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Abstract 
The modified tanh-coth function method is used to obtain new exact travelling wave solutions for 
Zhiber-Shabat equation and the related equations: Liouville equation, sinh-Gordon equation, 
Dodd-Bullough-Mikhailov equation, and Tzitzeica-Dodd-Bullough equation. Exact travelling wave 
solutions for each equation are derived and expressed in terms of hyperbolic functions, trigono-
metric functions and rational functions. The modified tanh-coth function method is easy to ex-
ecute, brief, efficient, and can be used to solve many other nonlinear evolution equations. 
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Solutions, Solitary Wave Solutions 

 
 

1. Introduction 
In this study we will investigate the solution of the nonlinear Zhiber-Shabat equation [1] 

2e e e 0u u u
xtu p q r− −+ + + =                                  (1) 

where p, q and r are arbitrary constants. If q = r = 0, Equation (1) becomes the Liouville equation. If r = 0, Equ-
ation (1) becomes the sinh-Gordon equation. And for q = 0, Equation (1) reduces to the well-known Dodd-  
Bullough-Mikhailov equation. However, for p = 0, q = −1, r = 1, we get the Tzitzeica-Dodd-Bullough equation. 
These equations play an important role in many areas such as solid state physics, nonlinear optics, plasma phys-
ics, fluid dynamics, mathematical biology, nonlinear optics, dislocation in crystals, kink dynamics, and quantum 
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filed theory [1]. The Zhiber-Shabat equation and other related equations were studied by some authors. Wazwaz 
in [2] and [3] applied the tanh method and the extended tanh method for handling the Zhiber-Shabat equation 
and other related equations: Liouville equation, sinh-Gordon, Dodd-Bullough-Mikhailov equation, and Tzitzeica- 
Dodd-Bullough equation. Fan and Hon in [4] have used the extended tanh method for handling Dodd-Bullough- 
Mikhailov equation. Wu and He in [5] solved the Dodd-Bullough-Mikhailov equation using the Exp-function  

method. Wazzan in [6] solved the Zhiber-Shabat equation and other related equations using the G
G
′ 

 
 

 expan-  

sion-method. Our intention in this work is to find new solitary wave solutions for the nonlinear Zhiber-Shabat 
equation. Since there is no unified method that can be used to handle all types of nonlinear problems, we will 
use a modified tanh-coth function method [7]-[10]. Moreover, we will carry out comparisons between solutions 
obtained by the modified tanh-coth function method and other aforementioned methods. 

2. The Modified tanh-coth Function Method 
2.1. Description of the Method 
To illustrate the basic concepts of the modified tanh-coth function method, we consider a given PDE in two va-
riables given by 

( ), , , , , , 0.t x tt xt xxP u u u u u u =                                (2) 

We first consider its travelling solutions ( ) ( ), ,u u x t u ξ= =  where x tξ λ= −  or ,x tξ λ= +  then Equation 
(2) becomes an ordinary differential equation 

( ), , , , , 0.Q u u u u u′ ′′ ′′′ ′′′′ =                                 (3) 

The next crucial step is that the solution we are looking for is expressed in the form: 

( ) ( )0
1

m
i i

i i
i

u a a w b wξ −

=

= + +∑                                (4) 

and 
2 ,w R w′ = +                                       (5) 

where R is a parameter to be determined later, ( )w w ξ=  and 
d
d
ww
ξ

′ = . The parameter m can be found by ba-  

lancing the highest order linear term with the nonlinear terms. Inserting (4) and (5) into the ordinary differential 
Equation (3) will yield a system of algebraic equations with respect to a0, ai, bi and R (where 1, ,i m=  ). Be-
cause all the coefficients of wi have to vanish, and using any symbolic computation program such as Maple or 
Mathematica, one can determine a0, ai, bi and R. The Riccati Equation (5) has the following general solutions: 

1) If 0,R <  

tanh ,w R Rξ = − − −   

coth .w R Rξ = − − −   

2) If 0,R =  

1 .w
ξ

=  

3) If 0,R >  

tan ,w R Rξ =    

cot .w R Rξ = −    

In the next section, five examples in mathematical physics are chosen to illustrate the modified tanh-coth 
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function method. 

2.2. Application 
2.2.1. The Zhiber-Shabat Equation 
As before, we use ( ) ( ),u x t u ξ=  where x tξ λ= − , this will carry out the Zhiber-Shabat Equation (1) into 

2e e e 0.u u ucu p q rξξ
− −− + + + =                                (6) 

We use the Painleve property: 

e ,uv =  

or equivalently 
ln ,u v=                                        (7) 

from which we find 

1 ,u v
v

′ ′=                                       (8) 

( )2
2

1 1 .u v v
v v

′′ ′′ ′= −                                   (8) 

The transformations (7) and (8) carry out (6) into the ODE 

( )( )2 3 0.c vv v pv qv r′′ ′− − + + + =                              (9) 

Using the modified tanh-coth function method, balancing the term vv′′  with v3, gives m = 2, hence we set the 
modified tanh-coth function method assumption as follows: 

( ) ( ) 2 1 2
0 1 2 2,

b bv x t v a a w a w
w w

ξ= = + + + +                          (10) 

where 
2 ,w R w′ = +                                      (11) 

and 
32 2 .w Rw w′′ = +  

Without loss of generality, we set 1.p q r= = =  
Substituting (10) into (9), and making use of Equation (11) collecting the coefficients of each power of w, and 

using Maple to solve the nonlinear system in a0, a1, a2, b1, b2 and R, we obtain: 
1) First set 

2 2

0 2 2 2
1 15 36, 0, 2 , .

12 2 36
a b a Rγ γ αγ αλ

α λ α
 − − −

= = = =  
 

 

2) Second set 
2 2

0 2 2 2
1 3 16 144, 0, ,

12 2 36
a a bγ γ αγ α

α λ α
 − −

= = =  
 

 

2 2
2

2

2 11 78 504 .
31 36
bR γ αγ α

α
 − −

=  
 

 

3) Third set 
2 2

0 2 22
11 810 25668 1, 2 , ,

3596 128 636
a a bγ αγ α γλ

λ αα
 − + +  = = =   

  
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2 2

2

1 6 1116 .
496 36

R γ αγ α
λ α
 − −

=  
 

 

4) Fourth set 
2 2

0 2 22
11 1620 115632 , 2 , ,

14384 153636
a a bβ βα α βλ

λαα
 − − − −

= = = 
 

 

2 2

2

1 12 4464 .
1984 36

R β βα α
λ α
 + −

=  
 

 

5) Fifth set 
2 2

0 2 2 2

1 30 144, 2 , 0, .
24 8 36

a a b Rβ β βα αλ
α λ α

 − − + −
= = = =  

 
 

6) Sixth set 
2 2

0 2 2 2
1 9 96 1720, 0, ,

24 32 36
a a bβ β βα α

α λ α
 − + −

= = =  
 

 

2 2
2

2

11 156 2016 ,
62 36
bR β βα α

α
 + −

=  
 

 

where, 

( )
1
3188 12 93 ,α = +  

2 2 28,γ α α= + +  

( )
1
3106028 10788 93 ,α = +  

2 2 748,γ α α= + +  

( ) ( )26 3 28 ,iβ γ α α= − ± −  

( ) ( )26 3 748 .iβ γ α α= − ± −  

Note that, using the numerical value of α , we deduce 2 2 4 3 215 36 11 6 308 784 0γ αγ α α α α α− − = − − − + < . 
Recall that ( ) ( )( ), ln , ,u x t v x t=  hence we obtain: 
According to the first set, for R < 0, solutions for Equation (6) read 

( )
( )

( )
2 22 2

2
1 2

2 15 3615 36 1, ln tanh ,
12 1236

u x t x t
γ αγ αγ γ αγ α λ

α α λα

  − −− −  = + −      

 

and 

( )
( )

( )
2 22 2

2
2 2

2 15 3615 36 1, ln coth .
12 1236

u x t x t
γ αγ αγ γ αγ α λ

α α λα

  − −− −  = + −      

 

However, for R > 0, the solutions are 

( )
( )

( )
4 3 22 2

2
3 2

2 11 6 308 78415 36 1, ln tan ,
12 1236

u x t x t
α α α αγ γ αγ α λ

α α λα

  − − − +− −  = − − −     
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and 

( )
( )

( )
4 3 22 2

2
4 2

2 11 6 308 78415 36 1, ln cot .
12 1236

u x t x t
α α α αγ γ αγ α λ

α α λα

  − − − +− −  = + − −      

 

According to second set, notice that 2 2 4 311 78 504 11 34 952 8624 0γ αγ α α α α− − = − − + >  and  
2 23 16 144 0γ αγ α− − > , using the numerical value of ,α  and for R < 0, we obtain the solutions: 

( )
( )

( )
2 22

22
5 2 2

2 11 78 504558 1, ln tanh ,
12 6 3111 78 504

b
u x t x t

γ αγ αγ α λ
α αγ αγ α

  − −  = − − −  − −    

 

( )
( )

( )
2 22

22
6 2 2

2 11 78 504558 1, ln coth .
12 6 3111 78 504

b
u x t x t

γ αγ αγ α λ
α αγ αγ α

  − −  = − − −  − −    

 

However, for R > 0, we obtain the travelling wave solutions: 

( )
( )

( )
2 22

22
7 2 2

2 11 78 504558 1, ln tan ,
12 6 3111 78 504

b
u x t x t

γ αγ αγ α λ
α αγ αγ α

  − −  = + −  − −    

 

and 

( )
( )

( )
2 22

22
8 2 2

2 11 78 504558 1, ln cot ,
12 6 3111 78 504

b
u x t x t

γ αγ αγ α λ
α αγ αγ α

  − −  = + −  − −    

 

where b2 is given in 2). 
According to The third set, notice that 2 26 1116 0γ αγ α− − > , using the numerical value of ,α  we obtain 

the soliton solutions, for R < 0, 

( )

( ) ( ) ( )

2 2 2 2

9 2 2

2 2
2 2

11 810 25668 1 6 1116, ln
3596 24836 36

93tanh coth .
4 6 1116

u x t

R x t R x t

γ αγ α γ αγ α
α α

αγλ λ
γ αγ α

    − + + − −= −    
    

   × − − − − −    − − 

 

However, for R > 0, we obtain the travelling wave solutions: 

( )

( ) ( ) ( )

2 2 2 2

10 2 2

2 2
2 2

11 810 25668 1 6 1116, ln
3596 24836 36

93tan cot ,
4 6 1116

u x t

R x t R x t

γ αγ α γ αγ α
α α

αγλ λ
γ αγ α

    − + + − −= +    
    

   × − + −    − − 

 

where, R is given in 3). 
Note that, u1, u2, u3 and u4 are also obtained by Wazwaz using the tanh-function method in [2]. Other solu-

tions are not reported in [2]. 
Sets of solutions in 4)-6) will give complex solutions. 

2.2.2. The Liouville Equation 
As stated before, if 0, 1q r p= = =  in the Zhiber-Shabat Equation (1), we obtain the Liouville equation: 

e 0.u
xtu + =  
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Using the wave variable ,x tξ λ= −  we get 

e 0.ucuξξ− + =                                     (12) 

We again use the Painleve property: 
ln ,u v=  

to transform (12) into the ODE 

( )( )2 3 0.c vv v v′′ ′− − + =                                 (13) 

Considering the homogeneous balance between vv′′  and v3 in Equation (13), gives m = 2, and using the 
modified tanh-coth function method, we suppose that the solution of Equation (13) is in the form: 

( ) ( ) 21 2
0 1 2 2, .b bv x t v a a w a w

w w
ξ= = + + + +  

Proceeding as before we found: 
1) First set 

0 1 1 2 22 , 0, 2 , ,a R a b b a R Rλ λ= = = = = =  

2) Second set 

0 1 1 2 20, 2 , 0,a a b b a Rλ= = = = = =  

3) Third set 
2

0 1 1 2 22 , 0, 2 , ,a R a b a b R R Rλ λ= = = = = =  

4) Fourth set 
2

0 1 1 2 24 , 0, 2 , 2 , ,a R a b a b R R Rλ λ λ= = = = = =  

where R is free parameter. Recall that ( ) ( ), ln , .u x t v x t=  
According to the first set we obtain the solutions: 

( ) ( )( ){ }2
1 , ln 2 1 tanh , 0,u x t R R x t Rλ λ = − − − <   

( ) ( )( ){ }2
2 , ln 2 1 coth , 0,u x t R R x t Rλ λ = − − − <   

( ) ( )( ){ }2
3 , ln 2 1 tan , 0,u x t R R x t Rλ λ = + − >   

( ) ( )( ){ }2
4 , ln 2 1 cot , 0,u x t R R x t Rλ λ = + − >   

( )
( )5 2

2, ln , 0.u x t R
x t

λ
λ

  = = 
−  

 

According to the third set we obtain the similar to the solutions of the first set. 
According to the fourth set we obtain the solutions, R < 0, 

( ) ( ) ( )( ){ }2 2
6 , ln 2 1 tanh coth ,u x t R R x t R x tλ λ λ   = − − − − − −     

and if R > 0, then 

( ) ( ) ( )( ){ }2 2
7 , ln 2 1 tan cot .u x t R R x t R x tλ λ λ   = + − + −     

Note that, u1 and u2 are also obtained by Wazwaz using the tanh-function method in [2]. Other solutions are 
not reported in [2]. 
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2.2.3. The sinh-Gordon Equation 
As stated before, if r = 0, q = 1, p = 1 in the Zhiber-Shabat Equation (1), we obtain the sinh-Gorden equation: 

e e 0.u u
xtu −+ + =  

Using the wave variable ,x tξ λ= −  we get 

e e 0,u ucuξξ
−− + − =                                  (14) 

Using the Painleve property, Equation (14) is transformed into the ODE 

( )( )2 3 0.c vv v v v′′ ′− − + − =                               (15) 

The balancing process gives m = 2. We can suppose that the solution of Equation (15) is the form: 

( ) ( ) 2 2
0 2 2, .bv x t v a a w

w
ξ= = + +                             (16) 

Following the same analysis presented above, we obtain: 
1) First set 

0 2 2
1 10, 2 , 0, .

2
a a b R

R
λ

λ
±

= = = = = ±  

2) Second set 

0 2 2
1 10, 0, , .

2 2
a a b R R

λ λ
= = = = ± = ±  

3) Third set 

0 2 2
1 1 1 1, 2 , , .

2 4 32 8
a a b R

R
λ

λ λ
± ±

= = = = = ±  

According to the first set, and for R < 0, we obtain 

( ) ( )2
1

1, ln tanh , 0,
2

u x t x tλ λ
λ

   = − >  
   

 

( ) ( )2
2

1, ln tanh , 0,
2

u x t x tλ λ
λ

  − = − − <  
   

 

( ) ( )2
3

1, ln coth , 0,
2

u x t x tλ λ
λ

   = − >  
   

 

( ) ( )2
4

1, ln coth , 0,
2

u x t x tλ λ
λ

  − = − − <  
   

 

for R > 0, we obtain 

( ) ( )2
5

1, ln tan , 0,
2

u x t x tλ λ
λ

   = − >  
   

 

( ) ( )2
6

1, ln tan , 0,
2

u x t x tλ λ
λ

  − = − − <  
   

 

( ) ( )2
7

1, ln cot , 0,
2

u x t x tλ λ
λ

   = − >  
   
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( ) ( )2
8

1, ln cot , 0.
2

u x t x tλ λ
λ

  − = − − <  
   

 

According to the second set, we obtain similar solutions to the solutions of the first set. 
According to the third set, we obtain, for R < 0, λ > 0,  

( ) ( ) ( )2 2
9,10

1 1 1 1 1 1 1, ln 1 tanh coth ,
2 2 2 2 2 2 2

u x t x t x tλ λ
λ λ

      = ± + − + −            
 

for R < 0, 

( ) ( ) ( )2 2
11

1 1 1 1 1 1 1, ln 1 tanh coth ,
2 2 2 2 2 2 2

u x t x t x tλ λ
λ λ

     − − = − + − + −            
 

for R > 0, 

( ) ( ) ( )2 2
12

1 1 1 1 1 1 1, ln 1 tan cot ,
2 2 2 2 2 2 2

u x t x t x tλ λ
λ λ

     
 = − − − − −           

 

and for R > 0, 

( ) ( ) ( )2 2
13

1 1 1 1 1 1 1, ln 1 tan cot .
2 2 2 2 2 2 2

u x t x t x tλ λ
λ λ

     − − = − − − −           
 

Note that, u1 and u3 are also obtained by Wazwaz using the tanh-function method in [2]. Other solutions are not 
reported in [2]. 

2.2.4. The Dodd-Bullough-Mikhailov Equation 
If p = 1, q = 0, r = 1 in the Zhiber-Shabat Equation (1), we obtain the Dodd-Bullough-Mikhailov equation: 

2e e 0,u u
xtu −+ + =  

and by using the wave variable ,x tξ λ= −  we get 
2e e 0.u ucuξξ
−− + + =                                  (17) 

We use the Painleve property: 
ln ,u v=                                       (18) 

to transform (17) into the ODE 

( )( )2 3 1 0.c vv v v′′ ′− − + + =                               (19) 

Considering the homogeneous balance between vv′′  and v3 in Equation (18), gives m = 2, we can suppose 
that the solution of Equation (15) is the form 

( ) ( ) 21 2
0 1 2 2, .b bv x t v a a w a w

w w
ξ= = + + + +                         (20) 

Proceeding as before, we get 
1) First set 

0 1 1 2 2
1 3, 0, 2 , .
2 4

a a b b a Rλ
λ

= = = = = =  

2) Second set 

0 1 1 2 2

1 31 1 3 2 23 , 0, 2 , .
2 2 2 4

i
ia a b b a Rλ

λ

− = − = = = = = 
 



  
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3) Third set 

0 1 1 2 2
1 9 3, 0, , .
2 8 4

a a b a b R
λ λ

= = = = = =  

4) Fourth set 

0 1 1 2 2

1 13 31 1 9 32 2 2 23 , 0, , .
2 2 2 8 4

i i
ia a b a b R

λ λ

− = − = = = = − = 
 

 

  

5) Fifth set 

0 1 1 2 2
1 9 3, 0, 2 , , .
4 128 16

a a b a b Rλ
λ λ

= − = = = = =  

6) Sixth set 

0 1 1 2 2

1 13 31 1 9 32 2 2 23 , 0, 2 , , .
4 2 2 128 16

i i
ia a b a b Rλ

λ λ

−− = ± = = = = = 
 

 

 

According to the first set,we obtain the soliton solutions: 

( ) ( )2
1

1 1 3, ln 1 3tanh , 0,
2 2

u x t x tλ λ
λ

   − = − − <        
 

and 

( ) ( )2
2

1 1 3, ln 1 3coth , 0,
2 2

u x t x tλ λ
λ

   − = − − <        
 

for λ > 0, we obtain the travelling wave solutions: 

( ) ( )2
3

1 1 3, ln 1 3 tan ,
2 2

u x t x tλ
λ

    = + −        
 

and 

( ) ( )2
4

1 1 3, ln 1 3cot .
2 2

u x t x tλ
λ

    = + −          
 

According to the second set, we obtain the solutions 

( ) ( )2
5

13 3
1 1 1 2 2, ln 3 1 3tanh , 0,
2 2 2 2

i
iu x t x tλ λ

λ

      − −        = − − − <             



  

and 

( ) ( )2
6

13 3
1 1 1 2 2, ln 3 1 3coth , 0,
2 2 2 2

i
iu x t x tλ λ

λ

      − −        = − − − <             



  

for λ > 0, we obtain the travelling wave solutions: 
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( ) ( )2
7

13 3
1 1 1 2 2, ln 3 1 3 tan ,
2 2 2 2

i
iu x t x tλ

λ

      −        = − + −             



  

and 

( ) ( )2
8

13 3
1 1 1 2 2, ln 3 1 3cot .
2 2 2 2

i
iu x t x tλ

λ

      −        = − + −             



  

According to the third set and fourth set, we obtain similar solutions to the solutions of the first set and second 
set, respectively. 

According to fifth set, we obtain, for λ < 0, the following solutions 

( ) ( )2 2
9

1 3 1 3 3 1 3ln 1 tanh coth ,
4 2 4 2 4

u x t x tλ λ
λ λ

     − − − = + − + −            
 

for λ > 0, we obtain the travelling wave solutions 

( ) ( )2 2
10

1 3 1 3 3 1 3ln 1 tan cot .
4 2 4 2 4

u x t x tλ λ
λ λ

     − = − − − −              
 

According to sixth set, for λ > 0, this in turn gives the solitons solutions: 

( ) ( )2 2
11,12

1 13 3 3 3
1 1 3 1 3 12 2 2 2ln 3 1 tanh coth
4 2 2 2 4 2 4

i i
iu x t x tλ λ

λ λ

          ± ±                = ± + − + −                   

 

for λ < 0, we obtain the travelling wave solutions: 

( ) ( )2 2
13,14

1 13 3 3 3
1 1 3 1 3 12 2 2 2ln 3 1 tan cot
4 2 2 2 4 2 4

i i
iu x t x tλ λ

λ λ

          − ± − ±                = ± − − − −                   

 

The solutions u1, u3, u3, u4, u9, and u10 are also obtained by Wazwaz using the tanh-function method in [3]. Other 
solutions are not reported in [3]. 

2.2.5. The Tzitzeica-Dodd-Bullough Equation 
This equation can be obtained if we set p = 0, q = −1, r = 1 in the Zhiber-Shabat Equation (1), and by using the 
wave variable ,x tξ λ= −  we find the Tzitzeica-Dodd-Bullough equation: 

2e e 0,u ucuξξ
− −− − + =                                  (21) 

suppose that 

e ,uv −=                                        (22) 

or equivalently 

1ln .u
v

 =  
 

                                      (23) 
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By using (23) we can transform Equation (21) to 

( )( )2 3 4 0.c vv v v v′′ ′− − + =                                (24) 

Considering the homogeneous balance between vv′′  and v4 in Equation (24), gives m = 1, and by using the 
modified tanh-coth function method we can suppose that the solution of Equation (24) is the form: 

( ) ( ) 1
0 1, .

bv x t v a a w
w

ξ= = + +                               (25) 

Proceeding as before, we get the following set of solutions. 
1) First set 

0 1 1
1 1 1, , 0,
2 4 4

a a b
R R

λ−
= = ± = =  

2) Second set 

0 1 1
1 1 1, 0, ,
2 4 4

a a b
R R

λ−
= = = ± =  

3) Third set 

0 1 1
1 1 1, , ,
2 16 16 16

Ra a b
R R

λ− −
= = = ± =  

According to the first set, we obtain the solitons solutions 

( )1,2
2, ln , 0,

11 tanh
4

u x t R
R x t

R

 
 
 = <
   ± − −      

 

and 

( )3,4
2, ln , 0,

11 coth
4

u x t R
R x t

R

 
 
 = <
   ± − −      

 

for R > 0, we obtain the solutions: 

( )5,6
2, ln ,

11 tan
4

u x t
i R x t

R

 
 
 =
   ± −      

 

and 

( )7,8
2, ln .

11 cot
4

u x t
i R x t

R

 
 
 =
   ± −      

 

According to the second set, we obtain the solutions 

( )9,10
2, ln , 0.

1 1 11 tanh coth
2 16 16

u x t R
R x t R x t

R R

 
 
 = <         ± − − + − −                
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For R > 0, we obtain the solutions: 

( )11,12
2, ln .

1 1 11 tan cot
2 16 16

u x t
i R x t i R x t

R R

 
 
 =          ± − − − − −                

 

According to the third set, we obtain the solutions 

13,14 9,10 15,16 11,12, .u u u u= =  

The solutions 1,2 3,4 5,6, ,u u u  and 7,8u  are also obtained by Wazwaz using the tanh-function method in [3]. 
Other solutions are not reported in [3]. 

3. Conclusion 
The Zhiber-Shabat equation, and the related equations: Liouville equation, sinh-Gordon equation Dodd-Bullough- 
Mikhailov equation, and the Tzitzeica-Dodd-Bullough equation were investigated using a modified tanh-coth 
method. New travelling wave solutions were established. The modified tanh-coth function method is a robust 
computational tool for obtaining exact solutions for the nonlinear Zhiber-Shabat equation, and the related equa-
tions. It is also an encouraging method to solve other nonlinear evolution equations. 
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