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Abstract 

The paper presents a theoretical analysis of different vibration control strate-
gies of soft mounted induction motors with sleeve bearings, using active mo-
tor foot mounts. After the vibration model is presented, different controllers 
in combination with different feedback strategies are mathematically investi-
gated. The focus is here on the forced vibrations, caused by dynamic rotor 
eccentricity—rotor mass eccentricity, magnetic eccentricity and bent rotor 
deflection. After the mathematically coherences are described, a numerical 
example is shown, where the forced vibrations caused by bent rotor deflection 
are investigated, for different control strategies, where the mass matrix, the 
stiffness matrix and the damping matrix are influenced by different control 
parameters. The aim of the paper is to show the mathematically coherences 
and the possibility to influence the vibration behaviour, by different control 
strategies to optimize the vibration behaviour of soft mounted induction mo-
tors.  
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1. Introduction 

In praxis, large induction motors (rated power > 1 MW) are often mounted on 
elastic steel frame foundations. Due to the elasticity of the foundation, the vibra-
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tion behaviour is mostly completely different to the vibration behaviour in the 
test field of the motor supplier, where this kind of motors is mostly mounted on 
a massive foundation, referring to the standard IEC 60034-14 [1]. The result is 
that critical speeds will occur in the operation speed range, which may lead to 
vibration problems [2] [3] [4] [5]. Therefore, the idea is to use active vibration 
control, which is a very powerful instrument, to optimize the vibration beha-
viour [6] [7] [8] [9]. For rotating machinery sometimes active magnetic bearings 
are used, especially for high speed applications, and have been optimized during 
time [10] [11] [12] [13] [14]. But also actuators—used as active mounts—have 
been investigated, to optimize the vibration behaviour of rotating machinery [15] 
[16] [17] [18] [19]. The idea is now to use active motor foot mounts between the 
feet of large induction motors and soft steel frame foundations, to optimize the 
vibration behaviour of the induction motors on such soft foundations, which has 
been basically described in [20], but only for a special controller, an ideal pro-
portional-derivative-controller (PD-controller), and only for a feedback of the 
vertical motor feet displacements and only for fixed controller parameters. 

The aim of the paper is now to analyze the influence of different controller 
structures in combination with different feedback strategies and different con-
troller parameters on the vibration quality of the motor. Therefore different 
feedbacks of the motor feet movement—displacements, velocities and accelera-
tions—are here investigated in conjunction with different controller structures, 
e.g. a proportional-controller (P-controller), integral-controller (I-controller), 
proportional-integral-controller (PI-controller), proportional-derivative-controller 
(PD-controller) and proportional-integral-derivative controller (PID-controller). 
The combinations of controllers and feedbacks are chosen in such a manner, 
that the controller parameters can be directly implemented into the system ma-
trices—the mass matrix, stiffness matrix and damping matrix. The reason is, that 
the excitations, which are here considered—rotor mass eccentricity, magnetic 
eccentricity and bent rotor deflection—are depending on the rotor angular fre-
quency Ω, as well as some system parameters, which occur in the system matric-
es, e.g. electromagnetic stiffness and damping coefficients of the induction mo-
tor [20]-[28], oil film stiffness and damping coefficients of the sleeve bearings 
[29] [30] [31] [32], and the mechanical damping coefficients of the sys-
tem—described by the corresponding loss factor, stiffness and the rotor angular 
frequency Ω—e.g. damping of the rotor, of the bearing housings with end-shields, 
of the elastic steel frame foundation and of the actuators. If now also the con-
troller parameters can be integrated into the system matrices, the differential 
equation system will remain linear and a simple solution will be possible. The 
other reason for this procedure is, that it can be shown, where the control para-
meters occur in each matrix, which is very interesting, when analyzing the vibra-
tion behaviour for different control strategies. Of course other control strategies 
with special controller structures are possible, but are not considered here in this 
paper. 
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2. Vibration Model  

The vibration model is a simplified plane multibody model (Figure 1), generally 
based on [20]. However the huge enhancement in this paper is, that in contrast 
to [20], where only the displacements of the motor feet have been led back to 
ideal PD-controllers, here also the velocities and accelerations of the motor feet 
will be lead back to different controllers, which will be P/I/PI/PD and 
PID-controllers. All this different combinations of feedbacks and controller 
structure will be analyzed and discussed. Additionally to [20], also not only par-
ticular control parameters will be analyzed but also the influence of a certain 
range of the control parameters on the vibration behaviour will be analyzed.  

The model (Figure 1) contains two main masses, the rotor mass mw and the 
stator mass ms, with the inertia θsx. Additional masses are the mass of each shaft 
journal vm  and of each bearing housing bm  for each rotor side, as well as the 
masses of the actuators asm  (Stator) and aam  (armature) and the foundation 
masses fLm  and fRm  for each motor side. The rotation of the rotor is de-
scribed by the rotary angular frequency Ω. The rotor has the stiffness c and 
damping di (rotating damping) and is linked to the sleeve bearing housings by 
the stiffness and the damping matrices vC  and vD  of the oil film. The stiff-
ness and damping matrix bC  and bD  of the sleeve bearing housings with 
end-shields, link the sleeve bearing housings to the stator housing. 

The influence of the electromagnetism in the induction motor, is include by 
the electromagnetic spring and damper matrix mC  and mD , referring to 
[20]-[28]. The stator structure can be defined to be rigid, when comparing to the 
soft steel frame foundation. The stiffness and damping of the actuators is de-
scribed by the actuator stiffness matrix aC  and the actuator damping matrix 

aD . The actuator forces are described by azLf  and azRf . All these actuator val-
ues are related on one motor side. The stiffness and damping of the foundation 
is described by the stiffness matrices fLC  and fRC  and the damping matrices 

fLD  and fRD . For the excitation, three different kinds of dynamic eccentricity 
are considered here—eccentricity of rotor mass, bent rotor deflection and mag-
netic eccentricity (Figure 2), which are occurring with rotor angular frequency 
Ω.  

The oil film stiffness and damping coefficients ( )ij ijc c= Ω  and ( )ij ijd d= Ω  
can be calculated, referring to [29] [30] [31] [32]. The electromagnetic stiffness 
coefficient ( )md Fc ω  and damping coefficient ( )m Fd ω , depending on the 
harmonic slip νs , and therefore depending on the whirling angular frequency 

Fω  can be calculated referring to [20]-[28]. All mechanical damping coeffi-
cients nd  ( id , bzd , byd , fzLd , fyLd , fzRd , fyRd , azd , ayd ) can be calculated 
by the corresponding mechanical loss factor ntanδ , the corresponding stiffness 

nc  and by the whirling frequency Fω , referring to [4] and [20].  

n n
n

F

tancd δ
ω
⋅

=                          (1) 
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Figure 1. Vibration model with different controllers and feedbacks. 
 

 
Figure 2. Different excitations by dynamic eccentricity [20] and [28]. 

 
For forced vibration due to dynamic eccentricity, the whirling angular fre-

quency is equal to the rotor angular frequency Fω = Ω . 

3. Mathematical Model 

3.1. Open Control Loops 

If the control loops are open, the equations of motions can be described by fol-
lowing differential equation, based on [20] and [28]: 

e⋅ + ⋅ + ⋅ =M q D q C q f                       (2) 

Including following linearization for the motor feet displacements, because of 
small displacements:  

 aL s sz z bϕ= − ⋅                         (3) 

aR s sz z bϕ= + ⋅                         (4) 
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aL aR s sy y y hϕ= = ⋅−                     (5) 

With the coordinate vector q : 

 [ ]Ts w s w s v b fL fR v b fL fR; ; ; ; ; ; ; ; ; ; ; ;z z y y z z z z y y y yϕ=q          (6) 

and with the vector of the excitation forces ef : 

 ( )e e e,u e,m e,a
ˆ ˆ ˆ ˆj t j te eΩ Ω= = + + ⋅⋅f f f f f                  (7)  

This excitation amplitude vector ef̂  is split into following excitation vectors: 
- Vector e,uf̂ : It describes the excitation by rotor mass eccentricity, which is 

e.g. caused by residual unbalance, which remains after the balancing process, 
with the amplitude uê  and the phase uϕ  of the mass eccentricity: 

[ ]T 2
e,u u

ˆ ˆ0;1;0; ;0;0;0;0;0;0;0;0;0 uj
wj e m e ϕ= Ω⋅ ⋅ ⋅ ⋅−f           (8) 

- Vector e,mf̂ : It describes the excitation by magnetic eccentricity, which is e.g. 
caused by deviation of concentricity between the inner diameter of the rotor 
core and the outer diameter of the rotor core, with the amplitude mê  and 
the phase mϕ  of the magnetic eccentricity: 

[
]

e,m

T
m

ˆ ; ; ; ;

ˆ0;0;0;0;0;0;0;0;0 m

md m md m md m md m

j

c j d c j d jc d jc d

e e ϕ

= − + Ω

⋅ ⋅

− Ω +Ω − −Ωf
       (9) 

In e,mf̂ , not only the radial magnetic excitation force m mdê c⋅  is considered, 
but also the tangential magnetic excitation force m mê d⋅Ω ⋅ , which was shown in 
[28], but was neglected there as a simplification.  
- Vector e,af̂ : It describes the excitation by bent rotor deflection, which is e.g. 

caused by thermal bending of the rotor, with the amplitude â  and the phase 

aϕ  of the bent rotor deflection: 

[ ]Te,a
ˆ 0;1;0; ;0; 1;0;0;0; ;0;0; ˆ0 ajaj j c e ϕ⋅ ⋅ ⋅= − −f            (10) 

The mass matrix M  is described by: (11)  

( )

s aa

w

s aa aa

w

2 2
aa

2 0 0 0 0
0 0 0 0
0 0 2 0 2
0 0 0 0

0 0 2 0 2

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

sx aa

m m
m

m m m h
m

m h m b hθ

+


 + −


 − + +

= 








⋅

⋅





M  

https://doi.org/10.4236/jamp.2019.73045


U. Werner 
 

 

DOI: 10.4236/jamp.2019.73045 616 Journal of Applied Mathematics and Physics 

 

v

b

as fL

as fR

v

b

as fL

as fR

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

2 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 2 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

m
m

m m
m m

m
m

m m
m m













+ 
+ 



+


+ 

 

The damping matrix D  is described by: (12) 

( )

( )

( )

az bz m m

m m i

ay by m m ay

m m i

2 2
ay ay az

i

bz

az az

az az

i

by

ay ay

ay ay

2 0 0 0
0 0 0

0 0 2 2

0 0 0

0 0 2 0 2

0 0 0 0
2 0 0 0 0

0 0 0
0 0 0

0 0 0 0
0 0 2 0 0
0 0 0
0 0 0

d d d d
d d d

d d d d d h

d d d

d d h d b

d
d
d d b
d d b

d
d
d d h
d d

h

h

 + + −
 − +
 + + − −
 − +

 − +


−
=  −
 −
 − −
 −


−
 −

−

D  

( )

bz az az

i

by ay ay

i

az az ay ay

zz i zz zy zy

zz zz bz zy zy

az fzL

az fzR

yz yz yy i yy

yz yz yy

0 2 0 0 0 0
0 0 0 0 0 0 0

0 0 0 0 0 2
0 0 0 0 0 0 0
0 0 0 0

2 2 0 0 2 2 0 0
2 2 0 0 2 2 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

2 2 0 0 2 2 0 0

2 2 0 0 2 2

d d d
d

d d d
d

d b d b d h d h
d d d d d

d d d d d
d d

d d
d d d d d

d d d

− − −
−

− − −
−

−
+ − −

− + −
+

+
− + −

− − ( )yy by

ay fyL

ay fyR

0 0

0 0 0 0 0 0 0
0 0 0 0 0 0 0

d d

d d
d d


















+ 


+ 
+ 

 

The stiffness matrix C  is described by: (13) 
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( )

( )

( )

az bz md md

md md i

ay by md md ay

i md md

2 2
ay ay az

i

bz

az az

az az

i

by

ay ay

ay ay

2 0 0 0

0 Ω 0

0 0 2 2

0 Ω 0

0 0 2 0 2

0 0 Ω 0

2 0 0 0 0

0 0 0

0 0 0

0 Ω 0 0

0 0 2 0 0

0 0 0

0 0 0

c c c c

c c c d

c c c c c h

d c c c

c h c h c b

c d

c

c c b

c c b

d c

c

c c h

c c h

 + −


−


+ − −


− −
 − +
 − −
 −= 
 −

 − −

 −


−


−


−

C  

( )

bz az az

i

by ay ay

i

az az ay ay

zz zz zy i zy

zz zz bz zy zy

az fzL

az fzR

yz i yz yy yy

yz y

0 2 0 0 0 0

0 0 0 Ω 0 0 0

0 0 0 0 0 2

Ω 0 0 0 0 0 0

0 0 0 0

2 2 0 0 2 Ω 2 0 0

2 2 0 0 2 2 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

2 Ω 2 0 0 2 2 0 0

2 2

c c c

c d

c c c

d c

c b c b c h c h

c c c c d c

c c c c c

c c

c c

c d c c c c

c c

− − −

− −

− − −

−

−

+ − + −

− + −

+

+

− − + −

− ( )z yy yy by

ay fyL

ay fyR

0 0 2 2 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

c c c

c c

c c





















− + 


+ 


+ 

 

3.2. Closed Control Loops 

If the control loops are closed, the actuator force vector af  has to be imple-
mented into the differential equation, so that it becomes: 

 e a+ +⋅ ⋅ ⋅ = +M q D q C q f f                    (14) 

The actuator force vector can be split into the actuator force vector on the left 
side azLf  and on the right side azRf  of the motor: 

 a azL azR azL azL azR azRf f= + = +⋅ ⋅f f f P P               (15) 

with: [ ]TazL 1;0;0;0; ;0;0; 1;0;0;0;0;0b= − −P               (16) 

 [ ]TazR 1;0;0;0; ;0;0;0; 1;0;0;0;0b= −P                (17) 
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The actuator forces for the left side azLf  and for the right side azRf  are de-
pending on the control strategy and the values, which are lead back to the con-
trollers. Therefore, they are a function of the motor feet displacements, velocities 
and accelerations. 

( )azL azL aL aL aL, ,f f z z z=   ; ( )azR azR aR aR aR, ,f f z z z=             (18) 

With the cinematic constraints follows: 

( )azL azL s s, , , , ,s s s sf f z z zϕ ϕ ϕ=  
  ; ( )azR azR s s, , , , ,s s s sf f z z zϕ ϕ ϕ=  

      (19) 

3.2.1. Feedback of the Motor Feet Displacements 
P-controllers: 
Using P-controllers—with the control parameters PLK  and PRK  for the left 

side and for the right side of the motor—with negative feedback loops for the 
vertical motor feet displacements aLz  and aRz , the actuator forces can de-
scribed by:  

a azL PL aL azR PR aR  K z K z⋅ ⋅− −⋅ ⋅=f P P               (20) 

With the cinematic constrains follows:  

( ) ( )a azL PL s s azR PR s s  K z b K z bϕ ϕ⋅ ⋅ ⋅ ⋅ ⋅ ⋅= − − − +f P P          (21) 

Therefore, the differential equation system can now be described by:  

( )
( )

azL PL s s

azR PR s s e

K z b

K z b

ϕ

ϕ

⋅ ⋅ ⋅ ⋅ ⋅ ⋅

⋅ ⋅

+ + +

⋅

−

+ + =

M q D q C q P

P f

 

             (22) 

The control parameters PLK , PRK  can now be integrated into the stiffness 
matrix leading to a controlled system stiffness matrix KPC . The new differential 
equation system can now be described by: 

KP e+ + =⋅ ⋅ ⋅M q D q C q f                     (23) 

With stiffness matrix KPC : (24) 

( ) ( )

( )

( ) ( ) ( )

az bz md PR PL md PR PL

md md i

ay by md md ay

i md md

2 2 2
PR PL ay ay az PL PR

i

bzKP

az PL az PL

az PR az PR

i

by

0 0

0 0

0 0

0 0

0 0

0 0 0

0 0 0 0

0

2

Ω

0

2 2

Ω

2

0

0 0 0

0 0 0

0 0

2

Ω

2

Ω

2 0

c c c K K c b K K

c c c d

c c c c c h

d c c c

b K K c h c h c b b K K

c d

c

c K c b K b

c K c b K b

d c

c

=

+ − + + −

−

+ − −

− −

− − + + +

− −

−

− − +

− − − −

−

−

C

ay ay

ay ay

0

0 0 0

0 0 0

c c h

c c h






















−

−





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( )

bz az az

i

by ay ay

i

az az ay ay

zz zz zy i zy

zz zz bz zy zy

az fzL

az fzR

yz i yz yy yy

yz y

0 2 0 0 0 0

0 0 0 Ω 0 0 0

0 0 0 0 0 2

Ω 0 0 0 0 0 0

0 0 0 0

2 2 0 0 2 Ω 2 0 0

2 2 0 0 2 2 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

2 Ω 2 0 0 2 2 0 0

2 2

c c c

c d

c c c

d c

c b c b c h c h

c c c c d c

c c c c c

c c

c c

c d c c c c

c c

− − −

− −

− − −

−

−

+ − + −

− + −

+

+

− − + −

− ( )z yy yy by

ay fyL

ay fyR

0 0 2 2 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

c c c

c c

c c





















− + 


+ 


+ 

 

PD-controllers: 
For ideal PD-controllers—with the control parameters PLK , PRK  and DLK ,

DRK  for the left side and for the right side of the motor—with negative feedback 
loops for the vertical motor feet displacements aLz  and aRz , the actuator 
forces become:  

aL
a azL PL aL DL

aR
azR PR aR DR

d
d
d
d

z
K z K

t
z

K z K
t

 = − ⋅ ⋅ + ⋅ 
 
 − ⋅ ⋅ + ⋅ 
 

f P

P
                (25) 

With the cinematic constrains follows:  

 
( ) ( )( )
( ) ( )( )

a azL PL s s DL s s

azR PR s s DR s s

K z b K z b

K z b K z b

ϕ ϕ

ϕ ϕ

⋅ ⋅ ⋅ ⋅ ⋅= − − + −

⋅ ⋅ ⋅ ⋅− + + ⋅+

f P

P







          (26) 

Therefore, the differential equation system can now be described by:  

 ( ) ( )( )
( ) ( )( )

azL PL s s DL s s

azR PR s s DR s s e

K z b K z b

K z b K z b

ϕ ϕ

ϕ ϕ

+ +

+ − + −

+ + +

⋅ ⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅

+⋅ =⋅ ⋅ ⋅ ⋅

M q D q C q

P

P f

 







          (27)  

The control parameters PLK , PRK  and DLK , DRK  can now be inte-
grated into the stiffness matrix and into the damping matrix leading to a con-
trolled system stiffness matrix KPC  and a controlled damping matrix KDD . 
The new differential equation system can now be described by: 

KD KP e⋅ + ⋅ + ⋅ = M q D q C q f                   (28) 

The stiffness matrix KPC  is shown before.  
The damping matrix KDD  is described by: (29) 
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






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
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
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

+ 

 

3.2.2. Feedback of the Motor Feet Velocities 
P-controllers: 
Using P-controllers—with the control parameters PLK  and PRK  for the left 

side and for the right side of the motor—with negative feedback loops for the 
vertical motor feet velocities aLz  and aRz , the actuator forces can described by:  

a azL PL aL azR PR aRK z K z= − ⋅ ⋅ − ⋅ ⋅f P P                   (30) 

With the cinematic constrains follows the differential equation system: 

( ) ( )azL PL s s azR PR s s eK z b K z bϕ ϕ⋅ + ⋅ + ⋅ + ⋅ ⋅ − ⋅ + ⋅ ⋅ + ⋅ =M q D q C q P P f   
     (31) 

The control parameters PLK , PRK  can now be integrated into the damping 
matrix leading to a controlled damping matrix KPD . The new differential equa-
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tion system can now be described by: 

KP e⋅ + ⋅ + ⋅ =M q D q C q f                      (32) 

The damping matrix KPD  is identical to KDD  regarding the structure, only 
the controller parameters have to be replaced:  

DL PL
DR PR

KD KP

K K
K K

→
→→D D                       (33) 

PD-controllers: 
For ideal PD-controllers—with the control parameters PLK , PRK  and DLK ,

DRK  for the left side and for the right side of the motor—with negative feedback 
loops for the vertical motor feet velocities aLz  and aRz , the actuator forces be-
come:  

aL aR
a azL PL aL DL azR PR aR DR

d d
d d
z z

K z K K z K
t t

   = − + − +   
 
⋅ ⋅ ⋅ ⋅ ⋅


⋅


f P P

 

      (34) 

The differential equation system can now be written by:  

( ) ( )( )
( ) ( )( )

azL PL s s DL s s

azR PR s s DR s s e

K z b K z b

K z b K z b

ϕ ϕ

ϕ ϕ

⋅ + ⋅ + ⋅

+ ⋅ ⋅ − ⋅ + ⋅ − ⋅

+ ⋅ ⋅ + ⋅ + ⋅ + ⋅ =

M q D q C q

P

P f

 

 
 

 
 

            (35) 

The control parameters PLK , PRK  and DLK , DRK  can be integrated into 
the damping matrix and into the mass matrix leading to a controlled system 
damping matrix KPD  and a controlled mass matrix KDM . The new differential 
equation system becomes: 

KD KP e⋅ ⋅+ ⋅+ =M q D q C q f                     (36) 

The damping matrix KPD  was described before. The mass matrix KDM  is: 
(37) 

 

( )

( ) ( ) ( )

s aa DL DR DR DL

w

s aa aa

w

2 2 2
DR DL aa DL DR
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DL DL

DR DR
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0 0 0 0 0
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0 0 0 0 0

sx aa

m m K K b K K

m
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m
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K K

K K

b

b
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+ + + −




+ −


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
 −

 − −




⋅




⋅





M   
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v

b
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as fR
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m m
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m

m m
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








+ 
+ 
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

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I-controllers: 
When using I-controllers—with the control parameters ILK  and IRK  for 

the left side and for the right side of the motor—with negative feedback loops for 
the vertical motor feet velocities aLz  and aRz , the actuator forces can described 
by:  

a azL IL aL azR IR aRd dK z t K z t⋅ ⋅ ⋅ ⋅= − −∫ ∫f P P               (38) 

The differential equation system gets: 

( ) ( )azL IL s s azR IR s s eK z b K z bϕ ϕ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅+ + + ⋅− + + =M q D q C q P P f    (39) 

The control parameters ILK , IRK  can now be integrated into the stiffness 
matrix, leading to a controlled stiffness matrix KIC . The new differential equa-
tion system becomes: 

KI e+ + =⋅ ⋅ ⋅M q D q C q f                      (40) 

The stiffness matrix KIC  is identical to KPC  regarding the structure, only 
the controller parameters have to be replaced:  

PL IL
PR IR

KP KI

K K
K K

→
→→C C                       (41) 

PI-controllers: 
Using PI-controllers—with the control parameters PLK , PRK  and ILK , 

IRK  for the left side and for the right side of the motor—with negative feedback 
loops for the vertical motor feet velocities aLz  and aRz , the actuator forces can 
be described by:  

( ) ( )a azL PL aL IL aL azR PR RL IR aRd dK z K z t K z K z t= − + −⋅ ⋅ ⋅ ⋅+⋅ ⋅∫ ∫f P P       (42) 

The differential equation system can be formulated by: 

( ) ( )( )
( ) ( )( )

azL PL s s IL s s

azR PR s s IR s s e

K z b K z b

K z b K z b

ϕ ϕ

ϕ ϕ

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

⋅ ⋅

+ + + − + −

+ + +⋅ ⋅ + =⋅

M q D q C q P

P f

  





      (43) 

The control parameters PLK , PRK  and ILK , IRK  can now be integrated 
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into the stiffness and damping matrix leading to a controlled stiffness matrix 

KIC  and a controlled damping matrix KPD . The new differential equation sys-
tem can now be described by: 

KP KI e+ + ⋅ =⋅ ⋅M q D q C q f                    (44) 

PID-controllers: 
For ideal PID-controllers—with the control parameters PLK , PRK , ILK , 

IRK  and DLK , DRK  for the left side and for the right side of the motor—with 
negative feedback loops for the vertical motor feet velocities aLz  and aRz , the 
actuator forces become: 

aL
a azL PL aL IL aL DL

aR
azR PR RL IR aR DR

d
d

d
d

d
d

z
K z K z t K

t
z

K z K z t K
t

 = − + + 
 
⋅ ⋅ ⋅ ⋅

⋅ ⋅ ⋅ ⋅ − + + 
 

∫

∫

f P

P



 



 

           (45) 

Now follows the differential equation system: 

( ) ( ) ( )( )
( ) ( ) ( )( )

azL PL s s IL s s DL s s

azR PR s s IR s s DR s s e

K z b K z b K z b

K z b K z b K z b

ϕ ϕ ϕ

ϕ ϕ ϕ

+ +

+ − + − + −

+ + + + + +

⋅ ⋅ ⋅

⋅ ⋅ ⋅

=

⋅ ⋅ ⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

M q D q C q

P

P f

 

 
 

 
 

   (46) 

The control parameters PLK , PRK , ILK , IRK  and DLK , DRK  can now be 
integrated into the stiffness, damping and mass matrix leading to a controlled 
stiffness matrix KIC  and a controlled damping matrix KPD  and a controlled 
mass matrix KDM . The new differential equation system can now be described 
by: 

KD KP KI e⋅ ⋅+ + ⋅ =M q D q C q f                   (47) 

3.2.3. Feedback of the Motor Feet Accelerations 
P-controllers: 
Using P-controllers—with the control parameters PLK  and PRK  for the left 

side and for the right side of the motor—with negative feedback loops for the 
vertical motor feet accelerations aLz  and aRz , the actuator forces can described 
by:  

a azL PL aL azR PR aRK z K z⋅ ⋅= − ⋅ ⋅−f P P                  (48) 

The differential equation system can now be described by: 

( ) ( )azL PL s s azR PR s s eK z b K z bϕ ϕ⋅ ⋅ ⋅ ⋅ ⋅+ + + − + + =⋅ ⋅ ⋅ ⋅M q D q C q P P f   
    (49) 

The control parameters PLK , PRK  can now be integrated into the mass ma-
trix, leading to a controlled mass matrix KPM . The new differential equation 
system becomes: 

KP e⋅ ⋅+ + =⋅M q D q C q f                      (50) 

The mass matrix KPM  is identical to KDM  regarding the structure, only 
the controller parameters have to be replaced:  
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DL PL
DR PR

KD KP

K K
K K

→
→→M M                      (51) 

I-controllers: 
For I-controllers—with the control parameters ILK  and IRK  for the left 

side and for the right side of the motor—with negative feedback loops for the 
accelerations aLz  and aRz , the actuator forces can described by:  

 a azL IL aL azR IR aRd dK z t K z t⋅ ⋅ ⋅ ⋅= − −∫ ∫f P P                (52) 

Now follows the differential equation system: 

 ( ) ( )azL IL s s azR IR s s eK z b K z bϕ ϕ+ + + −⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅+ + =⋅M q D q C q P P f   
    (53) 

The control parameters ILK , IRK  can now be integrated into the damping 
matrix leading to a controlled damping matrix KID . The new differential equa-
tion system can now be described by: 

 KI e⋅ ⋅+ + ⋅ =M q D q C q f                      (54) 

The stiffness matrix KID  is identical to KDD  regarding the structure, only 
the controller parameters have to be replaced:  

 
DL IL
DR IR

KD KI

K K
K K

→
→→D D                       (55) 

PI-controllers: 
Using PI-controllers—with the control parameters PLK , PRK  and ILK , 

IRK  for the left side and for the right side of the motor—with negative feedback 
loops for the vertical motor feet accelerations aLz  and aRz , the actuator forces 
become:  

( ) ( )a azL PL aL IL aL azR PR RL IR aRd dK z K z t K z K z t= ⋅− + − +⋅ ⋅ ⋅ ⋅ ⋅∫ ∫f P P        (56) 

The differential equation system can be written by: 

( ) ( )( )
( ) ( )( )

azL PL s s IL s s

azR PR s s IR s s e

K z b K z b

K z b K z b

ϕ ϕ

ϕ ϕ

+ + + − + −⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

⋅ ⋅+ + + + =⋅ ⋅ ⋅

   
 

 
 

M q D q C q P

P f
      (57) 

The control parameters PLK , PRK  and ILK , IRK  can now be integrated 
into the mass and damping matrix leading to a controlled mass matrix KPM  
and a controlled damping matrix KID .  

The new differential equation system can now be described by:  

KP KI e⋅ ⋅+ ⋅+ =M q D q C q f                    (58) 

3.2.4. Summery Regarding the Control Strategies 
In summary, the vibration system can be described by the following differential 
equation: 

e+ + =⋅ ⋅ ⋅M q D q C q f 

                      (59) 

The corresponding matrices, depending on the chosen controller structure 
and the chosen feedback, are shown in Table 1. 

The cells marked with “” cannot be performed, if the above described 
structure of the differential equation system (59) shall be used. Some 
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Table 1. Matrices, depending on controller structure and feedback. 

Controllers Displacement feedback Velocity feedback Acceleration feedback Open Loop 

P 

KP

=

=

=

M M
D D

C C







 
KP

=

=

=

M M
D D

C C







 
KP=

=

=

M M

D D

C C







 

=

=

=

M M
D D

C C







 

PD (ideal) KD

KP

=

=

=

M M
D D

C C







 
KD

KP

=

=

=

M M

D D

C C







 
 
 

I  

KI

=

=

=

M M
D D

C C







 
KI

=

=

=

M M
D D

C C







 

PI  KP

KI

=

=

=

M M
D D

C C







 
KP

KI

=

=

=

M M

D D

C C







 

PID (ideal)  
KD

KP

KI

=

=

=

M M

D D

C C







 
 
 
 

 
combinations lead to the same differential equation, if the control parameters 
are identically.  

For example: P-controllers with displacement feedback lead to the same re-
sults as I-controllers with velocity feedback, if the following boundary condition 
is given for the control parameters:  

 PL IL PR IR;K K K K= =                     (60) 

3.3. Stability Analysis  

A stability analysis has to be performed, because there are different kinds of 
sources of instability, as the oil film of the sleeve bearings, the rotating damping 
of the rotor shaft, the electromagnetic field damping, and the control system. To 
derive the eigenvalues, the homogenous differential equation has to be solved: 

⋅ ⋅+ ⋅+ =M q D q C q 

  0                    (61) 

Therefore, the differential equation can be transferred into the state space 
formulation, according to [7]:  

 
 

1 1− −

     
=     − −

⋅
⋅ ⋅     

x x

q I q
q M C M D q










 

0
              (62) 

With the ansatz ˆ teλ⋅= ⋅x x                    (63) 

the eigenvalues λ can be calculated by: 

1 1det 0λ− −⋅ ⋅
  

− ⋅ =  − −  

I
I

M C M D  

0
              (64) 

When the eigenvalues have been derived, the real parts of all eigenvalues have to 
be analyzed. If all real parts are negative, the system is stable. It has to be consi-
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dered here, that for calculating the damping values—using the equations with 
the loss factors—the whirling frequency ωF has to be defined. An iterative algo-
rithm [20] can be executed, where the whirling frequency of the mode, which 
gets instable, will be used for deriving the frequency dependent parameters. 

3.4. Forced Vibration Analysis  

To derive the complex amplitude vectors of the coordinate vector for each kind 
of excitation, following equation has to be solved: 

 
12

κ e,κ
ˆˆ j

−
 = − Ω + Ω+ ⋅ ⋅ ⋅ ⋅ q M D C f                 (65) 

The index κ  is used to describe the different kinds of excitation, for mass 
eccentricity uκ = , for bent rotor deflection aκ =  and for magnetic eccentric-
ity mκ = . 

The solution regarding the coordinate vector for each excitation can now be 
described by:  

 ( )κ
κ κˆ

j te ϕΩ⋅ += ⋅q q               (66) 

with: 
T

κ s,κ w,κ s,κ w,κ s,κ v,κ b,κ fL,κ fR,κ v,κ b,κ fL,κ fR,κˆ ˆˆ ˆ ˆ ˆ ˆ ˆ; ; ; ; ; ; ;ˆ ˆ ˆ ˆ; ; ˆ; ; ˆ;y y yz z z z yz y yzϕ =  q  (67) 

Now the bearing housing vibration velocities can be derived for vertical (z) 
and horizontal (y) direction, for each kind of excitation:  
• Vertical: b,z,κ b,κˆv z= Ω⋅  (68) 
• Horizontal: b,y,κ b,κˆv y= Ω⋅  (69) 

In the same way, the foundation vibration velocities for each motor side in 
vertical and horizontal direction, for each kind of excitation, can be calculated:  
• Left side, vertical: fL,z,κ fL,κˆv z= Ω⋅  (70) 
• Left side, horizontal: fL,y,κ fL,κˆv y= Ω⋅  (71)  
• Right side, vertical: fR,z,κ fR,κˆv z= Ω⋅  (72) 
• Right side, horizontal: fR,y,κ fR,κˆv y= Ω⋅  (73)  

The actuator forces depend on the control strategy and the feedback loop. E.g. 
for PID-controllers with a velocity feedback, the active actuator forces for each 
motor side can be calculated by: 
• Left side: azL,κ azL,κ

ˆ j tf f e Ω⋅=  (74) 
with:  

( ) ( )2
azL,κ DL PL IL s,κ s,κ
ˆ ˆˆf K K j K z bϕ⋅ ⋅= − − Ω + ⋅Ω − ⋅+  (75) 

• Right side: azR,κ azR,κ
ˆ j tf f e Ω⋅=  (76) 

with: 

( ) ( )2
azR,κ DR PR IR s,κ s,κ
ˆ ˆˆf K K j K z bϕ⋅ ⋅= − − Ω + ⋅Ω + ⋅+  (77) 

4. Numerical Example 

A numerical example is now presented, where the vibration velocities of the 
bearing housings and of the foundation are analyzed as well as the actuator 
forces, for different control strategies.  
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4.1. Boundary Conditions 

The induction motor is 2-pole motor, converter driven, with sleeve bearings and 
a stiff rotor design. The load machine has a quadratic function of the load torque 

( )LM n , in respect to the rotor speed n. The induction motor operates between 
300 rpm and 3600 rpm, where the motor is driven with constant magnetization. 
Above 3600 rpm, up to 4500 rpm, the motor operates in the field weakening 
range, which belongs not to the operating speed range. The data are shown in 
Table 2. 
 
Table 2. Main data of the 2-pole induction motor, foundation and actuators. 

Data of the motor: 

Rated power N 2400 kWP =  

Rated speed N 3600 rpmn =  

Masse of the stator s 7040 kgm =  

Mass inertia of the stator at the x-axis 2
sx 1550 kg mθ = ⋅  

Mass of the rotor w 1900 kgm =  

Mass of the rotor shaft journal v 10 kgm =  

Mass of the bearing housing b 80 kgm =  

Stiffness of the rotor 8 26.0 10 kg sc = ×  

Height of the centre of gravity S 560 mmh =  

Distance between motor feet 2 1060 mmb =  

Horizontal stiffness of bearing housing and end shield 8 2
by 4.8 10 kg sc = ×  

Vertical stiffness of bearing housing and end shield 8 2
bz 5.7 10 kg sc = ×  

Mechanical loss factor of the bearing housing and end shield btan 0.04δ =  

Mechanical loss factor of the rotor itan 0.03δ =  

Data of the sleeve bearings: 

Bearing shell Cylindrical 

Lubricant viscosity grade ISO VG 32 

Nominal bore diameter/Bearing width db = 110 mm/bb = 81.4 mm 

Ambient temperature/Supply oil temperature Tamb = 20˚C/Tin = 40˚C 

Mean relative bearing clearance (DIN 31698) Ψm = 1.6‰ 

Data of the foundation (for each motor side):  

Mass left side fL 30 kgm =  

Mass right side fR 30 kgm =  

Vertical stiffness for each motor side 8 2
fzL fzR 1.5 10 kg sc c= = ×  

Horizontal stiffness for each motor side 8 2
fyL fyR 1.0 10 kg sc c= = ×  

Mechanical loss factor ftan 0.04δ =  

Data of the actuators (for each motor side):  

Mass of the stator as 10 kgm =  

Mass of the armature aa 3 kgm =  

Vertical stiffness 8 2
az 1.2 10 kg sc = ×  

Horizontal stiffness 8 2
ay 3.0 10 kg sc = ×  

Mechanical loss factor tan 0.04aδ =  
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The oil film stiffness and damping coefficients of the sleeve bearings are pic-
tured in Figure 3. 

The damped electromagnetic spring coefficient and the electromagnetic dam-
per coefficient for forced vibration due to dynamic eccentricity are pictured in 
Figure 4, where the field weakening operation range, which starts at 3600 rpm, is 
clearly obvious. 

The excitation which is here investigated is the bent rotor deflection, so that the 
differential equation becomes here:  

e,a⋅ ⋅+ + =⋅ 

 M q D q C q f                      (78) 

For the forced vibration analysis the bearing housing vibration velocities and 
the foundation vibration velocities as well as the actuator forces—all related on 
the bent rotor deflection a—are calculated here in the speed range from 300 rpm 
up to 4500 rpm for different control strategies. Instability was also investigated, so 
that it can be pointed out that in den considered ranges the system is stable, but is 
not pictured here, because it is not the focus of the paper. For investigation of the 
influence of the control system, P-controllers in conjunction with feedback loops 
for the motor feet displacements, motor feet velocities and motor feet accelerations 
are used. Therefore, the influence of each separate controlled matrix—controlled 
stiffness matrix KPC , controlled mass matrix KPM  and controlled damping 
matrix KPD —can be analyzed. 

 

 
Figure 3. Oil film stiffness (a) and damping coefficients 
(b) of the sleeve bearings, depending on the rotor speed. 
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Figure 4. Damped electromagnetic spring coefficient (a) and the electromagnetic damper coeffi-
cient (b) for forced vibration ( Fω = Ω ) due to dynamic eccentricity, depending on the rotor 
speed. 

4.2. P-Controllers with Displacement Feedback 

In this case the differential equation system becomes:  

KP e,a+ +⋅ ⋅ ⋅ = M q D q C q f                   (79) 

The control parameters are here considered in the range: 
9 2

p pL pR 0 10 kg sK K K= = = 
               (80) 

The control parameters and are here integrated into the controlled stiffness 
matrix KPC . The related bearing housing vibration velocities are pictured in 
Figure 5.  

Figure 5 shows, that, with increasing the control parameter pK , the reson-
ances regarding the bearing housing vibrations can be shifted to higher speeds. 
For the vertical bearing housing vibration, the resonances can be shifted from 
about 1140 rpm to 3200 rpm. The resonances for the horizontal bearing housing 
vibration can be shifted from about 745 rpm to 1125 rpm and from about 2390 
rpm to 4500 rpm. However, the amplitudes in the resonances are also changing, 
mostly to higher values. The related foundation vibration velocities are pictured 
in Figure 6. Here also the resonances are also clearly shifted to higher rotor 
speeds by increasing the control parameter pK . The amplitudes in the reson-
ances get very high, by shifting the resonances to higher speeds. 

In Figure 7, the absolute values of the actuator forces are pictured, leading to 
high actuator forces in the resonances of the vertical foundation vibrations. 

4.3. P-Controllers with Acceleration Feedback 

Now, the differential equation system becomes:  

KP e,a+ ⋅+ =⋅ ⋅ M q D q C q f                      (81) 

The control parameters are here considered in the range: 
4

p pL pR 0 10 kgK K K= = = 
                   (82) 

The control parameters are here integrated into the controlled mass matrix 

KPM . The related bearing housing vibration velocities are pictured in Figure 8. 
Figure 8 shows, that, with increasing the control parameter pK , the reson-

ances regarding the bearing housing vibrations are shifted to lower speeds. For 
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the vertical bearing housing vibration, the resonance is shifted from about 1140 
rpm to 772 rpm. The resonances for the horizontal bearing housing vibrations 
are shifted from about 745 rpm to 628 rpm and from about 2390 rpm to 1630 
rpm.  
 

 
Figure 5. Vertical (a) and horizontal (b) bearing housing vibration velocities, related on bent rotor deflection, for 
different rotor speeds and control parameters, for P-controllers with displacement feedback. 

 

 
Figure 6. Vertical left side (a) and vertical right side (b) foundation vibration velocities and horizontal left side 
(c) and horizontal right side (d) foundation vibration velocities, related on bent rotor deflection, for different ro-
tor speeds and control parameters, for P-controllers with displacement feedback. 
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Figure 7. Absolute values of the vertical actuator forces (a) left side and (b) right side, related 
on bent rotor deflection, for different rotor speeds and control parameters, for P-controllers 
with displacement feedback. 

 

 
Figure 8. Vertical (a) and horizontal (b) bearing housing vibration velocities, related on bent 
rotor deflection, for different rotor speeds and control parameters, for P-controllers with ac-
celeration feedback. 

 
The related foundation vibration velocities are pictured in Figure 9. Here also 

the resonances are shifted to lower rotor speeds with increasing the control pa-
rameter pK . Regarding the vertical foundation vibrations—Figure 9(a) and 
Figure 9(b)—very high foundation vibrations occur for high rotor speeds in 
combination with large values of pK . For the horizontal foundation vibra-
tions—Figure 9(c) and Figure 9(d)—the dominating critical speed at about 
2390 rpm can be shifted to 1630 rpm.  

The absolute values of the actuator forces are pictured in Figure 10, leading to 
high actuator forces for high rotor speeds in combination with large values of 

pK , corresponding to the high vertical foundation vibrations in Figure 9(a) and 
Figure 9(b). 

4.4. P-Controllers with Velocity Feedback 

Now, the differential equation system becomes: 

KP e,a+ =⋅+⋅ ⋅ M q D q C q f                     (83) 

The control parameters are here considered in the range: 
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Figure 9. Vertical left side (a) and vertical right side (b) foundation vibration velocities and hori-
zontal left side (c) and horizontal right side (d) foundation vibration velocities, related on bent rotor 
deflection, for different rotor speeds and control parameters, for P-controllers with acceleration 
feedback. 

 

 
Figure 10. Absolute values of the vertical actuator forces (a) left side and (b) right side, related on 
bent rotor deflection, for different rotor speeds and control parameters, for P-controllers with acce-
leration feedback. 

 
6

p pL pR 0 10 kg sK K K= = = 
                  (84) 

The control parameters are here integrated into the controlled damping ma-
trix KPD . The related bearing housing vibration velocities are pictured in Fig-
ure 11.  
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Figure 11. Vertical (a) and horizontal (b) bearing housing vibration velocities, related on bent ro-
tor deflection, for different rotor speeds and control parameters, for P-controllers with velocity 
feedback. 

 
Figure 11 and Figure 12 show that—contrarily to Section 4.2 and 4.3, where 

the resonances have been shifted—the resonances remain nearly at the same po-
sition. However, the amplitudes in the resonances can be clearly reduced.  

The vertical bearing housing vibrations can be reduced in the resonance at 
1140 rpm by about 90% (Figure 11(a)), and the horizontal bearing housing vi-
brations can be reduced by about 85% in the resonance at 745 rpm and by about 
70% in the resonance at 2390 rpm. 

Figure 12 shows, that again for high rotor speeds in combination with large 
values of pK , the vertical foundation vibrations get very high. But it can be 
shown, that the amplitudes in the resonances can again be reduced clearly. For 
example the horizontal vibration in the resonance at 2390 rpm can be reduced 
by about 80%. 

Figure 13 shows, that regarding the actuator forces no resonances are obvious, 
but for high rotor speeds in combination with large values of pK , also very high 
actuator forces occur, which is explicable because of the high vertical foundation 
vibrations, which are shown in Figure 12(a) and Figure 12(b). 

4.5. Discussion of the Results 

When comparing the results form Section 4.2, 4.3 and 4.4, it can be stated that 
when using a controlled stiffness matrix KPC  (Section 4.2) or a controlled mass 
matrix KPM  (Section 4.3) or a controlled damping matrix KPD  (section 4.4), 
the forced vibrations can be clearly influenced.  

When using a controlled stiffness matrix KPC , the control parameters are in-
tegrated into KPC . With increasing the control parameters, additional stiffness 
is added to the system. This leads to the fact, that the resonances are shifted to 
higher rotor speeds, which can clearly be seen in Figure 5 and Figure 6. If nega-
tive control parameter would be used, the stiffness of the system would get re-
duced, and the resonances would be shifted to lower rotor speeds. 

However, if a controlled mass matrix KPM  (Section 4.3) is used, the control 
parameters are now integrated into KPM . When increasing now the control  
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Figure 12. Vertical left side (a) and vertical right side (b) foundation vibration velocities and hori-
zontal left side (c) and horizontal right side (d) foundation vibration velocities, related on bent rotor 
deflection, for different rotor speeds and control parameters, for P-controllers with velocity feed-
back. 

 

 
Figure 13. Absolute values of the vertical actuator forces (a) left side and (b) right side, related on 
bent rotor deflection, for different rotor speeds and control parameters, for P-controllers with veloc-
ity feedback. 

 
parameters, additional mass is added to the system, and the resonances are 
shifted to lower speeds (Figure 8 and Figure 9). If negative control parameter 
would be used, the mass of the system would get reduced, and the resonances 
would be shifted to higher rotor speeds. 

If a controlled damping matrix KPD  is used (section 4.4), the control para-
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meters are now added into KPD . When now increasing the control parameters, 
additional damping is added to the system. The resonances are hardly shifted 
any more, but the amplitudes in the resonances are clearly reduced (Figure 11 
and Figure 12). If negative control parameters would be used, the damping of 
the system would get reduced, which may mostly not be useful. 

Therefore, the most effective measure seems here to use a controlled damping 
matrix KPD , of course with positive control parameters. If the reduction in the 
resonances is not sufficient enough, an additional controlled stiffness matrix 

KPC , or a controlled mass matrix KPM , may be used, to shift the resonances, so 
that the resonances are shifted to the rotor speeds, where the motor is just not 
operating. For this strategy the control parameters have to be dependent on the 
rotor speed, or the controllers are switched off or on for certain rotor speeds. 

5. Conclusion 

The paper presents a theoretical analysis of different vibration control strategies 
of soft mounted induction motors with sleeve bearings, using active motor foot 
mounts. After the vibration model has been described, different controllers in 
combination with different feedback strategies have been mathematically inves-
tigated. It could be shown, on which position the control parameters are inserted 
into the system matrices, depending on the control strategy. The focus of the 
paper is the analysis of the forced vibrations, caused by dynamic rotor eccentric-
ity—rotor mass eccentricity, magnetic eccentricity and bent rotor deflection. 
After the mathematically coherences have been described, a numerical example 
was shown, where the forced vibrations caused by bent rotor deflection have 
been investigated, for different control strategies. The influence of the controlled 
stiffness matrix, the controlled mass matrix and the controlled damping matrix 
on the forced vibrations could be clearly shown in the example. Additionally the 
actuator forces could be calculated, which is very important, for the dimension-
ing of the actuators. 
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