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Abstract

The modified tanh-coth function method is used to obtain new exact travelling wave solutions for
Zhiber-Shabat equation and the related equations: Liouville equation, sinh-Gordon equation,
Dodd-Bullough-Mikhailov equation, and Tzitzeica-Dodd-Bullough equation. Exact travelling wave
solutions for each equation are derived and expressed in terms of hyperbolic functions, trigono-
metric functions and rational functions. The modified tanh-coth function method is easy to ex-
ecute, brief, efficient, and can be used to solve many other nonlinear evolution equations.
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1. Introduction
In this study we will investigate the solution of the nonlinear Zhiber-Shabat equation [1]
u,+pe' +ge +re® =0 1)

where p, g and r are arbitrary constants. If g = r = 0, Equation (1) becomes the Liouville equation. If r = 0, Equ-
ation (1) becomes the sinh-Gordon equation. And for g = 0, Equation (1) reduces to the well-known Dodd-
Bullough-Mikhailov equation. However, for p =0, g = -1, r = 1, we get the Tzitzeica-Dodd-Bullough equation.
These equations play an important role in many areas such as solid state physics, nonlinear optics, plasma phys-
ics, fluid dynamics, mathematical biology, nonlinear optics, dislocation in crystals, kink dynamics, and quantum
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filed theory [1]. The Zhiber-Shabat equation and other related equations were studied by some authors. Wazwaz
in [2] and [3] applied the tanh method and the extended tanh method for handling the Zhiber-Shabat equation
and other related equations: Liouville equation, sinh-Gordon, Dodd-Bullough-Mikhailov equation, and Tzitzeica-
Dodd-Bullough equation. Fan and Hon in [4] have used the extended tanh method for handling Dodd-Bullough-
Mikhailov equation. Wu and He in [5] solved the Dodd-Bullough-Mikhailov equation using the Exp-function

’

method. Wazzan in [6] solved the Zhiber-Shabat equation and other related equations using the (%} expan-

sion-method. Our intention in this work is to find new solitary wave solutions for the nonlinear Zhiber-Shabat
equation. Since there is no unified method that can be used to handle all types of nonlinear problems, we will
use a modified tanh-coth function method [7]-[10]. Moreover, we will carry out comparisons between solutions
obtained by the modified tanh-coth function method and other aforementioned methods.

2. The Modified tanh-coth Function Method
2.1. Description of the Method

To illustrate the basic concepts of the modified tanh-coth function method, we consider a given PDE in two va-
riables given by

P(u,u,, Uy, Uy, Uy, U

xx"")zo' (2)

We first consider its travelling solutions u = u(x,t) = u(g), where &=x-At or &=x+At, then Equation
(2) becomes an ordinary differential equation

Q(U,U',U",U"’,U"”,“-)=0. (3)
The next crucial step is that the solution we are looking for is expressed in the form:
u(&)=a,+y (aw' +bw") 4)
i=1
and
W =R+ W, ®)

where R is a parameter to be determined later, w=w(&) and W ::—\g . The parameter m can be found by ba-

lancing the highest order linear term with the nonlinear terms. Inserting (4) and (5) into the ordinary differential
Equation (3) will yield a system of algebraic equations with respect to ay, a;, b; and R (where i=1--,m). Be-
cause all the coefficients of w' have to vanish, and using any symbolic computation program such as Maple or
Mathematica, one can determine ag, a;, b; and R. The Riccati Equation (5) has the following general solutions:

1 If R<O,

w= —ﬁtanh[ﬁg]
w = —/—R coth [ﬁf}

2)If R=0,
1
w==.
4
3)If R>0,

w=+/R tan [«/ﬁﬂ
W= —\/ﬁcot[\/ﬁg]

In the next section, five examples in mathematical physics are chosen to illustrate the modified tanh-coth
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function method.

2.2. Application

2.2.1. The Zhiber-Shabat Equation
As before, we use u(x,t)=u(&) where &=x—At, this will carry out the Zhiber-Shabat Equation (1) into

—Cu,; + pe' +qe™ +re™ =0. (6)
We use the Painleve property:
v=e",
or equivalently
u=Inv, (7
from which we find
u'= lv’, (8)
v
1 1 2
u!/:_vll__ v! . 8
V() ®

The transformations (7) and (8) carry out (6) into the ODE
—c(w”—(v’)2)+ pv® +qu+r=0. 9)

Using the modified tanh-coth function method, balancing the term w” with V3, gives m = 2, hence we set the
modified tanh-coth function method assumption as follows:

2

v(x,t)=v(§)=a0+alw+azwz+%+:v—2 (10)

where
W =R+Ww?, (11)
and
w” = 2Rw + 2w’

Without loss of generality, we set p=qg=r=1.
Substituting (10) into (9), and making use of Equation (11) collecting the coefficients of each power of w, and
using Maple to solve the nonlinear system in ay, a;, a,, by, b, and R, we obtain;
1) First set
1

8, =-2—b,=0,a,=24, R:_—(

- 12a 22

y?* —15ay —36a°
360’ '

2) Second set

7 p oL [3% —16ay—144a2j

a, =—, =0, = —
° 120 7 22 360’

R Z_t)z(llyZ —78ay —5040° ]

31 360?
3) Third set
~11 ( 7* +810ay + 25668a° 1 v
a0: — la-2: lbzz___l
3596 36a 1281\ 6
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1 (7*-6ay-1116a°
4964 36a° '

4) Fourth set

-11 ( f*-1620pBa —115632a° -5
2 y Ay = e ) =

" 14384 362 153617

1 (p*+12pa—4464a°
19844 36a° '

5) Fifth set

_ o o
ao:—ﬂva2=2/l,b2:0,R:_1 s +30,30!2144a |
24 84 36

6) Sixth set

-B 0 L[9ﬁ2+96ﬁa—1720a2j

a,=—-,a, =0, =
0 a ? 2322 36a°

R- b, (11% +156 fa — 2016a°
62 360’ ’

where,
o= (188+12«/§)% ,

y=a’+2a+28,

67:(106028+10788x/@)%,
7y =a’+2a+748,
B=(r-6a)+i3(a’-28),
B =(7-6a)+iv3(a’ -748).

Note that, using the numerical value of « , we deduce »* —15ay —36a® = a* —11a® —6a* —308a + 784 <0.
Recall that u(x,t)=In(v(x,t)), hence we obtain:
According to the first set, for R < 0, solutions for Equation (6) read

1 \/2(7/2—150:;/—360:2)

y  y*—15ay —36a’

t)=in L TWar—36a” el 1 b
U, (x,t)=1In T o anh*| —— > (x-at)
and
y 7 -15ay-36a* _ ,| 1 [2(r*~15ay-36a")
Uy (X,t)=In{—-—+———""coth*| — (x—At)
12a 36 12a y)

However, for R > 0, the solutions are

y _F-tsay-3a® [ 1 J 2(a* ~11a° - 60 3080 + 784)
A

Uy (x,t)=1In (x—At) |¢,

20 36a’® 12a



L. Wazzan

and

2 _ 3602 2(a* -11a® —6a” —308c + 784
r L7 15ay — 36« cot? 1 \/_ ( )

1) =1 —
U (x,t)=1In 12a 36a 12a 2

(x—A4t)

According to second set, notice that 11y° — 78ay —504a* =11a* — 340 — 9520 +8624 >0 and
3y? —16ay —144a* > 0, using the numerical value of «, and for R <0, we obtain the solutions:

2 I 2(11y% —78ay —504a? )b
(X,t):ln o 558 tanh? i\/_ ( ) 2 (X—/lt) ’
1200 11y% —78ay —5040° 6o 31
y 55802 1 | 2(11° -78ay-504a* )b,
Us (X,t) =In{————— ~coth?| =, /- (x=At) ;.
12a 11y° -78ay —504a 6 31
However, for R > 0, we obtain the travelling wave solutions:
2 I 2(11y° —78ary —504a° )b,
o (1) =t et LJ ( P
120 11y° —78ay —504c 6 31
and
y 5580 1 |2(117* ~78ay -504a” )b,
Ug (X,t) =Inq——+— —cot? | — (x=at) |},
12a  11y° —78ay —504a 6 31

where b is given in 2).
According to The third set, notice that 7> —6ay —1116a> > 0, using the numerical value of «, we obtain
the soliton solutions, for R < 0,

~11 (72 +810ay +25668a° | 1 (7°-6ay —1116a°
Ug (X,t)=1In — - —
3596 36 36

248

xtanhz[ﬁ(x—ﬂt)]— 3ay cothz[\/ﬁ(x—ﬂt)]}

4(y* -6ay -1116a")
However, for R > 0, we obtain the travelling wave solutions:

— 72 — —2 —2 a—— >
Um(X,t):In{ 11 (}, +810ay + 25668 j+ 1 (}/ 6ay —1116& J

3596 36> 248 36>

xtanz[x/ﬁ(x—/lt)]+ 93ay cot? [x/ﬁ(x—lt)]},

4(7* -6ay -11162° )

where, R is given in 3).

Note that, uy, Uy, usz and uy are also obtained by Wazwaz using the tanh-function method in [2]. Other solu-
tions are not reported in [2].

Sets of solutions in 4)-6) will give complex solutions.

2.2.2. The Liouville Equation
As stated before, if q=r =0, p=1 inthe Zhiber-Shabat Equation (1), we obtain the Liouville equation:

u, +e" =0.
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Using the wave variable &=x-At, we get

—cu,, +e' =0. (12)
We again use the Painleve property:
u=Inv,
to transform (12) into the ODE
( w” (v) )+v = (13)

Considering the homogeneous balance between w” and v* in Equation (13), gives m = 2, and using the
modified tanh-coth function method, we suppose that the solution of Equation (13) is in the form:

b
V(X,t)=v(§):a0+alw+%+azwz+W_22.

Proceeding as before we found:
1) First set

a,=2RA,a =b =h, =0,a,=21,R=R,
2) Second set
a,=a =b=hb,=0,a,=24,R=0,
3) Third set
a,=2RA,a =b =a,=0,b,=24R*,R=R,
4) Fourth set
a,=4R1,a =b =0,a,=21,b, =21R* R=R,

where R is free parameter. Recall that u(x,t)=Inv(x,t).
According to the first set we obtain the solutions:

A

U (x,t)=In{22R (L coth? [=R (x- 1) )}, R <0,

Uy (x,t) = In{24R L+ tan* [ VR (x- 21)
R

)
(x=21)))

U, (x.t) = In{24R 1+ cot’

22
Us (x,t)=1In {m} R=0.

According to the third set we obtain the similar to the solutions of the first set.
According to the fourth set we obtain the solutions, R <0,

Us (x,t) = In{ZAR(l—tanhz[ﬁ(x—ﬁt)]—cothz[ﬁ(x—ﬂt)])},
and if R > 0, then
u; (x,t) = In{2&R(1+tan2[x/ﬁ(x—/lt)]+cot2[x/ﬁ(x—/it)])}.

Note that, u; and u, are also obtained by Wazwaz using the tanh-function method in [2]. Other solutions are

not reported in [2].
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2.2.3. The sinh-Gordon Equation
As stated before, if r=0, g = 1, p = 1 in the Zhiber-Shabat Equation (1), we obtain the sinh-Gorden equation:

u, +e"+e" =0.
Using the wave variable & =x-At, we get
—cu,. +e' —e =0, (14)

Using the Painleve property, Equation (14) is transformed into the ODE

—c(w”—(v’)z)+v3 —v=0. (15)
The balancing process gives m = 2. We can suppose that the solution of Equation (15) is the form:
v(x,t):v(g):ao+azwz+%. (16)
Following the same analysis presented above, we obtain:
1) First set
+1 1
=0,a,=24=—,b,=0,R=1—.
% 2 R’ 22
2) Second set
1 1
a,=0,a,=0,Db =+R,R=+—.
0 2 2 2/1
3) Third set
+1 +1 1 1
=—,a,=2A=—,b,=—— ,R=2—.
AP 4R 322 84

According to the first set, and for R < 0, we obtain

ul(x,t):ln{tanh { (x—At) }},/bo,
uz(x,t):ln{—tanh { (x- t}} A <0,
us(x,t)=ln{coth { (x—A4t) }},/1>0,
t)

A
u4(x,t):ln{—coth { (x=2 }/1<0,
A

for R > 0, we obtain

}
us(x,t):ln{tan { (x—At) }},/1>0,

u6(x,t):ln{—tan { (x- t}} A<0,
u7(x,t)=ln{cot{ (x—At H,bo,
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Ug (x,t)=In {—cotz N%(x—/lt)}}, 1<0.

According to the second set, we obtain similar solutions to the solutions of the first set.
According to the third set, we obtain, for R <0, 1 >0,

1 1 11 1 1/1
ug‘m(x,t):In{ii[ﬁitanh{i a(x—/u)}+§coth{§ ﬂ(x—/lt)ﬂ},

forR <0,
1 1 1 /-1 1 1 /-1
ull(x,t)zIn{—§[1+5tanh{5 ﬁ(x—lt)}+§coth{z /ﬂ(x—ﬂbt)D},
forR >0,
1. 1 11 1 11 1
ulz(x,t)zln[—z(l—ztan{z ﬁ(x—/lt)}—gcotz{z a(x—ﬂt)_}],
and for R > 0,

1 1 1 /-1 1 1 /-1
t)=In| =|1-=tan’| =, |—(x—At) [-=cot?| =, [—(x— At

Note that, u; and us are also obtained by Wazwaz using the tanh-function method in [2]. Other solutions are not
reported in [2].

N—

2.2.4. The Dodd-Bullough-Mikhailov Equation
Ifp=1,q=0, r=1inthe Zhiber-Shabat Equation (1), we obtain the Dodd-Bullough-Mikhailov equation:

u,+e" +e =0,

and by using the wave variable &=x-At, we get

—cu,. +e' +e ' =0. (17)
We use the Painleve property:
u=lInv, (18)
to transform (17) into the ODE
—c(w" - (v')2 ) +v¥+1=0. (19)

Considering the homogeneous balance between w” and v3 in Equation (18), gives m = 2, we can suppose
that the solution of Equation (15) is the form

() = B awe s e
v(x,t)_v(g)—ao+a1w+w+a2w o (20)

Proceeding as before, we get
1) First set

1 3
8= 8=b=b=02=21R=""

2) Second set

1_i
L V3

1 37272
a =—(—E:FE\/§j,a1:b1=b2 =0,a, =24, R:Zi.

2 A
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3) Third set
1 3
=—,a=hb=a,=0b,=—,R=—.
& > a=b=a, 2= 3 a1
4) Fourth set
1_i 1_i
330 5) 0 p a0 0272 37272
REETEC RIS e i I T
5) Fifth set
1 9 3
=—=,a=hb=04a=24,b,=—— R=—+
B=pash 2 21284 161
6) Sixth set
1_i i
a —1[3+1J§j =b, =0,a,=24,b —_—9—?5@ R—i_ﬂr?/5
T2V ) RO 128 4 T 16 4
According to the first set,we obtain the soliton solutions:
1 1 /-3
u (x,t)=In<=1-3tanh®| = [—(x—At) | |}, 1 <O,
and
1 1 /-3
u, (x,t)=In{=|1-3coth?| =, [== (x=at) | |}, 2 <O,
for 4 > 0, we obtain the travelling wave solutions:
1 1 [3 |
U, (x,t)=In{=| 1+ 3tan?| = [=(x - At ,
and
1 (1 [3 |
u, (x,t)=In{=| 1+3cot? —\/: x—At) ||t
4 (%) {2{ E 2 )}
According to the second set, we obtain the solutions
1( 1_i 1
Ug(x,t)=In{=| —=F=+/3 || 1-3tanh® , A <0,
s (x1) 2( 272 j 2
and
1 1_i 1
Ug(x,t)=In=| —=F—+/3 || 1-3coth?| = , A <0,
(%) 2( 2% j 2

for 2 > 0, we obtain the travelling wave solutions:
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u; (x,t)=In

and

Ug (x,t)=1In

According to the third set and fourth set, we obtain similar solutions to the solutions of the first set and second
set, respectively.
According to fifth set, we obtain, for A <0, the following solutions

U, =In 1 3tz | L _—3(x—/1t) Seom?| L _—3(x—/1t) ,
4 2 4\ 2 2 4\ 2

for > 0, we obtain the travelling wave solutions

U =In {_71(1—%%2 B\E(X—M)}gcotz {%E(X—M)D}

According to sixth set, for 2 > 0, this in turn gives the solitons solutions:

Upygo = In

Uiz1g = In

The solutions ug, Us, Us, Uy, Ug, and Uy are also obtained by Wazwaz using the tanh-function method in [3]. Other
solutions are not reported in [3].

2.2.5. The Tzitzeica-Dodd-Bullough Equation
This equation can be obtained if we set p =0, g = —1, r = 1 in the Zhiber-Shabat Equation (1), and by using the
wave variable & =x-A4t, we find the Tzitzeica-Dodd-Bullough equation:

—cu., —e ' +e™ =0, (21)
suppose that
v=et, (22)
or equivalently
u- m(lj. (22)
v
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By using (23) we can transform Equation (21) to
c(vv"—(v')z)—v3 +vi =0. (24)

Considering the homogeneous balance between w” and v* in Equation (24), gives m = 1, and by using the
modified tanh-coth function method we can suppose that the solution of Equation (24) is the form:

v(x,t)zv(g):ao+aiw+g. (25)
w
Proceeding as before, we get the following set of solutions.
1) First set
1 -1 1
=—, =T, [—, = 0, ﬁ = —_—
% 2 4R b 4R
2) Second set
-1 1
—,a=0b=%|— 1=—
% b 4R 4R

3) Third set
1 -1 [-R 1
a, =—, = ’ =t Vﬂ’:
0= & T\ 16R b 16 16R

According to the first set, we obtain the solitons solutions

R l+tanh{x/—li(x41Rtjﬂ 0
and
0, (xt)=In 2 . JF«O.
1icoth{ﬁ(x—mtﬂ

for R > 0, we obtain the solutions:

Us (1) =In 1+itan {\/;(X_zllRtH |
and
- 2 .
1iicot{\/§(x_41RtH

According to the second set, we obtain the solutions

2

1i;(tanh{ﬁ (X‘mlRtH”Oth{ﬁ(x_mlRtm

Ugo (X,t)=1n
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For R > 0, we obtain the solutions:

2

o e Pl

Uy, (X, 1) =1In

According to the third set, we obtain the solutions

Ujz14 = Ug1gs U516 = Upgp-

The solutions u,,,U,,,Uss and u,, are also obtained by Wazwaz using the tanh-function method in [3].
Other solutions are not reported in [3].

3. Conclusion

The Zhiber-Shabat equation, and the related equations: Liouville equation, sinh-Gordon equation Dodd-Bullough-
Mikhailov equation, and the Tzitzeica-Dodd-Bullough equation were investigated using a modified tanh-coth
method. New travelling wave solutions were established. The modified tanh-coth function method is a robust
computational tool for obtaining exact solutions for the nonlinear Zhiber-Shabat equation, and the related equa-
tions. It is also an encouraging method to solve other nonlinear evolution equations.
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