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Abstract

By introducing and extending the G'/G expansion method with the aid of computer algebraic sys-
tem “Mathematics”, the exact general solutions were obtained for the Burgers-Huxley equation
and special form. Final results were represented in hyperbolic function, trigonometric function
and rational function with arbitrary parameters.
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1. Introduction

For the Burgers-Huxley equation
u, +auu, —u, :ﬂu(l—u)(u—y). (N

This an important equation used to describe the nonlinear diffusion phenomenon. In recent years, with the
development of Symbolic Computation System and its perfection, people put forward a number of methods for
solving the nonlinear equations of mathematical physics, such as the homogeneous balance method, F-method,
Tanh method, projective Riccati method, ADM method [1]-[4] and bifurcation theory to direct integral method
[5] and so on. G'/G expansion method [6] is proposed for solving nonlinear evolution equation and provided an
effective method. This method has effectively solved many nonlinear evolution equations.

This article will make the GG expansion method extended further, solving the Burger-Huxley equation
[7]-[10] and two kinds of special transformations.

2. The Introduction of Extended G'/G-Expansion Method [11] [12]

Given nonlinear PDE, containing two independent variables x and #:
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P(u,u, o, uu,,u,,)=0 )

Among them, P is the polynomial of variable element u with high order partial derivative term and nonlinear
term. For equations by G/G expansion method (2) comprises the following steps:
1) On Equation (2) traveling wave reduction, let

u(x,y,t):u(f),§=x+ﬂ.y+,ut 3)

Among them, A and ux are undetermined constants. Equation (3) is plugged into Equation (2). (ODE
type):

Q(usu,,u”s'”):o (4)

2) The ,u(g) can be expressed as the finite series of G/G
n G’ i
u(§)=2q, (Ej (5)

The g, (i=-n,---,-1,0,1,---,n) is a undetermined constant; the G (&) meet the two order linear ordinary
differential equation as follows

G"(£)+aG' (£)+bG(&)=0 (6)

The positive integer n can be determined by the balance principle homogeneous.

3) We will plug Equation (5) into Equation (4), then the left of Equation (4) translates the polynomial of G'/G,
making this polynomial coefficients are all zero, can obtain the algebraic equations about
a (i = —n,---,—l,O,l,--‘,n),ﬁ,,y .

4) With the help of Mathematica, we can solve the algebraic equations. so we can obtain the exact traveling
wave solutions of Equation (1) that plugging the resulting value of q; (i =-n,---,—1,0,1,- -,n),ﬂ, 4 into Equa-
tion (4) [13] [14].

3. Calculate the Exact Solution of the Burger-Huxley Equation [15]
Make Burger-Huxley Equation for wave reduction, let
u(x,t)zu(é),é‘:x—lt @)

so Equation (1) can translate the ODE equation;

—Au'+auu' —u"+ Byu— B(y +1)u’ + pu’ =0 (8)
We can obtain a series of expansion of # is 1, assuming Equation (8) has the following form solution:
G,
o(e)=a+a( <) ©)
Among them, G=G (5) meet the two order linear ordinary differential equation (LODE) equation
G"+mG' +nG=0 (10)

In Equation (9) and Equation (10), a,,a,,m,n are the undetermined coefficients, according to the two equa-
tions, we can obtain relation as follows:

3 \2 ,
u'(&)=2a, (%) +3al’”(%} +(2aln+alm2)(%)+almn,

u'(&)=-a [%) —alm(%j —ayn,

Plugging Equation (11) into Equation (8), Equation (8) can be transformed into a polynomial about G'/G ex-
pansion. Merger these items with respect to G'/G expansion which have the same power, and its coefficient is

()

(In



M. X. Zhu

zero. We can obtain the equations as follows.
—aa] —2a,+ fa; =0
Aa, —aaya, —aalm—3am— Pya; — Bal +3Paya’ =0 .
Aam—aa,am—aaln—2an-am’ + fya, —2Pya,a, —2paya +3Bajal = 12
Aan—aayan—amn+ Bya, — Bra; — Ba; + Pay =0

If set A,m,n,a, to undetermined constants, with the help of Mathematica software, we can get the values of
ay, o, B,y as follows:

1 —2—~Im* -4 A —m* -4
1) aozz(mal—\/mz—4nal), a= moZ g T A4 p= z n+/1’ y=—m’ —4naq,

a, a

2)

aozé(mal+\/mz—4na1), a= 2+ Nm_—4na, + Aa, p=" 4n+/1’ y =\m’ —4na, (13)

a a

By using mathematics software to calculate again, a general solution of Equation (10) can be represented as:

5 Alsinh(l\/mz—4nj§+Azcosh(1\/m2—4nj§
m-—4n 2 m. 5
5 ——,m" —4n>0,
Azsinh(2 m —4nj§+A cosh( m —4nj§
(G'/G)= S| -4, sm[lxl4n m2j§+A cos[ 4n—m jé (14)
dn—m 2 m 2
5 n —E,m —-4n <0,
4, sin(2\/4n—m j§+A cos( 4dn—m jf
4 o —dn=0
A+4¢ 2

Substituting Equation (13) and Equation (14) into Equation (9), traveling wave solution of Equation (1) can
be obtained:
1) When m*> —4n>0,

1 T4 Alsinh(
Ltu(f):E(mal+\/m2—4nal)+al m " (

where &=x-At;
2) When m* -4n<0,

Uy, (cf):%(mal —Im’ —4na1)+a1 4n2—m I
4, sin [2\/4n m’

()
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| =4, sin l\/4n—m2 E+ 4, cos l\/4n—m2 £
4n—m 2 2
2 Azsin(;\/4n—m2j§+Alcos(;\Mn—mzjf

Uy, (é) = %(mal +m’ = 4na, ) +a

2

where &=x-1t;
3) When m*>—-4n=0,

Us, ( )

l\)l»—‘

A+A4E 2

(ma, - ﬁ)[_ m]
2 (£) =5 may + mal)ml[_ mJ

A+ AE 2

where &=x—-At.

When the original equation of the parameters in the «, 3,y take different values, we can get different kinds
of evolution equations, here are the two special forms to continue the discussion.
Case 1: when o« =0, the equation is Fitz Hugh-Nagumo equation, so Equation (8) turns into:

—Au—u'+uy —(y+1)u’ +u’ =0 (15)
We assume that the same G'/G expression, by substitution to Equation (15) to obtain the following equations:
2a,—a; =0

2 2 3 _
amn—Aan—ayy+a, +a,y—a; =0

2 2 (16)
a A" +2an—Aam+2aa,-3a,a; +2a,a,y —a,y =0
3am—Aa, —3aia, +al +aly =0
With the aid of Mathematica software, we can get the value of a,,q, are as follows:
1) 0_—i£ +2a =2
2 2 2
y N2
2) ay=L+ Zma =2
) a=5E
3)
a, :%igm,al =+/2 (17)

Equation (15) can be expressed as the solution:
1) When m*> —4n>0,

4 smh( j§+A cosh

(IVm 4nj§
2 _m
2 Azsinh( j§+A cosh(;\/m —4nj§ 2

4, sin m* —4n |£+ 4 cosh

1
Q m+2 Jm* —an Asmh(z m —4nj§+A COSh(zm)f .
o ( j (1 —4n
2

3 A, sinh 1 Jm® —4n &+ A, cosh l\/ P—dn &

1.2 Nm® —4n 2 2 m

s (8) =5 = mEN2 T L L), | 2
Azsinh(2 —4njc§+A cosh(2 —4n]§
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where &=x-At;
2) When m* -4n<0,

! > 1 2
“21(§)=l+£m+li\/§ dn—m? —Alsm(zmjfhﬁlzcos( 4n—m jg
(8 =gt m+y 2 Azsin@mjéﬂcos(]ﬁjg

3 A51n(1\/4n m j§+Azcos(1\/4n m jf
2 4, sm(2 4n—m j§+Alcos(;\/4n m jé 2

5| =4, sin l Jan—m* &+ A, cos 1\/4}1 m’*
1 2 dn—m 2 m
na(§) =5 mEN T W ] )
4, sin (2 4n—m’ §+Alcos(2\/4n mz}f

where &=x-1t;
3) When m”> —4n=0,

l+\/5 Y4 _Ah m
4 ($) E_7m+5_ﬁ(Al+A2§ 2)
“32(4‘:)_%i£ i\/—(A+A2§ 2]
”3’3(5)"%i£ i[(A y: 2J

where &=x—-At.
Case 2: when a =0, =1, Equation (1) can translate into the Burgers equation

u, +ouu, —u, =0 (18)

Make the equation to traveling wave reduced, let & =x— /1t so Equation (18) can translate the NODE equa-
tion;

'+ auu'—u"=0 (19)
Make Equation (19) to integral, so
—/1u+%au2—u'+c:0 (20)

We assume that the same G'/G expression, through to obtain the following equations

1
—aa’ +a, =0
2

@n

—Aa, +aaya, +am =0
—Aa,+an+c=0
With the aid of mathematica software, obtain the solution of the following:
m—A 2 2n+ml—A’

,a4, =——,c=———— (exclude q, =0)
a o o

a, =—

so the solution of Equation (18) can be expressed:

()
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u(5)2_2[£)+u (22)

a

Including to Equation (15), we can obtain the accurate solution of Equation (18):
1) When m*—4n>0,

— [ 4 sinh(l\/m2—4n)§+Azcosh(l\/m2—4n)§
u(§)——£ m® —4n 2 2 m +ﬂ—_m
(&)=

« 2 Azsinh(;\/m2—4nj§+Alcosh(;\/m2—4n)§ 2 «

where &=x-1t;
2) When m* -4n<0,

~| -4, sin(lv4n—m2j§+Azcos(l\/4n—m2j§
u(é‘)——z 4n—m 2 2 m +ﬂ—m
L(&)=
« 2 A2sin(;\/4n—m2j§+Alcos(;\/4n—m2j§ 2 «

where &=x-A¢;
3) When m*>—-4n=0,

where &=x-Ar.

4. Conclusion

Based on the homogeneous balance method, the article obtains solutions of the Burgers-Huxley equation and
two kinds of transformation type by the G'/G expansion method, making the Burgers-Huxley equation and its
derivative equation solution in the form of more abundant. At the same time, we can obtain the hyperbolic trav-
eling wave solutions of the equation and find the G'/G expansion method [16] in solving nonlinear evolution
equations has very extensive practical value.
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