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Abstract

In this paper, we study the existence of solution of a critical fractional equa-
tion; we will use a variational approach to find the solution. Firstly, we will
find a suitable functional to our problem; next, by using the classical con-
cept and properties of the genus, we construct a mini-max class of critical
points.
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1. Introduction

In this paper, we focus our attention on the following problem:

in Q

in R"\Q

(_A)S”:’IV()CN”'!)_] "'ﬂ]<(x)|”|2s_1 (1.1)
u=

0

where Q isabounded domainin R", 1>0, O<s<1 and n>2s,
1<p<2;, K(x)eC(R")NL*(R"), V(x)20 and ¥ (x)eC(R")NL(R")

*

2 s .

7 *— here (—A) denotes the fractional Laplace operator defined,
s~ P

up to a normalization factor, by

(=4) u(x)

with ¢ =

u(x)-u(y)

n+2s

dy, xeR". (1.2)

]

rRm XY

The aim of this paper is to study the existence of solutions, we will see that if
1< p <2, then by concentration-compactness principle, together with mini-
max arguments, we can prove the existence of solutions for (1.1). We now sum-

marize the main result of the paper.
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Theorem 1.1. Let 1< p<2, K(x)eC(R")ﬂL”(R”) and

0<V(x)e C(R”)ﬂL" (R”) with ¢g= 2, . Moreover, V(x) >0 is bounded

2 -p
on Q. Then

1) For any A >0, there exists ﬁ~'>0, then for any 0<,B<,B, (1.1) has a
consequence of weak solutions {un} .

2) For any [ >0, there exist A>0, then for any 0<A<A, (1.1) has a
consequence of weak solutions {un} .

We denote by H* (R”) the usual fractional Sobolev space endowed with the

so-called Gagliardo norm

1
u(x)-u(y) ’
"u"H“(R”) = ||u||L2(R”) +{ I %d}cdy > (1.3)
R"xR" |x_y
Then we defined
X (@) ={ueH (R"):u=0acin R"\Q} (1.4)

endowed with the norm

"u”)(g(g):{ _[ Md}cdy} , (1.5)

wew [X=

we refer to [1] for a general definition of X (Q) and its properties.

Observe that by [[2], Proposition 3.6] we have the following identity

i) = H(—A)z u (1.6)

LZ(R”)

In this work, the Sobolev constant is given by (can be seen in [[3], theorem
7.58])

S(n,s)=inf QO (u)>0, (1.7)

uet(R")\{o}

where

Qn,s (u) - R"xR" 7
( [ W dx}zx

R"xR"

, ueH'(R") (1.8)

2. Statements of the Result

We will use a variational approach to find a solution of (1.1). Firstly, we will as-
sociate a suitable functional to our problem, the Euler-Lagrange functional re-
lated to problem (1) is given by J: X (Q) — R defined as follow

1 2 l P ﬂ 2:
J(u"):E u, Xé(Q)—;IV(x) u, dx—2*IK(x) u,|” dx. 2.1)
Q s Q
DOI: 10.4236/jamp.2019.71020 244 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.71020

H. Chen

To proof that / satisfy the Palais Smale condition at level ¢, we need the fol-
lowing lemma.

Lemma 2.1 [4] Letting ¢ be a regular function that satisfies that for some

c>0
E n
[p(x)| < xeR (22)
and
¢ "
|V¢(X)|£l+ﬁ, xXeR (2'3)
Let B:XO% (Q)XXO% (Q)—> R be abilinear form defined by
B(fg)(x):zZJ(f(x)_f(y))(g(x)_g(y))dy. (2.4)

x =]

then, for every s €(0,1), there exist positive constant ¢, and c,, such that for
x € R", one has

= c
(-)2¢(x)
I+|x

<—— and |B(4.4)(x)|< (2.5)

1+]|x

n+s

To establish the next auxiliary result we consider a radial, nonincreasing cut-off
function

$eCy(R") and 4, (x):= ¢[fJ (2.6)

&

Lemma 2.2. [4] Letting {u,} be a uniformly boundedin X;(Q) and
¢, €Cy (R”) the function defined in (2.6). Then,

lim lim =0. 2.7)

£>0m—0

J 0 (¥)(-)2 . (x)(-)7 1, ()

Lemma 2.3. [4] With the same assumptions of Lemma 2.8 we have that

[ ()2 u,, (x)dxB(u,,.4, ) (x)

Rr"

lim lim =0.

£—>0m—0

(2.8)

where Bis defined in (2.4).
Lemma 2.4. [5] (Minimax principle) Assume that E € C(X,R), and 4 is
a family of nonempty subset of X, denote

¢ =inf sup E(x) (2.9)

ded vcy

If the following conditions holds:

1) cis a finite real number;

2) there exists an & >0, such that .4 is invariant with respect to the family
of mappings;

7 ={Te(X,X)|T(x)=xif E(x)<c-Z}, (2.10)
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that is, for any 7 € 7 , there holds
Ae A= 7 (A)e A

Then, E possesses a (PS )C sequence at level ¢ define as (6.1.1); Furthermore,
if E satisfies the (PS )c condition (or the (PS )L_ condition at level ¢), then cis

a critical value of E.

3. Proof of Theorem 1.1

Firstly, recalling that /is said to satisfy the Palais Smale condition at level cif any
sequence {u,} e X;(Q) such that J(u,)—>c and J'(u)—>0 has a conver-
gent subsequence.

Lemma 3.1. The (PS )C sequence {un} for Jis bounded.

Proof. Note that {u,} < X; (Q) satisfies

I(w,) =5l ;5(9)_%1/()() “, de_ziéiK(x) u de o
—c+o,(1)
and
(J'(u,).8) =£(—A)°‘ undx—liV(x) u|"” u¢dx—ﬂiK(x) u,[* 7 ugdx o)
=0, (Dl s> VEEXI(Q)

where 0,(1)—>0 as n—> . Choose ¢=u, €X;(Q) as test function in (3.2),
we get that

o, (1) Uyl s 0) =<J'(u"),u">
=u, "i(g(n) _ﬂiV(x)|”n|p dx—ﬂiK(x) u,[* dv (3.3)
=c+o, (1)
therefore, by (3.1) and (3.2), we have
1
cto, (1)_2_*0n (1)"”»: ")(5((2)
1 2 A p 2
_E"“n")(g(sz) _;f[V(X) u,|” dx—z—:E[K(x) u,[” dx
1 2 A p p 2% (3.4)
_2_»; un X()Y(Q) _2_:£J;V(x) un dx_fz[K(x) un dx
K 2 A 1
= | 23 P ol
s P

A1 _P
—|| ;g(g)_(;_ZJs(”’S) 2 "V(x)

n

() Ju, ”Xa‘(g) :

which yields the boundeness of {un} in X, (Q) ,since 1< p<2.
If K(x) el” (R") ,then for 2< p< 2? , similar to the proofof 1< p<2,we
get
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p-2 (p-2.)p 2 -
XS(Q)Z( 2p J””n"ifg(n)_z—*s 2 |

U X3(2)
s

n

c+o,(1)+o,(1)

n

Which also yields the boundedness of (PS )( sequence {un} .

Lemma 3.2. Assume that ¢ <0. Then

1) For any A >0, there exists S, >0, such that for any 0< < f,, then J
satisfies (PS )C.

2) For any B >0 there exists A, >0 such that for any 0<A<4,, then J
satisfies (PS )C.

Proof. By Lemma3.1 {un} is bounded in X (Q), up to a subsequence, we

get that

u, >u xe X, (Q).
u, >u xel (Q), 1<r<2]. (3.5)
u, —>u ae xeQ.

Following [6] it is easy to prove that X;(Q) could also be the X;(Q)-
norm. Applying [[7], Theorem1.5], we have that the exist an index. Set 7 < N

a sequence of point {xk} and two sequences of nonnegative real numbers

xelcQ

{’uk}kel ,{vk}kd , such that

2 2

‘(—A)i u,| = ul(-A)2u| +¥ 15, (3.6)
kel
moreover
w,[* = plul* +3v,6, . (3.7)
kel
in the sense of measures, with
2 2
v, <8 (s,n) 2 p2 for every kel (3.8)

here &, denotes the Dirac Delta at x,, while S(n,s) is the constant given in

(1.7), we consider ¢ € C;/ (R") a nonincreasing cut-off function satisfying
$=1inB(x,) and $=0 inB,(x, ) (3.9)

Set ¢, (x)= ¢(£j, x€R" taking the derivative of (1.6), for any u,¢ e X, (Q).
£

We obtain that

I (u(x)—u(y))(|f5+(2if)-¢(y))dxdy:j¢(x)(_A)Su(x)dx (3.10)

R"xR" | - R"

Then, taking ¢,u, asa test functionin J'(u,)— 0

lim [ gu, (~A)u,de=| 2 [ V(x)ulgdc+p [ K(x)u>gdx|=0 (3.11)

Bzf(xko) BZ«‘:(X’fo)

by (3.10), we have
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lim [, ()(-A)eu, <x><—A>% g, (x)dx
AU O
=lim2 ] V@l (9.0 { K@), (1), (x)ar (.12)

therefore, by (3.5) (3.6) and (3.7) we get

lim lim uxﬂﬁ%uxﬂﬁ@umx

>0 n—0
RVI

2 0 E@-A 0N 000D,

J |x_y"+s Y (313)
i )V(x) s | a0
-pB I K(x)@, (x)du
BZS(Xko)

Since @ is regular function with compact support, it is easy to see that it satis-
fies the hypothesis of Lemma 2.1, by Lemma 2.2 and Lemma 2.3 applied to the se-
quence {un} , it follows that the left hand side of (3.13) goes to zero. We obtain that

113{ [ 7(x Vg, (x)dx+ [ g (x)dv=8 [ K(x)¢,(x)]|du
e e By (i ) (3.14)
=,BK(xk0 )vko — 4, =0.

Clearly, if K(x)SO, we get p, =v, =0;if K(xko)>0, by (3.8), we get

n

2s
vkozo or v, > M .
0 /)’K(xko)

suppose that v, #0, we know that

0>c=1im{](un)— *<J’(un),un>} (3.15)

n—o

according to the embedded theorem, we have
0>c> l—i* u 23. —i—ﬂ; IV(x)u ’
20 20)re {po2) )y
N I
= " un X{j(g) P 2*
2

A A
() [p 2 JS F ) () el -

(3.16)

u

n

>3 g
57 (n.3)
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This yields that

o 2 oy < CAZ7 (3.17)

Thus, if v, 2{

0>c= lim{J(u,,)— ! (J’(un),un)}

n—»0
lu

_ A A
25 ol + S, 4 *jsz () (N b

() ()
(3.18)

ol
n 2s—n 2
Z%Sz(n,s)[ﬂ[((xko )] 3 _Cpr

However, if >0 is given, we can choose A, >0 so small for every
0< A< 4, thatlastterm on the right-hand side above is greater than 0 which is

contradiction when 2< p<2;

0>c—m{J( n)—%(J'(un)aunﬂ
(l_l]” g0 - ;é_g iK(x)|u|2:dx
2(%‘%)"“ o f _g m{Kj(xyo}K(X)lu'zj .
. (%—%]llu o | 2 JIECN e
f is the same as A greater than 0. We see that v, > [;}i’(i):)] cannot

occur if 4, or f, arechoose properly. Thus x, =v, =0. As consequence, we

obtain that (u, )+ —u—0 in > (Q),

implies convergence of }LV(x)|un|"_1 +/3K(x)|un|2z_1 in I* (Q). Finally using
the continuity of the inverse operator (~A)’. We obtain strong convergence of

u, in X;(Q).#

Next, by using the classical concept and properties of the genus, we construct

a min-max class of the critical point.
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For a Banach space X, We define the set
A= {A c X\ {0} : A is closed in X and symmetric with respect to the orign}

For A4 e A, define
y(4)=inf{meN,3pe C(4,R"\{0}),¢(x)=—¢(-)| (3.19)

If there is no mapping @ as above for any m e N, there }/(A) =40 . we re-
fer to [8]for the properties of the genus.

Proposition 3.3. [8] Let 4,Bc A,

1) If there exists an odd map f € C(4,B),then y(A4)<y(B);

2)If Ac B, then )/(A) < ;/(B);

3) 7(4UB)<y(4)+y(B);

4) If Sis a sphere centered at the origin in R", then y(s) =m;

5) If A is compact, there exists a symmetric Neighborhood N of A, such that
}/(]V ) =7(4).

According Holder inequality, we get that

1 A :
J(0) =y <2 [ (ol e~ [k (o)
2 p Q 25‘ Q
1y 2 » 2 (3.20)
2l - GAlll; - CoBlul;
We define the function
o(t)= %tz —C At —C, (3.21)

Then it is easy to see that given £ >0, there exists 4, >0 so small that for
every 0<A<J,, there exists 0<7, <7, such that Q(¢)<0 for 0<¢<T,,
O(1)>0 for Ty<t<T.and Q(t)<0 ¢>7;. Analogously, for given A>0,
we can choose f, >0 with the property that 7,7, asabove for each
0< f < p,. Clearly, Q(To)zQ(Tl)zo

Asin [9],Let 7:R* — [0,1] be a nonincreasing C* function such that

r(r)=1 if 0<7<T, and 7(¢f)=0. if 7>7,. Set ‘P(u):z'(”u XS(O)) , we
make the following truncation of the function /.
Tw)= el = [V (el s Sy @K (s )
then
J (1) 2 Ol 5 - (3.23)

where Q~(t)::%t2 - CAt" —Cz,Btzz(//(t).

It is clear that J (u) € C' and is bounded from below.

Lemma 3.4. [10] 1) Forany 2A>0 and 0<f<f orany £>0 and
0<A<2,if J(u)<0,then "”")(5(0) <T, and J(u):{(u) )

2) For any A >0, there exists such that if 0<f<f and c¢<0 then J
satisfies (PS )

e
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3) For any f3 >0 there exists 1 > O(i < Z,l) such thatif 0<A< A and
c<0 then J satisfies (PS) .
Lemma 3.5. Denote J*:= {u e X, (Q),J(u)< a} . Then for any meN,
thereis ¢, <0 such that 7(.}5” ) >m
Proof. Denote by X;(Q) the closure of C; (Q) with the respect to norm
L
2

Iu (f . | .
"”"xg I dxdy | , V(x)>0 in Q. Extending functions in

n+2v

X;(Q) by 0 outside Q. Let X, be a m-dimensional subspace of X;(Q).
For any ueX,,u=0. We write u=7w with welX, and "W”xg(g) =1.
From the assumptions of ¥ (x), it is easy to see for every we X, with

"W"xg (@ =1 thatthere exists d, >0 such that

P
[V (x)w"dx>d, (3.24)
O
For 0<r, <Tj. Since all the norms are equivalent, we get

x)|u|2'tdx

~ 1 A
J(u)=J(u)= E"”"izg(n) _;.[V(x)|“|pdx_

1 A p
< ”ig(g)_;y/ |u| dx+— z

[&(

(@)

|u|2x | ‘
< 1, Aed % ._
_El"m —Aca, +Cﬁl"m =&,

Therefore for given A1 and S . we can choose 7, €(0,7,) sufficiently
small so that j(u)<g <0.#

Let S, = {u € X ||u

i) = } Then S, NX, c J*", Hence by pro-

position 3.3 (2) and (4) r( ) (Srm nx, ) >m
Wedenote T, ={4eA:y(4)2m} andlet

C, /}?rfm SMIEJSJ( i) (3.25)
then
—0<C, <¢g, <0, meN (3.26)

because J e, and J isbounded from below.

Proposition 3.6. Let A, be as in Lemma 3.5 (2) and (3). Then all ¢, giv-
en by (3.25) are critical values of J and ¢, >0 as m—0.

Proof. Denote K, :{u e X, (Q):J(u )—c J'(u)= O} Then by Lemma 3.4
(2) and (3), if ¢<0, K, is compact. It is clear that C, <C By (3.26)

m+l*

C,<0.Hence C, —> C <0 . Moreover, since (PS )C satisfied, it follows from

a standard argument (see [11]) that all C, are critical values of J . Now, we
claim that ¢ =0. If ¢ <0 because K_ is compact and K. €4, it follows
from Proposition 3.3 (5) that y(K,)=m, <+ and there exists & >0 such
that y(K.)=y(N;(K,))=m,. By the deformation Lemma [9], there exists

£>0(c+&<0) and an odd homeomorphism ¢(-): X, (Q)— X;(Q) such
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that
g(jas \ N, (K?)) cJe

(3.27)

Since ¢, isincreasing anad convergesto c . there exists m e N such that

¢, >C—¢.

Andexistsa Ael

m+mygy

such that

supJ(u)<c+e

ued

By Proposition 3.3 (3), we obtain
;/(A\N(; (KE)) >y(4)-7(Ny (K. ))2m
By Proposition 3.3 (1), we obtain

therefore
c(A\N,(K;))el,

consequently, from (3.28), we get

sup  J(u)zc,>c-¢
ueg(A\N;(K;))

on the other hand, by (3.27) and (3.29)
s(A\N, (K. )) <o (TN, (K, )< T
which implies that

sup  J(u)<c-e¢

ueg(A\NMK;))

this contradicts to (3.32).Hence ¢, - 0. #

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

By (1) of Lemma 3.4 j(u)zJ(u) if j(u)<0. This and Proposition 3.6

give Theoreml.1.
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