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Abstract 
In this paper, the existence of a pair of ordered solutions for the following 
class of equations in N

  

( ) ( ) ( )2 ,u V x u u u g x u−∆ + − ∆ =                   (1) 

was studied. A bounded (PS) (Palais-Smale) sequence was constructed and the 
related variational principle was used to prove the existence of the positive 
solution. The existence of the ordered solutions is finally found. 
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1. Introduction 

In recent years, studies about the nontrivial solutions of Schrödinger equations 
are very popular, involving differential equations, linear algebra and many sub-
jects. The solution of these problems cannot only develop new methods, such as 
minimizations [1] [2], change of variables [3] [4] [5], Nehari method [6] and 
perturbation method [7], reveal new laws, but also have important academic 
value and wide application prospects [8] [9]. 

In this paper, we consider the existence of ordered solutions for the following 
quasilinear Schrödinger equations: 

( ) ( ) ( )2 , in Nu V x u u u g x u−∆ + − ∆ =                 (2) 

we make the following assumptions: 

(V1) ( )1 ,NV C∈   ; 
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(V2) ( )0 0 10 2C V V x V< < ≤ ≤ < ∞ , for all Nx∈ ; 
(V3) ( )V x  is symmetrical radially, which is ( ) ( )V x V x= ; 
(V4) There exists [ )1, 2γ ∈ , such that ( )( ) ( )* *2 2 NV x x L γ+ −∇ ⋅ ∈  , where 

( )( ) ( ){ }max ,0V x x V x x
+

∇ ⋅ = ∇ ⋅ ; 

(g1) ( ),g C∈   , for any 0t ≤ , ( ), 0g x t = , ( ) ( ),g x t o t=  as 0t +→ ; 
(g2) There exist 0 0C >  and ( )*4, 2 2q∈ ⋅ , such that ( ) ( )1

0, qg x t C t t −≤ +  
as t +∈ ; 

(g3) 
( ),

lim
t

g x t
t→+∞

= +∞ ; 

(g4) ( ) ( )
0

, , d 0
t

G x t g x s s= ≥∫  for all t +∈ ; 

(g5) There exists 0K > , such that dN xx G x K⋅∇ <∫


, where  

( ) ( ) ( )
1 2

, , ,
, , ,x

N

G x t G x t G x t
G

x x x
∂ ∂ ∂ 

∇ =  
∂ ∂ ∂ 

 ; 

(g6) There exists * 0C > , such that ( ) *, dN tg x t x C<∫


; 

(g7) There exists 4µ ≥ , such that ( ) ( )0 , ,G x s g x s sµ< <  for any 0s > . 

2. Main Results 

We are now state the main results of the paper: 
Theorem 1.1 Assume conditions (V1)-(V4), (g1)-(g7) are satisfied, there is at 

least one positive solution to Equation (2). 
Theorem 1.2 Assume conditions (V1)-(V4), (g1)-(g7) are satisfied, there is at 

least one pair of ordered positive solutions to Equation (2). 

3. Preliminaries 

We observe that formally problem (2) is the Euler-Lagrange equation associated 
of the natural energy functional given by 

( ) ( )( ) ( )2 22 21 d d , d
2 N N N

J u u V x u x u u x G x u x= ∇ + + ∇ −∫ ∫ ∫
  

.      (3) 

It is well known that J is not well defined in general in ( )1 NH  . To over-
come this difficulty, we make the change of variables developed in [1] by 

( )1v f u−= , where f is defined by 

( )
( )

( ) [ )
2

1 ,  0 0,  on 0, ,
1 2

f t f t
f t

′ = = ∈ +∞
+

            (4) 

and 

( ) ( ) ( ],  on ,0 .f t f t t= − − ∈ −∞  

Thus we can write ( )J u  as 

( ) ( )( ) ( ) ( )( ) ( )( )2 21: d , d
2 N N

I v J f u v V x f v x G x f v x= = ∇ + −∫ ∫
 

,   (5) 

which is well defined in the space 
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( ) ( ){ }1 1: is symmetrical radiallyN N
rH u H u= ∈  . 

We can see that the nontrivial critical points of ( )I v
 

are precise weak solu-
tions for 

( ) ( ) ( ) ( )( ) ( ), ,  .Nv V x f v f v g x f v f v x′ ′−∆ = − + ∈            (6) 

Lemma 3.1 (see in [4]) The function ( )f t  possesses the following properties. 
1) ( ) 1f t′ ≤ ;  

2) ( )f t t≤ ;  

3) ( )
1 1
4 22f t t≤ ;  

4) ( ) ( ) ( )1
2

f t tf t f t′≤ ≤ , for all t +∈ ; 

5) ( ) ( ) ( ) ( )2 21
2

f t f t f t t f t′≤ ≤ ;  

6) ( )
0

lim 1
t

f t
t→

= ; 

7) 
( ) 1

4lim 2
t

f t
t→∞

= ; 

8) There exists a positive constant C, such that 

( ) 1
2

, if 1,

, if 1;

C t t
f t

C t t

 ≤≥ 
 ≥

 

9) For each 1λ > , we have ( ) ( )2 2 2f t f tλ λ≤ , for all t∈ . 
Proof: The proofs of (1)-(3) and (6) only require the knowledge of calculus. 

The reader can refer to the literature [1]. The following proofs (4)-(8). 
Let ( ) ( ) ( )22 1 2l t t f t f t= − + , there is ( )0 0l =  obviously, and 

( ) ( )( ) ( ) ( ) ( )

( ) ( )( ) ( )

2 2 2

22
2

2 2 1 2

11 2 0.
1 2

l t f t f t f t f t

f t f t
f t

′ ′ ′= − − +

′= − = >
+

 

Thus ( ) 0l t ≥  for all t +∈ , so we have ( ) ( )2tf t f t′ ≥  ( t +∈ ). 
( ) ( )tf t f t′ ≤  ( t +∈ ) can be proved similarly. (5) can be derived from (4) eas-

ily. 
From the conclusion (4), we can get ( ) ( )1f t f t≥  for any 1t > . Thus we 

have ( )lim
t

f t
→+∞

= +∞ , and 

( ) ( ) ( ) ( )
( )

2

2
lim lim 2 2 lim 2.

1 2t t t

f t f t
f t f t

t f t→+∞ →+∞ →+∞
′= = =

+
 

Therefore 

( ) 1
4lim 2 .

t

f t
t→+∞

=  

(8) can be derived from (6) (7). 
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Finally we prove (9). For any 0t > , we have the following inequality by (5) 

( )( )
( )

( ) ( )
( )

2

2 2

2
2.

f t t f t f t t
f t f t

′ ′
= ≤  

Then we have  

( )
( )

( )( )
( )

22
2

2 2

2ln d d 2ln ln .
t t

t t

f sf t ts s
s tf t f s

λ λλ λ
λ

′
= ≥ = =∫ ∫  

Thus 

( ) ( )2 2 2f t f tλ λ≤ . 

For all t∈ , we have ( ) ( )2 2 2f t f tλ λ≤ , because ( )2f x  is even function.  
Remark 3.1. To convenience, we note support as supp, and superior as sup. 
Proposition 3.1. (Rellich-Kondrachov theorem) Let NΩ⊆   be an open, 

bounded Lipschitz domain, and let 1 p n≤ < . Set 

: npp
n p

∗ =
−

. 

Then the Sobolev space ( )1, ,pW Ω   is continuously embedded in the 
( ),qL Ω   space and is compactly embedded in ( ),qL Ω   for every 1 q p∗≤ < . 

In symbols, ( )1, ,pW Ω   embedding in ( ),pL
∗
Ω  , and ( ) ( )1, p qW LΩ ⊂ Ω  for 

1 q p∗≤ < . 
Proposition 3.2. (Hölder inequality) Let ( ), ,S µΣ  be a measure space and 

let [ ), 1,p q∈ +∞  with 1 1 1p q+ = . Then, for all measurable real or com-
plex-valued functions f and g on S, 

1 .p qfg f g≤  

Proposition 3.3. (Sobolev inequality) Assume that u is a continuously diffe-
rentiable real-valued function on n

  with compact support. Then for 
1 p n≤ <  there is a constant C depending only on n and p such that 

( ) ( )p n p nL Lu C Du∗ ≤
 

 

with  

1 1 1p p n∗ = − . 

Lemma 3.2 X is Banach space, and X⋅  is a norm of this space. ς +⊂   is a 

range. The family of functionals ( ){ }vλ λ ς∈
Φ  of class 1C  in X satisfy: 

1) For all λ ς∈ , there is ( ) ( ) ( )v A v B vλ λΦ = − . There is ( )A v →+∞  or 
( )B v →+∞  as Xv →∞ ; 
2) For each λ ς∈  and for all v X∈ , there is ( ) 0B v ≥ ; 
3) There exist two points 1 2,v v X∈ , such that 

[ ]
( )( ) ( ) ( ){ }1 20,1

inf max max , ,  for each 
t

c t v vλ λ λ λγ
γ λ ς

∈Γ ∈
= Φ > Φ Φ ∈      (7) 

where [ ]( ) ( ) ( ){ }1 20,1 , 0 , 1C X v vγ γ γΓ = ∈ = = . 
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Thus there exists a sequence ( ){ }nv Xλ ⊂ , for a.e. λ ς∈ , we have 
1) ( ){ }nv λ  is bounded; 

2) ( )( ){ }nv cλ λλΦ → ; 

3) ( )( ){ } 0nvλ λ′Φ → . 

In order to use Lemma 3.2, in the following discussion, we take 

( ) ( ){ }1 1: is symmetrical radiallyN N
rX H u H u= = ∈  , 

and consider the following family of functional 

( ) ( ) ( )( ) ( )( )2 21 d , d ,  ,
2 N NI v v V x f v x G x f v x v Xλ λ= ∇ + − ∈∫ ∫

 

 

where 1 ,1
2

λ  ∈   
. 

Define 

( ) ( ) ( )( )2 21 d
2 NA v v V x f v x= ∇ +∫



, 

( ) ( )( ), dNB v G x f v x= ∫


, 

so that 

( ) ( ) ( )I v A v B vλ λ= − , 

The following lemma shows that ( )I vλ  satisfies the conditions of Lemma 
3.2. 

Lemma 3.3 Assume conditions (V1) and (g1)-(g4) are satisfied, we have  
1) ( ) 0B v ≥  for all v X∈ ; 
2) ( )A v →∞  as v →∞ ; 
3) There exists 0v X∈  independent on λ, such that ( )0 0I vλ <  for each 

1 ,1
2

λ  ∈   
; 

4) 
[ ]

( )( ) ( ) ( ){ }00,1
inf max max 0 ,

t
c I t I I vλ λ λ λγ

γ
∈Γ ∈

= > , for each 1 ,1
2

λ  ∈   
, where 

[ ]( ) ( ) ( ){ }00,1 , 0 0, 1C X vγ γ γΓ = ∈ = = . 

Proof: (1) can be directly obtained from (g4). Let’s prove (2) by Lemma 3.1 
and embedding theorem, we infer that 

( ){ } ( ){ }

( )( ){ } ( ){ }

( ) ( ) ( )
( ) ( )

*

*

*

2 2 2 2
1 1

2 22
1 1

2
2 22 2

1 2

2
23

d d d

d d d

d d d

.

N

N

N N N

x v x x v x

x v x x v x

v v x v x v x

v x C f v x v x

v x C V x f v x C v x

C A v A v

≤ >

≤ >

= ∇ + +

≤ ∇ + +

≤ ∇ + + ∇

 
≤ +  

 

∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫





  

 

Therefore, A is convex. 
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To prove (3), firstly, we let 

( ) ( )( ) ( )2 22 21 d d , d
2 N N NJ u u V x u x u u x G x u xλ λ= ∇ + + ∇ −∫ ∫ ∫

  

 

and ( ){ }0NU x u x= ∈ ≠  ( 0measU > ). Then fixing a non-negative radial 

symmetry function ( ) { }0 \ 0Nu C∞∈  , for all 0t > , we have 

( )

( )

( )

2
2 2

1
2

22 2

2
2 2

12

22
2

d d
2 2

d , d
2

1 d
2

,
2 d d .

N N

N N

N N

N N

N N

N
N

N

x t tJ tu u x V tx u x
t

tt u u x G x tu x

t u x V u
t

G x tu
u u x x

t

+

+

+

   = ∇ +  
  

+ ∇ −

≤ ∇ +



+ ∇ − 



∫ ∫

∫ ∫

∫ ∫

∫ ∫

 

 

 

 

 

By (g3): 
( ),

lim
t

g x t
t→+∞

= +∞ , we have 

( ) ( ) ( )0
2 2

, d, ,
lim lim lim , . . .

2

tu

t t t

g x s sG x tu ug x tu
a e x U

tt t→+∞ →+∞ →+∞
= = → +∞ ∈∫  

1
2

0xJ tu
t

   <  
  

 when t is large enough. 

Thus there exists ( )1
0 0v f u X−= ∈  ( 0v  is independent on λ), such that 

( ) ( ) ( )0 0 1 0
2

0I v J u J uλ λ= ≤ < , for each 1 ,1
2

λ  ∈   
. 

Finally, we prove (4). Define ( ) ( ) ( )( )20ˆ , ,
2

VG x t f t G x f t= − + . By (g1), (g2) 

and Lemma 3.1, we have 
( ) 0

20

ˆ ,
lim

2t

G x t V
t→

= − , ( )
*20

ˆ ,
lim 0

| |t

G x t

t→
= . 

Hence, there exists 0C > , such that ( )
*220ˆ ,

4
VG x t t C t≤ − + , for all t∈ . 

Then 

( ) ( ) ( )( )

( )

( )
*

*

*

*2

2 2
0

2 2
0

22 2
0 0

2 220

2 20

1 1d d ,
2 2
1 1d d
2 2

1 1d d
4 2

1 d d d
2 4

1min , .
2 4

N N N

N N

N N N

N N N

L

I v v x V f v x G x f v

v x V f v x

V v dx C v x V f v x

Vv x v x C v x

V v C v

λ ≥ ∇ + −

≥ ∇ +

+ − −

≥ ∇ + −

 ≥ − 
 

∫ ∫ ∫

∫ ∫

∫ ∫ ∫

∫ ∫ ∫

  

 

  

  

 

It follows that ( ) 0I vλ >  with 0 v ρ≤ < . We also have ( )0 0Iλ = , 

( )0 0I vλ < , thus 
[ ]

( )( ) ( ) ( ){ }00,1
inf max 0 max 0 ,

t
c I t I I vλ λ λ λγ

γ
∈Γ ∈

= > > . 
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By Lemma 3.2 and Lemma 3.3, we can construct the (PS) sequence of ( )I uλ . 

Specifically, there exists 1
1 ,1
2

ς  ⊂   
 ( 1 0meas ς = ), for each 1

1 ,1 \
2

λ ς ∈   
, 

then we have a sequence { }nv X⊂ , satisfy 

1) { }nv X⊂  is bounded; 
2) ( )nI v cλ λ→ ; 

3) ( ) 0nI vλ′ → . 

Lemma 3.4 If { }nv  is a (PS) sequence of Iλ , then there exists a subsequence, 
still denoted by { }nv , which convergence to the positive critical point vλ  of 
Iλ . 

Proof: Since { }nv X⊂  is bounded, by Rellich-Kondrachov theorem, there 
exists v Xλ ∈ , such that 

i) nv vλ→  in X; 

ii) nv vλ→  in ( )2
q

NL  ; 

iii) nv vλ→  a.e. Nx∈ . 
By (i) and (ii), we obtain ( ) 0I vλ λ′ = . 
Next we prove nv vλ→  in X. Firstly, let 

( ) ( ) ( ) ( ) ( )( )2 21 1, , .
2 2

H x t V x t V x f t G x f tλ= − +  

Hence ( )I vλ  is transformed into 

( ) ( )( ) ( )2 21 d , d
2 N NI v v V x v x H x v xλ = ∇ + −∫ ∫

 

. 

Let ( ) ( )d ,
,

d
H x t

h x t
t

= , so that 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ), , .h x t V x t V x f t f t g x f t f tλ′ ′= − +  

By (g1), (g2) and Lemma 3.1, there exists 1 2, 0C C > , for every Nx∈  and 
for all t∈ , such that  

( ) ( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )1
1 0 0

1
21 2

, ,

2

.

q

q

h x t V x t V x f t f t g x f t f t

V t C f t f t C f t f t

C t C t

λ

λ λ
−

−

′ ′≤ + +

′ ′≤ + +

≤ +

        (8) 

By (8) and nv vλ→  in ( )2
q

NL  , we get 

( ) ( )( )( )lim , , d 0.N n nn
h x v h x v v v xλ λ→∞

− − =∫


 

Thus 

( ) ( ) ( )

( ) ( )( )( )
( ) ( )( )( )

{ } ( )

2 2

2
0

1 ,

d

, ,

min 1, 1 ,

N

N

n n

n n

n n

n

o I v I v v v

v v V x v v x

h x v h x v v v

V v v o

λ λ λ λ

λ λ

λ λ

λ

′ ′= − −

= ∇ − + −

− − −

≥ − +

∫

∫



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that is nv vλ→  in X. Therefore, 0vλ >  is the critical point of functional Iλ , 
and ( )I v cλ λ λ= . This completes the proof. 

Lemma 3.5 Suppose that the conditions of Theorem 1.1 are satisfied. Then 

there exists { } 1 ,1
2nλ
 ⊂   

 and corresponding critical point sequence  

{ } { }* \ 0nv X⊂ , such that lim 1nn
λ

→∞
=  and * 0nv > , ( )*

1
2

n nnI v c cλ λ= ≤ , 

( )* 0, 1, 2,
n nI v nλ′ = =  . 

Proof: Let 1 1
1 ,1 \
2

λ ς ∈   
, by Lemma 3.1, there exists (PS) sequence 

{ }1,mv X⊂ , such that ( )1 11,mI v cλ λ→ , ( )1 1, 0mI vλ′ →  as m →∞ . By Lemma 3.4, 

we have *
1, 1mv v→ , and ( )1 1

*
1I v cλ λ= , ( )1

*
1 0I vλ′ =  in X as m →∞ . 

Similarly, let 1
2 1

1,1 \
2

λ
λ ς

+ ∈   
, we have ( )2 22,mI v cλ λ→ , ( )2 2, 0mI vλ′ →  as 

m →∞ , and *
2, 2mv v→ , ( )2 2

*
2I v cλ λ= , ( )2

*
2 0I vλ′ =  in X. 

Let 1
1

1
,1 \

2
n

n
λ

λ ς− + ∈   
, we have ( ),n nn mI v cλ λ→ , ( ), 0

n n mI vλ′ →  as m →∞ , 

and *
,n m nv v→ , ( )*

n nnI v cλ λ= , ( )* 0
n nI vλ′ =  in X. 

Thus we get lim 1nn
λ

→∞
= , and since ( )I vλ  is monotonically decreasing with λ, 

so that ( )*
1 2n nnI v c cλ λ= ≤ . This completes the proof. 

Lemma 3.6 If u X∈  is a critical point of Iλ , then 

( ) ( ) ( ) ( )

( )( )

2 2 22 1d d d
2 2 2

, d d 0.

N N N

N N x

N Nu x V x f u x V x xf u x

N G x f u x x G xλ

−
∇ + + ∇ ⋅

− − ⋅∇ =

∫ ∫ ∫

∫ ∫
  

 

 

Proof: Multiply the two sides of the equation  

( ) ( ) ( ) ( )( ) ( ),v V x f v f v g x f v f vλ′ ′−∆ + =  

by x v⋅∇ , we have 

( ) ( ) ( ) ( )( ) ( )( )( )

( ) ( )( )

( ) ( ) ( ) ( )

( ) ( )( )

( )( ) ( ) ( ) ( ) ( )

2
2

2 2

2
2

2 2

0 ,

,
2

1
2 2

2,
2 2

1, .
2 2

v V x f v f v g x f v f v x v

v
div v x v v x x G x f v

Nxf v V x V x f v

v Ndiv v x v x xG x f v v

NNG x f v xf v V x V x f v

λ

λ

λ

λ

′ ′= ∆ − + ⋅∇

  ∇  = ∇ ⋅∇ − ∇ − ⋅∇ + ⋅∇
    

+ ∇ +

 ∇ − = ∇ ⋅∇ − ⋅ + + ∇
 
 

− + ∇ +

 

Finally, we integrate the equation on N
 , and then the improved Pohozaev 

type identity can be obtained. 
Lemma 3.7 The critical point sequence obtained in Lemma 3.2.7 is bounded 
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in Lemma 3.5. 
Proof: For convenience, we let { }nv  denote { }*

nv  of Lemma 3.5. By 
( ) 1 2n nnI v c cλ λ= ≤  in Lemma 3.5, Lemma 3.6, Hölder inequality, Sobolev in-

equality, (g5) and (V4), then there exists [ )1,2γ ∈ , such that 

( ) ( )

( )( )
( )

( )

( )
( )

* *

* *

* *

*

2 2
1 2

2 2 2

1 2
2 2

2 2
1 1 2

2 2
2 1 2

1d d d
2

1 d
2

d

d .

N N N

N

N

N

n n x

n

n

n

v x x V x f v x Nc x G x

V x x f v x Nc K

C v x Nc K

C v x Nc K

γ

γ

γ

γ

γ

⋅
+

−

∇ ≤ ⋅∇ + − ⋅∇

 
 ≤ ∇ ⋅ + +
 
 

≤ + +

≤ ∇ + +

∫ ∫ ∫

∫

∫

∫

  







  (9) 

Therefore, 2 dN nv x∇∫


 is bounded. 

Next we prove ( ) ( )2 dN nV x f v x∫


 is bounded. By (g1), (g2) and Lemma 3.1, 

we have 
( )( ) ( )
( )20

,
lim 0
t

g x f t f t t

f t→

′
=  and 

( )( ) ( )
*2

,
lim 0
t

g x f t f t t

t→∞

′
= . 

Thus, for any 0ε > , there exists ( ) 0C ε > , such that 

( )( ) ( ) ( ) ( )
*22,  for all .g x f t f t t f t c t tε ε′ ≤ + ∈        (10) 

By using ( ) , 0
n n nI v vλ′ =  and Lemma 3.1, we get 

( ) ( )

( ) ( ) ( )
( )( ) ( )

( ) ( )

( ) ( ) ( )( )

*

*

2 2

2

2 2

2
22 2

0

1d d
2

d d

, d

d d

d d .

N N

N N

N

N N

N N

n n

n n n n

n n n n

n n

n n

v x V x f v x

v x V x f v f v v x

g x f v f v v x

f v x C v x

V x f v x C v x
V

λ

ε ε

ε
ε

∇ +

′≤ ∇ +

′=

≤ +

′≤ + ∇

∫ ∫

∫ ∫
∫

∫ ∫

∫ ∫

 

 



 

 

 

Choosing enough small 00
2

V
ε ε < < 
 

, we obtain that ( ) ( )2 dN nV x f v x∫


 

is bounded.  

4. Existence Results 
Proof of Theorem 1.1. By Lemma 3.5 and Lemma 3.7, there exist  

{ } 1 ,1
2nλ
 ⊂   

 and a bounded sequence { } { }\ 0nv X⊂ , such that lim 1nn
λ

→∞
= , 

( )
n nnI v cλ λ= , ( ) 0

n nI vλ′ = . 

Then by the fact that the map cλλ →  is left continuous, we have 

( ) ( ) ( ) ( )( )( ) 1lim lim 1 , d lim .Nn nn n n nn n n
I v I v G x f v x c cλ λλ

→∞ →∞ →∞
= + − = =∫

  
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Similarly, we obtain ( ) 0nI v′ →  in space *X  yields that { }nv  is a bounded 

(PS) sequence of functional I and ( ) 1lim nn
I v c

→∞
= . By Lemma 3.4, a positive criti-

cal point v can be obtained. 
To prove Theorem 1.2, we need to prove the following lemmas. 
Lemma 4.1 The trivial solution of Equation (2) is a local minimizer for ( )I v  

in ( )1 N
rH  , and there exists a constant 0C >  (dependent on 0V  and em-

bedding constant), such that the every non-negative solution v of Equation (2) 
satisfies the inequality 

v C∇ ≥ .                            (11) 

Proof: By (V2), (g2), and Lemma 3.1 (3), we have 

( ) ( ) ( )( ) ( )( )

( )( ) ( ) ( )

( ) ( )

2 2

2 2 2
0 0 0

2 20 0
0

2
21 2

1 d , d
2
1 d d d
2

21 d d d
2 2

.

N N

N N
N

N N N

q

q

q

I v v V x f v x G x f v x

v V f v x C f v x C f v x

V Cv x f v x C f v x

C v C v

= ∇ + −

≥ ∇ + − −

−
≥ ∇ + −

≥ −

∫ ∫

∫ ∫ ∫

∫ ∫ ∫

 

 



  

 

Thus ( ) 0I v >  as v  is enough small and 4q > . In conclusion, the trivial 
solution 0v =  is a local minimizer for ( )I v  in ( )1 N

rH  . 

( )1 N
rv H∈   is the non-negative of Equation (2), so that ( ) , 0I v v′ = . By 

(V1), Lemma 3.1 (2) (4) (5) and the embedding between ( )p NL   and 

( )1 N
rH  , we have 

( ) ( ) ( ) ( )( ) ( )

( ) ( )( ) ( )

( ) ( ) ( )( )

2

2 21

2 2 201

2 20 0
2 2 2

0 ,

1 ,
2 2

2 2

.
2 2

N N N

N N N

N N N

N

q

qq

v V x f v f v v g x f v f v v

Vv f v g x f v f v

CVv f v f v f v

C Cv v v v

′ ′= ∇ + −

≥ ∇ + −

≥ ∇ + − +

≥ ∇ − ≥ ∇ − ∇

∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫

∫

  

  

  



 

This implies that inequality (11) is satisfied. This completes the proof. 
Lemma 4.2 Suppose that the conditions of theorem 1.2 are satisfied, Equation 

(2) admits a positive solution v, and v is a local minimizer for ( )I v  in 

( )1 N
rH  . 
Proof: According to the reference [10] and related theories of differential eq-

uations, Equation (2) admits sub-solutions and sup-solutions. Let u  be the 
sub-solution and u  be the sup-solution of Equation (2). Define 

{ }1 :rM u H u u u= ∈ ≤ ≤ . 

Let v be a solution of Equation (2) on M, then 

( ) ( )inf .
M

I v I
ξ

ξ
∈

=                          (12) 
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Next, we prove that v is a local minimizer for ( )I v  in ( )1 N
rH   Suppose by 

contradiction that v is not the local minimizer for ( )I v  in ( )1 N
rH  . Then 

there exists a sequence { }nu  in ( )1 N
rH  , such that 0nu v− →  as n →∞  

and ( ) ( )nI u I v< . Put 

{ }{ }
, ,

max , min , , ,
, ,

n

n n n n

n

u u u
v u u u u u u u

u u u

<
= = < <
 >

 

( )
0, ,

, ,
n

n n
n n

u u
u u

u u u u
ω + <

= − =  − ≥
 

( )
0, ,

, .
n

n n
n n

u u
z u u

u u u u
+ >

= − =  − ≤  

Therefore, n n n nu v z ω= − + , nv M∈ , and nω  and nz  have disjoint sup-
port.  

The following defines some sets and functions: 

{ }:N
n nR x u u u= ∈ ≤ ≤ , 

( )suppn nS ω= , 

( )suppn nT z= , 

( ) ( ) ( ) ( )( )21, ,
2

L x u V x f u G x f u= − + . 

And then ( )nI u  is transformed into 

( ) ( )

( ) ( )

2 2

2

1 1d , d d
2 2

1, d d , d .
2

n n n

n n n

n n n nS S T

n n nT R R

I u u x L x u x u x

L x u x u x L x u x

= ∇ − + ∇

− + ∇ −

∫ ∫ ∫

∫ ∫ ∫
       (13) 

Obviously, nv u=  on nS , so that 

( ) ( ) ( )

( ) ( )

22

2

1 1, d , d
2 2

1 , d .
2

n n

n

n n n n n nS S

n nS

u L x u x v L x v x

u L x u x

ω ω

ω ω

   ∇ − = ∇ + − +   
   

 = ∇ + − + 
 

∫ ∫

∫
 

Similarly, by nv u=  on nT , we have 

( ) ( ) ( )

( ) ( )

22

2

1 1, d , d
2 2

1 , d .
2

n n

n

n n n n n nT T

n nT

u L x u x v z L x v z x

u z L x u z x

   ∇ − = ∇ + − +   
   

 = ∇ + − + 
 

∫ ∫

∫
 

Since n nv u=  on nR , we get 

( ) ( )

( ) ( ) ( )

2 2

2 2

1 1, d , d
2 2

1 1, d , d .
2 2

n n

n n

n n n nR R

n S T

u L x u x v L x v x

I v u L x u x u L x u x

   ∇ − = ∇ −   
   

   = − ∇ − − ∇ −   
   

∫ ∫

∫ ∫
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Consequently, we have 

( ) ( )
( )

( ) ( )( )

( )
( ) ( )( )

2 2

2 2

d , , d
2

d , , d .
2

n n

n n

n
n n nS S

n
nT T

u u
I u I v x L x u L x u x

u z u
x L x u z L x u x

ω
ω

∇ + − ∇
= + − + −

∇ − − ∇
+ − − −

∫ ∫

∫ ∫
 (14) 

Since u  is a sub-solution, we obtain 

( ) ( )( ) ( ) ( )( ) ( ), , ,uu f u g x f u V x f u L x u′−∆ ≤ − =  

Yields that ( ),uu L x u−∆ ≤ .  
Similarly, u  is a sup-solution, so that ( ),uu L x u−∆ ≥ . 
Hence, 

( ) ( )( )d , d ,N Nn u nu z x L x u z x∇ ∇ − ≥ −∫ ∫
 

 

( )d , d .N Nn u nu x L x u xω ω∇ ∇ ≥∫ ∫
 

 

In addition, we noticed that 

( ) 2 221 1 ,
2 2n n nu u uω ω ω∇ + − ∇ = ∇ ∇ + ∇  

( ) ( )2 221 1 ,
2 2n n nu z u u z z∇ − − ∇ = ∇ ∇ − + ∇  

So that by (14), we have 

( ) ( )

( ) ( ) ( )( )
( ) ( ) ( )( )( )

2 21 1d d
2 2

, , , d

, , , d .

N N

n

n

n n n n

n u nS

n u nT

I u I v x z x

L x u L x u L x u x

L x u z L x u L x u z x

ω

ω ω

≥ + ∇ + ∇

− + − −

− − − − −

∫ ∫

∫
∫

 

 

To complete the Lemma, we still need to prove the following claim: as 
n →∞ , 

( ) ( ) ( )( ) ( ) 2, , , d 1 d ,N
n

n u n nS
L x u L x u L x u x o xω ω ω+ − − ≤ ∇∫ ∫



     (15) 

( ) ( ) ( )( )( ) ( ) 2, , , d 1 d .N
n

n u n nT
L x u z L x u L x u z x o z x− − − − ≤ ∇∫ ∫



    (16) 

Since the proofs of inequalities (15) and (16) are similar, we only prove (15) 
Firstly, note 

( ) ( ) ( ) ( ), , , ,n n u nL x L x u L x u L x uω ω= + − −  

Split 

( ) ( ) ( )0 1 ,n n nL x L x L x= −  

where 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )2 2
0

1
2n n nL x V x f u f u V x f u f uω ω′= − + − + , 

( ) ( )( ) ( )( ) ( )( ) ( )1 , , ,n n nL x G x f u G x f u g x f u f uω ω′= + − − . 
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By the define of f, for any t∈ , we have 

( ) ( )( ) 1f t f t ′′ ≤ ,                        (17) 

( ) 2f t′′ ≤ .                          (18) 

By differential mean value theorem, Lemma 3.1(1) and (17), we have 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( )
( ) ( )

2 2
0

1 1

2
1 1 2 1 2

2
1 2

1
2

, 0 1, 0 1 .

n n n

n n n n

n n n

n

L x V x f u f u V x f u f u

V x f u f u V x f u f u

V x f u f u

V x

ω ω

θ ω θ ω ω ω

ω θ θ θ ω θ θ ω

ω θ θ

′= − + − +

′ ′= − + + +

′′= + +

≤ ≤ ≤ ≤ ≤

 

Then, by Hölder inequality and Sobolev inequality, we obtain 

( ) ( ) ( )

( )

*

2 2
0 0

2
2

2 2

2 22 2

2 2
.

n n n n

N

n n n nS S S S

N
N N

NNn n

N Nn n n n

L x L x V x

S

S S

ω β ω

β ω

β ω β ω

−

−

≤ ≤ ≤

 
≤  

 

= ≤

∫ ∫ ∫ ∫

∫


 

Moreover, by the define of nS , we have lim 0nn
S

→∞
= . In fact, for any 0ε > , 

there exists ( ) 0δ ε > , such that { }u v δ ε≤ + < , since v u<  in N
 . Thus 

{ } { }n nS u v v u uδ δ⊂ ≤ + + < < . 

Again since 2
0nu v− →  as n →∞ , there exists 0n , such that for 0n n≥  

( ) ( ){ } { } { }2 22 2 2
N

n n
n n nu v u v

u v u v u v
δ δ

εδ δ δ δ
> + > +

≥ − ≥ − ≥ = > +∫ ∫ ∫


 

Therefore 

{ } 2 ,n n nS u v v u uδ δ ε≤ ≤ + + + < < ≤  

and then as n →∞ , we have 

( ) ( ) 2
0 1 .N n nL x o ω≤∫



 

Set 

( ) ( )( ) ( )( ) ( )2 , , ,sg x t G x f t g x f t f t′= = , 

It follows from differential mean value theorem that 

( ) ( )( ) ( )( ) ( )( ) ( )
( )( )( ) ( )( ) ( )( ) ( )

1

1 2

, , ,

, , .

n n n

n n n n

L x G x f u G x f u g x f u f u

g x f u x f u x g x f u f u

ω ω

θ ω θ ω ω ω

′= + − −

′ ′= + + −  

To be continue, set 

( ) ( )( ) ( ), , ,P x u g x f u f u′=  

( ) ( ) ( )( ) ( )( ) ( )( ) ( )2
, , , ,s sp x u P x u g x f u f u g x f u f u′ ′′= = +  
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Again by differential mean value theorem, we have 

( )( ) ( )( )
( ) ( )( ) ( )

1 1

2
1 2 1

, ,

, .

n n n

n n

L P x u x P x u

p x u x x x

θ ω ω

θ θ ω θ ω

= + −

= +
 

Set ( ) ( )0 1 2 nu u x xθ θ ω= + , so that by Lemma 3.1 (3), (g2), (g6), (17), (18), 
Hölder inequality and Sobolev inequality, we get 

( ) ( ) ( )( )

( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( ) ( ) ( ) ( )( )

{ }

( )

*
* ** *

*

2
1 1 2 1

2 2
0 0 0

2 1 2
0 0 0 0 0 0 0 0

22 2
2 321 2 2 22 2 22 2 21 2 3

1

d , d

, d

, d d d

d d d d

1

n n

n

n

N
n n n

n n nS S

nS

q
u nS

qq

n n nS u u S

q

L x x p x u x x x

c f u g x f u f u x

g x f u f u x C f u f u x C f u f u x

C x C u x x C x

o u

θ θ ω θ ω

ω

ω

ω ω ω

−

−
+−

−
≥

−

≤ +

′ ′′≤ +

′ ′ ′′ ′′≤ + +

  
 ≤ + +       

≤

∫ ∫

∫

∫

∫ ∫ ∫ ∫


( ) ( )

*

* *
* *

*

2 2
22 2 22 22 2 2

2
d d 1 ,N N n nx x oω ω

−

−
 

≤ ∇  
 
∫ ∫
 

 

which implies that (15) is satisfied. 
By (15) and (16), as n →∞  we have 

( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

2 21 1d d
2 2

, , , d

, , , d

N N

n

n

n n

n n n u nS

n u nT

x z x

I u I v L x u L x u L x u x

L x u z L x u L x u z x

ω

ω ω

∇ + ∇

≤ − + + − −

+ − − −

∫ ∫

∫
∫

 

 

( ) ( ) ( )( )
( ) ( ) ( )( )

( ) ( )2 2

2 2

, , , d

, , , d

1 1 .

n

n

n u nS

n u nT

n n

L x u L x u L x u x

L x u z L x u L x u z x

o o z

ω ω

ω

< + − −

+ − − −

≤ ∇ + ∇

∫
∫  

Since nω  and nz  have disjoint support, as n →∞  

( )2 2

2
d 1N n nx oω ω∇ ≤ ∇∫



, 

( )2 2

2
d 1N n nz x o z∇ ≤ ∇∫



. 

Then ( ) ( ) 0n nz x xω= =  a.e. Nx∈ , which implies n nu v=  a.e. Nx∈ . 
By (12), we have  

( ) ( ) ( ).n nI v I v I u≤ =  

Contradiction. Thus, the proof is complete. 
Define a set 

( ){ }1 : 0 , . .N N
ru H u v a e xΠ = ∈ ≤ ≤ ∈  , 

where v is a positive solution in Lemma 4.1. The critical point in II is also the 
critical point in ( )1 N

rH   of I [3]. 
Lemma 4.3 Suppose that the conditions of theorem 1.2 are satisfied, then I sa-
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tisfies (PS) condition on II. 
Proof: Firstly, we need to prove the boundedness of any (PS) sequence { }nv  

on Π. Assume { }nv ⊂ Π  is a (PS) sequence, then 

 

( ) ( ) ( ) ( )( ) ( )2 21 1d d , d 1 ,
2 2N N Nn n n nI v v x V x f v x G x f v x c o= ∇ + − = +∫ ∫ ∫

  

 

(19) 

( ) ( ) ( ) ( )
( )( ) ( )

( )

, d d

, d

1 .

N N

N

n n n n

n n

I v v x V x f v f v x

g x f v f v x

o

φ φ φ

φ

φ

′ ′= ∇ ∇ +

′−

=

∫ ∫
∫

 



      (20) 

By (g7) and (19), there exists 4µ ≥ , such that 

( ) ( ) ( ) ( )

( )( ) ( )

2 21 11 d d
2 2

1 , d .

N N

N

n n n

n n

c o I v v x V x f v x

g x f v f v x
µ

+ = > ∇ +

−

∫ ∫

∫

 



      (21) 

Specially, choose ( )
( ) ( ) ( )21 2n

n n
n

f v
f v f v

f v
φ = = +

′
. By Lemma 3.1 (2) (3), we 

have 

( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )( )
2 2

2

1 2 2 1

2 1 2

2 2 4 .

n n n n

n n n n

n n n

f v f v f v f v

f v f v f v f v

v v v

φ = + ≤ +

≤ + ≤ +

≤ + ≤

 

Again since 
( )
( )

2

2

1 4
2 ,

1 2
n

n n
n

f v
v v

f v
φ

 +
∇ = ∇ ≤ ∇  + 

 

implies that nC vϕ ≤ . (20) is transformed to 

( )
( ) ( ) ( ) ( )( ) ( ) ( )

2
2 2

2

1 4
, 1

1 2N N N
n

n n n n n
n

f v
v V x f v g x f v f v o v

f v
+

∇ + − =
+∫ ∫ ∫

  

,(22) 

(22) implies 

( )( ) ( )

( )
( ) ( ) ( )

( )( ) ( ) ( )

2
2 2

2

1 , d

1 41 1
1 2

1 , 1 .

N

N N

N

n n

n
n n

n

n n n

g x f v f v x

f v
v V x f v

f v

g x f v f v o v

µ

µ µ

µ

+
= ∇ +

+

− +

∫

∫ ∫

∫



 



           (23) 

Substituting (23) into (21), we obtain 

( ) ( ) ( )
( )

( ) ( ) ( )

2
2

2

2

1 41 11 d
2 1 2

1 1 d 1 .
2

N

N

n
n n

n

n n

f v
c o I v v x

f v

V x f v x o v

µ

µ

 +
+ = > − ∇  + 

 
+ − − 
 

∫

∫




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Thus 

( )( )2 1 1 ,n nv c o v≤ + +  

This implies that 2
nv  is bounded. 

Next, let’s prove (PS) sequence { }nv  satisfies (PS) condition. Since 
{ } ( )1 N

n rv H⊂   is bounded in ( )1 N
rH  , by Rellich-Kondrachov theorem, 

there exists ( )1 N
rv H∈  , such that 

i) Weak convergence
nv v→  in ( )1 N

rH  ; 

ii) nv v→  in ( )2
q

NL  ; 

iii) nv v→  a.e. in N
 . 

By (i) and (ii), we obtain ( ) 0I vλ λ′ = . 
The following we prove nv v→  in ( )1 N

rH  . Set 

( ) ( ) ( ) ( ) ( )( )2 21 1, , .
2 2

H x t V x t V x f t G x f t= − +  

Then ( )I v  is transformed to 

( ) ( )( ) ( )2 21 d , d
2 N NI v v V x v x H x v xλ = ∇ + −∫ ∫

 

. 

Set ( ) ( )d ,
,

d
H x t

h x t
t

= , then
 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ), , .h x t V x t V x f t f t g x f t f t′ ′= − +  

By (g1), (g2) and Lemma 3.1, there exists 1 2, 0C C > , for any Nx∈  and 
t∈ , such that 

( )
1

21 2, .
q

h x t C t C t
−

≤ +                     (24) 

By (24) and nv v→  in ( )2
q

NL  , we have  

( ) ( )( )( )lim , , d 0.N n nn
h x v h x v v v x

→∞
− − =∫

   

Thus 

( ) ( ) ( )

( ) ( )( )( )
( ) ( )( )( )

{ } ( )

2 2

2
0

1 ,

d

, , d

min 1, 1 ,

N

N

n n

n n

n n

n

o I v I v v v

v v V x v v x

h x v h x v v v x

V v v o

λ′ ′= − −

= ∇ − + −

− − −

≥ − +

∫

∫




 

Which implies that nv v→  in ( )1 N
rH  . The proof is complete. 

Lemma 4.4. (see ([11], Theorem II.11.8).) Suppose M is a closed, convex sub-
set of a Banach space V, ( )1E C V∈  satisfies (PS) on M, and admits two dis-
tinct relative minima 1 2,u u  in M. Then either ( ) ( )1 2E u E u β= =  and 1 2,u u  
can be connected in any neighborhood of the set of relative minima u M∈  of 
E with ( )E u β= , or there exists a critical point u  of E in M which is not a 
relative minimizer of E.  
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Proof of Theorem 1.2. Applying Lemma 4.4, we arrive to the following di-
chotomy 

1) ( ) ( )0I v I=  and v and 0 may be connected in any neighborhood of the 
set of local minima of I to II, or 

2) I admits a critical point u  in II which is not a local minimum. 
But Lemma 4.1 ensures that the trivial solution is an isolated solution of 

problem (2). Hence a second independent solution of problem (2) should exist 
since the solution found in Lemma 4.2 is a local minimum of I. In conclusion, 
problem (2) admits one pair of ordered positive solutions to equation. The proof 
is complete. 
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