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Abstract 
The effect of the propagation delay of gravitational interactions results in a 
singularity of the normalized acceleration of the radius of a sphere 
representing the Universe. Stephen Hawking in his Inflation Model also dis-
cusses a delay type interaction. This term can be used to model the inflatio-
nary rapid expansion of the early Universe. Since the Universe is thought to 
occupy all of space-time, one cannot define a boundary or radius of the Un-
iverse. Therefore, the properties of a sphere in the Universe are analyzed. It is 
assumed that the Universe will behave similarly to this sphere. This analysis is 
performed by including the effect of the propagation delay of gravitational 
interactions in Einstein’s equation.  
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1. Introduction 
1.1. A Model for the Radius of the Universe 

The development of the expansion of the Universe can be derived by investigat-
ing the radius of the Universe. But, the General Relativity Theory model [1] ac-
tually considers that the Universe occupies all of space-time. Thus, one cannot 
define a boundary or radius of the Universe. Therefore, there is no such thing as 
a radius of the Universe. As the name implies, space-time has four dimensions, 
the three spatial dimensions and time as the fourth dimension. It is observed 
that most galaxies are moving away from each other [2]. From this, one can infer 
that the Universe and space-time are expanding.  
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One can model the four-dimensional Universe by a two-dimensional surface 
of a balloon. The surface of the balloon like the Universe, has no boundary or 
radius. One can spray the balloon with dots that represent the galaxies in the 
Universe. If the balloon expands, the dots will move away from each other like 
the galaxies move away from each other in the expanding Universe.  

In order to calculate the expansion of the surface of the balloon in two dimen-
sions, one can paint a circular area on the surface of the balloon which has a 
boundary and a radius. One can calculate the expansion of the radius of this 
circular surface. Since the balloon’s surface behaves similarly as the circular sur-
face, this calculation also describes the expansion of the surface of the balloon. 

In order to analyze the problem of the expansion of the Universe, one can de-
fine a four-dimensional sphere in this Universe or in space-time [3]. The sphere 
has a boundary and a conventional radius at a particular time. This is similar to 
the circular surface on the balloon. Saying “at a particular time” provides the 
fourth dimension. When the Universe expands, the sphere expands with it. 
Thus, there is an expanding radius. In this article, when one talks of an expanding 
“Radius of the Universe”, one really means that the radius of the sphere in the Un-
iverse is expanding. The Universe will behave similarly as the sphere in the Un-
iverse [3]. 

1.2. The Model of the Propagation Delay 

There are a lot of misconceptions of the delayed interaction in the descriptions 
published after about 1950. In earlier publications by H. M. Tetrode [4], J. A. 
Wheeler and R. Feynman [5], P. A. M. Dirac [6] and A. Lande [7] correctly de-
scribed the delayed interaction using two terms, a so-called Retarded term and a 
so-called Advanced term. They did not quite solve the causality problem. But 
these descriptions gave results that agree with experiments and observations. 
Models developed after 1950 often only used the Retarded term because it was 
perceived that Advanced term was not causal and thus gave results in complete 
disagreement with experiments. A model that shows that all three terms neces-
sary for describing the delayed interaction, the Retarded term, the Advanced 
term and the Recoil term are causal and give results in agreement with observa-
tions is given here. 

The gravitational interaction between real galaxies takes time to propagate. 
The propagation delay effect of the gravitational interaction between galaxies 
involves three terms, the Retarded term, the Advanced term, and the Recoil 
term [8].  

A gravitational interaction acts currently on one galaxy that was radiated by 
another galaxy in the past. Thus, this interaction travels over a path from the 
past position and time to the current position and time. This is the causal Re-
tarded interaction term. 

The first galaxy uses the information it obtained from the Retarded interac-
tion to radiate an interaction currently towards the other galaxy that might or 
might not reach it at its future position and time. Thus, this interaction travels 
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over a path from its current position and time to its predicted future position. 
This is the Advanced interaction term. The Advanced interaction is causal since 
it involves only current and past information. 

The first galaxy radiating the interaction currently experiences a Recoil inte-
raction also currently. The Recoil interaction is equal to the magnitude of the 
Advanced interaction and opposed to its direction. The Recoil interaction will 
act on the first galaxy currently, whether or not the Advanced interaction 
reaches its target.  

Only the Retarded and Recoil interaction act on the first galaxy. Thus, since 
the Retarded and Recoil interactions act on a galaxy currently, the delayed inte-
raction process is causal. 

The interactions are radiated and received continually. If one were to inter-
change future and past in the above description one would obtain the same 
model. Thus this model symmetric was under time inversion. 

In the continuum model used to describe the sphere in the Universe, the inte-
ractions are between regions of the Universe rather than galaxies. A rudimentary 
model of the delayed interaction is between regions in the early universe. 

For small delays, the sum of the Past and Recoil interactions divided by the 
square of the round-trip delay times, can be approximated by the second deriva-
tive of the distances in the sphere in the Universe. Since the distances in the 
sphere in the Universe are proportional to the radius of the sphere in the Un-
iverse, one can approximate the second derivative of the distances between re-
gions by the second derivative of the radius of the sphere in the Universe times 
an adjustable constant parameter. The effect of the delay is small, and can thus be 
collected in a separate additional term to the main equation under consideration. 

The Einstein equation is an equation for the second derivative of the radius of 
the sphere in the Universe. By adding the delay term to Einstein’s equation as 
described above, one now has two second derivatives of the radius of the sphere 
in the Universe. The two second derivative terms have opposed signs. When the 
two second derivatives are equal to each other, their amplitudes must be very 
large since this difference of the second derivatives is equal to a finite term in 
Einstein’s equation. Thus, the equation for the second derivative or acceleration 
of the radius of the sphere in the Universe has a singularity. This singularity oc-
curs for the radius when the inflation [9] of the Universe occurred. The double 
integration of Einstein’s equation, including the Singularity, to solve for the Radius 
results in a step in the size of the Radius as a function of time, (see Figure 1). 

After this step of the Radius, as a function of time, the Radius follows an acce-
lerating expansion. 

2. Calculation of the Radius of the Sphere in the Universe 

It is consistent with the model used here to assume, for simplicity, that the Un-
iverse is homogeneous and isotropic. Small-scale in homogeneity such as stars 
and galaxies are also neglected. We here use Einstein’s equation from Baez and  
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Figure 1. Plot of the normalized radius R of the sphere in the Universe as a 
function of time. Note the rapid expansion, or inflation step. The step occurs 
at the singularity in the denominator of Equation (14). Note, that in this model 
it is assumed that Einstein’s Cosmological Constant is large enough for the ra-
dius R to expand in an accelerating way after the inflationary step. 

 
Bunn [3] instead of deriving it, since the derivation is lengthy. Einstein’s Equa-
tion which holds in an infinitesimal size ball containing a very large number of 
even smaller particles at time t = 0 is given by [3]:  

( )
2

2 22 t x y z
ss

v G cp p p p
v c r
= − + + + + Λ



                     (1) 

where v is the volume, G is the Gravitational constant, c is the speed of light in 
vacuum and ap  with a = t, x, y, z, is the momentum density current in kg per 
second squared per meter, as measured at the center of the small ball. Here Λ is 
the normalized, dimensionless Einstein’s cosmological constant. All parameters 
are measured at the center of the small ball in MKS units. The Schwarzschild ra-
dius is. 

2

2
ss

mGr
c

=                            (2) 

In the equation for the Schwarzschild radius m is the total mass of all the 
small particles in the above four-dimensional ball. The time component of the 
momentum current is just the energy density [3]. 

2
tp cρ=                            (3) 

where ρ is the ordinary mass density. Substituting Equation (3) into Equation (1) 
and assuming the sphere in the Universe is isotropic one obtains at t = 0: 

2

2 2

3
2 ss

v G p c
v c r

ρ = − + + Λ  

 

                     (4) 

One can model the above sphere in the Universe by a very large number of 
such infinitesimal spheres. The infinitesimal spheres have a radius r. But, since it 
is assumed that the sphere in the Universe is uniform and isotropic the large 
sphere with radius R will behave the same way as the small balls. 
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2

2 2

3
2 ss

V G p c
V c R

ρ = − + + Λ  





                    (5) 

where V is the volume of the sphere in the Universe. Here the mass M in the 
Schwarzschild Radius Rss equation is the total mass of the sphere in the Universe. 

The Volume acceleration divided by the volume V
V



 can be expressed as follows 

in terms of the Radius R of the sphere in the Universe: 

)
2

2a  3 6V R R
V R R
= +

  

 at low radial velocities )b  3V R
V R
≈

 

       (6) 

Substituting Equation (6b) into Equation (5). One obtains for a completely 
isotropic case: 

2

2 2 2

3 33 where 0
2 ss

R G p c p
R c R c

ρ ρ = − + + Λ + > 
 



 

           (7) 

The gravitational interaction between real galaxies takes time to propagate. 
The effect of the propagation delay [8] of the gravitational interaction between 
galaxies involves the difference in distance rk − rk−1 between a current galaxy po-
sition at tk and a galaxy position at some previous time tk−1. It also involves a Re-
coil term. When a galaxy radiates a gravitational interaction, it experiences a re-
coil interaction. The Recoil [4] term is proportional to the magnitude of the dif-
ference in distance rk+1 − rk between a probable future galaxy position at tk+1 and 
a current galaxy position at current time tk and it is in a direction opposed to 
that future term. The recoil term will occur whether the radiated term reaches its 
target or not. Only the Past and Recoil interaction act on a galaxy.  

The Universe is modeled as a continuum of more or less uniformly distri-
buted mass. Thus, the delayed interaction describes the interaction between re-
gions of the Universe.  

The effect of the delayed interaction is usually very small and it is of the order 

of the ratio ssR
R

 of the Schwarzschild radius Rss of the total mass in the sphere 

in the Universe divided by the radius R of the sphere in the Universe. But in the 
early Universe apparently, the mass continuum circulated fast enough so that 
the effect of the delayed interaction became large. Thus, the delayed interaction 
is important during the very early time of the Universe, before galaxies formed. 

Assuming the distances between regions in the Universe is approximately 
proportional to the radius R of the sphere in the Universe. The effect of the 
propagation delay can be approximated by two terms. A term describing the ac-
tion on a Universe region that was radiated by another region in the past 

( )1k k
G K R R
R
ρ

−−  and a Recoil term ( )1k k
G K R R
R
ρ

+ −  because this region also 

radiates an interaction. Indeed, Stephen Hawking [5] also discusses a delay type 
interaction. 

( ) ( )
2

1 12 2

33
2 k k k k

ss

R G p c G K R R K R R
R Rc R

ρ
ρ + −

   = − + + Λ + − − −    





    (8) 

The term in the square bracket represents the effect of the propagation delay. 
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K is a proportionality constant. The Recoil term is equal in magnitude and op-
posed in direction to the Advanced term radiated by a region in the sphere in the 
Universe. Collecting terms in the square bracket and multiplying and dividing 

by the square 
2

2
2

4R
c

τ =  of the round-trip delay time. One should have used the 

average distance between galaxies in the round-trip delay time. But, it is assumed 
that the radius R of the sphere in the Universe is proportional to the distances 
between regions in the sphere in the Universe. 

2
1 1

2 2 2 2

23 43
2

k k k

ss

R R RR G p c RG K
R c R c

ρ
ρ

τ
+ −− + = − + + Λ + 

 





       (9) 

Approximating the second difference, divided by the square τ2 of the round-trip 
delay time, by the second derivative one obtains: 

2

2 2 2

3 43
2 ss

R G p c RG KR
R c R c

ρ
ρ = − + + Λ + 

 





             (10) 

The total Mass M of the four-dimensional sphere in the Universe is: 

) ) )3
3 2

4π 3 2a       b     and   c  
3 4π ss

M MGM R R
R c

ρ ρ= = =      (11) 

Substituting Equation (11b) for the density ρ and the Equation (11c) or the 
Schwarzschild radius Rss, into Equation (10). 

2 2

3 2 2

3 31 33
2 2π8π

ss ss

ss

R c KRR pG c R
R R RR c R

 
= − + + Λ + 

 

 



          (12) 

Collecting terms  
2 2

3 2 2

31 33 1
2π 2 8π

ss ss

ss

KR R cR pG c
R R R c R

  − = − + + Λ  
   





          (13) 

Solving for the normalized acceleration 
R
R



 of the radius of the sphere in the 

Universe to obtain this papers final result: 

2 2

3 2 2
1
2 8π 3

1
2π

ss

ss

ss

R c pG c
R c RR

KRR
R

 
− + + Λ 

 =
−





              (14) 

Equation (14) is the final result for the normalized acceleration 
R
R



 of the 

radius of the four-dimensional sphere in the Universe. It is a very approx-
imate solution. The numerator of Equation (14) is Einstein’s basic equation de-
scribing the big bang cosmology of reference [3]. There are two dimensionless 
adjustable parameters the delay constant K and Einstein’s cosmological constant 
Λ. A singularity in the acceleration of the radius of the sphere in the Universe 

occurs at 
2π

ssKRR = , see Figure 1. The normalized acceleration grows explo-

sively at this value of the radius. This is the Cosmological Inflation [9] [10] [11]. 
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The ratio ssR
R

 of the Schwarzschild radius Rss to the radius R represents the ef-

fect of the delayed interaction. Observations point to a rapid growth or Inflation 
of the early Universe. Thus, the adjustable parameter K must have a substantial 
value representing some modes in the early gravitational field and mass conti-
nuum of the early Universe. But as the radius R of the Universe becomes large, 
the effect of the delayed interaction decreases substantially. Note from Equations 
(9) and (10) that the second acceleration term in equation 10 is only an ap-
proximation, thus the denominator of Equation (14) does not completely go to 
zero. In the limit of a very large radius R for a sufficiently large value of Eins-
tein’s cosmological constant Λ, the acceleration of the expansion of the Universe 
will continue to increase. 

3. Conclusions 

The main contribution of this paper is the addition to Einstein’s equation of a 
term representing the propagation delay of the gravitational interaction between 
regions in the sphere in the Universe. The resulting equation can be used to 
model both the Big Bang and the later occurring rapid inflation of the Universe. 
The gravitational interaction between real galaxies takes time to propagate. The 
effect of the propagation delay of the gravitational interaction between galaxies 
involves the current position of one galaxy and the past and estimated future po-
sition of another galaxy. The first galaxy has information about the past position 
and velocity of the other galaxy and can use this information to estimate the fu-
ture position of that other galaxy. Therefore, the process is causal.  

For small delays, the position differences divided by the square of the 
round-trip delay time, can be approximated by the second derivative of the dis-
tances between galaxies. Since the distances between galaxies are proportional to 
the radius of the sphere in the Universe, one can approximate the second deriva-
tive of the distances between galaxies by the second derivative of the radius of 
the sphere in the Universe multiplied by an adjustable parameter. The Einstein 
equation is an equation for the second derivative of the radius of the sphere in 
the Universe. By adding the delay term to Einstein’s equation, one now has two 
second derivatives of the radius of the sphere in the Universe. The two second 
derivative terms have opposite signs. When the two are equal, each term must be 
very large since this difference is equal to a finite term. Thus, the equation for 
the second derivative or acceleration of the radius of the sphere in the Universe 
has a singularity. When the resulting equation is integrated twice to calculate 
the radius, the singularity results in a step in the expansion of the radius, the 
inflation of the Universe. 
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