Let (X,,Y,) be a nonoscillatory solution of the system (1.1) for
neN(n,). Since b, is not identically zero for neN(n,). Hence X, is
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nonoscillatory, without loss of generality, we may assume that X, is eventually
positive for neN(n,). From Lemma 2.3, we have y, >0 for n>N>n, and

A1Xn+l
and
/3 B
b ya+1 |+1 Xi
L X — X
Vo2 Xy 2 ———5 57— =N, (2.21)
i=n+1 X X|+1

Since A, >0 as n— oo, from the first equation of system (1.1), we obtain

for n>N,

&%, b, (AXE,) 2B, (A) (X0)'

and hence

Zb A< Zl Afﬂ (2.22)

= s+1

Define y(t)=x,+(t—n)Ax,,n<t<n+1. If Ax, >0, then X, <y(t)<x,,
and

L PRAUIE. (2.23)
X 7(t) Xy
If Ax, <0, then X, <y(t)<x, and (2.23) again holds. From (2.22) and
(2.23), we obtain

n-1 Xn ds
b A” <
S:ZN & XJ; (S)aﬂ

which in view of the boundedness of x, implies that

Db, Al <o, (2.24)
n=N
From the second inequality of (2.21) and the following inequality
ﬁ s p s
a1 Xna — X a af X4 — X
b y ! - . b A‘I( n+1) (Ah) (Xn+l) - .
Xni1 ~ %n Xns1 — %n >db A:Hl n>N
> >db, ,
Xnﬂxrﬁrl Xnﬂ Xr,lb;l
where “d” being the constant, we see that
a+l
de& <ﬁ
s=n+1 n+1

Since Y bA”" —>0 as n-—> oo, from the first equation of system (1.1), we

s=n+1

obtain for n> N

AX, 2b, ( (%2.) Sh, Ag“j

s=n+1

> b, (d) (x2.) (ZbA:”j

s=n+1
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Hence

(@ So( Soa | <3S <]

i=s+1 s=N (Xﬁ )a XN (S)aﬁ

which in view of boundedness of X, implies that

ibn ( i b, A,““j <o (2.25)

i=n+l

The inequalities (2.24) and (2.25) clearly imply (2.20). This completes the
proof.
we conclude this section with the following theorem which gives a necessary

condition for the system (1.1) to have a nonoscillatory solution of the form

X, =n(c+0(1)),y, =c+0(1), asn— oo, (2.26)

Theorem 2.5. Assume A >0 for neN(n;). The system (1.1) has a
solution of the type (2.26) for some c =0, then

- K (n+1)" —kfn”

n=ngy k2

A <o (2.27)

for some Kk, k, #0.
Proof. Let (X,,Y,) be a solution of (1.1) satisfying (2.26). we may assume
¢ > 0. Then there is an integer N € N(n, ). such that

cn
7£xn§20n forn>N.

From Lemma 2.2, it follows that

B B
b ya+1 Xs+1 Xs
2 X,y — X
y gxnﬁﬂ + A1Xf+1 + Xr/1}+l B S,; : (228)
s=n+1 Xs Xou

for n> N, where ¢ is a nonnegative constant. Also from the second equation

of (1.1), we have
xil x!
=+ AXL.— ZAsb o (2.29)
where S =Y, ,—A, X combining (2.28) and (2.29), we have

B B
b a1 X1 — X

ﬁ ﬂ o0 s7s X _ X n Xﬂ — Xﬂ
S+1 S a s+l S

9Xn+1 + X BB - ﬂ - ZAsbs Ys (2'30)
s=n+1 Xs Xsi1 s=N X1 =X

since y, >0 by (2.29), (2.30) implies

s B
X —X
Z/x e <o (2.31)
X —X

Using the inequality y, > A, ( M) in (2.31) we obtain

L Nl

a+ Xn1 n

Zb AHyeh Tl T <o
Xnp1 = Xy
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B B

X X
If either —™.—" is nonincreasing or nondecreasing holds, then (2.27)
Xnpr = %y

follows. This completes the proof of the theorem.

3. Oscillation Results

In this section we establish criteria for all solutions of the system (1.1) to be
oscillatory. First, we consider the case where the composition of functions is
storngly superlinear in the sense that

“f du

L)

and

I(%;<wfmaﬂc>a (.1)
—c (U

Theorem 3.1. Let A >0 for ne N(n,) and (3.1) hold. If

b, [(An Y+ y bs&“”] = o, (3.2)

n=ngy s=n+1

then the difference system (1.1) is oscillatory.

Proof. Assume the existence of nonoscillatory solution ({x,},{y,}) of the
system (1.1) for n>N eN(n,). As in the proof of the Theorem 2.4, we may
assume that X, >0 for all n>N . From Lemma 2.3, we have (2.22) Now

following argument as in the proof of Theorem 2.5, we obtain

2 o -1Axs s
st(ﬁ% <.[ a[f’ =

s=N $= N Xs+l xN

Because of condition (3.1), the last inequality implies
>b,(A)" <. (3.3)
n=N

Next from the second inequality (2.21), we have

> b, A () (X X

> Xﬂ )s n+l
yn ( n+1 (X _XS)Xf

s+1

The last inequality implies

o> (x)d S bA™n
s=n+1
Again using the argument as in the proof of Theorem 2.5, we obtain

dagb [ZbAaJrlja Snz s <-f dU

i=s+l s=N X (U) @

for all n=> N . So by condition on (3.1), we have

3, [ >h A“”j <o (34)

i=n+l
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The inequalities (3.3) and (3.4) thus obtained clearly contradicts (3.2). This
contradiction completes the proof of the theorem.
Our final result is for the case when the composition of function is strongly
sublinear in the sense that
C
™

(3.5)

T du

- <
aff a
°((w)”)
forall ¢>0 and A>0.
Theorem 3.2. Let A >0 for neN(n,) and (3.5) hold. If
20, ARY = (3.6)

n=ngy
n
where R, = )b, then all solutions of the system (1.1) are oscillatory.
s=ny
Proof. Let ({Xn},{yn}) be a nonoscillatory solution of the system (1.1) for
n>N eN(n,). As in the proof of Theorem 2.5, we may assume that X, >0
for n> N . From the Lemma 2.3 we have (2.21). Now summing the second

equation of system (1.1) from (n+1) to j we obtain
p

—X
yﬂ = yJ A Xfﬂ + wanﬂ + z A‘sb ys Sﬂ s (37)
s=n+1 Xoa = X
for j>n+1>N.Note that
B B
Xop1 — X
Z Ab,ys =H—- <. (3.8)
s=n+1 =X

Since otherwise it would follow from (3.9) that y. — i —AX? >

i X1 ——00 as | —>w,

which contradicts the first inequality of (2.21). Therefore letting j— oo in
(3.9), we obtain

xP —x”
=n+AXx’, +szn‘11ASb yo = " = n>N. (3.9)
where
= !Ln;(y ijf}u) 0.
Define
K, = Zb AT (3.10)
s=n+l

and in view of first inequality of (2.21) and (3.7), {x,} is convergent.
From (3.11) and (3.12), we have y, > Ax,,n>N.
Now substituting the value in the first equation of (1.1) and then summing the

resulting inequality, we obtain

Now using conditions (3.7) and (3.8)
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bn (A1 )0"*'1 (Xn+1 )aﬂ >b A—?Hl (R )aﬂ
((2,2)")

since Ak, , =—b, (A,) (X,..)" , the above inequality can be written as,

-AK, 4

((/11(”71 )aﬁ)

observe that for x, <t<x, ,, we have ((/11(”71) / )a > ((ﬂt)aﬂ )a , and therefore

—>b A (R,)” (3.11)

—A Kn-1
Koa o dt (3.12)

(2 )”) = ((20)7)
Hence from (3.13) and (3.14), we obtain

t dt > n_lb alpap
xjn((,u)“")“ _ZN AR

which, in view of condition (3.5) and (3.8) provides a contradiction. This

completes the proof of the theorem.

4. Examples

Example 4.1. Consider the system

AX, =2.3"y?

4 (4.1)
Ayn—l = 3_nxr?
-4 a 5 B 5 .
=3—n, Yo =Y, X, =X,. All the necessary conditions
of Theorem 3.1 are satisfied and hence the system (4.1) is oscillatory. Here,

Here b, =23, a,

n+1
(X, Y,) = [(_1)“ {(—;2 }J is an oscillatory solution of the system (4.1).

Example 4.2. Consider the system
1

AX, = yn5
—(4+ (-1)" (4n +1)) (4.2)
Ay, = n(n+1) X,,n=1
—(4+(-1)"(4n+1 1
Here b, =1, a,= ( S )), y*=y? and x/=x, with
n(n+1)

A= 4+(-1)

n
Hence all solutions of the system (4.2) are oscillatory.

,n>1. we see that all conditions of Theorem 3.2 are satisfied.
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