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Abstract

In this paper, the entropy number of diagonal operator is discussed.
On the one hand, the order of entropy number of the finite dimen-
sional diagonal operator D, : [;* — [j*(1 < g < p < 00) is estimat-
ed. On the other hand, the order of entropy number of a class of
infinite dimensional diagonal operator D : [, — I,(1 < ¢ < p < 0)
is estimated.
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1. Research Background

Entropy number, as an important content of approximation theory,
has been paid attention by many researchers. Its estimation and
many optimal problems, such as information-based complexity, op-
timal number estimation and so on are closely related. The main
research object of entropy number is based on the basic function class
which is widely used in modern analysis and calculation mathematics,
including Sobolev, Hélder-Nikolskii. The main purpose of Besov and
some classes of analytic functions is to find the best approximation
set and the best approximation method for the class of functions in a
certain sense, and to estimate the order of the best approximation.

2. Introduction

The entropy number of function space has been extensively and deeply
studied during the last decade, and a series of splendid results have
also been achieved [1-11]. However, estimating the entropy numbers
of the function space is not an easy task. The common method is to
convert the entropy number of estimating function space into the en-
tropy number of estimating sequence space. Hence, it is particularly
important to estimate the entropy number of the sequence space. This
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paper discusses the entropy number of diagonal operator. First, we
introduce the notion of the entropy number.

Definition 1.1 Let X be a bounded linear space, n € N =
{1,2,3,---}, and B be a subset of X. Then the quantity

5n(Bv X)
:=inf{e > 0: B can be covered by 2"~ balls with radius ¢ in X}

=inf sup inf |z —
iof sup  inf |z —yll

(1)

is called entropy number of B. Where M,, runs over all the subset in
Y with | M,, |< 271

Definition 1.2 Let (X,| - ||)x and (Y, - ||)y be two normed lin-
ear spaces, T : X — Y be a bounded linear operator, and n € N.
Then the quantity

en(T) :=en(T: X - Y) = en(T(Bx),Y) 2)

is called the entropy number of operator T. Where Bx is the unit ball
of X.

The detailed inforation of entropy number can be found in refer-
ence [1]. In this paper, we estimate the entropy number of diagonal
operator. First, we introduce the sequence space .

I,(1 < p < 00) denotes the classical real sequence space with norm

%) 1/p
(zw) C1<p<s,
n=1

sup |, p=co.
neN

3)

I, =

where, z = (z,,) is a real sequence. The unit ball of I, is denoted by
B

-

We also denote the m-dimensional sequence with norm [| - [|im as
usual by ;" , and B}’ (r) denotes the ball of radium r in Ly, especially,
B™ := B™(1).

Now, we present the diagonal operator.

Dy I — 17" (1 < p,q¢ < o0) denotes the m-dimensional diagonal
operator. Where D,z = (0121,02%2,++ ,0mTm), and o1 > o3 >
20 >0, ={xs ) €10

D :l, —1,(1 <p,q < oo) presents the infinite dimensional diagonal
operator. Where Dz = (0121, 0922, -+ OpTn, ), T ={xn} € .

This paper mainly discusses the entropy number of operator D,, :
=M1 <p<qg<oo)and Dl = (1 <p<gq< oo,
while, estimates their sharp orders. The structure of the paper is as
follows: In the second section, we deal with the entropy number of
finite dimensional diagonal operator. The entropy number of infinite
dimensional diagonal operator is considered in the third section.

For convenience, it is assumed all the time, that ¢;(i = 1,2,...) is
a positive constant which is associated with the parameters p, q. For
two positive functions a(y) and b(y),y € D, if a(y) < ¢1b(y), then
a(y) < b(y). If cza(y) > b(y), then a(y) > b(y). If a(y) > b(y) and
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a(y) < b(y), then a(y) < b(y).

3. The Entropy Number of Finite
Dimensional Diagonal Operator

Shiitt discussed the entropy numbers of the diagonal operator in finite
dimension case in [2]:

Theorem 1.1 [2] Assuming that 1 <p < ¢ <oo,n €N, and [ is the
identity operator from [* to [j". Then

1, 1 <n <logm,
en(I) = (%)A, logm < n <m, (4)
2= mm = n>m.

In this section, the entropy number of finite dimensional diagonal
operator is discussed. The following theorem is the main result of this
section. To prove this, first,we give t lemma.

Lemma 1.2 Let p > 1, and 1%4—% = 1 (let us say p, q is a conjugate),
if f € L,, the holder inequality implies

| / F(t)g(t)dul < ( / | £(t) 1P d)( / | g(t) |7 du)’ (5)

Theorem 1.2 Let 1 < ¢ <p<oo,n€N. Then

n 111
sup 27%(01...0,)Fka P K e, (Dp)
1<k<m

D=

(6)

_n i 1
< sup 2 k(01...0%)kma
1<k<m

Proof. Estimating the upper bound of the theorem 1.2.
Let D' : 1, — lg be the diagonal operator from [, to [, . Where
z = () €lp, D'z = (o)zK), 0p = 0, if n > m. Then D’ is a bounded

linear operator from I, to l,. According to ( [1], P16. Proposition
1.3.2), and noting to o = 0, if kK > m, one has

=
el

(7)

e (D)) < sup 2 F%(oy...04)F = sup 27 (0y...04)
1<k<oo 1<k<m

Following holder inequality that B)" C B;”(mifi).
So

en(Dm) = en(Dm(B). 1) < en(Dp) = en(Din (By (mi 7)), 1)
= mi e, (Dm(BI), 1)
= mi v (Dt 1 — 1) (8)

It is easy to see that D,,, = P,,D’, where P,, is the projection operator
from [, to I;". Therefore

en(Dm : l;" — l;n) = En(PmD/ g — l;")
< [ Pl en(D' 1 1g = 1)
< en(D iy = 1y). (9)
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From formulas (8), (9) and (7), we get

=

1 n
» osup 27k (01...0%)
1<k<n

en(Dp) < ma (10)

The proof of the lower bound of the estimation Theorem 1.2.
For Vk,1 <k <m , let Dy be the diagonal operator from I} to I},

I, be the embedding operator from l’; to )", and Py be the projection

operator from [ to l’q“.

Obviously, Dy, = PyD, I . So

en(Dp i ly = 18) = en(PeDply i 1 —1F)

< P Ix | €n(Di 2 1 = 1Y) < €n(Din 2 1 = 17") (1)

For Ve > €,(Dg), let y1,...,y1 € l;“ (I <2771) so that

1
Dk(B;f) - Z{yj +5B§}.

j=1
Thus
Volp(Dr(B})) < 2""Voli(Di(BY)). (12)
Since . .
Volp(By) < k™7, Volp(BE)) < k™1,
Voly(Dy(BE)) > o1 ...01Voli(BY),
Therefore

1
ka7,

=

1

—~
—
w

=

€2 % (0y...04)

Let € = €,(Dy). Formulas (11) implies

£
5
Q=
|
5 |
—~
[
=~
N

En(Dm) > 5n(Dk) > 27%(0'1 . ..O'k) o -

By the arbitrariness of k, we got

=

Q=

S
—~
—_
ot
=

€n(Dpm) > sup 2_%(01"'%) -k

1<k<m

The proof of Theorem 1.2 is completed.

4. The Entropy Numbers of a Class of
Infinite Dimensional Diagonal Operator

Kiihn discussed the entropy number of infinite dimensional diagonal
operator that satisfies certain decay conditions in [3]. Logarithms are
always taken in base 2, log=log,.

Theorem 3.1 ( [3]) Let 1 <p,¢<o0,n €N, a> max{% — %,O}.

(1) If o = k=, then e, (D) =< ke 7.

(2) If o), < o2, and sup 2= (%) < oo, then e,(D) = ki~ va,.
n>k

Theorem 3.2 ( [3]) Let 1 <p,¢g< oo, neN, A=

1
P
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(1) If o < (logk)~*, then €, (D) < k=

(2) If 0% < o2, SUP (}i}gg;‘) < 00, then £, (D) = (225)As,

(3) If inf ffn(}gggg) > 0, then £, (D) < ogr.

(4) If a > 0, B € R,ifoy, < (log k) ~*(loglog k)?, then

D) “Alogn)*~*(loglogn)?, a> Xora =\,3 <0
€n =
n~*(logn)?, a > dora =\ >

(5) If op = 02k;

en(D)(*E) o
(6) If @ > 0,0 < < 1,04 < exp(—a(logh)?), then

1+logn\\ -\
2 (Theer)” < oothen n™%o, <

( (1Og n)lié A

1 1=0]0g1
) Un«gn(D)<<((0gn) oglogn

)Aan.

n

Obviously, the entropy number of the diagonal operator D for
o = 27% is not discussed in theorem 3.1 and theorem 3.2. We con-
tinues to above work, extending to get the entropy number of a class
of infinite dimensional diagonal operator , which satisfies the special
decay conditions and contains the case of o, =< 27%. See details in
Theorem 3.3.

Theorem 3.3 Assuming 1 < ¢ < p < oo, n € N. Let D be a diagonal
operator from [, to Iy, and satisfy the following conditions:

(1) oL >09 > > > 0.
(2) There exists M > 0 such that for all k, implies

Z MYXN< M, for all k.
where A =1 — 1. Then
a p
en(D):=en(D: 1, —1,) < sup 27 % (0 )1/kk;777.

1<k<oo

Proof. Estimating the upper bound of Theorem 3.3.
Let

5(n) =8- sup 2—%(02...%)1%(%

)1/k
1<k<oo Vol (BF)

Then

S

Op < (01 0p)7 <2:27% (01 0y)

From By C By, we get Voli(By) > Voli(By).
Thus, there exists r € N, such that o, < @.

(D) Ifoy < %, then

)< ||ID|l = on 1/)‘—0 %AI/A<<J < —
en(D) < [|D]| = K§:1 10 (01)) 1<

K=1
< sup 27k (o )1/kk’77.
1<k<o0
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(2) If there exists k € N, such that op1 < @ < o, let

Dk, — 1,

z=(z;) +— Dka(mxlf",U2k$2k70a"'),
and
k k
Doi : 12— I
x=(x1--x9x) = Doz = (0121, ,006Tqk)
Then

En(Dk) = €n(D2k).

So, there is a maximum natural number N and y; - - yon—1 € D¥(B,),
such that

s = walle, > 50 % 5)
and
2N—1
i) € |y + 20 gy, (16)
j=1
That is
EN(Dk) S %(n)

Obviously, D = (D — D¥) + D¥, This gives
en(D) < [|D = DF|| +en(D")

S ( i 0‘%‘)1/)‘+M

J 2
j=k+1
= o Mé(n
< oea( Y Ty M)
i1 OkH1
Mé(n)  Mé(n) 3Mé(n)
< = 17
- 4 + 2 4 (17)
For v](l S] S 2N_17yj = (yla"'kau()?"')' Let y_; = (y17"'y2k)
Thereby, from the definition of D* and D,x. Noting @ < o <
Ok—1 < --- < 01, we can get
) ()
n k k n k k
j=1
Thus
N-1,0(n) s k k k
2 (T) -VOlk(BP) S 2 ~01~-~0k-Volk(Bq)
That is
8 Volk(Bk)
oN-1 (2 Vb 5o — P 18
= (5(71)) LT Vol (BE) (18)
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By the definition of ¢, one has

Volk (Bg)
Voli(BE)

8 n—
7§2 kl(o'l...a-k)_l/k(
n

d(n)

Formulas (18) and (19) imply now that 2V~ < 27~! 'so N < n.
Thus, according to (18), we finally arrive that

)Y (19)

en(D) < gMé(n)

< M sup 27%(01 "'O’k)l/kk%_%
1<k<oo

< sup 27F(oy,... Uk)%k%7%
1<k<o0
Estimating the lower bound of Theorem 3.3.
In order to estimating the lower bound of theorem 3.3, we use the
method of Theorem 2.1, meanwhile keeping m = oo, in this case,

the lower bound of Theorem 3.3 can be estimated, and the proof is
finished.

5. The Conclusion

This paper gives the entropy number of diagonal operator in finite
and infinite dimensions, and discusses the entropy numbers of diagonal
operator satisfying special diagonal elements.
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