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Abstract

In this paper, the existence of a pair of ordered solutions for the following
class of equations in R"
—Au+V(x)u—A(u2)u:g(x,u) (1)

was studied. A bounded (PS) (Palais-Smale) sequence was constructed and the
related variational principle was used to prove the existence of the positive
solution. The existence of the ordered solutions is finally found.
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1. Introduction

In recent years, studies about the nontrivial solutions of Schrodinger equations
are very popular, involving differential equations, linear algebra and many sub-
jects. The solution of these problems cannot only develop new methods, such as
minimizations [1] [2], change of variables [3] [4] [5], Nehari method [6] and
perturbation method [7], reveal new laws, but also have important academic
value and wide application prospects [8] [9].

In this paper, we consider the existence of ordered solutions for the following

quasilinear Schrédinger equations:
—Au+V(x)u—A(u2)u:g(x,u) in RM (2)

we make the following assumptions:
(V) V eCl(RN ,R);
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(V) 0<2C, <V, SV(X)SV1<oo,for all xeRY;

(V,) V(X) is symmetrical radially, which is V (x)=V (|X|),

(V,) There exists y €[1,2), such that (VV (X)~X)+ € Lz*/z*'y(RN ), where
(VV (x)-x)" =max{VV (x)-x,0};

(g) 9eC(R,R),forany t<0, g(xt)=0, g(xt)=0(t) as t—>0";
(g) There exist C,>0 and qe(4,2:2'), such that |g(x,t)| <Cy(t+t"")

as teR";

(g;) lim M =400}

t—>+o0 t
(84) G(x,t):j:g(x,s)dszo forall teR",

(gs) There exists K >0, such that URN X~VXGdX‘ < K, where

v.e :[aG(x,t) 8G (x,t) "’aG(X't)j'

1 ’ >

X, OX, OXy
(g¢) There exists C” >0, such that IRN |gt (X,t)|dX <C’;
(g,) There exists x>4,suchthat 0<uG (X, S) <g (X, S)S forany s>0.

2. Main Results

We are now state the main results of the paper:

Theorem 1.1 Assume conditions (V)-(V,), (g,)-(g,) are satisfied, there is at
least one positive solution to Equation (2).

Theorem 1.2 Assume conditions (V)-(V,), (g,)-(g,) are satisfied, there is at

least one pair of ordered positive solutions to Equation (2).

3. Preliminaries

We observe that formally problem (2) is the Euler-Lagrange equation associated

of the natural energy functional given by

J (u):% | (|Vu|2 +V(x)u2)dx+ [ u?[vul’ dx— [ G(x,u)dx. 3)
RN RN RN

It is well known that / is not well defined in general in Hl(RN ) . To over-
come this difficulty, we make the change of variables developed in [1] by
v=f(u), where fis defined by

1
f'(t)=——————, f(0)=0, onte|0,+x), (4)
0=y {970 ontelo=)

and
(1)

Thus we can write J(u) as

I(v)=J(f (u)):% .[N(|Vv|2 +V (X) fz(v))dx— _[‘G(x, f(v))dx, (5

Il
|
—
—
A
~
o
>
—
m
|
8
o
—

which is well defined in the space
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H&(RN):{UEHI(RN)

u is symmetrical radially} .

We can see that the nontrivial critical points of 1(Vv) are precise weak solu-

tions for
—Av=-V (x) f(v) £'(v)+g(x F(v))f'(v), xeR". (6)
Lemma 3.1 (see in [4]) The function f (t) possesses the following properties.
D |f(t) <1
2) |f(t) <[t

3) [F) <24z

4) %f(t)gtf’(t)éf(t),forall teR’;
5) %fz(t)gf(t)f’(t)tgfz(t);

6) Iimw:l;

1
7) |imm:25;

8) There exists a positive constant C, such that
Clt|, if|t|<1,

MO

ez, if fy=1

9) Foreach A>1,wehave f?(At)<A?f*(t),forall teR.
Proof: The proofs of (1)-(3) and (6) only require the knowledge of calculus.
The reader can refer to the literature [1]. The following proofs (4)-(8).

Let I(t)=2t—\1+2f%(t)f(t), thereis 1(0)=0 obviously, and
I(t)=2-2(f(t)) £2(t)-yL+2f2(1)F' (1)
1267 ()P (O) =

TSI
Thus |(t)20 for all teR*, so we have 2tf'(t)2 f (t) (teR").
tf'(t)< f(t) (teR") can be proved similarly. (5) can be derived from (4) eas-
ily.
From the conclusion (4), we can get f (t) > f (1)\/E for any t>1. Thus we
have lim f(t)=+o,and

t—>+0

im ) _ i 2f’(t)f(t):2limLt):x/§.

t—>+o0 t t—>+0 t—+o }1+ 2 f 2 (t)

Therefore

()
t—>+0 \/f

(8) can be derived from (6) (7).
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Finally we prove (9). For any t >0, we have the following inequality by (5)

(o)t 21,
RO

Then we have

|nfqﬂU=L“( )d>j —d—zln——_lm2

()
Thus
f2(at)<A%£%(1).

Forall teR,wehave f?(At)<A’f?(t),because f?(X) iseven function.

Remark 3.1. To convenience, we note support as supp, and superior as sup.

Proposition 3.1. (Rellich-Kondrachov theorem) Let Q< RN be an open,
bounded Lipschitz domain, and let 1< p<n. Set

Then the Sobolev space W™P(Q,R) is continuously embedded in the
LY (Q, R) space and is compactly embedded in L9 (Q, R) for every 1<q< p*.
In symbols, W*?(Q,R) embedding in L* (Q,R), and W*"(Q)c L%(Q) for
1<qg<p’.

Proposition 3.2. (Holder inequality) Let (S,Z,u) be a measure space and
let p,qe[l+w) with 1/p+1/q=1. Then, for all measurable real or com-
plex-valued functions fand gon S,

Il <[t lall-

Proposition 3.3. (Sobolev inequality) Assume that uz is a continuously diffe-
rentiable real-valued function on R" with compact support. Then for

1< p<n thereisaconstant Cdepending only on nand p such that
"u”LP*(R") <C " Du"LP(R")

with
Yp =yp-Yn.

Lemma 3.2 Xis Banach space, and ||||)< is a norm of this space. ¢cR" isa

range. The family of functionals {d) B (v)} of class C' in Xsatisfy:

Aeg

1) For all Aeg, there is ®,(v)=A(V)-AB(V). There is A(V)—>+0 or

B(v)
2) Foreach le¢ andforall ve X ,thereis B(v) >0;
3) There exist two points V,,V, € X , such that

X —> 0}

c, =inf max®, ((t))>max{®, (v,),®,(v,)}, foreach Aeg 7)

yel’ te[O 1]

where T ={7/e C([O,l], X )|7/(0) =v1,y(1)=vz}.
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Thus there exists a sequence {Vn (/1)} c X, for a.e. Aec,wehave
1) {Vn (l)} is bounded;

2) {@,(v,(1)} >c:s
3) {@,(v,(2))} >0.
In order to use Lemma 3.2, in the following discussion, we take

X =H§(RN):={ueH1(RN)

u is symmetrical radially} ,
and consider the following family of functional

1

LW)=5 ] (9 +V () £2(v) )= 2], G (%, £ (v))dx, ve X,
where Ae [1,1} .
2
Define
1 2 2
AW)=2 . (1997 +V (x) £2(v)) dx,

B(v)= J'RN G(x, f(v))dx,
so that
I,(v)=A(v)-4B(v),

The following lemma shows that |, (V) satisfies the conditions of Lemma
3.2

Lemma 3.3 Assume conditions (V,) and (g,)-(g,) are satisfied, we have

1) B(V)ZO forall ve X ;

2) A(V) —> o0 as ||V|| — 00

3) There exists V, € X independent on A, such that I,(v,)<0 for each

le[l,l}
2

4) c, =infmax1, (y(t))>max{l,(0),1,(v,)}, for each leE,l} where

yel t01]
r={yeC([0.2],X)|»(0)=0,7(2) =}

Proof: (1) can be directly obtained from (g,). Let’s prove (2) by Lemma 3.1
and embedding theorem, we infer that

2 2
vl :IRN|VV| dX+J.{XHV(x)‘g} XJv(x)>

<[ dx+CJ.{XHV(X)‘ﬂ} f2 (v)dx+j{

2 2
vdx+j{ ,v dx

v|2* dx

va(x)‘>1}
5
< .[]RN |VV|2 dx + ClJRNV (X) f2 (V)dX +C2 (-[]RN |VV|2 dx)7

<c, [A(v)+ A(v)fj.

Therefore, A is convex.

DOI: 10.4236/jamp.2018.64068

774 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2018.64068

J. Wu

To prove (3), firstly, we let
J,(u) =%.[RN (|Vu|2 +V (x)uz)dx+J']RN u?|vul’ dx—ﬂ.[RN G(x,u)dx

and U ={Xe RN|U(X)¢O} (measU >0). Then fixing a non-negative radial

symmetry function ueCy (RN)\{O},for all t>0, wehave
R R B Y N VI
: ul < —?J'RN| ul X+T-[]RN (tx)u’dx
N
+tN*2jRNu2|Vu|zdx—%IRNG(x,tu)dx
tN+2 1 ) 5
£T FIRN|VU| dx+IRNV1u

+2| u? |Vul* dx —[on dej.

t2
. X, t
By (g3): Ilm Q =+, we have
. x tu g . ug(xtu
I|m > I = lim g( )—>+oo, ae xeU.
t—>+0 t t—>+oo t—+00 t

N [tu (%D <0 when ¢is large enough.
2
Thus there exists v, = fﬁl(uo)e X (v, is independent on A), such that

1, (Y)=13,(up) <3 (uy) <0, for each ﬂe[%,l}.
2

Finally, we prove (4). Define é(x,t) )+G(X f( )) By (g)), (g,)

Pt
S(xt)_ Yo Iimé( LY

and Lemma 3.1, we have lim—- ,
t>0 t 2 t—0 |t|2

A v -
Hence, there exists C >0, such that G (X,t) < —Iotz +C |t|2 ,forall teR.

Then
1 1
1, (v)= EIRN A% dx+§J'RNV0 f2(v)dx _IRN G(x, f(v))

Z%fRN [Vv[* dx+%.[RNVO f2(v)dx

+%_[RNV0v2dx _CJRN |v|2* dx _%J.]RNVO f2(v)dx
> %I . |Vv|2 dx+v—°.f]RN vZdx —CIRN |v|2* dx
> min{2 Yo -

It follows that I,(v)>0 with 0S||V||<p. We also have 1,(0)=0,
1, (v) <0, thus c, =infmax1,(y(t))>0>max{l,(0),1,(v,)} .

yel’ te[O 1]
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By Lemma 3.2 and Lemma 3.3, we can construct the (PS) sequence of |, (u) .
Specifically, there exists ¢, [%,1} (measg, =0), for each Ae [%,1} \g»

then we have a sequence {V,} < X, satisfy
1) {v,} =X isbounded;
2) 1,(v,)—>c,;
3) 1(v,)—>0.
Lemma 3.4 If {Vn} is a (PS) sequence of |, , then there exists a subsequence,

still denoted by {Vv,}, which convergence to the positive critical point Vv, of
l,.
Proof: Since {V,} < X is bounded, by Rellich-Kondrachov theorem, there
exists V, € X, such that
i) v, ov, inX
a
i) v, >v, in L?(R" );
iii) v, >v, ae xeR".
By (i) and (ii), we obtain I (Vi) =0.
Next we prove Vv, >V, in X Firstly, let
H (x,t):%v(x)tz —%V(x) £2(t)+ 4G (x, f (1)).
Hence 1,(v) is transformed into
1 2 2
Ii(V)ZEIRN (|Vv| +V (x)v )dx—.[]RN H (x,v)dx.
Let h(xt)= dH (x.t)
h(xt)=V (x)t=V (x) f(t) f'(t)+2g(x f (1)) f'(t).

By (g,), (g,) and Lemma 3.1, there exists C,,C, >0, for every xeR" and
forall teRR, such that

IOtV ()l +V (X)]F (1) /(1) + 2] a (x, £ (1)) (1)

<2V Jt|+ AC, [ £ ()] (1) +AC, | f ()7 /(1) )

, so that

q-1
<Cylt|+C, ]t 2.
q
By (8)and v, —»v, in L2 (RN),weget
lim [ (h(%,v,)=h(xv,))(v, =V, )dx=0.

Thus

v,)

Vv, -V, )|2 +V (x)(v, —vl)z)dx

(1) = (15 (vi)=15(v,),
:.[RN (|V( -

—fRN (h(x,vn)—h(x,vl ))(vn -v,)
> min {1V, }|lv, —v, | +o(1),
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thatis v, -V, in X Therefore, v, >0 is the critical point of functional 1,,

and |,(Vv,)=c, . This completes the proof.
Lemma 3.5 Suppose that the conditions of Theorem 1.1 are satisfied. Then

1
there exists {ﬂ,n} c [El} and corresponding critical point sequence

{V;}CX\{O} , such that lim4 =1 and V,>0 , I%(V:)

= <
hall n CnSC1 o

2
15 (vi)=0, n=12,-.
Proof: Let ﬂie[%,l}\gp by Lemma 3.1, there exists (PS) sequence

{Vl,m} < X, such that 1, (Vl,m) —>c,, I} (Vl,m) —0 as m-—>.ByLemma 3.4,

we have V;, =V, , and |/11(V1*):C/11’ |;1(v1*)=o in Xas m—o.

Similarly, let A, € [ﬂi;l ,1} \g;, we have I, (V2,m ) —=>C, 1, (Vz’m ) —0 as

m—o0,and V,, >V, UZ(V;):%) |;2(v;)=0 in X.

+1

ﬂ’n— '
Let ﬂne{ 12 ,1}\g1,wehave Iﬂn(vnym)—>cﬂﬂ, Iﬂﬂ<vnym)—>0 as m-— o,

*

and Vnym—>V2, Un(Vn):CAn» |;n(v;)=o in X.

Thus we get lim 4, =1, and since |, (V) is monotonically decreasing with 4,

n—o

sothat 1, (v;)=c, <cy,. This completes the proof.
Lemma 3.6 If Ue X isacritical point of I, then
NT_?' o |Vu|2dx+%.|'RNV (x) fz(u)dx+%.|']RN VV (x)-xf?(u)dx
—ANIRN G(x f (u))dx—J'RN X-VG dx=0.
Proof: Multiply the two sides of the equation
—AV+V (x) f(v) £/(v)=Ag(x, T (v)) f'(v)
by X-Vv, we have

Oz(Av—V (x) £(v) £ (v)+Ag(x f(v)) f'(v))(x~Vv)

= div{Vv(x-Vv)—|Vv|2 _X.V[@DJJX.VG(X’ f(v))

+%xf2(v)VV(x)+%V(x) £2(v)
N-2

[vvf
2

= div{Vv(x-Vv)—x-@wwG(x, f (v))}r

—ANG(x, f (v))+%xf2(v)VV(x)+%V(x) f2(v).

Finally, we integrate the equation on R", and then the improved Pohozaev
type identity can be obtained.

Lemma 3.7 The critical point sequence obtained in Lemma 3.2.7 is bounded

DOI: 10.4236/jamp.2018.64068 777 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2018.64068

J. Wu

in Lemma 3.5.

Proof: For convenience, we let {v,} denote {V:} of Lemma 3.5. By
. (vn):c,1n <Cy, in Lemma 3.5, Lemma 3.6, Holder inequality, Sobolev in-
equality, (gs) and (V ), then there exists y € [1, 2) , such that

IRN Vv, [ dx S%J'RN X-VV (x) f?(v,)dx+Nc,, —LRN XV Gdx

s%‘(vv (x)-x)" ) [LRN f% (vn)dx]z* +Ney, + K

€

(_f Vo[ dx) +Nc,, +K

sCz(j vy, [ dx) +Ncy, + K.

Therefore, jRN|VVn|Z dx is bounded.
Next we prove LRNV (X) f2 (Vn)dx is bounded. By (gl) (gz) and Lemma 3.1,
o 1 () 1)

. a(xf(t t|
we have lim 5 =0 and lim
t—0 f (t) t—o |t|2

Thus, for any &> 0, there exists C(&)>0, such that

la(x () /()] <ef? (@) +c(o)lf forallteRr (10)
By using (1} (V,),V,)=0 and Lemma 3.1, we get

oV > I WV (%) £ (v, )ox

<[ |vv| dx+f V(X)) (4, vy

=2 fon @ v,)) £/(v, ) vy

Sg_[RN|f (Vy) j |v| dx

*

2

WV () F2(v, )dx+C'(e (I |Vv| dx)

<=
V, °R
Choosing enough small & 0<€<V—0 we obtain that J. V(X) fz(v )dx
g g > ) N n
is bounded.

4. Existence Results

Proof of Theorem 1.1. By Lemma 3.5 and Lemma 3.7, there exist

{4} {%,1} and a bounded sequence {v,}< X \{0}, such that lim4, =1,

L, (Va)=¢,» 1 (v,)=0.

Then by the fact that the map A4 —c, is left continuous, we have

lim I (v )_Ilm( (Vo) + (2 =1) [ LW G(x, f (v ))dx)—llmc/I =c,.

N—o n—oo
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Similarly, we obtain 1'(v,) >0 inspace X' yields that {v,} isabounded
(PS) sequence of functional 7and lim1(v,)=c,. By Lemma 3.4, a positive criti-

cal point vcan be obtained.

To prove Theorem 1.2, we need to prove the following lemmas.

Lemma 4.1 The trivial solution of Equation (2) is a local minimizer for | (V)
in Hf(RN), and there exists a constant C >0 (dependent on V, and em-
bedding constant), such that the every non-negative solution v of Equation (2)

satisfies the inequality
[Vv|=C. (11)

Proof: By (V,), (g,), and Lemma 3.1 (3), we have
I(v):% J' (|Vv|2 +V (X) f2(v))dx— j G(x, f(v))dx
RN RN

1
ZER.L (|Vv|2 +V0f2(v))dx—COIRN fz(v)dX_COJ‘RN fq(v)dx
V, _ZCOI

BN

1
25 [Vl e £ ()=, [ 1 (v)x

a
>CyM" - CalM=-
Thus | (V) >0 as ||V|| is enough small and > 4. In conclusion, the trivial

solution V=0 isalocal minimizer for |(v) in H; (RN ) .
ve H?(RN) is the non-negative of Equation (2), so that <I '(v),v>=0. By

(V)), Lemma 3.1 (2) (4) (5) and the embedding between L° (RN) and
H:(RN),wehave

OzLRN \ +IRNV (x) f(v) f’(v)v—jRN g(x f(v))f'(v)v
1

> i +%IRN fz(v)—EfRN g(x f(v))f(v)

V, C
> RN|VV|2+?1 o fz(v)—%IRN(fz(vﬁ fq(v))
C C
> |V —%IRN v |y —7°|Vv|g .

This implies that inequality (11) is satisfied. This completes the proof.

Lemma 4.2 Suppose that the conditions of theorem 1.2 are satisfied, Equation
(2) admits a positive solution v and v is a local minimizer for I(v) in
HY(RY).

Proof: According to the reference [10] and related theories of differential eq-
uations, Equation (2) admits sub-solutions and sup-solutions. Let u be the

sub-solution and U be the sup-solution of Equation (2). Define

M :{UEHi:ggugﬁ}.

Let vbe a solution of Equation (2) on A, then
I(v):éQ& (). (12)
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Next, we prove that vis a local minimizer for | (V) in H! (]RN ) Suppose by
contradiction that v is not the local minimizer for I(v) in H:(RN). Then

there exists a sequence {U,} in H:(RN), such that ||un —V||—>0 as N—>ow
and I (u,)<I(v).Put

u, U, <u,
v, =max {u,min{T,u, }} =1u,, u<u,<T,
u, u, >,
0, _'
a)nz(un_U)Jr:{u o Enig
n~ % n =4
0’ l
Zn:(u_un)+:{ Uy >u
u-u, u <u.

Therefore, u,=v,-z,+a@,, V,€M, and @, and z, have disjoint sup-

port.

The following defines some sets and functions:

R, —{XGRN us<u SU},

S, =supp(a,),

T, =supp(z,),

L(xu) :—%v (x) £2(u) + G (x, f (u)).
Andthen I(u,) is transformed into

1 1
I(u,) ZEJ.Sn |Vun|2 dx —J.SH L(xu, )dx +EJ-Tn |Vun|2 dx .

_an L(x,un)dx+%IRn|vun|2 dx—jRn L(x,u, )dx.

Obviously, v, =U on S, so that

Isn (%|Vun|2 -L(xu, )jdx = Isn (%|V(Vn + o, )|2 —L(xv,+ a)n)de

1 _ 2
=1, (§|V(u +o,)

Similarly, by v, =u on T, we have

JTH (%|Vun|2 - L(x,un)jdx = JTn [£|V(vn + zn)2
—j( |V (u+z,) |—L(x,g+zn))dx.

—L(x,U+a)n)jdx.

—-L(xv, +zn)jdx

Since v, =u, on R, ,weget

. (%IVUnIZ - L(X,un)]dthn (%IVVHF - L(x,vn))dx
1), (S L nm) o, (val - Lxu Jox
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Consequently, we have

IVUI

. e
Since U is a sub-solution, we obtain
—Au< f/(u)(g(x f(1)-V (x) f(u)) =L, (x),

Yields that —Au<L,(xu).
Similarly, U isa sup-solution, so that —AU> L, (X, U) .

Hence,

J'RN Vuv(-z,)dx > .[RN L, (x,u)(=z,)dx,
.[RN ViV w,dx > -[]RN L, (x,T)o,dx.
In addition, we noticed that

%|V(U+a) ?

=ViVa, +%|V(oﬂ|2 ,

%|V(H_ Zn)

~|vuf* ZVQV(—ZH)+%|VZn|2,
So that by (14), we have
1 1
I(un)zl(vn)+—J N|Va)n|2dx+E_[RN|Vzn|2dx
_Isn (L(xT+am,)-L(%T)-L,(x0)a,)dx

] (L2~ L(xw) - L, (x0)(-2,)) o

To complete the Lemma, we still need to prove the following claim: as

n—oo,

_[SH(L(X,U+a)n)— L(xT)-L,(x0)e )dx <o(1 j]RN |Va)n|2 dx, (15)

J'Tn(L(x,g— 2,)—L(xu)-L, (xu)(-z,))dx<o(1)] vz, | dx. (16)

Since the proofs of inequalities (15) and (16) are similar, we only prove (15)
Firstly, note

Split

where
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By the define of £ for any teR, we have
(f(t)f'(t) <1, (17)
fr(t)<2. (18)

By differential mean value theorem, Lemma 3.1(1) and (17), we have

oo (%) ==V ()17 (@)~ £7(0) +V (x){ (0) (@)

)f
=V (x)f(U+6w,) ' (T+60,)a,+V(x)f(T)f'(U)a,
=V (x) 026, (T (T+66,0,) f'(T+66,0,))
<V (x)o?, (0<6,<1,0<6,<1).
Then, by Hélder inequality and Sobolev inequality, we obtain
Jo, b ()= [ Lon (0 < [, V (9] < [, @

2 P\ %
<pls o L))
2., 2. 5
= AlSa[W@nly < AlS:[¥ @,
Moreover, by the define of S, we have Iim|Sn| =0. In fact, for any £>0,
n—w
there exists J(&)>0, such that |{USV+5}| <é&,since v<U in R".Thus
S,c{U<v+stU{v+s<t<u,}.
Again since |un —V|2 —0 as n— o, there exists n,, such that for n>n,

5> (u, —v)' 2|

{un>v+} tn _V)Z = J.{un>v+5} - 52 |{uﬂ >V+ 5}|

Therefore
|S,| <[{u, <v+5}|+[v+5<T<u,|<2e,

and then as n — o, we have

o Ln () <0 (D) |
Set
0. (x ) =G, (x F (1) =9 (x.f (1) (1),
It follows from differential mean value theorem that
Lo (¥) =G (x,  (T+0,)) -G (x (7)) =g (x 1 (@) (@),

=g (% f (T+6,(x)@,) /(T +0,(x)0,) @, -9 (x T (@) ()@,
To be continue, set

P(x.u)=g(x f(u))f'(u),

p(x.u) =P, (xu) =g, (% f ())(f'(u)) +g(x f (u))f"(u)
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Again by differential mean value theorem, we have

L, =(P(xT+6,(x)@,)-P(x0))a,
= p(X,T+6,(x)6,(x)a,)6,(x) 2.

Set Uy =U+6,(X)6,(X)@,, so that by Lemma 3.1 (3), (g,), (g5, (17), (18),
Holder inequality and Sobolev inequality, we get

Ln L, (x)dxgjSn p(%,T+6,(x)6,(x) @, ) b 0ldx
sfsn(c( f ’(uo))z +9(x, f(uy)) f"(uo))a)fdx
<[, (0 (% 1 (00))(F/ ()" i Co f () £ ()i Co 7 (ug) (1)l

2"2

g1 2 2 22; 2 q+3
£Cljs a),fdx+C2[I U272 de I{u 2U}a)nzdx +C3_[S w2 dx

<o .o ] (faofo <ottpag.

which implies that (15) is satisfied.
By (15) and (16),as n—> o we have

lj' . |Va)n|2 dx+lj‘ \ |Vzn|2dx

<I( J' o,
+I( ~7,)- ( )Lu
<J (L xu+w) L(xT)-L,
+J' (x,u-z,)—-L(xu)-L,

|Va)n|2+o |Vzn|2.

Since @, and z, have disjoint support,as n— o

.[RN |Va)n|2 dx < 0(1)|Va)n|§ ,
IRN Vz,|* dx <0(1)|Vz,;.

Then z,(X)=w,(X)=0 ae. xeR", which implies u, =v, ae. xeR".
By (12), we have
L(v)<1(v,)=1(u,).
Contradiction. Thus, the proof is complete.

Define a set
H:{Ue Hrl(RN):Osugv, a.e.XGRN},
where v is a positive solution in Lemma 4.1. The critical point in II is also the

critical point in H: (RN ) of I[3].
Lemma 4.3 Suppose that the conditions of theorem 1.2 are satisfied, then /sa-
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tisfies (PS) condition on II.

Proof: Firstly, we need to prove the boundedness of any (PS) sequence {V,}
on I1. Assume {Vn} cII isa (PS) sequence, then

I (vn):%J'RN|an|2dx+%fRNV(x) £2(v,)dx—[ G (x, f(v,))dx=c+o(1),

(19)
<I '(vn),¢> = _[RN VvV gdx + LRNV (x) f(v,) f'(v,)gdx
—IRN g(x f(v,)) f'(v,)ddx (20)
=o(D)[¢]-
By (g,) and (19), there exists >4, such that
c+o(l)=1 (vn)>%_|'RN Vv, [ dx+%J'RNV (x) £2(v,)dx o

1

e g(x f(vy)) f(vy)dx.

f
Specially, choose ¢ = f,((Vn)) =1+2f%(v,)f(v,). By Lemma 3.1 (2) (3), we
v

n

have
¢ =1+ 282 (v,) | T (v, )| V2414 £2(v,) | T (v,)
V2 (L1 () 1 ()] V2] ()] #] (1)
<2|v,|+2|v,| < 4],

)
Again since

wol-{ Sapee) o<zl

1+2f2(v,)

implies that ||(p|| <C ||vn || (20) is transformed to
1+4f%(v,)

o Toprmee Pl Y (00120~ [ 000 () () -0)l] 22

(22) implies

1 1+4f n 2
JRNWWV AR @)
1

e 800 F () f () +o(@) v

Substituting (23) into (21), we obtain
1 11+44f%(v))

c+o(l)=1 (V”)>[E_;TZ(VH)JIRN vy, [ dx
+[l—lj oV (%) F2 (v, ) dx—o(1)[v,]-

2 pu
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Thus
o[l < c+o(2) (L+ i),

This implies that ||Vn||2 is bounded.

Next, let’s prove (PS) sequence { n} satisfies (PS) condition. Since
Vo)< Hf(RN) is bounded in Hl( N) by Rellich-Kondrachov theorem,
there exists Ve Hl(RN),such that

Weak convergence

i) v, —CREOWEEE Ly i H}(RN);

ii) v, >V in LE(RN);

iii) v, >v ae.in R".

By (i) and (ii), we obtain I} (Va) =0.

The following we prove v, -V in H&(RN).Set
1

H (x1) =V (x)¢ —%V(x) £2(t)+ G (x f (t)).
Then I(V) is transformed to
1 2 2
I/I(V):E,[RN (|Vv| +V (x)v )dx—'[]RN H (x,v)dx.

et h(x,t)= 200

h(xt)=V (x)t=V (x) f(t) f'(t)+g(x f (1)) f'(t).
By (g)), (g,) and Lemma 3.1, there exists C;,C, >0, for any xeR" and
t e R, such that

, then

Ih(x.t)|<C,Jt|+C, |t|q74. (24)

By (24) and v, >V in L%(RN),wehave
rILr};IRN(h(x,vn)—h(x,v))(vn—v)dx:O.
Thus
o) =(1"(v)=1"(v,) v, —v)
- RN(V(vn—v>| (x)(vn ) )ix
= J (A (xV, ) = (%)) (v, V)X
o(1)

> min {1,V0}||vn —v|| + ,

Which implies that v, -V in H; (RN ) . The proof is complete.

Lemma 4.4. (see ([11], Theorem II1.11.8).) Suppose M is a closed, convex sub-
set of a Banach space V, Ee ct (V) satisfies (PS) on A, and admits two dis-
tinct relative minima u,,u, in M. Then either E(ul): E(uz):ﬂ and u;,u,
can be connected in any neighborhood of the set of relative minima ueM of
E with E(u) =f3, or there exists a critical point U of Ein M which is not a

relative minimizer of E.
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Proof of Theorem 1.2. Applying Lemma 4.4, we arrive to the following di-

chotomy

1) 1(v)=1(0) and vand 0 may be connected in any neighborhood of the

set of local minima of 7to II, or

2) Tadmits a critical point U in II which is not a local minimum.

But Lemma 4.1 ensures that the trivial solution is an isolated solution of

problem (2). Hence a second independent solution of problem (2) should exist

since the solution found in Lemma 4.2 is a local minimum of I In conclusion,

problem (2) admits one pair of ordered positive solutions to equation. The proof

is complete.
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