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Abstract

We present the numerical method for solution of some linear and non-linear parabolic equation.
Using idea [1], we will present the explicit unconditional stable scheme which has no restriction
on the step size ratio k/hZz where k and h are step sizes for space and time respectively. We will al-
so present numerical results to justify the present scheme.
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1. Introduction

A number of difference schemes for solving partial difference equations have been proposed by using the idea of
methods of lines [2] [3]. The scheme is required the condition of step size ratio hLZ <c¢c, forsome constant c,,

where k and h are step sizes for space and time respectively. We [1] [4]-[6] have proposed some explicit scheme
and overcome this problem. The problem considered in this paper is linear and nonlinear parabolic problem
ou(x,t)

— a{u(x,t)}I D?*(u(xt)) (1=0,2,4,-,a:positve constant), (1.1)

(x,t)eQ:{(x,t);O<x<1,0<tstF},

with the initial Dirichlet boundary condition
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f(x) (x,0)eoQUQ
u(x,t)= () (x0) (1.2)
0, (0,t),(Lt)eaUQ.
where we set
_ 0
D=—. (1=123,- 1.3
We propose the difference approximation to (1.1) where the step size ratio is defined by
c =%. (k=1, c is any positive constant) 1.4)

The outline of this paper is as follows. In 82, by using idea of methods of lines, we present the explicit
difference approximation to (1.1). In §3 we study the truncation errors of our scheme. In 84 we study the
convergence of the scheme with the condition (1.4) and we will show that our scheme converges to the true
solution of (1.1). In 85 we study stability of the scheme, and we will show that our scheme is stable for any step
size k and h with the condition (1.4). In §6 we show some numerical examples to justify our methods.

2. Difference Scheme

In the same way as in [1], we will approximate (1.1) by replacing the derivative for space and time in the
difference operator

;%Au(x,t), (2.1)

where O is the central difference operator, A forward difference operator. We denote the approximation to
(1.1) at the mesh point (x,t) = jh,nk)

We set
2l
Lg(xt)={g(x0)}". 22
We define the difference approximation to (1.1) by the following scheme.
If |uj|<l.
Then we set
n+l n ac n n n
u; =uj+rmd>(uj_l,uj,uj+1). (2.3)
If ‘u”zl.
Then we set
n+l n ac n n n
oy ———@(u",,u’,u",), (2.4)
! : 1+2aéL(uJ”) ( = Jl)
where
n n n n ! n n n
(D(ujfl,uj,um):{uj} {uH—Zuj +uj+l}. (2.5)
The step size € in (2.3), (2.4) is defined by
. kl+p
C= h2 . (p>0) (2'6)

If we set
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u”

<1

n

u; >1.

-

J

Then, from (2.3), (2.4), we have

n+l n ac
1 2aél:(u?)q)(uJ ] u”l)

3. Truncation Error
We define the truncation error T ( jh,nk) of (2.8)

1+ 2a6[(u(jh,nk)))

T(jh,nk):u(jh,(n+1)k)—{u(jh,nk)+(

d)(u((j—1)h,nk),u(jh,nk),u((j+1)h,nk))},

where, from the definition of (2.7), we have

) 1
L(u(j,n))z{L(u(Ln))

By Taylor series expansions of the solution u( jh,nk) of (1.1), we have

u”

HES!

u”

i >1.

T (jh,nk) = ku, ( jh,nk)+0(k?)

v zact () P OF (6 (=) =2u( i) (1)

ak u(jh,nk)} u, (jh,nk)

(1+ ZaGE(u(jh,nk))){{ (
+%{u(jh,nk)}l uxxxx(jh,nk)+0(k3)}.

From (3.3), we have

T(jh,nk):k{(

=ak {u(jh,nk)} u, (jh,nk)-

2a%¢L(u( jh,nk))

1+2acL (u( jh,nk

B ak’
12¢(1+2a€L (u( jh,nk))

))}{u(jh,nk)}' u, (jh,nk)

){{u(jh,nk)}' U (107K +O ().

If we set
p=min{p,1},
and
B K(2+A)
€= 7

Then, from (3.4), we have the following result.
Theorem 1. The truncation error of the difference approximation (2.8) to (1.1) is given by

@.7)

(2.8)

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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T (jh,nk)=ak“w( jh,nk), 3.7)
where
2acL(u( jh,nk))

w( jh,nk) = (1+2aél:(u(jh,nk))){u(jh,nk)}' U (jh,nk)
(1-5) 1 - ! - 8
B 12¢(1+ 2aé[(u(jh,nk))){u(m’nk)} U 1. 1K),
where p and € are defined by (3.5) and (3.6) respectively.
4. Convergence
In this section, we study the convergence of the scheme (2.8). We set the approximation error by
e( jh,nk)=u(jh,nk)-uj. (4.1)
We use the abbreviation's
el =e( jh,nk)
T(j,n)=T(jh,nk)
u(j,n)=u(jh,nk)
From (2.8), (3.7), (4.1), we have
ef* =ef +g,(j,n)®(u(j-Ln),u(j.n),u(j+Ln))
~g,(j,n)® ( ", ul+1)+T(j,n+1)
=)+ (0, (1) 8, (3.m) @ (u(i ~L.n) u( i) u( +Ln) 4
+gz(j,n){cD(u(j—1,n),u(j,n),u(j+1,n))—cD(u] Ul uM)}+T(j,n+1),
with
gdi-“FWm'
(4.3)
0. (In) =
1+2acL (uf)
From (2.5), we have
O (u(j-1n),u(jn)u(j+Ln))={u(j }{ (i-Ln)—2u(j.n)+u(j+Ln)}, @)

—h?{u <Jn>} (in)+o(h?),
®(u(j-1n)u(jn)u(i+1n))-o(ul,ufu,)
=u(i.n) {u(i-Ln)-20(jn)+u(iLn) - (u) fur? —up +u,)
{ ) =(u5)' [ {u(i-Ln)-2u(in)+u(j+Ln)) 4.5)
(i-tn)-2u(j, )+U(J+1n))( ~uj+ul,)|
=hz{u<j,n>'—<u?>'} et ) ()0
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We set the initial conditions of (4.2)

& =0, (4.6)
e, =T(j.1). (0<j<1/h)
Form (4.2), (4.4), (4.5), (4.6), we have
e =e]+ {u(i.n)} (g,(3.n) -9 (1.m))hu, (i.n)
+gz(j,n)h2{{u(j,n)'—(u?)l}uxx(j,n)+{u;‘}lexx(j,n)}+T(j,n+1)+O(h“)
4.7)

=ef g, (mu (i)' - 0. (5.m)(u]) fu (30)
+h2g, () {u7} e, (1.n)+T (i.n+1)+0(n*).
From (4. 7) we have
=020y (3, (3 1) (24T (35))+ W20 p, (3,1) D? (44T (§,5))+ 2T (3,1)+0(h*)
=227 py (3,0 uy (J1)ak (ZLw(].5)) +h2Ei k7 p, (J.1)akD? (24 w(j.s)) (4.8)
+ak(l“3)2,”:lw(j,|)+o(h4),

with
p (i) ={u(in)} o (i) -{ul} g, (4.9)
p,(j.n)= { } — (4.10)
1+2ac{u]”}

We study the coefficients of (4.8)to 1>2.
Firstly we consider the case

\uﬂ\ >1, (4.11)
We set

(4.12)
Then from (4.3), (4.12), we have

k? fu(j,n)V L(J,n)=k = 2l
tu(imf e (i) 1+2ac{u(] n)}(l) & 1+2ac{u(] n)}( ) 413
:{6}' a{clu(j’n)}
Y 14 2afeu(jn)®
kf’{U?}l g,(i,n)=k” aC{NU?}:I)(zu) ={¢} a{q}i{u”::)
1+2ac{{uj}}I 1+ 2ac{u } (4.14)
I 0
={G} W

We have the equation



M. Nakashima

| afeu(in)”
(1+ 2a{61u(j,n)}(2'))

<1,

a{éluj”}(l)
( = m@\ T
1+2a{cluj} )
From (4.13), (4.14), (4.15), (4.16), we have

|7 py (J.)| Sﬂ{u(j,n)}' gl(j,n)‘+ {u?}l 9,(j.n)

)s 2(c}".
If we assume
u(xt)eC”(eQUQ).
Then we have
d"u(x,t)

PR K. (i,j=0123)(K:constat)  (x,t)e(cQUQ)

From (3.7), we have
|T(j,n)| =ak®”

W(j,n)|

2acL(u(j,n))
‘(1+ 2acL(u(j,n))

=ak™?)

){U(J:n)}' Uy (J:1)

_k2) 1 ){U(j,n)}l Ueee (1,1

12¢(1+2acL(u(j,n))

_ oo |__2acfu(j, )y o) u (Jan)

‘(1+ ZaC{u(j,n)}(Z'))

1

Kk(7)
120(1+ 2ac{u(j.n)}

(2|)) {u ( j’ n)}l Usoox ( j' n)

<ak™c,  (jh.nk)e(eQUQ)
with

C = {ZacK(z') +ik<”’>} K,
' 12¢

From (4.20), we have

ST (5] = =,k [w( j, )| <ak®nC,,  (jh,Ik) e (QUoQ)

where C, isdefined by (4.21).
We have from the condition (1.1)

nk <tg.

From (4.17), (4.20), (4.23), we have

()

(4.15)

(4.16)

4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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h?20 3 oy (5 ) U (3| (Z4 [T (35)])
<h?zyak™”InC, | py (J.1)u, (J.1)] < %z,”;fzacl {t-}K {%}(I) (4.24)

S%{IF}ZQK{C@)}U), (ihIk)e(QUaQ)

where C, isdefined by (4.21) .
In the same way to (4.16), from (4.10), we have

b ks el || afeur)”
[k?p, (.n)|= |k W':(“T)‘{Cl} W
, (4.25)
< {61 (')‘ a{élul;} {61}(')
1+2afcu))”
From (3.8), we have
2 ; 2 ZaC{u(j,n)}(ZI) ; U] :
D , =D , B
[W(J n)] {(1+2a€{u(j,n)}(2')) {U(J n)} u (J n)
(4.26)
KO fu(j,m)}™ N
12c(1+2a6{U(j,n)}(2|)){U(Jln)} i
After some complicate computation, we have
D? 2ack, (u(iin (i.n)} (i.n)
(1+2ac{ (i, n)
WO yee— %0 ) (.27)
(1+2a6{u(j,n)} )) (1+2ac{u( }2'))
Gs (J,1) u ;
XXXX J’n 1
+(1+2a6{u(j,n)}(2')) (30)

with

9, (j.n)= 2ac{3lu (i.m){u(j, n)}3” 331y, (j,n)}z{u(j,n)}(S'_z)
(] n)}5I1 +21 (51 -1)ac{u, (j,n)}z{u(j,n)}(s"z)
(in)

¥

j.n }5Il +6acl (31 -1){u, (j.n )}Z{U(j,
()" +da? (6 151 -1){u, (1)} {u(in)) "
- 241 ac{ in }Z{U(J 0 }5I -2) ~161%a* (¢ } {UX(j.n)}z{u(j,n)}(ﬂfl)},

G (.n)= 230{3qu(j,n){u(j, ) 4 2acl {u, (j,n))° {u(j,n)}m—l)}’

()

+2alcu,, (j,n){u
+6aclu,, (j,n){u
a1,
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95 (J.n)=2ac{u(], n)}(gl).
From (4.27), we have

<c,  (jhnk)e(eQUQ)

with

(4.28)

C, = 2ac{(L+61 +3I[3l -1 K +(10a€| + 2al[5l -1 ¢ +6ac |31 1|+ 24a1%¢ ) K

+(4a%16% + 422162 |51 - 1] +162%1%62 K 7L
511

From (4.26), we have

u(j,n @) I
D? {(J'—)}(z”{u(j,n)}() U (§:1)
( )

1+2a¢{u]}

N YO N YU, N P
(t+2ae{u(im)}™)  (1+2acfu(in)™)
(

G (.0 4 (1)
e R T
with
@ (3m) =t fu ()l + 10 -2 fu, ()} fuim)p™
—2alcu,, (j,n){u (i)} —2acl (31 -1){u, (j,n)}* fu(§,n)* 7,
G (J.n)=8ac1? {u, (f,m)}" {u(j,m)}™ ™ ~162%%2 {u, (j,m)}" {u(j.n)}™”
o (1.m) =1, (mfu(im}™ - 2actu, (mfuCim) ™,
o (3on) = 2cfu(jn)}".
From (4.30)
DZ{(H{;e({:’(nj),}r:))}(“’)UW(j n)} =& (hmoseb
with

Cy = {1+ 21+ 1|(1-1)[} K" + {4ac] + 2a¢1[3 1| +8acl®| K +16a%1°6°K ™.

From (4.26), (4.28), (4.31), we have
(1-5)
|D2[W(j,n)]|£{cz+k17c3} (jh,nk)e(0QUQ)

From (4.25), we have

()

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)
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h?zt {pz(j,m)z's“lez[T(j,s)]}:hzak(l*f’)zﬁ;1 { } e :1D2[W(j,s)]
(1+ 2ac{ ;“} )
(4.34)
=h?zr? kp%akzg‘l D*[w(j.s)]}-
(l+2ac{ J} )
From (4.25), (4.33), (4.34), we have
s {. (1m)=2,0% (1 ()]
kz” 416} ks, 2[w(j,s)]|s%(n{q}')akz;11[02 . kl(;;’) 03] (4.35)
a. . ) Kk(3-5) )
SE{CI} {t-} [CﬁEC j (jh1k)e(QUoQ)
where C, and C, are defined by (4.29) and (4.32) respectively.
From (4.20), we have
= [T (J)] = ak? [=rw( ], |)| <akz K’ [w( )| .
<ak”{t-}C,+0(k*),  (jhlk)e(eQUQ)
where C, isdefined by (4.21).
From (4.8), (4.20) (4.24), (4.35), (4.36), we have
[ (3 ) (1) |(2L1 i.s))
+h2x ) pz(j|){ }+Z,”1 +O(h“)
< %{tF 1@ ek {e)" +%{tF 5 (cz +%:)c3]{61}' @30
+ak’t.C,+0(k?*), (jhlk)e(QUQ)
where C,,C, and C, are defined by (4.21), (4.29) and (4.32) respectively.
We set the maximum norm of the function e}
E"ll = max,. ;. (€] (4.38)
Then, from (4.37), we have
E" <2—:{ }‘2)C1K{61}('>+%{61}' {tF}Z(cz+%:)03J+akﬁthl+o(k2). (4.39)
From (4.39), we have
lim,_,[lE"[=0. (4.40)
Finally we assume
THESH (4.41)
Then, from (4.3), we have
9,(i,n)=9,(j.n). (4.42)

From (4.9), (4.42), we have
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[pu (3] = fu i)} o, (i)~ fug ) 92 (i)

ac | | 0 (4.43)
. n [ .
= m{{u(],n)} —{uj} } <ac{K}". (jhlk)e(eQUQ)
In the same way to (4.14), we have
' ac{u?}() 4.44
= < . .
[P2 (Jon) 1+2ac | ¢ (4.49)
From (3.8), we have after some computation,
D% {w, (j.n)u, (3.n)}|<C, (jh.nk)e(6QUQ) (4.45)
with
2ac 5
C, =———{Il -1 +31+1} {1+ —— k" P>}K<'“). 4.46
¢ (1+2a€){| I+ +}{Jr24acz (4.46)
From (4.8), (4.20), (4.43), (4.44), (4.45), we have
e} <h°213 by (1)U (1.1 ak ™ (L w( i) |
+h°5 s p, (5.1)ak D2 (2, w( ], s))‘+ak(“f’)2|”:l|w( j.+o(h*)
k S k : : (4.47)
< (EJZF_faCk” {K}( ) a{t:}C, +(Ej s acak ) D? (Eg‘:lw( i, s))+ ak™?)nc, +O(h4).
<a?{t. )P (K" ek +at {t.)? C k7 +ak” {1} C, +O(h*). (jhIk)e(aQUQ)
where C, and C, are defined by (4.21) and (4.46) respectively.
Then, in the same way to (4.40), from (4.47), we have
lim,_,, [E"| =o0. (4.48)

We study | = 0. In the almost same way to (4.47), we have
<at{t. )P ckP+ak? {t.}1C +0(h*).  (jhlk)e(eUQ) (4.49)

where C; and C, are defined by (4.21) and (4.46) with | = 0 respectively.
From (4.49), we have

n
&

lim,_, [E"[[=0. (4.50)

From (4.40), (4.48), (4.50), we have
Theorem 2. Suppose that for h, and k;, there exists positive numbers j(h) and n(k;) such that

j(h)h > xe[0,1](i—>») n(k)k —>te[0,t.].
If the solution u(x,t) of (1.1) satisfies conditions (4.18). Then, the approximation u}‘ generated by the
scheme (2.8) converges to the solution u(x,t) of the differential Equation (1.1).
5. Stability

In this section, we study the stability of the numerical process (2.8) and define as follows.
Definition: The numerical processes {Y” € Rn} is stable if there exists a positive constant K, such that

Y <K,,

where ||.| denotes some norm and the constant K, is depends on initial value.

()
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We prove that the scheme (2.8) are stable in mean of the von Neumann.
We set

x= jh.
Then, from (4.7), we have
e(x,n)=h*zk? py (%, 1)y, (x1)ak(Zi,w(x,s))
+ 37k p, (x,1)akD? (Z'S:lw(x, s)) (5.1)
+ak™?z] w(x,s)+0(h*).
From (5.1), we have
D® {e(x,n)} =h’z7k” {(D(Z)(pl(x,l)))uxx(j,l)k(ZL:lw(x,s))
+p, (%) (D g (x,1) ) (Ztaw(x,s))+ pi(x,1)u, (x,I)k(Z'S,lD(Z)(W(x s)))
( B, (% 1)) (D (U (x1)) )k (ZLaw(x,5)) + (Dpy (x,1))uy, (X, 1)k (ZLD (W(x,5)))
+py (%, 1) (DU, (%, 1))k (ZLD (w(x, s))))}+2,"jk"{(D pz(x,l))k(zs:l(D 2)(w(x,s)))
+2(Dp, (X, )k(z'Sl I (w( )))+p2(x,l)k(z'sle(“)(w(x,s)))}

+hE2)gn (D(z) (x, ))+O(h4)

(5.2)

where p,(x,n),p,(x,n) and w(x,n) are defined by (4.9), (4.10) and (3.8) respectively.
If we assume (4.18) on the solution u(t,x) of (1.1), Then,in the same way to (4.31), (4.33), (4.45), we have

2 (D py (x,1) u (x, 1)k (2w (x s))‘<C
2 .lel(x'l)(D uxx(x,l))k( 1WXS)‘
ZZF;fpl(x,l)uXX(x,l)k(z'szl(D( )(W( )‘ <C,,

\hZz,ﬂ:; D(pl(xl)))(D(u (x1)))k(taw(xs)) <Cs,

u(Dpl 1)k(ZLD(w(xs)))|<Cs, (5.3)
i (x| x1)) k(E's ,D(w s)))‘ (o
57k7 (D®p, (x,1) ) (z (D (w( )) C.,

z“ln_llkp Dpz ( (D(3 ))‘ Cs,

Z,’“llk”pz(xl)k( (D (w(x, ))))‘<c (x.Ik) e(2QUQ)

for some constant C,.

From (5.2), (5.3), we have the following result.

Lemma 1. If we assume the solution u(x,t) of (1.1) satisfies (4.18), Then there exists the constant C,
such that

J)<Ce (x k) e(eQUQ) (5.4)

with C, =6C,, (5.5)
where C, is defined by (5.3). From (2.8), we have
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| ac

n+. n ac n n n n n n ac n n n
ulE +Wﬁ(u;‘)®(ujl’uj'um) +‘1+2(:1(”:|:(U(J'h,nk))q)( o) 1+2acL(uf) (45-2:05 )|
(5.6)
We set the maximum norm of the function u;'
i U7 | (5.7)
We have the inequality
n ac
Y +1+2ac|:(u?)®( ot UM)
n ac m!
~| +1+2acI:(U';){UJ} { 2 +UH1}
n n ] (5.8)
., ac{u} y | acfu)’ o acfur}
- 1+2ac[(u?) ! ‘1+2acl:(uj”) = 1+2ac[(u?) i
ac( [} |- {ur} |
<[U"|[+2 _ n
1+ 2acL (uf)
From (1.1), we have
{u?}'zo
From (5.8), we have
LY (L TLATL n _
u; +1+2ac|:(u;‘)q)(u’1'u"u“1) <|U|. (5.9)
From (2.8), we have
ac ac n n
m@(ujl UJ UJ+1) m@(ujl UJ uJ+1)
1 1 n n n
_ac{1+2aélz( f‘)_l+2ac|:( W)}q)(ul—l ujuf.y)- (5.10)
2 ¢)L
=(az)(uzacf(C ;:()1+(:;2L( )){”?}I{ fa-2u+ul, g,
and
{”?—qu?+U?+1}:(”(j_1'n)_ ' ) ( (in)- e) ( (j+1,n)—e;‘+l)
(5.11)
=1 (u,, (j,n)—e, (j.,n))+0(h*).
From (5.10), (5.11), we have
Ldb(u UU)L(D(u uu)
1+2acL(u" PRI 4 2acl (u” T
] (el ) -
2(c—¢)L(uf ) _ _
O o o -0

()
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Firstly we consider
[=0.
Then from (5.9) and (5.12), we have

u?+1 < Un

+C.k +o(k2), (5.13)
with
C, =(2a%)(c-¢)(K +Cy). (5.14)

where K, C, are defined by (4.19) and (5.5) respectively.
From (5.14), we have

U"[<Cte +0(k). (5.15)
Lastly, we consider
>2.
From (5.12), we have
ac "uut ) e—2  _@(utun "
e zaec ()]0 e () )
o 1 ZaCE(u?) N N ,
7|ple-e (1+2acE(u?))(1+2acE(U?)){uj} (i) - ()oY
<l 0 ~
Ko eviero| (&F U} 2acL (uj) e (i mNaofh?
acle-o)al [(Hzaca(uy)) (t+ 2ack (u)) balhm-enm)rofi). - 629

Firstly, we consider the case ‘u;“ >1.
Then from (5.16), we have

ac

CD(u;‘,u].”,u?ﬂ)—mq)(u?,u?,u?ﬂ)

aciu® @)
{ e ( ))J(”w(j'“)exx(i,n)+0(h2)), (5.17)

c (1+ Za{C(l)uT}( l)) (1+ 2ac{u?} ?
- m® (21)
3 . 2ai¢u’ 2aciu’ ) ) )
< ZLC(C C){cl} " {~ J} () { J}n @) (Uxx(]vn)_exx(an)+0(h2)) Uj .
(l+2a{c(1)u;‘} j (1+ 2ac{uj} )
We have
-~ m® n 2
el || el | -
‘(1+2a{c(1)u?} (1+2ac{uj”} )
From (5.10). (5.17), (5.18), we have
n n n n n n 1 n
m@(uj_ﬁuj,uj+1)—m€b(uj_l,uj,um) S[Ekcs +O(k2)j UJ- ) (519)
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with

(1K)
Gk’

where Kand C; are defined by (4.19) and (5.5) respectively.
If 0<k<1, Then we set

(K+Cs),

p= Iogk(l—(\/E)Sl). [O<Sl <@]

From (5.21), we have

If k>1, Then we set
pzlogk(1+(«/5)82). (0<S2 <MJ

From (5.23), we have
(k-1 s,

Vel re(Ve)s,)

From (5.22), (5.24), we set

S
——— (K+C;) (0<k<1)
TR
o S
——2____(K+C,), (k>2).
(1+(e)s:)

where S, and S, are satisfy (5.21) and (5.23) respectively.
From (5.6), (5.19) and (5.25), we have

ul s(1+gc9+o(k2)] U,
and we have the following result
U s[l+gcg+o(k2)] u"|.
From (5.26), we have
u" segcwj |,

where C, is defined by (5.25).
u? <1, from (5.12), we have

Secondly, in the case

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)
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ac ac
2 . .
- )CI L+ 2a£:C 1C+)2ac) n fu} (e (5m) - (i) +O (1))
From (5.28), we have
ac ac
m@(uj 1,u UJ+1) mq)(u, 1,U Uﬁl) 10 |U (5.29)
with
Cy =2a°|(c—€)|(K +Cy), (5.30)
where Kand C; are defined by (4.19)and (5.5) respectively.
In the same way to (5.26), we have
| " < eCte) |y 0|| (5.31)

where C,, is defined by (5.30).
From (5.15), (5.27), (5.31), we have
Theorem 3.

If the solution u(t,x) of (1.1) is analytic on the region 6QUQ then the difference approximation (2.8) to
(1.1) are stable.

6. Numerical Example

Lastly, we study the numerical test in the following non-linear Equation .

2
au(xt) _ {u(x,t)}z 0 ugx,t) 6.1)
o0°X
and the initial and boundary problem given by,
4x? [0 <x< 1)
u(x,0)= 2
4(1-x)*, (%s X sl} ©2)

u (0,t)=u(1,t)=0.

Applying the difference Equation (2.8) to (6.1) with (6.2), we have the the numerical results in Table 1 and
Figure 1, Figure 2.

Table 1. (x = 0/100, 2/100, 20/100, 50/100, 70/100, 98/100), (t = 0, 2/100,
10/100, 20/100, 50/100).

x 2h 20h 50h 70h 98h
r 0 04E£-3 0336E£+0 0.1£+1 0.384E+0 04E-3
) 04FE-3 0.336E+00 0.997E+00 0.384FK+00 0.4F£-3
t 10 04E-3 0.336E+00 0.986E+00 0.384E+00 0.4F£-3
t 20 04E-3 0.336E+00 0981E+00 0.384E+00 04FE-3
50 04E-3 0.336E£+00 0.964E+00 0.384E+00 04F-3



M. Nakashima

0 20 40 60 80 100

Figure 1. Initial data (0 <x<1,t=0).

1 L I I 1 L L I 1 1 1 I 1 1 L I 1

0 20 40 60 80 100

Figure 2. The numerical solution for 0 <x <1, t = 50.

As we see in Figure 1, Figure 2, the initial data diffuses slowly. Here the interval [0,1] is divided into
M =100 with h=— k=~ p=—>
100 100 200
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