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Abstract

We investigate a series-parallel repairable system consisting of three-unit with multiple vacations
of a repairman. By using C,-semigroup theory of linear operators in the functional analysis, we
prove that the system is well-posed and has a unique positive dynamic solution.
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1. Introduction

The series-parallel repairable systems consisting of three-unit are frequently used in practice. Since the strong
practical background of the series-parallel repairable systems consisting of three-unitrepairable system, many
researchers have studied them extensively under varying assumptions on the failures and repairs, see [1] [2].
Repairman is one of the essential parts of repairable system, and can affect the economic benefit of the system.
The repairman leaves for a vacation when there are no failed units for repair in system, which can have impor-
tant influence to performance of system. In [3], the authors studied series-parallel repairable system consisting
of three-unit with multiple vacations of a repairman and obtained some reliability expressions such as the Lap-
lace transform of the reliability, the mean time to the first failure, the availability and the failure frequency of the
system. In [3], the authors used the dynamic solution in calculating the availability and the reliability. But they
did not discuss the existence of the positive dynamic solution. Motivated by this, we study in this paper the well-
posedness and the existence of a unique positive dynamic solution of the system, by using C,-semigroup theory
of linear operators.

The series-parallel repairable system consisting of three-unit with multiple vacations of a repairman can be
described by the following equations (see [3]).
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a a _
(E * a) po(t,x) = =[A+ 2 + a(x)]po (t, 1),
a 0
(a + a) Pt x) = —[A+ u+ alx)]p(t,x) + 2up, (t, x),
a 0
(35 + 32) P26, = —aIpa (e, ) + Ap (6,2,
9 0
(a + a) p3(t,x) = —a(x)p3(t, x) + Ap; (¢, x),
a 0
a 0
(RS) (a*@) ps(t,y) = —[A+ u+ b, (»ps (L, y),
a 0 _
(5 + 35 P69 = ~b1OIpe(t.3),
a _
(5:+ 5P =~ OIr ),
a 0
(& + @> pe(t,y) = —b,(¥)ps(t,y) + ups(t,y),

d d
(5 35) (69 = ~5:20IPa(6.3) + Aps(6.9)

with the boundary conditions

po(t,0) = f a(x)po(t, x)dx + b, ¥)ps(t,y)dy + b1 (Mpe(t, y)dy +6(t),
0 0 0
p1(t,0) = p,(t,0) = p3(t,0) = pu(t,0) =0,
ps(t,0) = f a(x)p; (t, x)dx + bi(¥)p; (t,y)dy + b, (¥)ps(t,y)dy,
0 0 0
BC) | ps(t,0) = f a@py(t0)dx + [ by 0)pe(t,1)dy,
0 0
Py (t,0) = f (s (¢, x)dx,
0
P (t,0) = f ()P4 (t,x)dx,
0
pg(t, 0) = 0;

and the initial conditions
Po (le) = 6(x)'
Io){p; (0,x)=0, i=1234,
p:(0,y) =0, i=56789,
1, x=0,
where §(x) = {0’ =0
Here (¢t,x) € [0, +00) X [0, +00), (t,y) € [0, +) X [0, +x); p, (t,x)dx gives the probability that at time
tall the three units are operating, the repairman is in vacation, the system is good and the elapsed vacation time
lies in [x,x + dx); p;(t,x)dx represents the probability that at time tunit 1 and one of unit 2 and unit 3 are
operating, another one is waiting for repair, the repairman is in vacation, the system is good and the elapsed va-
cation time lies in [x,x + dx); p, (t,x)dx represents the probability that at time t unit 2 and unit 3 are tem-
porarily halted, unit 1 is waiting for repair, the repairman is in vacation, the system is down and the elapsed re-
pair time lies in [x,x + dx); p3 (t,x)dx represents the probability that at time tone of unit 2 and unit 3 is
temporarily halted, another one is waiting for repair, unit 1 is also waiting for repair ,the repairman is in vacation,
the system is down and the elapsed vacation time lies in [x,x 4+ dx);p, (t, x)dx represents the probability that
at time tunit 1 is temporarily halted, unit 2 and unit 3 are waiting for repair, is also waiting for repair, the re-
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pairman is in vacation, the system is down and the elapsed vacation time lies in [x,x + dx); ps (t,y)dy
represents the probability that at time t unit 1 and one of unit 2 and unit 3 are operating, another one being re-
paired by the repairman, the system is good and the elapsed repair time of unit 2 or unit 3 lies in [y,y + dy);
pe(t, v)dy represents the probability that at time tunit 2 and unit 3 are temporarily halted, unit 1 being repaired,
the system is down and the elapsed repair time of unit 1 lies in [y, y + dy); p,(t,y)dy represents the probabili-
ty that at time tone of unit 2 and unit 3 are temporarily halted, another one is waiting for repair, unit 1 being re-
paired, the system is down and the elapsed repair time of unit 1 lies in [y, y + dy); pg (t,y)dy represents the
probability that at time t unit 1 is temporarily halted, one of unit 2 and unit 3 is waiting for repair, another one
being repaired by the repairman, the system is down and the elapsed repair time of unit 2 or unit 3 lies
in[y,y +dy); pye(t,y)dy represents the probability that at time t unit 1 is waiting for repair, one of unit 2
and unit 3 is temporarily halted, another one being repaired by the repairman, the system is down and the
elapsed repair time of unit 2 or unit 3 lies in [y, y + dy); A, p are positive constants; a(x) is the vacation rate
function; by (y) and b,(y) are repair rate function of unit 1 and unit 2 (or unit3).

Throughout the paper we require the following assumption for the vacation rate functiona(x)and the repair
rate functions b;(y)(i = 1,2).

General Assumption 1.1: The functions a(x) and b;(y): [0, +0) — [0, +0)(i = 1,2) are measurable and
bounded such that

a= lim a(x),b; = lim b;(y),b, = min(a, by, b,).
x>+ Y-+

2. Problem as an Abstract Cauchy Problem

To apply semigroup theory we transform in this section the system (RS),(BC)and (IC) into an abstract
Cauchy problem ([4], Def.Il. 6.1] on the Banach space (X, ||.]|), where

5
X = (L}C([Ol +°°)))5 X (L}/([Ol +°0))) and|lpll = ?=0||pi”L}c([0,+oo)) + Z?:S“pi”L}}([O,+oo));

p= (po (), p1 (%), P2 (), P3 (1), P4 (), Ps (1), Ps (), D7 (1), Ps W), Do (1))" € X.
To define the system operator (A4, D(A)) we introduce a “maximal operator” (A,,, D(4,,)) on X given as

Ay 000 0OO 0OO0OO O
A 04550 0 0 0 0 0 O
0 2 04,,0 0 0 0 0 O
I 0 0450 0 0 0 O
" 0 0 0 0 04O 0 0O O [
0 0000 04,0 0 O
0 00 00 0 0Agg0 O
0 00 0 0 u 0 0Aygy O
0 0000 2 0 0 0 40

Ay === f =1+ 20+ a(]f,
Ay === f = [+ p+ a(@)]
Azz = Ay = Ass = —ﬁf —ax)f,

where
Ags = —o-f = [A+u+b0If

d
A7,7 = As,s = _Ef - bi(y)
d
Agg = A1p10 = _Ef - b,(Y)f.

To model the boundary conditions (BC) we use an abstract approach as in [5]. For this purpose we consider
the “boundary space” dX = C'° and then define “boundary operators” E: D(4,,) - dX,and F: X — dX, as

follows.
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Po(x) Po(x) po(0) Po(x) po(x)
2 () 20\ [ pu0) 2o\ (000 ey Y N [m
p2(x) p2(x) p2(0) p2(x) 0000000000 |]P()
p3(x) p3(x) p3(0) p3(x) 0000000000 ||Ps()
pa(x) S F pa(x) _ p4(0) and F pa(x) _ 0 00000O0OOODO pa(x)
ps(¥) ps(¥) ps(0) ps(¥) 0 90 000 0¢p030 || ps(y) |
Pe(y) Pe(¥) P6(0) Ps(¥) 0 09009100 093] p(y)
p; () p; () p;(0) p; () 0009000000 ||p,(p)
Ps(¥) ps(¥) pg(0) ps(¥) g 00 O%g g 000 /| ps(y)
Po(») P/ \pe(0) po() 0000 0007 \py(y)

where
@1 L[0,0) = C,f = o1 (f) = [; a(x) f(x)dx,

i 1Y0,50) - €, f - ¢,(f) = fo b)) Fdy (i = 1,2).

The system operator (4, D(A4)) on X is then defined as Ap = A,,p, D(4) = {p € D(A,,)| Ep = Fp}.
With these definitions the above equations (RS),(BC) and (IC) are equivalent to the abstract Cauchy
problem

dt (ACP)

{w = 4p(®), t €[0,x),
p(0) = (6(x),0,0,0,0,0,0)" € X.

3. Characteristic Equation

In this section we characterize o (A) by the spectrum of a scalar 7 x 7-matrix, i.e., or we obtain a characteristic
equation which relates a(4) to the spectrum of an operator on the boundary space 6X. For this purpose, we ap-
ply techniques and results from [5]. We start from the operator (AO,D(AO)) defined by
D(Ao) = {p € D(A,)| Ep = 0}, Aop = Ap.
The elements inker (y — 4,,,) can be expressed as follows.
Lemma 3.1: Fory € p(4,), we have

peker(y — A,,) 1)
Sp = (po(x), p1(x), P2 (X), P3 (1), P4 (X), Ps ), D6 (), D7 (1), Ps (), Po (V)" € D(Apy),
po(x) = ale—(]/+/1+2#)x—f(;ca(r)dr’ py(x) = Zaoe—(y+,1+u)x—f(j‘a(r)dr (1—e™)+ ale—(y+/1+,u)x—f(;ca(r)dr’

Do (x) — ;i:lzoue—yx—fo a(r)dr (1 _ e—(/1+2,u)x) + aze—yx—fo a(r)dr’
1

ps(x) = 24age 7l [L(1 — e~ (hor) _ o

- (1 _ e—(l+2u)x)] + ﬂe—yx—féca(r)dr (1 _ e—(A+M)x)
+u

Atu

+ a3e—yx—féc a(r)dr

x 1
x) = 2ua e—yx—fo a(t)dr [L 1— e—(l+u)x _ 1— e—(l+2u)x ]
pa(x) Hag /1+u( ) /1+2#( )
+ %e—yx—fga(r)dr (1 _ e—(l+y)x) + a4e—yx—f(;ca(r)dr’
Ps(y) = age 0TI bar, 4y () = e Tl @ gy, (y) = ey i

Yy y
ps(y) = %e—w—fo bz(r)dr(l _ e—(/1+u)y) + age—w—fo b (@dr

Y Yy
po(y) = %e—w—fo ba@dr (1 _ g=(hy) 4 age 1Y ~Jo ba@dr

Using ([6], Lemma 1.2], the domain D(4,,) of the maximal operator A4,, decomposes as
D(4,,) = D(4o)@Kkerify — A,,).
Moreover, since E is surjective,
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and call it “Dirichlet operator”.

We can give the explicit form of D, as follows.

Elerity—a,,): (v — Am) = 0X
is invertible for each y € p(4,), see ([6], Lemma 1.2]. We denote its inverse by
Dy = (Elker(y—Am))_l: X - keI"@Y _Am)

Lemma 3.2: For each y € p(4,), the operator D, has the form

diis 0 0 0 0
dy1d; 0 0 0
d;; 0ds3 0 0
dyids2 0 dgg O

where

dll — e—(y+l+2u)x—fga(r)dr d

d3,1

/1+2,u

_ —yx—[ a(x)dr 1
dyy = 2277 [H#

A

dy, =——=€

Atu

dsy = Z#e_y"_fo a(r)dr [
_H X
ds, = H#e

des = e—(y+l+u)y—f0 by (t)dr d77

dog =L
96 = T4
d10,6 = o

dS,l ds'z 0 0 d5,5

0

oS o oo

0

(=l oo N

0

SO OO

0

SO OO

0

o

_ Ze—(y+l+u)x—fga(r)dr (1 _

A+u

e VX fO a(t)dr (1

(1

—yx— fo a(t)dr (1 _ e—(l+u)x)’ d4'4

S OX® OO O OO OoO

,9

dy

0

0
0
0
0
0 1
0
0
0
0

,10

e Hx )' d22 — e—(y+l+u)x—féca(r)dr'

_(A+2,u)x)’ d3 ;= e—yx—fo a(T)dr

— e—(/1+#)x) —

(1 - e—(11+u)X) -

fo a(t)dr (1 _ e—(l+y)x)’ dss = e—yx—fga(r)dr’

= e Wl h@adr

1

A+ 2u
=e yx—fo a(r)dr'

A+2u

(1-

(1

—(A+2y )x)]

_ e—(11+2u)X)]’

dgg = eV b1

For v € p(4y), the operator FD, can be represented by the 10 x 10-matrix
a6(y) a; 7(¥)

as,

a1 (¥y) 0 0
0 0 0
0 0 0
0 0 0
0 0 0
FD, = a1(¥) ag2(¥) 0
a1 (v) 0 az;3(y)
ag1(y) @sz2 @ o
ag1(y) @92 » O
0 0 0
where
4+
a1 W= f
0
4+

a7 ) =
0

co® coocoocococoo

(V)

o‘;‘.\oooooooo

by (el 1@ gy g0 (y) = f
0

Y) o0

a(X)e—(y+/1+2#)x—fg a(dr g, a6(y) =
’ 0

+o0

a(x)ze—(y+l+y)x—fg a(r)dr (1-

0

SO OO OO OO

+o0

Qg,

oy =Jy b2(@)dr (1 _ e—(/1+u)y) dgo = €77 -1y by (Mdr

1 g=vy=Jy b2@dz (1— e @+19),dyg 14 = o1y I§ ba@dr

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
s(Vaso(y) 0
0 0 azio(y)
0 0 0
0 0 0
0 0 0

by (y)e~ ¥ +2+0y =l b2@dz g,

e M )dx,
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+oo +oo

ag2(y) = f a(x)e_(HH#)x_fga(T)dT dx,aee(y) = 7—/——
0 A+ul,

A
A+2u

b, (y)dze™ -1 b2t (1 _ g=(G+u)y),

+o0 "
a7, (y) = f a(x)e—V"—fo a(t)dr (1- e—(l+2u)x)dx
0

+o0 +oo

a73(y) = f a(x) e h DU gy, a; () =

’4
- b, (t)dre Y o b2@dr (1 _ o=G4u)y) gy,
0 A+uly ( )

4+
(Y
az 10 )= b,(y)e™” Jg b2(0)de dy,
0

—yx—fy a(@dr |_1 -
a(x)22e71* o a@dr [m(l — e UHr) —

+o0

ag,(y) = f (1- e_(“z")x)] dx,

0 A+2u

+0 +0
A I _ (X
ag,(y) = mf a(x)e v~y a@dr (1 — e ¥)dx, ag,(y) = f a(x)e "o a@dr gy
0 0
4+ 1

ag1 () = J- a(x)Zue_V"_fg“(T)dT [ﬁ(l — e@Hm)x)
0

(el

o0 +o0
ag,(y) = Lf a(x)e_y"_fé(“(f)df(l — e~ ¥ dx  ag5(y) = J- a(x)e_y"_fg“(f)dfdx.
' A+uly ’ 0
The Following result, which can be found in [7], plays important role for us to prove the existence of unique
dynamic solution of the system.
Lemma 3.3 (The characteristic equation): If y € p(4,) and there exists y, € C such that1 ¢ a(FDYO), then

yeag(A) = 1€ O'(FD],).

4. Existence of a Unique Dynamic Solution of the System

In this section, we prove the well-posedness and the existence of a unique positive dynamic solution of the sys-
tem. For this purpose we first prove that the operator A generates a positive contraction C,-semigroup
(T(t))¢>o using the Phillips’ theorem, see ([8], Thm. C-Il 1.2). The following lemma shows the surjectivity of
y—A for y>0.

Lemma 4.1: Ify € R, theny € p(4).

Proof: Lety € R,y > 0. Then all the entries of FD,are positive and using only elementary calculations one
can show that the column sums are strictly less than 1. Hence, || FD, II< 1and thus 1 & o(FD, ). Using Lemma
3.3 we conclude thaty € p(4).

Lemma 4.2: (A4, D(A))is aclosed linear operator and D(A)is dense inX.

IfX 'denotes the dual space ofX, thenX' = (L7 ([0, +))° x (L} ([0, +0))°.

It is obvious thatX is a Banach space endowed with the norm

”CI” = max’@lql ||L‘;C°(([O,+oc))i ||q] ||L;j(([0,+oc))' i= 0P152P3l4ﬁj = 5'6'7'8'9)'

where q = (qo(x), 41 (x), 42(x), 43 (%), 44 (%), 45 ), 46 (1), 47 (1), 4 (1), G (V)" € X .
Lemma 4.3: The operator (4,D(A)) is dispersive.

Proof: For p= (py(x), p1 (%), p2 (%), p3 (1), P4 (%), Ps (), Ps (), P7 (1), Ps (), Po (¥))" € D(A), we define
q = (qo(x), 41 (%), 42(x), 43(x), 44 (%), 45 ), 46 ¥), 47(¥), 4s ), G ()" € X,
where
a0 = |pllsgn.(p(), i =01234,q,0) = Ipllsgn. (p;)) . = 556,789
and

1 if p(x) >0, 1 ifp;(») >0,
sgni(pi(x)) = {0 l.]f Z; (o) < 0.0 = 01234 sgn, (m») = {0 if pj, Gy <0 = 56789

Noting the boundary condition, it is not difficult to see that< Ap,q >< 0. By ([6], p. 49) we obtain that
(A,D(A)) is adispersive operator.
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From Lemma 4.1-4.3 we see that all the conditions in Phillips’ theorem (see [8], Thm.C-II 1.2) are fulfilled
and thus we obtain the following result.

Theorem 4.4: The operator (A, D(A)) generates a positive contraction Cy-semigroup (T (t))¢>o-

From Theorem 4.4 and ([4], Cor.11.6.9) we can characterize the well-posedness of (ACP)as follows.

Theorem 4.5: The associated abstract Cauchy problem (ACP) is well-posed.

From Theorem 4.5 and ([4], Prop. 11.6.2) we can state our main result.

Theorem 4.6: The system (RS), (BC) and (IC) has a unique positive dynamic solution

p(t) = (pO (t' X), P1 (t' X), D2 (t' X), pP3 (t' X), |2 (t, X), 14 (t' .V)' Pe (t' 3’), p7 (t' .V)' Ds (t' y)' P9 (t' 3’)
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