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Abstract 

In this paper, we discuss one-dimensional optimal system and the invariant 
solutions of Coupled Burgers’ equations. By using Wu-differential characte-
ristic set algorithm with the aid of Mathematica software, the classical sym-
metries of the Coupled Burgers’ equations are calculated, and the 
one-dimensional optimal system of Lie algebra is constructed. And we obtain 
the invariant solution of the Coupled Burgers’ equations corresponding to 
one element in one dimensional optimal system by using the invariant me-
thod. The results generalize the exact solutions of the Coupled Burgers’ equa-
tions. 
 

Keywords 

Potential Symmetry, One-Dimensional Optimal System, Invariant Solution, 
Coupled Burgers’ Equations 

 

1. Introduction 

Lie group methods are perhaps the most powerful currently available in finding 
exact solutions of nonlinear partial differential equations (PDEs) [1]. This me-
thod has a profound impact on both pure and applied areas of mathematics, 
physics and mechanics, etc. [2] [3] [4]. Based on the symmetries of a PDEs, 
many important properties of the equation such as Lie algebras [5], conservation 
laws [6] [7] [8], exact solutions [9] [10] [11], boundary value problem [12] can 
be considered successively. 

In 1988, Bluman and Kumei [13] suggested a method to find a new class of 
symmetry for PDEs which can be written as conservative form. They analyzed 
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the Lie symmetries of the system S that is obtained by introducing a potential as 
a further unknown function. In general, not all equations have potential symme-
try, because the determining equations (DTEs) of potential symmetry are less 
than the DTEs of Lie symmetry. Potential symmetry can generate new symmetry 
and new invariant solutions which could not be obtained by Lie symmetry. 
Therefore, the study of potential symmetry of PDEs has become an important 
research topic in many fields [14]. Researchers such as Qu Changzheng [15] and 
Sophocleous [16] have made outstanding contributions in this field. 

The plan of the paper is organized as follows. In Section 2, we obtained the 
potential symmetries and the one-dimensional optimal system of the Coupled 
Burgers’ equations based on differential characteristic set algorithm, and the 
corresponding Lie transformation groups are derived. In Section 3, we gave 
some new invariant solutions and exact solutions of the Coupled Burgers’ equa-
tions by applying Lie transformation groups on the invariant solutions. In Sec-
tion 4, we give some discussions and conclusion remarks. 

2. The Potential Symmetries, One-Dimensional Optimal 
System and Lie Transformation Groups of Coupled  
Burgers’ Equations 

Let’s consider Coupled Burgers’ equations of Ref. [17], 

( )2 0,t xx x xu u uu uvα− + + =                      (1) 

( )2 0.t xx x xv v vv uvβ− + + =                      (2) 

where ,α β  are constants. The conserved form of Equations (1) (2) have the 
following forms 

( )2 0,t x x
u u u uvα − − − =                      (3) 

( )2 0.t x x
v v v uvβ − − − =                       (4) 

For obtaining the potential symmetry of Coupled Burgers’ equations, we in-
troduce the potential variables ,φ ψ , then Equations (3) (4) are equivalent to the 
potential systems  

( )

( )

2

2

,
,

,
.

x

t x

x

t x

u
u u uv
v
v v uv

φ
φ α
ψ
ψ β

=
 = − −
 =
 = − −

                      (5) 

The symmetry group of Equations (5) will be generated by the vector field of 
the form 

( ) ( ) ( )

( ) ( ) ( )

1

2

, , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , , ,

X x t u v x t u v x t u v
x t u

x t u v x t u v x t u v
v

ξ φ ψ τ φ ψ η φ ψ

η φ ψ γ φ ψ δ φ ψ
ϕ ψ

∂ ∂ ∂
= + +

∂ ∂ ∂
∂ ∂ ∂

+ + +
∂ ∂ ∂

   (6) 
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where ( ), , , , ,x t u vξ ξ φ ψ= , ( ), , , , ,x t u vτ τ φ ψ= , ( )1 1 , , , , ,x t u vη η φ ψ= , 
( )2 2 , , , , ,x t u vη η φ ψ= , ( ), , , , ,x t u vγ γ φ ψ= , ( ), , , , ,x t u vδ δ φ ψ=  are the infini-

tesimal functions. 
Definition 1. If 2 2 2 2

1 2 0φ φ φ φξ τ η η+ + + ≠ , 2 2 2 2
1 2 0ψ ψ ψ ψξ τ η η+ + + ≠ , if and only if 

the infinitesimal functions 1 2, , ,ξ τ η η  have an essential dependence on the po-
tential variables ,φ ψ , then X is called the potential symmetry vector of Coupled 
Burgers’ Equations (1) (2). 

2.1. The Potential Symmetries 

In this section, we can divide it into three cases as following. 
Case 1: 0α ≠ , 0β ≠ . 
According to the Lie algorithm, we obtain the determining equations of sym-

metry (6), but it is too difficult to get its solutions. However, we can obtain the 
following equivalent system of the determining system by corresponding to the 
characteristic set which is equivalent to the determining equations by using the 
differential characteristic set algorithm of Ref. [18] 

1 1 1 1 1 12 0, 0, 0,t x u v x t vu φ ψ φ ψη τ τ τ τ τ τ η η η η η+ = = = = = = = = = = =  

0, 0,x t u v x t u vφ ψ φ ψγ γ γ γ γ γ δ δ δ δ δ δ= = = = = = = = = = = =  

1 1 1 1 20, 0, 0, 0.t u v u xu u v uφ ψξ ξ ξ ξ ξ η η η ξ η η= = = = = + = + = − =  

By solving above equations, we obtain the infinitesimal functions as follows: 

3 5 3 4 1 3 2 3 1 2, 2 , , , , ,c x c c t c c u c v c cξ τ η η γ δ= − + = − + = = = =  

where ( )1, ,5ic i =   are arbitrary symmetry parameters, and can give five fi-
nite symmetries of Equations (1) (2): 

1 2 3 4 5, , 2 , , .X X X x t u v X X
x t u v t xφ ψ

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= = = − − + + = =
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

 

According to the definition 1, they are not potential symmetries. 
Case 2: 0α = , 0β ≠ , Equations (1) (2) have the following forms: 

2 0,t xx xu u uu− + =                          (7) 

( )2 0,t xx x xv v vv uvβ− + + =                      (8) 

and Equations (5) have the following forms  

( )

2

2

,
,

,
.

x

t x

x

t x

u
u u
v
v v uv

φ
φ
ψ
ψ β

=
 = −
 =
 = − −

                       (9) 

By the same manner, we can obtain the following equations: 
0, 0,t u v x u vφ ψ φ ψξ ξ ξ ξ ξ τ τ τ τ τ= = = = = = = = = =  

1 1 1 1 1 2 2 20, 0,x t v x t uuφ ψη η η η η η η η= = = = = = = =  

0, 0,x t u v x t u vφ ψγ γ γ γ γ γ δ δ δ δ= = = = = = = = = =  

1 1 1 1 1 2 20, 2 0, 0, 0,u t xu u u v u u ψη η η τ η ξ η η η− = + = + = − + =  
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2 2 2 2 2 2 20, 0,v u u u uv u u u vφη η η η η β η η− − = + − − =  

2
2 1 2 20, 0.u uuv v u uφ ψδ η δ η η η− = + − + =  

By calculating above equations, we obtain the infinitesimal functions: 

2 4 2 3 1 2, 2 , ,c x c c t c c uξ τ η= − + = − + =  

( )1
2 5 2 6e e ,

1
vc u c v c vψ β φ ψη
β

+ − + 
= + + + − + 

 

( )1
5

1 6 7
e

, e ,
1

cc c c
ψ β φ

ψγ δ
β

+ − +

= = + +
− +

 

where ( )1, ,7ic i =   are arbitrary symmetry parameters, and can give seven fi-
nite symmetries of Equations (7) (8): 

1 2 3 4, 2 , , ,X X x t u v X X
x t u v t xφ

∂ ∂ ∂ ∂ ∂ ∂ ∂
= = − − + + = =
∂ ∂ ∂ ∂ ∂ ∂ ∂

 

( )
( )1

1
5

ee ,
1 1

vX u
v

ψ β φ
ψ β φ

β β ψ

+ − +
+ − +  ∂ ∂

= + + − + ∂ − + ∂ 
 

6 7e e , .X v X
v

ψ ψ

ψ ψ
∂ ∂ ∂

= + =
∂ ∂ ∂

 

According to Definition 1, 5X  is the potential symmetry of Equations (7) 
(8). 

Case 3: 0, 0α β≠ = , Equations (1) (2) have the following forms: 

( )2 0,t xx x xu u uu uvα− + + =                   (10) 

2 0.t xx xv v vv− + =                       (11) 

and Equations (5) has the following forms 

( )2

2

,
,

,

x

t x

x

t x

u
u u uv
v
v v

φ
φ α
ψ
ψ

=
 = − −
 =
 = −

                     (12) 

By the same manner, we can obtain the following equations: 

0, 0,t u v x u vφ ψ φ ψξ ξ ξ ξ ξ τ τ τ τ τ= = = = = = = = = =  

2 2 2 2 2 1 1 10, 0,x t u x t uuφ ψη η η η η η η η= = = = = = = =  

0, 0,x t u v x t u v φ ψγ γ γ γ δ δ δ δ δ δ= = = = = = = = = =  

2 2 2 20, 2 0, 0,v t xv v vη η η τ η ξ− = + = + =  

1 1 1 1 1 20, 0,v uv u v v uφη η η η η η− − = − − =  

2
1 1 1 1 1 1 1 0,u u uu v v v u uv uvψη η α η η η η α η− + − + + − + =  

1 1 1 20, 0.u uv u v vψ φγ η η γ η η− + = − + =  

By calculating above equations, we obtain the infinitesimal functions: 

( )1
2 3 2 4 1 5 2 6, 2 , e e ,

1
uc x c c t c c v c u c vφ α ψ φξ τ η
α

+ − + = − + = − + = + + + − + 
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( )1
5

2 2 1 6 7
e

, , e ,
1

cc v c c c
φ α ψ

φη δ γ
α

+ − +

= = = + +
− +

 

where ( )1, ,7ic i =   are arbitrary symmetry parameters, and can give seven fi-
nite symmetries of Equations (10) (11): 

1 2 3 4, 2 , , ,X X x t u v X X
x t u v x tψ

∂ ∂ ∂ ∂ ∂ ∂ ∂
= = − − + + = =
∂ ∂ ∂ ∂ ∂ ∂ ∂

 

( )
( )1

1
5 6 7

ee , e e , .
1 1
uX v X u X

u u

φ α ψ
φ α ψ φ φ

α α φ φ φ

+ − +
+ − + ∂ ∂ ∂ ∂ ∂ = + + = + = − + ∂ − + ∂ ∂ ∂ ∂ 

 

According to Definition 1, 5X  is the potential symmetry of Equations (10) 
(11). 

2.2. One-Dimensional Optimal System of the Coupled Burgers’ 
Equations 

As is mentioned in process of Ref. [3], the problem of finding an optimal of 
subgroups is equivalent to that of finding an optimal system of subalgebras. In 
this section, we will construct the optimal system of one-dimensional subalge-
bras of Coupled Burgers’ equations Equations (7) (8) by using the method pre-
sented in process of Ref. [3]. 

In the case 2, we have obtained seven operators 1 7~X X . Applying the 
commutator operators [ ],m n m n n mX X X X X X= − , we obtain the commutator 
table listed in Table 1 with the ( ),i j -th entry indicating ,i jX X   . The com-
mutation relations between these vector fields are given by the following table, 
the entry in row i and column j representing ,i jX X   . 

From the above commutator table for this algebra, we use the Lie series and 
apply the following formula 

( )( ) ( ) ( )
0

2

exp
!

, , ,
2

n
n

i j i j
n

j i j i i j

Ad X X adX X
n

X X X X X X

ε
ε

ε
ε

∞

=

=

    = − + −    

∑



     (13) 

and compute the adjoint representation, we obtain the following table with the 
(i,j)-th entry indicating ( )( )exp i jAd X Xε . 

 
Table 1. Commutator title. 

 X1 X2 X3 X4 X5 X6 X7 

X1 0 0 0 0 −(−1 + β)X5 0 0 

X2 0 0 2X3 X4 0 0 0 

X3 0 −2X3 0 0 0 0 0 

X4 0 −X4 0 0 0 0 0 

X5 −(−1 + β)X5 0 0 0 0 0 −X5 

X6 0 0 0 0 0 0 −X6 

X7 0 0 0 0 X5 X6 0 
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With the help of the adjoint representation Table 2, applying the adjoint ac-
tion of X to 1 1 2 2 3 3 4 4 5 5 6 6 7 7X a X a X a X a X a X a X a X= + + + + + + , we have 

( )( )
( )

( ) ( )

1

1 1

1
1 1 2 2 3 3 4 4 5 5 6 6 7 7

1 2 3 4 5 6 7 1 1 2 3 4 5 6 7

exp

e

, , , , , , , , , , , , .

Ad X X

a X a X a X a X a X a X a X

X X X X X X X a a a a a a a

ε β

ε
− − +

Τ

= + + + + + +

= ⋅ ⋅Q

     (14) 

It is easy to obtain 1Q  as follow, 

( )1

1
1

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0

0 0 0 0 e 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

ε β− − +

 
 
 
 
 

=  
 
 
 
 
 

Q  

Similarly, the other matrices of the separate adjoint actions of the vectors 2Q , 

3Q , 4Q , 5Q , 6Q , 7Q  are found as follows: 

2

2

2
3

2 3

1 0 0 0 0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 1 0 0 0 0 0
0 0 e 0 0 0 0 0 2 1 0 0 0 0

, ,0 0 0 e 0 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0 0 1

ε

ε

ε−

−

   
   
   
   
   

= =   
   
   
   
   
   

Q Q  

( )
4 54

5 5

1 0 0 0 0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 1 0 0 0 0

, ,0 0 1 0 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 1 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0 0 1

ε
ε β ε

   
   
   
   
   

= =   
   − +
   
   
   
   

Q Q  

7

7

6 7

6

1 0 0 0 0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 1 0 0 0 0

, .0 0 0 1 0 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0 e 0 0
0 0 0 0 0 1 0 0 0 0 0 e 0
0 0 0 0 0 0 1 0 0 0 0 0 0 1

ε

εε

−

−

   
   
   
   
   

= =   
   
   
   
   
   

Q Q  

Then the general adjoint transformation matrix Q  of the Coupled Burgers’ 
equations is 

( ), 1 2 3 4 5 6 77 7
,i ja

×
= =Q Q Q Q Q Q Q Q  
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Table 2. Adjoint title. 

Ad X1 X2 X3 X4 X5 X6 X7 

X1 X1 X2 X3 X4 e−(−1+β)εX5 X6 X7 

X2 X1 X2 e−2εX3 e−εX4 X5 X6 X7 

X3 X1 X2 + 2εX3 X3 X4 X5 X6 X7 

X4 X1 X2 + εX4 X3 X4 X5 X6 X7 

X5 X1 + ε(−1 + β)X5 X2 X3 X4 X5 X6 X7 + Εx5 

X6 X1 X2 X3 X4 X5 X6 X7 + εX6 

X7 X1 X2 X3 X4 e−εX5 e−εX6 X7 

 
the general adjoint transformation equation of the Coupled Burgers’ equations is 

( ) ( )1 2 3 4 5 6 7 1 2 3 4 5 6 7
1 , , , , , , , , , , , , ,
a

α α α α α α α β β β β β β βΤ Τ=Q       (15) 

where 0a ≠ . According to Equation (15), we got 

( )
( ) ( ) ( ) ( )

2 2

2

1 7 1 1

7

1 1

2 2
2 2

3 2 3 3

4 2 4 4
1 1 1

55 7 5 1 5

66 7 6

77

e 2 e
1 e .

e e 1 e
e

a

ε ε

ε

β ε ε β ε β ε

ε

α β
α β

α α ε β
α α ε β

βα α ε α ε β
βα α ε
βα

− −

−

− − − −

−

   
   
   
   +
   + =   
   + + − +   
 +  
   

  

        (16) 

Case 2.1 According to Equation (16), when 7 0α ≠ , ( )7 7, 1aα β= = , it can 
also be divided into four cases: 

1) When 1 0α ≠ , 2 0α ≠ , let 3 4 5 6 0β β β β= = = = , we have 3
3

22
α

ε
α

= − , 

4
4

2

α
ε

α
= − , 

( )
7

5
5

7 1

e
1

ε α
ε

α α β

−

= −
+ − +

, 
7

6
6

7

e ε α
ε

α

−

= −  and ( )1 , ,0,0,0,0,1β λ λ= . 

2) When 1 0α ≠ , 2 = 0α , Equation (16) has the follow formula 

( ) ( ) ( ) ( )

2

2

1 7 1 1

7

1 1

2
2

3 3

4 4
1 1 1

55 7 5 1 5

66 7 6

77

0
e

1 e .
e e 1 e

e

a

ε

ε

β ε ε β ε β ε

ε

α β
β

α β
α β

βα α ε α ε β
βα α ε
βα

−

−

− − − −

−

   
   
   
   
   

=   
   + + − +   
 +  
   

  

       (17) 

It can also be divided into four cases: 

a) when 3 0α ≠ , 4 0α ≠ , let 5 6 0β β= = , we have 
( )
7

5
5

7 1

e
1

ε α
ε

α α β

−

= −
+ − +

, 

7
6

6
7

e ε α
ε

α

−

= −  and ( )2 ,0,1,1,0,0,1β λ= . 
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b) when 3 0α ≠ , 4 0α = , we can obtain 4 3β λ=  and ( )3 ,0,1,0,0,0,1β λ= . 
c) when 3 0α = , 4 0α ≠ , we have ( )4 ,0,0,1,0,0,1β λ= . 
d) when 3 0α = , 4 0α = . we have ( )5 ,0,0,0,0,0,1β λ= . 

3) When 1 0α = , 2 0α ≠ , let 3 4 5 6 0β β β β= = = = , we have 3
3

22
α

ε
α

= − , 

4
4

2

α
ε

α
= − , 

7
5

5
7

e ε α
ε

α

−

= − , 
7

6
6

7

e ε α
ε

α

−

= −  and ( )6 0, ,0,0,0,0,1β λ= . 

4) When 1 0α = , 2 0α = , we find that it can also be divided into four cases: 

a) If 3 0α ≠ , 4 0α ≠ , let 5 6 0β β= = , we have 
7

5
5

7

e ε α
ε

α

−

= − , 
7

6
6

7

e ε α
ε

α

−

= −  

and ( )7 0,0,1,1,0,0,1β = ; 

b) If 3 0α ≠ , 4 0α = , we have ( )8 0,0,1,0,0,0,1β = ; 
c) If 3 0α = , 4 0α ≠ , we have ( )9 0,0,0,1,0,0,1β = ; 
d) If 3 0α = , 4 0α = , we have ( )10 0,0,0,0,0,0,1β = . 
Case 2.2 When 7 0α = , 6 0α ≠ , we obtain 7 0β = . Equation (16) has the 

follow formula 

( )
( ) ( ) ( )

2 2

2

1 7 1

7

1 1

2 2
2 2

3 2 3 3

4 2 4 4
1 1

55 1 5

66

7

e 2 e
1 e .

e 1 e
e
0

a

ε ε

ε

β ε ε β ε

ε

α β
α β

α α ε β
α α ε β

βα α ε β
βα
β

− −

−

− − −

−

   
   
   
   +
   + =   
   + − +   
   
   

  

          (18) 

It can also be divided into four cases: 

1) When 1 0α ≠ , 2 0α ≠ , we can obtain 2 7β λ= , adjust 
1
a

, make 6 1β = . 

Let 3 4 5 0β β β= = = , we can obtain 3
3

22
α

ε
α

= − , 4
4

2

α
ε

α
= − , 

( )
7

5
5

1

e
1

ε α
ε

α β

−

= −
− +

, 

we have  ( )11 , ,0,0,0,1,0β λ λ= . 

2) When 1 0α ≠ , 2 0α = , it can also be divided into four cases: 
a) when 3 0α ≠ , 4 0α ≠ , we have ( )12 ,0,1,1,0,1,0β λ= ; 
b) when 3 0α ≠ , 4 0α = , we have ( )13 1,0,1,0,0,1,0β = ; 
c) when 3 0α = , 4 0α ≠ , we have ( )14 ,0,0,1,0,1,0β λ= ; 
d) when 3 0α = , 4 0α = , we have ( )15 1,0,0,0,0,1,0β = . 
3) When 1 0α = , 2 0α ≠ , if 5 0α ≠ , 

( ) 1 7 51
5

5

1, 0
e

1, 0
β ε ε α

α
α

− − >
= − <

 

We have ( )16 0,1,0,0, 1,1,0β = ± , if 5 0α = , we have ( )17 0,1,0,0,0,1,0β = . 
4) When 1 0α = , 2 0α = , we find that it can also be divided into eight cases: 
a) when 3 0α ≠ , 4 0α ≠ , 5 0α ≠ , we have ( )18 0,0,1,1, 1,1,0β = ± ; 
b) when 3 0α ≠ , 4 0α = , 5 0α = , we have ( )19 0,0,1,0,0,1,0β = ; 

https://doi.org/10.4236/jamp.2018.69156


Y. X. Bai et al. 
 

 

DOI: 10.4236/jamp.2018.69156 1833 Journal of Applied Mathematics and Physics 

 

c) when 3 0α = , 4 0α ≠ , 5 0α = , we have ( )20 0,0,0,1,0,1,0β = ; 
d) when 3 0α = , 4 0α = , 5 0α ≠ , we have ( )21 0,0,0,0, 1,1,0β = ± ; 
e) when 3 0α ≠ , 4 0α ≠ , 5 0α = , we have ( )22 0,0,1,1,0,1,0β = ; 
f) when 3 0α ≠ , 4 0α = , 5 0α ≠ , we have ( )23 0,0,1,0, 1,1,0β = ± ; 
g) when 3 0α = , 4 0α ≠ , 5 0α ≠ , we have ( )24 0,0,0,1, 1,1,0β = ± ; 
h) when 3 0α = , 4 0α = , 5 0α = , we have ( )25 0,0,0,0,0,1,0β = . 
Case 2.3 When 7 0α = , 6 0α = , 5 0α ≠ , we obtain 7 0β = , 6 0β = . Equa-

tion (16) has the follow formula 

( )
( ) ( ) ( )

2 2

2

1 7 1

1 1

2 2
2 2

3 2 3 3

4 2 4 4
1 1

55 1 5

6

7

e 2 e
1 e .

e 1 e
0
0

a

ε ε

ε

β ε ε β ε

α β
α β

α α ε β
α α ε β

βα α ε β
β
β

− −

−

− − −

   
   
   
   +
   + =   
   + − +   
   
   

  

            (19) 

We find that it can also be divided into four cases: 

1) When 1 0α ≠ , 2 0α ≠ , let 3 4 5 0β β β= = = , we can obtain 3
3

22
α

ε
α

= − , 

4
4

2

α
ε

α
= − , 

( )
7

5
5

1

e
1

ε α
ε

α β

−

= −
− +

, we have ( )26 ,1,0,0,0,0,0 .β λ=  

2) When 1 0α ≠ , 2 0α = , we find that it can also be divided four cases: 
a) 3 0α ≠ , 4 0α ≠ , we have ( )27 ,0,1,1,0,0,0β λ= ; 
b) 3 0α ≠ , 4 0α = , we have ( )28 1,0,1,0,0,0,0β = ; 
c) 3 0α = , 4 0α ≠ , we have ( )29 ,0,0,1,0,0,0β λ= ; 
d) 3 0α = , 4 0α = , we have ( )30 1,0,0,0,0,0,0β = . 
3) When 1 0α = , 2 0α ≠ , we have ( )31 0,1,0,0, 1,0,0β = ± . 
4) When 1 0α = , 2 0α = , we find that it can also be divided four cases: 
a) 3 0α ≠ , 04 ≠α , we have ( )32 0,0,1,1, 1,0,0β = ± ; 
b) 3 0α ≠ , 4 0α = , we have ( )33 0,0,1,0, 1,0,0β = ± ; 
c) 3 0α = , 04 ≠α , we have ( )34 0,0,0,1, 1,0,0β = ± ; 
d) 3 0α = , 4 0α = , we have ( )35 0,0,0,0,1,0,0β = . 
Case 2.4 When 7 0α = , 6 0α = , 5 0α = , 4 0α ≠ , we obtain 7 0β = , 6 0β = . 

Equation (16) has the follow formula 

( )
( ) ( )

2 2

2

1

1 1

2 2
2 2

3 2 3 3

4 2 4 4
1

51 5

6

7

e 2 e
1 e .

1 e
0
0

a

ε ε

ε

β ε

α β
α β

α α ε β
α α ε β

βα ε β
β
β

− −

−

−

   
   
   
   +
   + =   
   − +   
   
   

  

                  (20) 

we find that it can also be divided into four cases: 
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1) When 1 0α ≠ , 2 0α ≠ , let 3 0β = , we can obtain 3
3

22
α

ε
α

= − , 4
4

2

α
ε

α
= − , 

we have ( )36 1, ,0,1, 1,0,0β λ= ± . 

2) When 1 0α ≠ , 2 0α = , if 3 0α ≠ , we have ( )37 ,0,1,1, 1,0,0β λ= ± , if 

3 0α = , we have ( )38 ,0,0,1, 1,0,0β λ= ± . 

3) When 1 0α = , 2 0α ≠ , let 3 0β = , we obtain 3
3

22
α

ε
α

= −  4
4

2

α
ε

α
= − , we 

have ( )39 0,1,0,1,0,0,0β = . 

4) When 1 0α = , 2 0α = , if 3 0α ≠ , we have ( )40 0,0,1,1,0,0,0β = , if 

3 0α = , we have ( )41 0,0,0,1,0,0,0β = . 
Case 2.5 When 7 0α = , 6 0α = , 5 0α = , 4 0α = , 3 0α ≠ , we obtain 7 0β = , 

6 0β = . Equation (16) has the follow formula 

( ) ( )

2 2

2

1

1 1

2 2
2 2

3 2 3 3

2 4 4
1

51 5

6

7

e 2 e
1 e .

1 e
0
0

a

ε ε

ε

β ε

α β
α β

α α ε β
α ε β

βα ε β
β
β

− −

−

−

   
   
   
   +
   

=   
   − +   
   
   

  

                  (21) 

We find that it can also be divided into four cases: 
1) When 1 0α ≠ , 2 0α ≠ , we have ( )42 ,1,0,0, 1,0,0β λ= ± ; 
2) When 1 0α ≠ , 2 0α = , we have ( )43 1,0,1,0, 1,0,0β = ± ; 
3) When 1 0α = , 2 0α ≠ , we have ( )44 0,1,0,0,0,0,0β = ; 
4) When 1 0α = , 2 0α = , we have ( )45 0,0,1,0,0,0,0β = . 
Case 2.6 When 7 0α = , 6 0α = , 5 0α = , 4 0α = , 3 0α = , 2 0α ≠ , Equation 

(16) has the follow formula 

( ) ( )

2

2

1

1 1

2 2
2

2 3 3

2 4 4
1

51 5

6

7

2 e
1 e .

1 e
0
0

a

ε

ε

β ε

α β
α β

α ε β
α ε β

βα ε β
β
β

−

−

−

   
   
   
   
   

=   
   − +   
   
   

  

                  (22) 

If 1 0α ≠ , we have ( )46 ,1,1,0, 1,0,0β λ= ± ; If 1 0α = , we have 
( )47 0,1,1,0,0,0,0β = . 

Case 2.7 When 7 0α = , 6 0α = , 5 0α = , 4 0α = , 3 0α = , 2 0α = , 1 0α ≠ , 
we have ( )48 1,0,0,0, 1,0,0β = ± . 

Following above calculate, where λ  is constants and 0λ ≠ , we have found 
one-dimensional optimal system of Coupled Burgers’ equations as follows: 

{ } { }1,1 1 2 7 1,2 1 3 4 7, ,L X X X L X X X Xλ λ λ= + + = + + +  

{ } { } { }1,3 1 3 7 1,4 1 4 7 1,5 1 7, , ,L X X X L X X X L X Xλ λ λ= + + = + + = +  
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{ } { } { } { }1,6 2 7 1,7 3 4 7 1,8 3 7 1,9 4 7, , , ,L X X L X X X L X X L X Xλ= + = + + = + = +  

{ } { } { }1,10 7 1,11 1 2 6 1,12 1 3 4 6, , ,L X L X X X L X X X Xλ λ λ= = + + = + + +  

{ } { } { }1,13 1 3 6 1,14 1 4 6 1,15 1 6, , ,L X X X L X X X L X Xλ= + + = + + = +  

{ } { } { }1,16 2 5 6 1,17 2 6 1,18 3 4 5 6, , ,L X X X L X X L X X X X= ± + = + = + ± +  

{ } { } { } { }1,19 3 6 1,20 4 6 1,21 5 6 1,22 3 4 6, , , ,L X X L X X L X X L X X X= + = + = ± + = + +  

{ } { } { }1,23 3 5 6 1,24 4 5 6 1,25 6 1,26 1 2, , { }, ,L X X X L X X X L X L X Xλ= ± + = ± + = = +  

{ } { } { } { }1,27 1 3 4 1,28 1 3 1,29 1 4 1,30 1, , , ,L X X X L X X L X X L Xλ λ= + + = + = + =  

{ } { } { } { }1,31 2 5 1,32 3 4 5 1,33 3 5 1,34 4 5, , , ,L X X L X X X L X X L X X= ± = + ± = ± = ±  

{ } { } { }1,35 5 1,36 1 2 4 5 1,37 1 3 4 5, , ,L X L X X X X L X X X Xλ λ= = + + ± = + + ±  

{ } { } { } { }1,38 1 4 5 1,39 2 4 1,40 3 4 1,41 4, , , ,L X X X L X X L X X L Xλ= + ± = + = + =  

{ } { } { } { }1,42 1 2 5 1,43 1 3 5 1,44 2 1,45 3, , , ,L X X X L X X X L X L Xλ= + ± = + ± = =  

{ } { } { }1,46 1 2 3 5 1,47 2 3 1,48 1 5, , .L X X X X L X X L X Xλ= + + ± = + = ±  

2.3. Invariant Solutions of Coupled Burgers’ Equations 

In this section, we only consider the Case 2 which is 0α = , 0β ≠ . Let 

( )
( )1

1
8 3 4 5

ee .
1 1

vX X X X u
x t v

ψ β φ
ψ β φ

β β ψ

+ − +
+ − + ∂ ∂ ∂ ∂

= + + = + + + + ∂ ∂ − + ∂ − + ∂ 
 

The characteristic equations for the potential symmetry 8X  are as follows: 

( )
( )1

1

d d d d d d .
1 1 0 0 ee

1 1

x t u v
vu

ψ β φ
ψ β φ

φ ψ

β β

+ − +
+ − +

= = = = =
 

+ − + − + 

        (23) 

Solving Equations (23), we obtain the invariables t xθ = −  and 1u c= , 

2cφ = , 
2 2

3
eln

1

c c x c
β

ψ
β

− + 
= − − 

− 
,

( )
( )

2

2 2

1 4

3

e 1
e e 1

c

c c

c x c
v

x c

β

β

β
β

− − + +
=

+ − +
, where 1 2 3 4, , ,c c c c  

are arbitrary constants, we make ( )1 1c A θ= , ( )2 2c A θ= , ( )3 3c A θ= , 

( )4 4c A θ= . 

By using the invariant form method, we can confirm that the solutions of Eq-
uations (23) are given as follows: 

( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( )

( ) ( )
( )

2

2 2

2 2

1

1 4

3

2

3

,

e 1
,

e e 1
,

eln .
1

A

A A

A A

u A

A x A
v

x A
A

x A

θ β

θ β θ

θ θ β

θ

θ β θ

θ β
φ θ

ψ θ
β

+

=


− − + + = + − +


=
   = − −  −  

              (24) 

By substituting (24) into Equations (9), the system of ordinary differential eq-
uations we have got as follows: 
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( ) ( )1 2 0,A Aθ θ′+ =                       (25) 

( ) ( ) ( )2
1 1 2 0,A A Aθ θ θ′ ′+ + =                    (26) 

( ) ( ) ( ) ( ) ( )2 2
4 3e e 1 0,A AA Aβ θ θθ β θ′+ − − + =               (27) 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )2 2
2 2 3 3e 2 e 1 1 0.A AA A A Aβ θ θβ θ β β θ θ θ ′ ′ ′ ′′− + + − + + − =   (28) 

We got the solutions of (25), (26) as follows: 

( )

( ) ( )
1

1

1

2 2

e ,
e e

ln e e .

C

C

A

A C

θ

θ

θ

θ

θ


= −

 = − − +

                 (29) 

We make 1 0C =  and substitute ( )1A θ , ( )2A θ  into the (27), (28), the so-
lutions of ( )1A θ , ( )2A θ , ( )3A θ , ( )4A θ  we have got as following 

( )
( )

( ) ( ) ( )(
( ) ( )( ) ( ) ( )

( ) ( ) ( )( )( )

( )( ) ( ) ( ) ( )

( ) ( ) ( )

2 2

2 2

2 2

2

3 4 2

2

3 3

2 2

1

4

1 e 1 e e 1 e 2
1

e 1 e 1 e 2 e 1 e

1 e 1 e 1 1 e 1 e

1 e 2 3 1,1, , 2, 2 ,e ,

1 e 1 e

C C

C C

C C

A C

C C

HypergeometricPFQ

A

β ββ θθ θ

ββ ββ θθ θ θ

β β β θθ θ

β
θ θ

βθ θ

θ β θ
β

β θ

β β

β β β

θ

−
− +

+

+

− −

 = + − − + − − + − +  − +

 
+ − + − − − + − + − − 

 

× − + − − − + − − + −

 × − − + − +   

= − − − +( ) ( ) ( )(
( )( ) ( )( )( )

2

2

2 2

3

2

e 1 e 1

e 1 e 1 e 1 2 .

C

C

C
β βθ θ

β
β θ θ

β

β θ

−
+














 − − +


 + − − + − + + − + 


 

(30) 

where 2 3 4, ,C C C  are arbitrary constants and HypergeometricPFQ is the gene-
ralized hypergeometric function. By substituting (29) (30) into (24), we confirm 
the invariant solutions of Equations (7) (8) are given as follows: 

( ) 1, ,
1 e t xu x t − +=
−

                      (31) 

( )
( ) ( ) ( )

( )( )

2 2

2

2 2 2 2
1 1 2 3 3 1

1
2 8 9 1 9 7 3 1 6 12

e e e 1
, ,

e 1

C C tx

C

B B B B C B
v x t

B B B B B B C B B B

β βββ β

β β

β

β

− +− −

− −

 − − − + − +  =
 − − + + 

   (32) 

where ( ) ( )13 1,1, , 2, 2 ,et xB HypergeometricPFQ β − =   , 1B , 2B , 3B , 4B , 5B , 

6B , 7B , 8B , 9B , 10B , 11B , 12B  have the following expressions: 

( )( )1 2 31 e , e e , e e 1 2 ,t x t x x tB B B x t β−= − = − = − + + + − +  

( )( ) ( )( )( )( )4 5 1e 2 , e 2 ,t xB x t B x t B t xββ β= − + − + = + + − + − +  

( )( ) ( )6 7 10 4 11 8
2

1e e 1 1 e , , ,
1

t x t xB B B C B B
B

β

β
−= + − + − = + =

− +
 

( ) ( )22 2
9 2 10 4 5e , e ,CxB B B B B

β β−−= − = +  
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( ) ( )2
2 2 13

11 1 12

e 2
e 1 , .

e e

t C
C x

t x

B
B B B

β
β β

β
+

+ − +
= − + =

−
 

It is important that these solutions cannot be obtained by the classical sym-
metries of Coupled Burgers’ equations. In this paper, we only consider 2β =  
which the reason is that the form of solutions (31) (32) are too complex, and 
confirm the new solutions of Equations (7) (8) are given as follows: 

( ) 1, ,
1 e t xu x t − +=
−

                         (33) 

( )
( )

( ) ( )( )
2

2

3

3 4

e e e e e e
, .

e e e e e e

Cx t t x t

C xt x t t x

C x
v x t

C C x+

 + − + =
− + + − + +

             (34) 

The Lie group method is probably the most powerful method to find the exact 
solutions of nonlinear PDEs. A symmetry group of PDEs is a group of transfor-
mations which maps any solution to another solution of PDEs. For obtaining 
more exact solutions of Coupled Burgers’ equations. Corresponding to the 
symmetry, Lie transformation group is determined. A one-parameter Lie trans-
formation group corresponding to the symmetry 9 1 2 3 5X X X X X= + + +  satis-
fies the initial value problem 

( )

( )( )
( ) ( )( )( )
( ) ( )

( ) ( )( )
( )

* * 2 * *

*
21

21

*
2

1e , 1 e 1 2 , e , ,
2

e e e 1 1
,

e e e 1

e e e e 1
ln .

1

x x t t u u

u u v
v

I

ε ε ε

β ε φ ψε βφ ψ ε φ

β ε βφ ψβφ ψ φ

β ε βφ ψφ ψ βφ ψ φ

φ ε φ

β β

β

β
ψ

β

− −

+ ++ + +

− + + ++

− + + +− − +

 = = + − + = = +

 − + + − + − +
 =
 − + − +


  − + − +  = −   − +   

      (35) 

By acting Lie transformation group (I) on the solution (33) (34) of Equations 
(7) (8), we obtain another solutions of Equations (7) (8). 

( )
( )

22 2e

2 2

1 1 e
2

1 1 1 e 2e e2

e, ,
e e

t

t
x

u x t

εε

ε ε
ε

ε + 
+ − 

 

− +
=

−
                    (36) 

( )
( )( )

( ) ( )( )( )

2
2 2

2

e 2e
0 3

1 1 1e e e 2
2 2

1 2

e e 1
, .

e e 1 e 1

C x C

t x

D C x
v x t

D D x

ε ε

ε ε ε

ε ε

ε

+ + + +

+ +

− + +
=
 

− + − + − +  
 

     (37) 

where 
2

21 e e e
2 2

0 e
t x

D
ε

ε εε+ + + +
= , ( )2 21 1 1e e e e 2

2 2 2
1 3 4 4e e e

t t x
D C C C

ε ε ε ε+ + +
= − + ,  

2
2

e e
2

2 e
C x

D
ε

ε+ +
= . 

In addition, we can also continue the above calculation by acting Lie trans-
formation groups and obtain more new solutions. Due to the lack of space, we 
omit the calculation steps. 
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3. Conclusions 

In this paper, we expanded the classical symmetries of Coupled Burgers’ equa-
tions by the determining potential symmetries, and we obtained new exact solu-
tions of Coupled Burgers’ equations. Firstly, we determined the classical sym-
metries and the potential symmetry of Coupled Burgers’ equations based on dif-
ferential characteristic set algorithm. Secondly, we determined one-dimensional 
optimal system of Coupled Burgers’ equations. Finally, we obtained the invariant 
solutions of the potential symmetry and one-parameter Lie transformation 
groups of the potential symmetries. Moreover the exact solutions of Coupled 
Burgers’ equations are derived by applying Lie transformation groups (I). It is 
important that these solutions cannot be obtained from the classical symmetries 
of Coupled Burgers’ equations. These solutions are different from those solu-
tions given in literature [17]. 

We can also obtain the exact solutions of Coupled Burgers’ equations by using 
the modern algebraically methods, such as the tanh-function method [19], the 
simplest equation method [20] etc. After that we construct new exact solutions 
by acting Lie transformation group of the potential symmetry on these exact so-
lutions. Due to the lack of space, we omit the other calculation. 
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