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Abstract

In this study, we define (f, p)-Asymptotically Lacunary Equivalent Sequences with respect to the
ideal I using a non-trivial ideal | < P(N), a lacunary sequence =k ), a strictly positive se-

quence p= ( Py ) , and a modulus function f, and obtain some revelent connections between these

notions.
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1. Introduction

Let s,/_,c denote the spaces of all real sequences, bounded, and convergent sequences,respectively. Any
subspace of s is called a sequence space.

Following Freedman et al. [1], we call the sequence ¢ =(k,) lacunary if it is an increasing sequence of
integers such that k, =0,h, =k, —k,;, > as r—o. The intervals determined by @ will be denoted by
I, =(k_4.k ] and g, =k, /k_, . These notations will be used troughout the paper. The sequence space of
lacunary strongly convergent sequences N, was defined by Freedman et al. [1], as follows:

N, :{x=(xi)eszlimr hrlz|xi—s|:0forsomes}.

iel,
The notion of modulus function was introduced by Nakano [2]. We recall that a modulus f is a function from

[0,0) to [0,00) suchthatl) f(x)=0 ifandonlyif x=0,2) f(x+y)<f(x)+f(y), for x,y>0,3)f
is increasing and 4) f is continuous from the right at 0. Hence f must be continuous everywhere on [O,oo).
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Connor [3], Kolk [4], Maddox [5], Oztiirk and Bilgin [6], Pehlivan and Fisher [7], Ruckle [8] and others used a
modulus function to construct sequence spaces.

Marouf presented definitions for asymptotically equivalent sequences and asymptotic regular matrices in [9].
Patterson extended these concepts by presenting an asymptotically statistical equivalent analog of these defi-
nitions and natural regularity conditions for nonnegative summability matrices in [10]. Subsequently, many
authors have shown their interest to solve different problems arising in this area (see [11]-[13]).

The concept of I-convergence was introduced by Kostyrko et al. in a metric space [14]. Later it was further
studied by Dass et al. [15], Dems [16], Savas and Gumus [17], Kumar and Sharma [18], Kumar and Mursaleen
[19] and many others.

Recently, Bilgin [20] used modulus function to define some notions of asymptotically equivalent sequences
and studied some of their connections. Kumar and Sharma extended these concepts by presenting a non-trivial
ideal |

This paper presents introduce some new notions, (f, p)-asymptotically equivalent of multiple L, strong (f, p)-
asymptotically equivalent of multiple L, and strong (f, p)-asymptotically lacunary equivalent of multiple L with
respect to the ideal | which is a natural combination of the definition for asymptotically equivalent, a non-trivial
ideal 1, Lacunary sequence, a strictly positive sequence p=(p, ), and Modulus function. In addition to these
definitions, we obtain some revelent connections between these notions.

2. Definitions and Notations

Now we recall some definitions of sequence spaces (see [2] [4]-[6] [15], and [20]-[25]).
Definition 2.1. A sequence [x] is statistically convergent to L if

lim, l|{k <n:x -L|> g}| =0 forevery >0, (denoted by st—limx = L), where the vertical bars denote
n

the cardinality of the
Enclosed set.

n
Definition 2.2. A sequence [x] is strongly(Cesaro) summable to L if Iimn32|xk —L|:O, (denoted by
N

w—limx=1L).
Definition 2.3. Let f be any modulus; the sequence [x] is strongly (Cesaro) summable to L with respect to a

modulus if |imn%§”;f (J% —L|)=0, (denoted by w, —limx=L).
k=1

Definition 2.4. Two nonnegative sequences [x] and [y] are said to be asymptotically equivalent if

lim, X =1, (denoted by x ~y).
k

Definition 2.5. Two nonnegative sequences [x] and [y] are said to be asymptotically statistical equivalent
L

of multiple L provided that for every ¢ >0, lim, 1 {k <n: X > g}
n Yk
asymptotically statistical equivalent, if L =1.
Definition 2.6. Two nonnegative sequences [x] and [y] are said to be strong asymptotically equivalent of
multiple L provided that
1 n

lim,=>"

Nz

S
=0, (denoted by X~y ) and simply

L L{=0 (denoted by x~y) and simply strong asymptotically equivalent, if L =1.

Yk
Definition 2.7. Let @ be a lacunary sequence; the two nonnegative sequences [x] and [y] are said to be
asymptotically lacunary statistical equivalent of multiple L provided that for every ¢ >0,
kel L
h Yk

> é}
valent, if L=1.
Definition 2.8. Let # be a lacunary sequence; the two nonnegative sequences [x] and [y] are said to be

S

lim, L =0, (denoted by x~9 y) and simply asymptotically lacunary statistical equi-
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strong asymptotically lacunary equivalent of multiple L provided that Iimriz

r kel

Ay

Yi

=0 (denoted by

N
X N y ) and simply strong asymptotically lacunary equivalent, if L =1.
Definition 2.9. Let f be any modulus; the two nonnegative sequences [x] and [y] are said to be f-
asymptotically equivalent of multiple L provided that,
Xy

lim, f
‘ [Yk

Definition 2.10. Let f be any modulus; the two nonnegative sequences [x] and [y] are said to be strong f-

f
J =0 (denoted by X~ Y )and simply strong f-asymptotically equivalent, if L =1.

XL
Nz

n Wt
asymptotically equivalent of multiple L provided that, IimHEZf{ J:O (denoted by x~vy) and

simply strong f-asymptotically equivalent, if L=1.
Definition 2.11. Let f be any modulus and & be a lacunary sequence; the two nonnegative sequences [x]
and [y] are said to be strong f-asymptotically lacunary equivalent of multiple L provided that

Iimrh—Zf{

L=1.

For any non-empty set X, let P(X) denote the power set of X.

Definition 2.12. A family | < P(X) issaid to be an ideal in X if

1) Tel;

2) ABel imply AUBel and

3) Acl,Bc A imply Bel.

Definition 2.13. A non-empty family F < P(X) is said to be a filter in X if

1) TeF;

2) ABeF imply ANBeF and

3) AcF,Bo A imply BeF.

An ideal | is said to be non-trivial if | ={@}and X ¢ 1. A non-trivial ideal | is called admissible if it
contains all the singleton sets. Moreover, if | is a non-trivial ideal on X, then F=F(1)={X-A:Ael} isa
filter on X and conversely. The filter F (1) is called the filter associated with the ideal I.

Definition 2.14. Let | < P(N) be a non-trivial ideal in N-and (X, ) be a metric space. A sequence [x]
in X is said to be I-convergentto & ifforeach &>0,theset {keN:p(x,,&)2e}el.

In this case, we write | —lim,_,_ x, =¢&.

Definition 2.15. A sequence [x] of numbers is said to be I-statistical convergent or S(I)-convergent to L, if
forevery ¢>0 and & >0, we have

Nog, ¢

——LJ:O (denoted by ~ y) and simply strong f-asymptotically lacunary equivalent, if

1
{neN;H|{k§n:|xk—L|25}|25}eI.

In this case, we write x, — L(S(I)) or S(1)-lim,, X, =L.
Definition 2.16 Let | < P(N) be a non-trivial ideal in N. The two non-negative sequences [x] and [y]
are said to be strongly asymptotically equivalent of multiple L with respect to the ideal | provided that for each

>0
Zg}el.
I(w

denoted by x ~ y and simply strongly asymptotically equivalent with respect to the ideal I, if L=1.

Definition 2.17. Let | < P(N) be a non-trivial ideal in N-and @ =(k,) be a lacunary sequence. The two
nonnegative sequences [x] and [y] are said to be asymptotically lacunary statistical equivalent of multiple L
with respect to the ideal | provided that for each ¢ >0

LY
Y

{ne N:L$

Nz
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LY

and >0, reN;i
Yk

{kelr:
h

r

25} 2}/}6 I
(So)

|
denoted by x ~ y and simply asymptotically lacunary statistical equivalent with respect to the ideal I, if
L=1.

Definition 2.18. Let | < P(N) be a non-trivial ideal in N .and @ =(k,) be a lacunary sequence. The two
non-negative sequences [x] and [y] are said to be strongly asymptotically lacunary equivalent of multiple L
with respect to the ideal | provided that for & >0

> g} el
1(Ng

reN ;i >
r kel,

) . . . ) . .
denoted by x ~ y and simply strongly asymptotically lacunary equivalent with respect to the ideal I, if
L=1.

Definition 2.19. Let | < P(N) be a non-trivial ideal in N and f be a modulus function. The two non-
negative sequences [x] and [y] are said to be f-asymptotically equivalent ofmultiple L with respect to the
LY

ideal | provided that for each ¢ >0
keN;f >grel
Y
I(f)

denoted by x ~ y and simply f-asymptotically equivalent with respect to the ideal I, if L=1.

Definition 2.20. Let | < P(N) be a non-trivial ideal in N and f be a modulus function. The two non-
negative sequences [x] and [y] are said to be strongly
f-asymptotically equivalent of multiple L with respect to the ideal | provided that for each ¢ >0,

{neN;lif( ]Zg}el
(wr)

Ni=
denoted by x ~ y and simply strongly f-asymptotically equivalent with respect to the ideal I, if L=1.

Definition 2.21. Let | < P(N) be a non-trivial ideal in N, f be a modulus function and ¢ =(k,) be a
lacunary sequence. The two non-negative sequences [x] and [y] are said to be strongly f-asymptotically
lacunary equivalent of multiple L with respect to the ideal I provided that for each ¢ >0,

LA
f

1
reN;— » f >¢crel
ren (5=
1N/

denoted by x ~ y and simply strongly f-asymptotically lacunary equivalent with respect to the ideal I, if
L=1.

e
Yi

k

LY
Yy

k

3. Main Results

We now consider our main results. We begin with the following definitions.

Definition 3.1. Let | = P(N) be a non-trivial ideal in N, f be a modulus function, and p=(p,) be a
sequence of positive real numbers. Two number sequences [x] and [y] are said to be strongly (f, p)-
asymptotically equivalent of multiple L with respect to the ideal I provided that for each £ >0,

n Pk
neN;lZ{f[X—k—LH >¢rel
n Yk

k=1
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1 W(f\P)
denoted by x ~ y andsimply strongly (f, p)-asymptotically equivalent with respect to the ideal I, if L=1.

1 (wP 1w(fP)

If we take f(x)=x for x>0, we writt x ~ y instead of x ~ 'y and simply strongly p-asympto-
tically equivalent with respect to the ideal I, if L=1.

|(wa) |(W(fvp))
Ifwetake p,=p forall ke N,wewrite x ~ y insteadof x ~ vy
Definition 3.2. Let | < P(N) be a non-trivial ideal in N, f be a modulus function, 6 =(k ) be a lacunary
sequence, and p=(p,) be a sequence of positive real numbers. Two number sequences [x] and [y] are
said to be strongly (f, p)-asymptotically lacunary equivalent of multiple L with respect to the ideal | provided
that for each ¢ >0,
1(NGFP)

Pk
re N;iZ{f(X—k H >grel denoted by x ~ 'y and simply strongly (f, p)-asymptotically

-L

r kel, yk

lacunary equivalent with respect to the ideal I, if L=1.

|[Ngf°j |(N},f*"))

Ifwetake p,=p forall ke N,wewrite x ~ y insteadof x ~ vy
1(Ng '(Nefpj 1(Ng
Note thatwe put p=1, we write x ~ y instead of x ~ y. Hence x ~ vy is the same as the
') '(nG)
x ~ y of Kumar and Sharma [15]. Also if we put f(x)=x for x>0, we write x ~ y instead of
'(N((;f'p)) 1(ng) NS ()

X ~ Yy.Hence x ~ y isthesameasthe x ~ y of Savasand Gumus [25]

We start this section with the following theorem to show that the relation between (f, p)-asymptotically
equivalence and strong p-asymptotically equivalence with respect to the ideal |

Theorem 3.1. Let | < P(N) be a non-trivial ideal in N, f be a modulus function, & =(k ) be a lacunary
sequence and 0 <h=inf,_ p, < p, <sup, p, =H <, then

() ('
1)if x ~ y then x ~ vy, and
( ) |(WD) |(w(fyp))

f(t
2)if lim T:ﬂ>0,then X ~y&X ~ V.

t—>o

1{wP

Proof. Part 1): Let x ~ y and&>0.Wechoose 0<& <1 suchthat f(u)<e foreveryuwith 0<u<s.
We can write
J:| P

1 X Pk 1 X Pk
Y RSN e g ] | S
N Yk n= Yk
where the first summation is over X L|<o6 and the second summation over K _ L| > 6. By definition
Yk Yk

of f, we have

Hpk < max{g“,gH}+max{1,(2f (1)54)" }%Z{

()
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Thus,

X

:ka N g—max{gh,eH}
Yy

B max{l,(Zf (1)5‘1)H} .

{neN%H H}c ents]

Since x ~ vy, it follows the later set, and hence, the first set in above expression belongs to I. This proves
I(w(f’p))
that x ~ vy

1(w(fP)

f(t
Part 2): If lim #zﬁ>0,then f(t)>pt forall t>0.Let x ~ y,clearly

too

LY

Yy

LY

Ny Yk

gﬂﬂ

T

Hpk >emin{A", p" |

it follows that for each & >0, we have

n pk n
neN;1 >elc neN;lz f
Nz Nz

| w(f‘p)
Since x ~ vy, itfollows that the later set belongs to I, and therefore, the theorem is proved.

Theorem 3.2. Let | < P(N) be a non-trivial ideal in N, f be a modulus function, & =(k ) be a lacunary
sequence and 0 <h=inf,_p, < p, <sup, p, =H <, then

1(Ng) |(N(§f"“))
1)if x ~ y then x ~ vy,and

© () o)

f
2)if lim T=ﬂ>0,then X ~yeSXx ~ W

X
Yi

-L

t—>o

Proof. The proof of Theorem 3.2 is very similar to the Theorem 3.1. Then, we omit it.
The next theorem shows the relationship between the strong (f, p)-asymptotically equivalence and the strong
(f, p)-asymptotically lacunary equivalence with respect to the ideal I.
Theorem 3.3. Let | < P(N) be a non-trivial ideal in N, f be a modulus function, & =(k ) be a lacunary
sequence and p=(p,) be asequence of positive real numbers. Then
|(N§f"’)) I(w(f'p))

1)if limsup, g, <o then x ~ 'y implies x ~ vy;
1wl 2] |(N§;f*“)J
2)if liminf, g, >1 then x ~ 'y implies x ~ y;
|(w“-")) |(N§f'p)j
3)if 1<liminf g, <limsup, g, <o ,then X ~ y<Xx ~ y.

Proof. Part (i): If limsup, g, <o then there exists K >0 suchthat g, <K forevery r. Now suppose that

I(Néf'p))
Pk
§—k— L‘H <&
k

X ~ y and ¢£>0.Let

A= reN;izH

r kel,

()
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P
Hence, for all je A we have H; =— {f [i— Lm <é&. Let n be any integer with k. >n>Kk,_,.
j kelJ yk
Now write
10 X Py
=3 f] [Pe-L
Ni= Yk

k
=—supH,; =q,supH; <Kg=¢

kr—l jeA jeA
Pk
H <éeteF(l)
| W(fvp)

whichyieldsthat x ~ y.Becauseforanyset AeF(I), J{n:k_ <n<k,reAleF(1).

1(w(f-P)

Part (ii): Let x ~ y and liminf g, >1. There exists 6>0 such that q, =(k /k._,)>1+5 for all

1+6
)

LN

it follows that for any &' >0, {ne N;EZ{f(
Nia

and (k,_,/h )< % Let ¢>0 and define the set

P
X—k—L‘ <&y,
Yi

We have Ae F (1), which is the filter of the ideal I, For each k, € A, we have
1 Py 1 X P 1 - X Px
=3\ f == D] ==Y f] [ Re—L
hy ke, hy S Yi h ia Yi

Pk
U] -
hrkr—l k=1
P

r>1. We have, for sufficiently large r, that (k /h, )<

LY
Yy

Eap
N
1
—
N\

Do

I

it follows that for any &' >0,

reN;izH

r kel,

L

Yi

Pk
ﬂ <g'teF(1) whichyieldsthat x ~ 'y

Part (iii): This immediately follows from (i) and (ii).
Now we give relation between asymptotically statistical equivalence and strong (f, p)-asymptotically equi-
valence with respect to the ideal 1. Also we give relation between asymptotically lacunary statistical equivalence

and strong (f, p)-asymptotically lacunary equivalence with respect to the ideal I.
Theorem 3.4. Let | = P(N) be a non-trivial ideal in N, f be a modulus function, &=(k,) be a

lacunary sequence and 0 <h=inf, p, <p, <sup, p, =H <o, then

()
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|W(T‘P) I(S)
if x ~ y then x ~ vy,

i(s) 1(w)
2)iffisboundedthen x ~y<x ~ y.

| w(f'p)

Proof. Part 1): Suppose x ~ y,andlet £>0 and Z denote the sum over k <n with

1
{ksn: X

LY
Yy

>¢&

then we can write
Xk

{4

Yk
Consequently, forany » >0, we have

{neN;%{kSn: 28}27}

1(s)
P Therefore we have x ~ y
g{ne Nili{f (X—k—Lm Zymin{f (e).f (e)H}}e l.
Nz Yk

I(s

2) Suppose f is bounded and x ~ y. Since f is bounded, there exists an integer T such that |f (x)| <T for
all x>0.

LY

-L
Yi

H > min{f (g)h f (g)H }1

n

LY
Yy

Moreover, for & >0, We split the sum for k <n into sums over

Pk
lZ{f(x—"—Lm Smax{Th',TH}l{kSn:x—"—L
Nz Yy n Yy
ne N;lz f
Nia
Consequently, we have

Pk
X—k—L‘ >¢
Y
c neN;l{kSn: X

LY
Yi

}

LY
Yi

>¢ and

<¢.Then

+max|f ()", F(2)"}

k

n

|(w(f'p))

Therefore we have x ~ 'y

Theorem 3.5. Let | < P(N) be a non-trivial ideal in N, f be a modulus function, & =(k ) be a lacunary
sequence and 0 <h=inf,_p, < p, <sup, p, =H <o, then

1(nCEeP)

0 1(S9)

if x ~ y then x ~ vy,

|(N§"")j

1(Sg)
2) if fis bounded then x ~

yex ~y.
Proof. Part 1): Take ¢ >0 and let 21: denote the sum over kel with %—L >¢.Then
k
1 {f[x—"—mekziZ{f[ﬁ—LﬂwZmin{f(g)h,f(g)H}i{kel g 25}
he éerr Y h. T Yk h, 7 ,
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o But then, by definition of an ideal, later
X_k_LU:l Zymin{f(g)h, f (g)H} el.

1(S)
set belongs to I, and therefore x ~ vy

1(Sp)
Part 2): Suppose that f is bounded and x - y. Since f is bounded, there exists an integer T such that

|f(x)|sT forall x>0.We see that
{kelr:x—k— 25}
Y

Pk
LSl e e smax{Th',T”}i
hrk€|r Y hr k
Pk

L

+ max{f (e)h ,f (s)H}, so we have

LNy

|(N§;f*“)j

Therefore we have x ~ 'y

Let p,=p forallk, t =t forallkand 0< p<t.Then it follows following Theorem.
Theorem 3.6. Let | < P(N) be a non-trivial ideal in N, f be a modulus function, and 6=(k, ) be a
lacunary sequence, then

() ()
X ~ vy implies x ~ vy,
(N

Proof. Let x ~ vy Itfollows from Holder’s inequality

p/t
Xy

sl

X

1
>egrcireN;— fll—=-
} hz{ b
a
)

-L

]
v)

t
and reN'i { Lﬂ >g/lel . Thuswehave x ~ vy

r kel

k

nd (t ) are notconstant sequences.
be a non-trivial ideal in N, f be a modulus function, & =(k,) be a lacunary

() ()
sequence, 0< p, <t  forallkand (t,/p,) bebounded, then x ~ 'y implies x ~

We now consider that ( p, )
Theorem 3.7. Let | < P(N

y

LY

k

1(NCED ty
Proof. Let x ~ . zkz{f[ H and A, =(p,/t ). sothat 0< <4 <1:We define the

sequences (u,) and (v,) as follows: For z, >1; let u =z, and v, =0 and for z, <1; let v, =z, and
U, =0.Thenwe have z, =u, +Vv,; z* =u +v*. Now it follows that u* <u, <z, and v;« <v/. There-

fore
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_ZZ Z(Uk Vi )S—sz =2V
r kel, r kel, r kel, r kel,
Now for eachr;
A 1-4 LAY R VA p)
—Z Z(—vkj (ij <> [ivkj > (lJ < ink and so
hr kel, kel, hr kel, hr kel, hr hr kel,
1 X "
= fll=2—L = z \7
h, k{ {yk m h, kz gk [h kz kj
1 1
— > 7, z=21 |—)> 1z, z, >1
h k; k k h, kezl‘,r k k
= 1 <
1 1
=+ =Dz |, <1 ZZK , <1
hr kel, hr kel, r kel,
1 X P
If = fll=—L > ¢ then
tk
i f X—k—L > g, z, 21
hr kel Yy
te va
LSl Reot z(ﬁj oz, <1
h, &, Y 2
P i YA
Hence reN;iZ f i—L > C reN;i f X—k—L > min g,(fj el
 Kely Yi h, ¢ Yi 2

Thus we have x
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