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Abstract

In this paper, we investigate a numerical method for the generalized Novikov
equation. We propose a conservative finite difference scheme and use Brouw-
er fixed point theorem to obtain the existence of the solution of the corres-
ponding difference equation. We also prove the convergence and stability of
the solution by using the discrete energy method. Moreover, we obtain the

truncation error of the difference scheme which is R} = O(r2 + hz) .
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1. Introduction

The Camassa-Holm (CH) equation
(1.1)

m, +2u m+um_ =0

was derived by Camassa and Holm [1] as a model for the unidirectional propa-
gation of the shallow water waves over a flat bottom [2] [3], where m=u—u_.
It was found earlier by Fuchssteiner and Fokas [4] using the recursion operator
of the KdV equation. More interestingly, the CH equation could also be obtained
by the tri-Hamiltonian duality approach from the bi-Hamiltonian structure of
the KdV equation [5] [6]. So the CH equation could be regarded as a dual system
of the KdV equation. The CH equation had attracted much attention because of
its nice features: existence of peaked solitons [1] [7] (which has a discontinuous
first derivative at the spike), complete integrability [1] [4], nice geometric for-
mulations [8] [9] [10] and wave breaking phenomena [11] [12] [13] [14] etc. It
was noticed that the peaked solitons were not allowed by the well-known in-
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tegrable equations such as the KdV equation, the mKdV equation, and the
Schrodinger equation etc. The stability of peakons of the CH Equation (1.1) was
proved in [15] [16]. A similar integrable equation with quadratic nonlinearities

was the Degasperis-Procesi (DP) equation [17], which took the form

m, +3u m+um_=0 (1.2)

It was regarded as a model for nonlinear shallow water dynamics and could be
derived from the governing equation for water waves [2]. Analogous to the CH
equation, the DP equation also possessed an infinite number of conservation
laws, bi-Hamiltonian structure, peaked solitons etc. Moreover, it admitted
shocked peaked solitons [18]. Its integrability, existence of peaked solitons, sta-
bility of peaked solitons, and wave breaking phenomena were studied extensively
n [19] [20] [21] [22].

Notice that both the CH and DP equations had the quadratic nonlinearities
and H' conservation laws. So it was of great interest to search for such type of
equations with higher-order nonlinearities. To the best of our knowledge, two
integrable equations with cubic nonlinearities had been proposed. One was a

modified CH equation
m,+((u2—uf)m) =0 (1.3)

which was obtained by the tri-Hamiltonian duality approach from the
bi-Hamiltonian structure of the mKdV equation [5] [6]. Its well-posedness,
blow-up, wave breaking, peaked solitons, and their stability were studied in re-
cent works [23] [24] [25] [26]. The mCH Equation (1.3) exhibits new features of
peaked solitons, wave-breaking mechanism, and blow-up criteria. The mCH
equation could also be obtained from an invariant non-stretching planar curve
flow in Euclidean geometry [24]. So it was regarded as an Euclidean version of

the CH equation in this sense. The other one was the so-called Novikov equation
m, +3uum+u’m, =0 (1.4)

which was obtained by Novikov [27] in the symmetry classification of such type
equations. The integrability, existence of peaked solitons and their stability,
global well-posedness and wave breaking phenomena of Equation (1.4) were
discussed in [28] [29] [30] [31]. Applying the tri-Hamiltonian duality approach
to the Gardner equation

+u . +au’u, +auu, =0

u,

they deduced the following generalized CH equation with the cubic and qua-

dratic nonlinearities [32]

m,+a1((u2—ui)m)x+a2(2uxm+umx)=0 (1.5)

This equation admitted Lax-pair and peaked solitons [33].
There are few studies on numerical solutions of the generalized Novikov equ-
ation. Therefore in this paper, we will construct a finite difference scheme for the

initial boundary problem of equations as follows,
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2 —
m, +a, (3uuxm +u'm, ) +ayum+aum, =0,

m=u—u_,0<t<T, 0<x<L (1.6)
u(0,6)=u(L,t), 0<t<T (1.7)
u(O,x):uo(x), 0<x<L (1.8)

where u(x,) isa function of time ¢ and a single spatial variable x,and a,,
a,, a, are constants. It is clear that Equation (1.6) is reduced respectively to
the Novikov Equation (1.4), the CH Equation (1.1) and the DP Equation (1.2),
when ¢ =1, a,=0, a;,=0; 4,=0, a,=2, a;=1; a,=0, a,=3, a,=1.
Clearly, Equation (1.6) is a linear combination of the Novikov equation, the CH
equation, and the DP equation.

We shall give an energy conservative finite scheme for Equations (1.6)-(1.8)
and obtain the module estimation. Moreover, we prove the convergence and

stability of the finite scheme by use of discrete energy method.

2. Preliminaries

For convenience, we denote Q= {(x,t)| 0<x<L,0<t< T} in the following

section. Let N, J be any positive integers and h:i, z-:i, x; = jh
J+1 N

for ;j=0,1,---,J+1. Denote ¢"=nr, uj:u(xj,t”), u":(u(’)’,-u,ujﬂ) for

n=0,---,N and Z,?={u=(u0,---,uj+l)

Uy =Uy = 0} :
For simplicity, we introduce some notations as follows:

n n n n n n
w _ M TU; o U U, U TU
U, =—————, Uz = s Uy = ,
h h 2h
n+l _un u _u;?fl un+l _unfl
n_ " J no_ J _ 7
u, = > Ur = s Uy = >
T T 27
n+l n-1
_oul +uf
M=y =y 2.1)
2 J

0 . . .
For u,veZ,, we define a discrete inner product and the discrete L’ -norm

[, as

1
J I 2
(u,v)h =h2ujvj , |u||h = hZuj (2.2)
j= J=1
In order to obtain the module estimation, investigate the convergence and
stability of the finite difference scheme, we need introduce two lemmas as fol-
lows,
Lemma 2.1. (Discrete Sobolev inequality [34]) There exist constants ¢,, c,
satisfying

n

u (2.3)

<¢ "u" " +c,

n
ux

©

Lemma 2.2. (Discrete Gronwall inequality [34]) Suppose that there exist neg-
ative functions @(k), p(k), where p(k) is decreasing. For any & and
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c>0,if
(k)< p(k)+erS (1) (2.4)
then
o(k)< p(k)c™ (2.5)

3. A Energy Conservative Finite Scheme
The Equation (1.6) can be rewritten in the following form:

u, —u., +a (3uux (u —u,, ) +u’ (ux - um)) +a,u, (u - uxx) +ayu (ux - um) =0
which can be expressed as

2 _ 2
u, —u, +dau’u, +(ay +ay)uu, =3auuu, +aulu, +auu + agu,

x

Firstly, we construct an energy conservative finite scheme for the problem
(1.6)-(1.8) as follows:

n-i—l ’ ;H-l : n-i—l a, +a n+l : ;1-*—l ;1-*—l
u' —ul-+a|||u ? Hou 2w 2+ ||u ? +u 2u ?
3 :
x x

12 Lo [ o
s s m mb m mh mhy m
=a|||u u, +u u, tu | ag||uw fu,? | tu, g (3.1)

ul =uy(x;), 0<j<J+1 (3.2)
and
uy=uy, =0, 0<n<N (3.3)
Lemma 3.1. The difference scheme satisfies discrete conservative law as fol-
lows:
n n 2 n 2 n—1 0
E :"u || +u| =E" = =E (3.4)

1

Proof. Computing the inner product of the difference scheme with ' , we

have
i+t J et J
(u,,2u zj =hy u, -[214 2] =22(u;’+l —u;’)(u;” +u;’)
= T )=
kT -1T)
=—(lu
T
n+d U n+d
(utxxszu : ) = hzutx)? (2u ? ) ==
P

b4
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3 1\2
n+— n+— n+— n+—
a|||u +u 2| u | 2u 2
3 2
J n+— n+— ik nt—  n+—
—2ah 2 I I A
=2a, Z; u; j j g U
=
X
J 1)’ 1 3
—2ah n+— n+— n+— n+—
=2aq, Z} u; u; u, u,
J=
- _
=0
2 1
a, +a n+— n+— n+ n+—
25 2 +u 2u_?|,2u ?
3
3
2
2(612 +a3) J ;’H—l /H—l n+l n-i—l n+l
= h u,; ? u, 2+u; *u;?u, ?
3 ~ J J J j J
=
X
2 2
2(612 + as) J n+l n+— n+— n+—
= u, ? u, 2—||u u
3 ~ J J J J
J= _ _

5 h J n+— n+§ n+§ n+2 n+E n 5 n+5
=449 Z U; Uy Uj = Fuy Uy U Uy
J=1
x
2 1 1\2
J
n+5 n+5 n+5 n+5 n+— n+—
=2a,hy. u, Uy, u; > = u; u | u,
J=1
X X
=0
1 1
n+— n+— n+= n n+—

5 h J n+— n+% n % n+% n+% n+5
=24, Z Uy Uy Uy AU U U

J=1 %

J 1 1 1 1
_2 hz n+— n+5 n+— n+5 n+5 n+—
=2a, . u; ‘u, u; u u; u,,

J=1 X X
=0

2 1
e mo e

(a2 2a3) u, —u, *u.? |,2u
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From the above formulas, we can simplify formula as

<l

2 2

n+l1
X

n+l n

2) 1
— |[ze +—(u
T

2

n
x

— (U

2) ) (3.5)

then

n+l o

u

X

n+l

u

n

+ u

o 0o

So the difference scheme satisfies the discrete conservative law as follows

n

E =+ = == E° (3.7)

This completes the proof of Lemma 3.1.
Theorem 3.2. The solution of the difference scheme (3.1)-(3.3) satisfies:

n

"u"”SC, ull|<C, |u wSC (3.8)

<C and
< C. This completes the proof of Theorem 3.2.

Proof. From Lemma 3.1, we know ||u" < C. Then by Lemma

n
ux
n

2.1, we obtain |ju

Theorem 3.3. There exists u"e€Z, satisfying the difference scheme
(3.1)-(3.3).
Proof. We shall use Mathematical Induction to prove Theorem 3.3.
When n=1, it is known that there exists u' satisfying the difference
scheme from initial condition. Next, we need to prove the case of n>1.
Assume that there exists u" satisfies the difference scheme when n< N,
then we need to prove that there exists u"*' satisfies the difference scheme.

Define a operator @(v) in Z, as follows:

o(v)=2v-2u" —(2\/& - Zuf_f) + alz'((v3 )Y + vzvx)

2 ;ch T((Vz ); +W*)_alr((v2v’“)

—ar ((vvxx ). + vxvm) —(a, —2a3)r(((vx )2 )7 —vxvﬁ)

X

+ vvxvn) (3.9)

X

It is clear that @ is continuous.

Computing the inner product of the operator ®(v), we obtain
(2v.v) =2

(ZVX;,V) = _Z(Vx’vx) = _2||VX||2

((v2vxx )Y +wuy,, v) = hi((vzvxx ); VEWY .v) =0

J=1

((vvxx )z + vxvm,v) = hi((vvxx )z VYV -v) =0

J=1
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J
pary

(((7), =) (0 v, ) =0

X R

By using Cauchy-Schwartz inequality, we obtain

(2uv)<2]u” |-V (3.10)
(2u;’;,v)=—2(u;’,vx)2—2 ulll-|v, (3.11)
From above discussions, we get
(a)(v),v)22||v||2—2 u” |- v+ 2|y, 2 2] Iy,
e (3.12)
L e
For VveZ,,then
I =l + [ +1 (3.13)

So we get (a)(v),v)>0. By Brouwer fixed point theorem, there exists
v' e H such that a;(v*):O and ”v*”SG.

Let un+1

n+l

=2v' —u", it is easy to verify that u"" satisfies the difference
scheme for the problem.

So we complete the proof of Theorem 3.3.

4. Convergence and Stability of the Difference Scheme

In order to investigate the convergence and stability of the difference scheme, we

need to obtain the truncation error of the scheme.

Theorem 4.1. If the solution u(x,t) of equation is sufficiently regular, then

the truncation error of the difference scheme is R} = 0(12 + hz) .

n+l
J+l 2

’ . 1
Proof. Firstly, we can use the Taylor expansion of u/" Ui,

n
,uj,u

n+l

uyy,

ufﬁl at the point {xj,tn+1 J Secondly, from the above Taylor expan-
2

sions we reorganize difference equation at point (x ot J , then
n+—

1 s ik
1 n% T (au j’”z () 2 (Ju) 2
=—||lUu. ~-+— — +— 7 +— 3 +
|| 2\ ot 8\ ot 48\ ot

Y J J

! nJrl
"% T 6uj"+2 I GETARE
—lu, 2= —=| +=|=]| +
/ 2\ ot 8 | ot ;

J

1 L
(8u)"+2 () 2
= — +—| = +

o), 24l et

J
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() ) () =) = () ()
S (EECREN

N > 0'u n%_z'z u n+%+rz &u "3 N
24 of w12 or’ 24 of -

J

h
n+ 1 2\t n+—
ni—(Ou) 2 h mi—(0°u | 2 ou) 2
_2u 20 2= _ 2 - 2

ox 2 ox” ). ox ),
J Jj J

LI

}'Hrl nJr1 n+l u. 2 —Uu. 2
P _ J+l J
u u, t=u
h
N 5\t 5 3\
mo | (OuY 2 h(Ou)|? h(0Ou)?
=u -~ Ry —l =
ox ); 2\ Ox 6\ Ox
1 1 1 1
. . . . + + n+— ) - +
n+E n+5 n+5_ nt— u/ﬂ _uj uj+2 - ujﬂ +uj
u u, u ?=u >

h h
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h
X
n+1 n+- n+-
n+- 2 >y 3 3
nt— 0 2 (0u) 2 (Ou) 2 0
=2u ~ a2z tlas 3
ox ), ox” |, ox ox’ ).
J J
1 1 1
| | s s X > T Xy
x+5 x+2 uJH _uj uj+2 ujH +u1
ux uxx 2
h h

! il il L
ouY"2 h(d*u) 2 ou ) 2 ou) 2
=||— t—| — ol =5 +thl — +
ox ; 2\ ox i ox ; ox

J

1 VH—l n+l n+l
ouY"2 (%u) 2 ou) 2 ou) 2
J J

1

h
X
1 Vl+l n+1 n+
n+— Py > >
ou\"2 (0%u) 2 ou) 2 3 ou) 2
) a2 lae =3
x ) ox” |, ox’ ). ox
J J
1 n+— n+— n+é n+é n+E
migomis Ut = 2P = 2u 2 U
ux uxY - : 2
h h

1 n+l n+l
ou\"2 h(o*u) 2 o%u
= —_— +— — Rl — +h
ox ; 2\ ox ox S

J

8]
VR
2|
w| [
N——
~. =
3
o=

+

From the above expansions, we obtain the linear part of Equation (3.1)

u —u,— at the point {)cj,tn+1 J satisfying
2

3
u' —u,- = ou_ 6u2 +O(rz+h2)
ot otox [f 1]

i
Ik

n+l ’ n+l ’ n+l au ’H%
a, (u 2] +[u 2] u, ? :4a1u2(a—j +O(rz+h2)
x ).

J

a, +a n+l : rl+l n+l au ,H%
% u ? +u 2u 2 :(a2+a3)u[—j +0(z’2+h2)

On the other hand, the nonlinear parts at the point (x t j satisfying

axj
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1 1 111
ni - nio i
a|||u u t | +u u, lu

2V 3\
= (a, —2a;) 2[8”-8”j +[8”J +0(c* +1?)

o at) o)
J J

Then we can easily obtain that truncation error of scheme (3.1) is
R =0(*+1).

Theorem 4.2. The solution of the difference scheme (3.1)-(3.3) approaches to
the solution of the original differential Equations (1.6)-(1.8) in L_, and the
corresponding truncation error is O( + hz) .

Proof. Assume that u; is the solution of the difference scheme (3.1)-(3.3),
U” is the solution of the original differential Equations (1.6)-(1.8). We can eas-

J

ily have ¢} =U7 —

J
For the difference scheme (3.1),

b Y LR CR
R"=U"-U" +a, [U ZJ +(U 2} U,?
1

12 | 1 1\? 1 1 |
a, +a n+— n+—_ nt— n+— n+— nt—_ nt—_ nt—
22 (U 2] +U 2U, ? |-aq, [U ZJ U2 | +U U, U % | (4.1)

n
uj.

3 X
1 n+l 1 n+l n+l ? n+l n+l
—a, (U"*ZUXXZJ +UU Y |~ (a, - 2ay) (Ux ZJ ~U, 2U.?
then (4,1) minus (3.1), yields

R'=e' —e +1 +1,+1,+1,+I (4.2)

1\ 12 1 13 N2

nt— nt— nt— nt— nt— nt—

I, =q (U zj +(U zj U, ?- [u ZJ —[u zj u
T T

12 1 1 1\2 .
a, +a nt— nt—_ nt+— n+— nt+—  nt+—
L=——"2||U * +U U, 2—||u ? —u 2y 2

where

3
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1
Taking the inner product of (4.2) with 2e E , We obtain

1 1 1 1 1
(R",2e ij(et”,Ze 2]—(6;;}{,26 2]+(11,26 2J+(12,Ze ZJ
n+l n+l n+l
+[I3,26 2]+(14,26 2]+(15,2e Zj

. n n+§ n n+5 n+5 n+E
By computing |e',2e , | e 2e , | 1),2e » | 1,,2e ,

x 2

1 1 1
1;,2e 2|, (14,26 " | and I, 2e £ respectively, and from Lemma 2.3

and Cauchy-Schwartz inequality, we have

1 J 1
n+— n+— 1 2 2
1
e',2e 2 |=h) e, 2e, > =—( e —"e"" )
J=0 T
1 J 1
n+— n+— 1 2 2
n 2 | 2 _ n+l n
e-,2e —hZe,7~2ej ——( el —lle; )
J=0 r
|
n— 2 2 2 2
[[1,26 2 SC( et el +[let! +||e"|| )
1
n+5 n+l 2 n 2 n+l 2 n 2
1,,2e <Cllle.” || +ec|l +|le +||e "
|
n+§ || nl[? || n |
1;,2e <Clllel™|| +e| +|e +||e "
1
n+5 n+l 2 n 2 n+l 2 n 2
1,,2e <Cllle”|| +er|l +lle +|e
n+% n+l 2 n 2 n+l 2 n 2
I, 2e <Cllle,”|| +|er +||e +|e
Therefore,
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'Hi "‘*’l 'H-l n-¢-l ,H_l
ot oot e o )
1 1 1
+(13,2e"+2J+£14,2e"+2]+(15,2e”2
1 n+l 2 n 2 1 n+l 2 n 2 ’H% ’H%

:;(||e I -Je’| )_;("ex I -] )+ 1,26 |+| 1,2

1 1 1
+(13,Ze 2J+(14,2e 2J+(15,2e 2

Taking Schwartz inequality, it follows that

n n+% n n 2 n+l 2 n 2
R2e 2 |<ofRe| o2 | <R 2 e[+ ]
From the above discussion, we have
2 2 2 2
n+l n n+l n
eI =l + et ez

n 2 n+l 2 n 2 n+l 2 n 2
sCelr[crffe[ o] +fer] +fer]

1
n+—
e 2

(4.3)

Let ¢, = "e"”2 +||e;’ "2 , then (4.3) becomes to
-9, <Cr ((0n+1 +o, ) +Ct "Rn "2

Hence we have
0, -0, <Ct(p,+0,,)+Ce|R[

Doy =Py < CT(?’H + 0, ) + CT”RW2 "2

o -0, <Cr(g +¢,)+Cr ||R°||2
From the above inequalities, one has

0, <@, + Cz'g o+ CTZE”Ri"z

where kzg "R’“2 <nr ax ||R"||2 < TO(‘[2 +h )2 .
Since ¢, =0, then ¢, < C‘rz::: o+ CTO(T2 +h )2 . From discrete Gron-
wall inequality, ¢, < O(z’2 +h )2 , that is
Jer+fle < o +4)
Then we have
fel=o(= +r).Jer|<o(e )

From Theorem 3.2, we assert

er], <o(z> + 1)
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We complete the proof of Theorem 4.2.
Theorem 4.3. The solution of the difference scheme (3.1)-(3.3) is stable in
L

Proof. Assume that u;’ is the solution of the difference scheme (3.1)-(3.3),
U_;.’ is the solution of original differential Equations (1.6)-(1.8). We can easily
obtain that ef = U;.’ —u

IE
Then from Theorem 4.2, the following inequality holds true

n

' <clu, —u,|f

Thus, we complete the proof of Theorem 4.3.

5. Conclusion

In this paper, we give a difference scheme for the generalized Novikov equation.
In Section 2, we give some preparation knowledge. In Section 3, we propose a
conservative finite difference scheme for the generalized Novikov equation and
use Brouwer fixed point theorem to obtain the existence of the solution for the
corresponding difference equation. In Section 4, we prove the convergence and

stability of the solution by using the discrete energy method.
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