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Abstract

In this paper, we discuss one-dimensional optimal system and the invariant
solutions of Coupled Burgers’ equations. By using Wu-differential characte-
ristic set algorithm with the aid of Mathematica software, the classical sym-
metries of the Coupled Burgers’ equations are calculated, and the
one-dimensional optimal system of Lie algebra is constructed. And we obtain
the invariant solution of the Coupled Burgers’ equations corresponding to
one element in one dimensional optimal system by using the invariant me-
thod. The results generalize the exact solutions of the Coupled Burgers’ equa-
tions.
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1. Introduction

Lie group methods are perhaps the most powerful currently available in finding
exact solutions of nonlinear partial differential equations (PDEs) [1]. This me-
thod has a profound impact on both pure and applied areas of mathematics,
physics and mechanics, etc. [2] [3] [4]. Based on the symmetries of a PDEs,
many important properties of the equation such as Lie algebras [5], conservation
laws [6] [7] [8], exact solutions [9] [10] [11], boundary value problem [12] can
be considered successively.

In 1988, Bluman and Kumei [13] suggested a method to find a new class of

symmetry for PDEs which can be written as conservative form. They analyzed
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the Lie symmetries of the system S that is obtained by introducing a potential as
a further unknown function. In general, not all equations have potential symme-
try, because the determining equations (DTEs) of potential symmetry are less
than the DTEs of Lie symmetry. Potential symmetry can generate new symmetry
and new invariant solutions which could not be obtained by Lie symmetry.
Therefore, the study of potential symmetry of PDEs has become an important
research topic in many fields [14]. Researchers such as Qu Changzheng [15] and
Sophocleous [16] have made outstanding contributions in this field.

The plan of the paper is organized as follows. In Section 2, we obtained the
potential symmetries and the one-dimensional optimal system of the Coupled
Burgers’ equations based on differential characteristic set algorithm, and the
corresponding Lie transformation groups are derived. In Section 3, we gave
some new invariant solutions and exact solutions of the Coupled Burgers’ equa-
tions by applying Lie transformation groups on the invariant solutions. In Sec-

tion 4, we give some discussions and conclusion remarks.

2. The Potential Symmetries, One-Dimensional Optimal
System and Lie Transformation Groups of Coupled
Burgers’ Equations

Let’s consider Coupled Burgers’ equations of Ref. [17],
u, —u, +2uu +a (uv)x =0, (1)
v, —v_ +2w + ﬂ(uv)x =0. (2)
where «,f are constants. The conserved form of Equations (1) (2) have the

following forms

u,— [u)c —-u'—a (uv)l =0, (3)
v, — [vx - - ﬁ(uv)l =0. (4)

For obtaining the potential symmetry of Coupled Burgers’ equations, we in-
troduce the potential variables @, , then Equations (3) (4) are equivalent to the
potential systems

¢x = u’
) :_ux —u —a(uv), %)
V=V,

v, =v,—v' = B(uv).

The symmetry group of Equations (5) will be generated by the vector field of

the form

0 0 0
X = §(x,t,u,v,¢,l//)a+ z'(x,t,u,v,¢,!//)5+ m (x,t,u,v,¢,y/)£

0 0 0 ©)
+ x,t,U,V, b _+7 xatauavy ) _+5 xatauavs s ~
m( )5 +7( ¢l//)a(p ( ¢W)5’l//
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where &=&(xtuv,dy) » t=t(xtuv,gy) , n=n(xtuv.dy) ,
m =, (x.tuv,gw), y=y(xtuv,pw), §=56(xtu,v,p,y) are the infini-
tesimal functions.

Definition 1. If & +7; +7, +75, #0, & +7, +n,, +15, #0, if and only if
the infinitesimal functions ¢&,7,7,,77, have an essential dependence on the po-
tential variables ¢,y , then Xis called the potential symmetry vector of Coupled
Burgers’ Equations (1) (2).

2.1. The Potential Symmetries

In this section, we can divide it into three cases as following.

Casel: a#0, f#0.

According to the Lie algorithm, we obtain the determining equations of sym-
metry (6), but it is too difficult to get its solutions. However, we can obtain the
following equivalent system of the determining system by corresponding to the
characteristic set which is equivalent to the determining equations by using the
differential characteristic set algorithm of Ref. [18]

2n, +ur, =0,7 =7, =1, =7,=1, =07, =n,=1n, =Ty =1, =0,
V=V =V =0 =7;=7,=0,6,=6,=6,=06,=6,=6, =0,
& =6,=8=86=¢,=0,n+un, =0,n +ué =0,vp, —un, =0.
By solving above equations, we obtain the infinitesimal functions as follows:
E=—cyx+c, T=="2ct+c,, ) =CU, 1, =GV, ¥y =, 0 =C,,

where ¢, (i=1,-+,5) are arbitrary symmetry parameters, and can give five fi-

nite symmetries of Equations (1) (2):

O AN B O LA A
o¢ oy ox ot Ou Ov ot ox
According to the definition 1, they are not potential symmetries.

Case2: a=0, f#0,Equations (1) (2) have the following forms:

u,—u, +2uu_=0, (7)

v, —v, +2vw + ﬁ(uv)x =0, (8)
and Equations (5) have the following forms
¢x = u’
2
=u_—u",
4=, o)
y/x - v:

W, =V, -’ —,B(uv).
By the same manner, we can obtain the following equations:
G = =6=¢=¢,=07=7=7=7,=7,=0,
My = = =g =1y, = 0,70, =11, =11y, =0,
Ve=Vi =V =V =Yy =7, =06,=6=6,=6,=0,
m —umy, =0,2n, +ur, =0,n, +ué, =0,vy, —un, +un,, =0,
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’72 - v’72v - ””7214 = 07 772¢ + 1/”7214 _ﬁ””hu - v’72u = 0’
Oy =M, =0,uvd, +vn, —un, + u2772u =0.
By calculating above equations, we obtain the infinitesimal functions:

E=—cx+c,, T =-2ct+cy, 1 = cyu,

v .
17, = (u + ]e"”( YOV 4 eyt cove,
-1+ 4

y/+(—l+ﬁ)¢
cse v
y=¢,0 =—————+c,£" +c;,
-1+
where ¢, (i=1,---,7) are arbitrary symmetry parameters, and can give seven fi-

nite symmetries of Equations (7) (8):

X, :i)){z :—xi—2t2+ui+vi,){3 :g,X4 =i,
o¢ Ox ot Ou Ov ot ox
O R e VR
’ -1+ v 1+ oy’
X6:ve"’i+e"’i,X7=i.
Ov oy oy

According to Definition 1, X, is the potential symmetry of Equations (7)
(8).
Case 3: a =0, =0, Equations (1) (2) have the following forms:

u, —u, +2uu, + a(uv)x =0, (10)
v, —v_+2w_ =0. (11)

and Equations (5) has the following forms

¢x:u’
2
=u_—u —aluv),
thg ( ) (12)
v, =v,—v’

By the same manner, we can obtain the following equations:
§=6.=6=6=¢,=0r=7,=7,=7,=7,=0,
Mow =1y = Moy =Ty =Ty, = 0ty =1, =1, =0,

V=V, =V,=1,=00,=0,=0,=0,=5,=9,=0,
m, —vip,, =0,2n, +vr, =0,1, +v&, =0,
= Vi, —ut, = 0,vip, =vip, —un, =0,

—un, +vi, —aviy, + v, +u’n, —uviy, +owvy, =0,
vy, —m +umn, =0,vy,—vn, +1,=0.

By calculating above equations, we obtain the infinitesimal functions:

-1
E=—cx+ey, T="20,t+c,,1 =Cs (v + )ew W 4 cu+cve?,

-1+

DOI: 10.4236/jamp.2018.69156 1828 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2018.69156

Y. X. Baietal.

¢ e¢+(—l+a)y/ s
5
7]2=C2V,5=C1,)/=ﬁ+c6e +cy,

where ¢, (i=1,---,7) are arbitrary symmetry parameters, and can give seven fi-

nite symmetries of Equations (10) (11):

RIS S ST L S S )
oy Ox o Ou Ov Ox ot
p+(-1+a)y
XS Z(V-F )e¢+(_1+a)‘/’ i+e—i’X6 :ue¢i+e¢ i’ ; :i.
-l+a ou —l+a 0¢ Ou o¢ o¢

According to Definition 1, X, is the potential symmetry of Equations (10)
(11).

2.2. One-Dimensional Optimal System of the Coupled Burgers’
Equations

As is mentioned in process of Ref. [3], the problem of finding an optimal of
subgroups is equivalent to that of finding an optimal system of subalgebras. In
this section, we will construct the optimal system of one-dimensional subalge-
bras of Coupled Burgers’ equations Equations (7) (8) by using the method pre-
sented in process of Ref. [3].

In the case 2, we have obtained seven operators X, ~X,. Applying the
commutator operators [Xm,Xn]szXn - X, X, , we obtain the commutator
table listed in Table 1 with the (i, /)-th entry indicating [X X j]. The com-
mutation relations between these vector fields are given by the following table,
the entry in row 7and column jrepresenting [X X ]} .

From the above commutator table for this algebra, we use the Lie series and

apply the following formula

Ad(exp(gXl.))Xj = ig—n'(adXi )" (Xj)
n=0 N ; (13)
- X, —g[xi,Xi,]+%[xi,[xi,xjﬂ—---

and compute the adjoint representation, we obtain the following table with the
(4,))-th entry indicating A4d (exp(eXl. ))Xj .

Table 1. Commutator title.

X X, X X, Xs Xs X;
X, 0 0 0 0 —(-1+pX 0 0
X, 0 0 2X, X, 0 0 0
X, 0 -2X, 0 0 0 0 0
X, 0 -X, 0 0 0 0 0
X, —(-1+PX 0 0 0 0 0 -X;
X, 0 0 0 0 0 0 -X,
X, 0 0 0 0 X X, 0
DOI: 10.4236/jamp.2018.69156 1829 Journal of Applied Mathematics and Physics
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With the help of the adjoint representation Table 2, applying the adjoint ac-
tionof Xto X =a,X, +a,X, +a; X, +a,X, +a,X;+a, X, +a,X,, wehave

Ad (exp(£,X,)) X
—a X, +a, X, +a, X, +a, X, +ae TP X, +a, X, +a,X, (14)
= (X, X,, X3, X, X, X, X,)- 0, -(al,az,a3,a4,a5,a6,a7)T.

It is easy to obtain @, as follow,

0

- o o O
S O o O

0=

—&(-1+8)

S O O O o o =
S O O O = O O
S = O O O o O
- O O O o o O

S O O o o =
oS o O
(=]

Similarly, the other matrices of the separate adjoint actions of the vectors Q,,
0., 0,, O, O,, O, arefound as follows:

1 0 0 0 000 1 0 00 0 OO
01 0 0 000 0O 1 0 O0O0O0O0
0 0e™ 0 000 0 264 1 0 0 0O
0,={0 0 0 2 00 0,0,=0 0 01 00 Of,
00 O 0 1 00 0 0 001 O0O0
00 O 010 0 0 0O0O0T1O0
00 O 0 0 1 0 0 0 0 0 01
1 0 000 OO 1 00 0O0O0OO
01 00 0O0O 0 1 0000 O
0 01 0000 0 01 000 O
0,=|10 & 01 0 0 O0f, Os= 0 001 00 O
00 00100 65(—1+ﬂ) 0001 0 g
0 0 00 O0T1O0 0 00 0O0T1 O
0 0 00 0 01 0 00 0O0O0 1
1 000 0O O 1 000 O 0 0
01 00O0O0O 01 00 O 0 0
001 00O O 001 0 O 0 0
o=/0 00100 0{,0,=/0001 0 0 0
00 0O0T1TUO0OTDO0 000O0¢e” 0 0
000 00 1 g 0000 0 e7 0
000 O0O0O0O 1 00 00 O 0 1

Then the general adjoint transformation matrix @ of the Coupled Burgers’

equations is

0=(a,,). =00.00,00.0,
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Table 2. Adjoint title.

Ad X, X X, X X, X, X
X, X, X X, X, etvhx X X
X, X, X +2eX, X X, X X, X,
X, X, X+eX, X X, X X, X,
X X+e-l+pX X X X, X X, X +Ex
X X, X X, X X, X, X+eX
X X, X X, X X, X, X

the general adjoint transformation equation of the Coupled Burgers’ equations is

1 T T
—0(@, 0y, 05,00, 05,05,0,) = (B o s s s Bs ) (15)
where a#0. According to Equation (15), we got
% B
e’ s
e + 2a,6,8 7 B
1 &
-z ¢ (a,+ae,) = B, | (16)
a
ase(lfﬁ)fr& + a7gse(1*ﬂ)€1 + a6, (—l + 'B)e(lfﬁ)fl 5
ae 7 +a,e, Bs
o, A,

Case 2.1 According to Equation (16), when a, #0, (a, =a,f, =1), it can

also be divided into four cases:
a

1) When o, #0, a,#0, let B,=p,=p,=8,=0, we have 53=—23 ,
a,
—&7 —&7 —
g=-d, g=e % oo % and B=(4,4,0,0,0,0,1).
a, a, +a, (-1+ ) a,

2) When ¢, #0, a, =0, Equation (16) has the follow formula

% B

0 B,

1 e B
- e a, SR (17)

‘ a7 4 g e p e (<14 B || B

a7 +a,g Bs

a, B

It can also be divided into four cases:
a) when o; 20, a,#0, let S, =0 =0, we have &, :—L,
a, +a,(-1+ B)

€ % and B, =(2.0,1,1,0,0,1).

&g =—
7
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b) when a,#0, @, =0, wecanobtain B, =4, and E:(i,O,I,0,0,0,l).
c)when a;=0, a,#0,wehave /)’4 (4,0,0,1,0,0,1).
d) when @, =0, a,=0.wehave S =(4,0,0,0,0,0,1).

3) When ¢, =0, a,#0, let B,=p8,=5,=0,=0, we have g3=—202 ,
2
—&7 —€7 _
g=-2, g =25 5 =% and B =(0,4,0,0,0,0.,1).
a, a; a;

4) When o, =0, a, =0, we find that it can also be divided into four cases:

e "a e 7
a)If a,#0, a,#0,let S, =p,=0, we have & =— S, gg=——-o0
a a
7 7

and £, =(0,0,1,1,0,0,1);

b)If &, #0, @, =0,wehave £ =(0,0,1,0,0,0,1);

OIf @,=0, @, #0,wehave £, =(0,0,0,1,0,0,1);

dIf &,=0, a,=0,wehave f,=(0,0,0,0,0,0,1).

Case 2.2 When «, =0, a,#0, we obtain S, =0. Equation (16) has the
follow formula

Q B
a, 5
e +2a,6,6 77 B,

é e (a, +y8,) = B, | (18)
ae" P L g e (-1+ /5’)(3(17’5)5l Bs
a7 B
0 Iz

It can also be divided into four cases:
1

1) When o, #0, a,#0, we can obtain f, =4,, adjust —, make S =1.
a

>
. a a e a
Let B,=p,=/=0,wecanobtain g =-—-, g =——2, :

2a, a, & _al(—1+ﬂ)’

wehave S, =(2,4,0,0,0,1,0).
2) When ¢, #0, a, =0, it can also be divided into four cases:
a)when a, 20, a,#0,we have ﬂ_ (4,0,1,1,0,1,0);;
b) when a,#0, a,=0,wehave f£,=(1,0,1,0,0,1,0);
c)when @, =0, @, #0,we have /5'14 (4,0,0,1,0,1,0);
d) when a,=0, @, =0, wehave ﬂls (1,0,0,0,0,1,0).
3) When ¢, =0, a,#0,if a;#0,

e(l—ﬂ)el—£7a5 _ 1, as >0
-1, a5 <0

Wehave £, =(0,1,0,0,£1,1,0),if a;=0,wehave £,=(0,1,0,0,0,1,0).
4) When o, =0, a, =0, we find that it can also be divided into eight cases:
a)when o;#0, a,#0, a,#0,wehave ﬂ’lg (0,0,1,1,+1,1,0);

b) when @, #0, @, =0, a,=0,wehave £, =(0,0,1,0,0,1,0);
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c)when a;=0, a,#0, a,=0,wehave ,820 =(0,0,0,1,0,1,0);
(0,0,0,0,+1,1,0);
(0,0,1,1,0,1,0);
f) when a,#0, a,=0, a;#0,wehave ﬂ23 (0,0,1,0,+1,1,0);

g)when a,;=0, a,#0, a;#0,wehave ,824 (0,0,0,1,+1,1,0) ;

h) when @, =0, a,=0, a, =0,wehave £, =(0,0,0,0,0,1,0).

Case 2.3 When «, =0, a;=0, a,#0, we obtain £, =0, £ =0. Equa-
tion (16) has the follow formula

d) when o;=0, a,=0, o;#0,wehave ﬂ21

e) when a3¢0 a,#0, o5=0,wehave ,822

a A
a, B
e +2a,e,8 77 B,
1 e
- e (a, +a,8,) =B, | (19)
ase('*ﬂ)é‘réﬁ +a,s, (_1+ﬂ)e(1*ﬂ)5l ’BS
0 Bs
0 B
We find that it can also be divided into four cases:
1) When o, #0, a,#0, let f,=0,=0,=0, we can obtain &, :—20[3 ,
a,
—&7 -
g=-2, 5=——"% _ wehave B, =(4,1,0,0,0,0,0).
a, o, (-1+ )

2) When ¢, #0, a, =0, we find that it can also be divided four cases:

a) a,#0, a,#0,wehave ﬂ27 (4,0,1,1,0,0,0);

b) a,#0, a,=0,wehave f,=(1,0,1,0,0,0,0);

¢) a;=0, a,#0,wehave ,b’zg (4,0,0,1,0,0,0);

d) ,=0, a,=0,wehave ﬂ30:(1 0,0,0,0,0,0).

3) When a,=0, a,#0,wehave f, =(0,1,0,0,%1,0,0).

4) When o, =0, a, =0, we find that it can also be divided four cases:

a) a,#0, a, #0,wehave /3_32 =(0,0,1,1,+1,0,0);

b) @,#0, a,=0,wehave £, =(0,0,1,0,+1,0,0);

o a,=0, a, #0,wehave ,634 (0,0,0,1,£1,0,0);

d) a;,=0, a,=0,wehave ﬂ35 =(0,0,0,0,1,0,0).

Case 2.4 When o, =0, o,=0, a;=0, a,#0,weobtain £,=0, f =
Equation (16) has the follow formula

@ i1
a, B
a3e’2£2 + 2012536252 B
p e (a4 +a284) = B, | (20)
aes(~1+ )" || B
0 By
0 B

we find that it can also be divided into four cases:
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: a a
1) When o, #0, a,#0,let B,=0, we can obtain & =——-, g =——2%,
2a, a,

we have S, =(1,4,0,1,£1,0,0).

2) When a1¢0, a,=0, if a;#0, we have ﬂ_”:(l,o,l,l,il,0,0), if

a,=0,wehave S =(4,0,0,1,£1,0,0).

3) When ¢, =0, a,#0, let §,=0, we obtain & =— Do =% we
2a, a,

have f3,, =(0,1,0,1,0,0,0).

4) When a@,=0, a,=0, if a,#0, we have B, =(0,0,1,1,0,0,0), if
a,=0,wehave £, =(0,0,0,1,0,0,0).

Case 2.5 When o, =0, o,=0, a,=0, a,=0, o, #0,weobtain £, =0
S, =0. Equation (16) has the follow formula

o B
a, B
a3e’2€2 + 2azg3e’2£2 B

l e e, =| B | (21)
¢ aes(~1+ )" || B
0 By
0 B

We find that it can also be divided into four cases:
1) When ¢, #0, a,#0, we have ,842 (4,1,0,0,£1,0,0);

2) When ¢, #0, «a,=0,wehave ﬁ43 (1 O,I,O,il,0,0);
3) When a,=0, a,#0,wehave /344 (0,1,0,0,0,0,0);
4) When ¢, =0, =0, we have ﬂ45 (0 0,1,0,0,0,0).

Case 2.6 When ¢, —0, o,=0, a;=0, a,=0, a;=0, a,#0, Equation
(16) has the follow formula

aQ A
a, B
2a,6,67% B,
é ¢ e, =| B, | (22)
aes(~1+ )" || B
0 Bs
0 B

If a#0, we have fB,=(411,0,£,0,0) ; If & =0, we have
B =(0,1,1,0,0,0,0).

Case 2.7 When «,=0, o,=0, o,=0, ,=0, o,=0, a,=0, o, %0,
we have S, =(1,0,0,0,%1,0,0).

Following above calculate, where A is constants and A #0, we have found

one-dimensional optimal system of Coupled Burgers’ equations as follows:

V= {AX HAX, XL, = {AX + X+ X, + X

s ={AX + X+ X)L {AX + X, + X, L ={AX, + X},
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6 ={AXG+ XL, ={ X+ X, + X, ) Ly = { X5+ X, ) Ly ={X, + X},
={X, 1Ly, ={AX 4 AX, + X}, L, ={AX, + X, + X, + X},

={ X+ X5+ X} Ly, ={AX, + X, + X} L ={ X + X},

={ X, + X} Ly ={ X, + X} Ly ={EXs + X} Ly = { X, + X, + X},

L

Lllo

L113

Ly ={X, £ X+ X} Ly ={ X, + X}, Ly = { X5 + X, £ X+ X},
L119

Loy ={X; £ X+ X}, Ly, ={X, £ Xs+ X}, Lps = (X}, Ly ={AX, + X, },
L

1,27 ={/1X1 +X3 +X4}’Ll,28 ={X1 +X3}3L1,29 ={AX1 +X4},L1’30 Z{Xl}’

131 {X +X} 1,32 {X3+X4iX5}’L133:{X iX},L134={X4iX},
Ly ={X}, Ly ={ X, +AX, + X, £ X} Ly, = {AX, + X5+ X, £ X},
Ly ={AX,+ X, 2 X}, Ly ={X, + X, }, L ={X;+ X, }, L, ={X,},
Ly ={AX\+ X, £ X}, L ={ X, + X, £ X}, L, ={X,}, L = { X5},
Lo ={AX,+ X, + X;+ X}, L, ={X, + X, }, L = { X, £ X}

2.3. Invariant Solutions of Coupled Burgers’ Equations

In this section, we only consider the Case 2 whichis a=0, F#0.Let

wH(-148)¢
X=X, + X, + X, LRI P A WG RN
ox ot -1+ ov -1+p oy

The characteristic equations for the potential symmetry X, are as follows:

E Y T 2
1 1 0 U+ 14 ew+(,1+ﬂ)¢ 0 €
-1+p -1+ 4

Solving Equations (23), we obtain the invariables §=t—x and u=c,

—errerf —ce?x(=1+ ) +c

¢=CZ’ y/:_ln u _03,‘): 5 ( ﬂ) 4

1-p e x + ;e ( 1+,3)

are arbitrary constants, we make ¢ =4(0), ¢,=4,(0), ¢ =4(6),
c,=A4,(0).

, where c¢,c,,c,¢,

By using the invariant form method, we can confirm that the solutions of Eq-
uations (23) are given as follows:
u=4 (9),
4 (0)e™ " x(-1+5)+ 4,(0)
™yt 4,(0)e ) (<14 )
¢=4,(0),

A4 (0)+4,(0)B
€ X
v = —ln{——A3 (9)}.

(24)

1-5

By substituting (24) into Equations (9), the system of ordinary differential eq-
uations we have got as follows:
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4,(0)+ 4 (0)=0, (25)
4,(0) +4(0)+4(6)=0, (26)
"% 1 4,(0) - (14 ) 4,(6) =0, @7)

4 (<24 ) 4 (0)+ ™) (<14 B)[ (1+ B4;(0)) 4;(6) - 41(6) ]=0. (28)

We got the solutions of (25), (26) as follows:

eH

e/ —ef’ (29)
4,(0)=C, —ln(—eg +e“ )

4 (‘9) =

We make C; =0 and substitute 4 (0), 4,(6) into the (27), (28), the so-
lutions of 4,(6), 4,(0), 4,(6), A,(0) we have got as following

4,(0)=C, +mec2 [—(—1 + eg)z]p (—eCZﬂm (—1 +e‘9)ﬂ (—2+p)0

+e@f ((—1+e9)ﬁ —(—(—1+e" )2 )ﬂ](_2+ﬂ)9_ec2+a (1_eg)ﬁ
x(=1+B)C; —e® (1_ea>/>’ (_H(l—eg)ﬁ)(—nﬂ)q e

x(_(_1+e9)2 )ﬂ (2-3B8+ ) HypergeometricPFQ] (1.1, ﬁ),(z,z),eg]}

4(0)=(1-¢) " ({14 "(c3e02+9(1_ee)”(_1+ 5)
e () (et 1 (25 /5’)0))}

(30)

where C,,C,,C, are arbitrary constants and HypergeometricPFQ is the gene-
ralized hypergeometric function. By substituting (29) (30) into (24), we confirm
the invariant solutions of Equations (7) (8) are given as follows:

1
u(x,t):m, (31)

-8 (-8)" [eczﬂ (e >B2) B+ Ce B 1+ ﬁ)}

v(x,t):

— — . (32)
B,| BB, (B"B;'B, - C.e B B,(~1+ B))+ B, |

where B, :HypergeometricPFQ[(l,l,ﬂ),(Z,Z),eH], B, B,, By, B,, B,
B., B,, By, By, By, B, B, have the following expressions:

B =1-¢"",B,=¢'—¢",B, =—¢" +¢' (1+x+1(-2+j3)),

B, =—¢' (x+1(-2+ f)), By =" (x+ (e + B (—+x))(-2+ ),
1

B6 =¢ +e° (—1+(1—et7x)ﬂ),B7 :BIO +C4Bl|9Bg :ma
2

B, =(—>8)" B, =c (B, +B,),
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"’ (=2+ B)B,,

+x 2
B, =e“"Bl (-1+B) B, = o

It is important that these solutions cannot be obtained by the classical sym-
metries of Coupled Burgers’ equations. In this paper, we only consider £ =2
which the reason is that the form of solutions (31) (32) are too complex, and

confirm the new solutions of Equations (7) (8) are given as follows:

1
) L 33
u(nt)=1——x (33)
e | Cie' +e< (e’ —e* +xe'
v(x,1)= [ : ( )] (34)

(—e’ + e")(Qe’ +C, (—e’ + e‘) + ecwx) .

The Lie group method is probably the most powerful method to find the exact
solutions of nonlinear PDEs. A symmetry group of PDEs is a group of transfor-
mations which maps any solution to another solution of PDEs. For obtaining
more exact solutions of Coupled Burgers’ equations. Corresponding to the
symmetry, Lie transformation group is determined. A one-parameter Lie trans-
formation group corresponding to the symmetry X, =X, + X, + X, + X, satis-
fies the initial value problem

5

x =elxt =%(1+e’2€ (—1+2t)),u* =e‘u,p =e+4,

(—e‘”w“”u +e Ty ey (— 1+ [)’))(—1 +f3)

*

Vv = N

(1) ey TP o (L4 g) (35)
e (eﬁqﬁ-w/ Y e (4 ﬁ)z)
y =-In 2
(-1+p)

By acting Lie transformation group (I) on the solution (33) (34) of Equations
(7) (8), we obtain another solutions of Equations (7) (8).

£+%(17325+2e2€1]
(&

1 2¢ 2¢t
E(l—e +2e ) ey

(S —¢C

u, (x,t) = s (36)

ST s .
e62+e +e+2e8x _Do (C3 +ecz+g (1+x))

(37)

()=
|

= _e;es(eem)j(q +Dy(<14ef (-1 +x)))

2e
1 e . . 1 1 1
S rereirrely er ezgf g( & )

—+ —+e~ %t —+
where D, =e? ? , D=Ce? —-Cpe* +Cse? ,

o2
Cy+——+efx
2

D,=e
In addition, we can also continue the above calculation by acting Lie trans-
formation groups and obtain more new solutions. Due to the lack of space, we

omit the calculation steps.
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3. Conclusions

In this paper, we expanded the classical symmetries of Coupled Burgers’ equa-
tions by the determining potential symmetries, and we obtained new exact solu-
tions of Coupled Burgers’ equations. Firstly, we determined the classical sym-
metries and the potential symmetry of Coupled Burgers’ equations based on dif-
ferential characteristic set algorithm. Secondly, we determined one-dimensional
optimal system of Coupled Burgers’ equations. Finally, we obtained the invariant
solutions of the potential symmetry and one-parameter Lie transformation
groups of the potential symmetries. Moreover the exact solutions of Coupled
Burgers’ equations are derived by applying Lie transformation groups (I). It is
important that these solutions cannot be obtained from the classical symmetries
of Coupled Burgers’ equations. These solutions are different from those solu-
tions given in literature [17].

We can also obtain the exact solutions of Coupled Burgers’ equations by using
the modern algebraically methods, such as the tanh-function method [19], the
simplest equation method [20] etc. After that we construct new exact solutions
by acting Lie transformation group of the potential symmetry on these exact so-

lutions. Due to the lack of space, we omit the other calculation.
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