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Abstract

In this paper, the kinetic energy formula was expressed during one-parameter closed planar ho-
mothetic inverse motions in complex plane. Then the relation between the Kinetic energy formula
and the Steiner formula was given. As an example the sagittal motion of a telescopic crane was
considered. This motion was described by a double hinge consisting of the fixed control panel of
telescopic crane and the moving arm of telescopic crane. The results were applied to experimen-
tally measured motion.
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1. Introduction

For a geometrical object rolling on a line and making a complete turn, some properties of the area of a path of a
point were given by [1]. The Steiner area formula and the Holditch theorem during one parameter closed planar
homothetic motions were expressed by [2]. If the points of the moving planes which enclose the same area lie on
a circle, then the centre of this circle is called the Steiner point (h = 1) [3] [4]. Dathe H. and Gezzi R. expressed
the formula of kinetic energy for the closed planar kinematics [5]. The formula of kinetic energy for the closed
planar homothetic inverse motion was expressed by [6]. In our previous paper, the Steiner formula and the polar
moment of inertia for the closed planar homothetic inverse motions were given in complex plane [7]. In this pa-
per, we calculated the expression of the kinetic energy formula under one parameter closed planar homothetic
inverse motions in complex plane. Furthermore, we expressed the relation between the area enclosed by a path
and the Kinetic energy. In the case of the homothetic scale h=1 the results given by [5] were obtained as a
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special case. As an example, Dathe H. and Gezzi R. have chosen the sagittal part of the movement of the human
leg during walking for planar kinematics [8]. We considered the sagittal motion of a telescopic crane which was
described by a double hinge being fixed and moving as an example. The kinetic energy formula was calculated
for this motion. Moreover, the relation between the Kinetic energy and the Steiner formula was expressed.

2. The Kinetic Energy in Planar Homothetic Inverse Motion

We consider one parameter closed planar homothetic motion between two reference systems: the fixed E’ and
the moving E, with their origins (O,0’) and orientations. Then, we take into account motion relative to the
moving coordinate system (inverse motion). We know the motion defined by the transformation

X'(t)=h(t)Xe"" +U(t)

is called one-parameter closed planar homothetic direct motion in complex plane.
By taking displacement vector OO'=U and O'O =U’, the total angle of rotation «(t), the motion de-
fined by the transformation

_ 1 ' ' —ia(t)
X (t) h(t)(x u'(t))e (€N

is called one-parameter closed planar homothetic inverse motion in complex plane and denoted by E'/E,
where h is a homothetic scale of the motion E'/E, X and X' are the position vectors with respect to the
moving and fixed rectangular coordinate systems of a point X e E, respectively. The homothetic scale h and
the vector X and U,U"’ are continuously differentiable functions of a real parameter t.

In Equation (1), X (t) is the trajectory with the respect to the moving system of a point X' belonging to
the fixed system.

If we consider the below coordinates of Equation (1)

X(t)=x(t)+ix, (t), X'=x/+ix;, U'(t)=u;(t)+iuj(t), U(t)=u,(t)+iu,(t),

we can write
x, (t)+ix, (t) :%t)[(x{ —u; () +i(x, —u; (t))}(com(t)—isina(t)). )
From Equation (2), the components of X (t) may be given as

X (t)= ﬁ[cos(a(t))(xi’ -u/ (t))+sin (a(t))(x; —u; (t))}

t
X, (t) %[—sin (er(t))(x —uy (t))+cos(e(t))(x; —uy (t))]

)
GO) - (w)
y (t)J' ; “)‘(uz <t>j @

If we show the coordinates of the Equation (1)
R(t)_[cos(a(t)) —sin(a(t))]] )

©)

o) -(3) |

and the rotation matrice

we can obtain
X0 =G RON (X -U) ©)

From Equation (3), by differentiation with respect to t, we have

&)
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>'<1=——[005a —u;)+sina(x; —uy) |

+F[—u{~005a—(x1’ —u;)sinad —U; -sina + (X, —u; )cosad |,
@)

. hr .
X, = —h—z[—sm a(x —uy)+cosa(x; —u;)]
1., . . . .
+F[u{~sma—(x1’—ul’)005aa—u; -cosa —(X; —uy)sinaa |.
A moment with a first order in the time derivatives can be introduced by

S’=%j(>’<f+>‘(§)dt 8)

which is the integral over the kinetic energy of a point with mass M =1.
Using Equation (7) we can calculate the equation

12 .2 12 :2
)'(f+>'<22=(x1’2+x;2){:—4+%} (u{2+ugz)(24+i J h12 (u? +ug?)
-2 (G )+ 2 (-G - )
R g2 i )
+x{—2(h4+h ju1+2h2u2+2h3 :I

, h? &2 h .,
-I-X2 |:—2(h—+h—2J 2? +2FU2:|.

If Equation (9) is replaced in Equation (8),

28’=(x1’2+x;2)j(2—j+i—22]dt

he a*) 1 @, o h
j{(ul +u; )[ g~ j ~ (0 +uy?)- 2.7 (—uluz+u2ul)+2F(—u1u1—u2u2)}dt (10)
: h*  d’ h h? &), h
+x1j{—2[ - ]u1+2h2 u2+2h ul}duxzj{ 2[F+h—2ju2—2h2 u1+2h uz}dt
is obtained.
If X'=0(x =x,=0) istaken, then for the formula of kinetic energy of the origin point we have
, ,,h2d21 I |
28, :j{(ulz +u22)(w+ th 7 (u1 +US ) 2= 2 (—uju, +u2u1)+2F( ugu, — )}dt (11)

If Equation (11) is replaced in Equation (10),

)
2(S8'-Sy) = x +X (h—4 a—j

h? . :
+X1j|: (—4 zzju1+2h—u2+2hlul}dt (12)

12 2
+x§j{—2[2—4+a

h
2h—u1+2h3 :|dt
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can be written.

u/
For U’:[ f),we have
u2

h

=p,+—————(dhdu; + hdadu, ),
' hz(da)2+(dh)2( ' :)

h [8] (14)
fepl+———(dhdu, — hdedu!).
2o hz(da)2+(dh)2( ’ 0

If Equation (14) of [8] is respectively replaced at coefficients of x; and x, in Equation (10) and by calcu-
lating necessary operations,

[ 2 12 12 h dz
2(S _SO’):(X:L +X2 )J. h_+h_2 dt
+x1’.[ —202—2u’—2h—2 p’+L.(hu’+hdu') 2% 0 h a’ |dt (13)
h2 ™" Th U h2g2+n?t Y 2 [

22

' a
erzj{—Zh—zu2

h2( h fi! — had! : h g
2h_4 p2+m( UZ_ aul) 2h U1+2h3 t
is obtained.
Now we consider the case in which the motion is closed and naturally parametrized. Then, it follows

dt >da, a—a'= g—a =1 and J' - <_|3 . With those assumptions, we obtain
[24

2(8"-85) = (% +x;2)gshi2da

a

d : N b L gy
+X | —2¢ zpzdaj+x2[ 2 = da) YE (dhduz—hdadul)—qSqulJ (14)

, (dh)” | 1 ' ,
+X1[qs_2h4daul+(j>F 2+2<]'> du1] { —c}r)—d (j) 2}

dh)’
+(x1’2 + x;z)q'>514d)0l.

If we consider the equations

da 1
+X/ pda |+ x| -2 dhdu/ + hdedu, ) + d—-du,
Xl( j Xl[ (ﬁhs (der)’ + (dh)Z( ' :) 95h2 ZJ

@( hZ d h d é):a’*’

[8] (9)
cﬁ(zh—zu da+h dul] b"™,
1 1 1
'=p—da = da = 2 8] (11
m gShz a hz(to)q.) a () v [8] (11)
and
2(F'=Fy)=—(x+x7)m'+a"x +b"x; [8] (12)

and Equations (9), (11) and (12) of [8] are replaced in Equation (14),
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255 -2( - o
(24
+ X{[qs—z ﬁdh) uy +95 7 duj + 2<j> dul] (1)

dh
+X - —d '+ 2p———du,
2 [ 95 +2§ h*da 2}
is arrived at the relation between the formula of kinetic energy and the formula for the area.

3. Application: The Inverse Motion of Telescopic Crane

The motion of telescopic crane has a double hinge and “a double hinge” means that it has two systems a fixed
arm and a moving arm of telescopic crane (Figure 1). There is a control panel of telescopic crane at the origin of
fixed system. “L” arm can extend or retract by h parameter. Also we consider m'=0 (Equation (12) of [8]).
Now we use it for this section.

If we calculate the time derivative of the equation

X (t)= h(t)[cos( (t)- (t))(x{—Lcos(é))+sin(K(t)—k(t))(x;—Lsin(é))]

) [8] (37)
xz(t):m[—sin(é(t) k(t))(xl’—Lcos(@))+cos(f(t)—k(t))(xg—Lsin(ﬁ))]
we obtain .

>‘<1:—h—hz[cos(é—k)(xl’—Lcos£)+sin(£—k)(x;—Lsinﬁ)}
+%{sin(£—k)[—(k—k')(x1’—Lcosé)—Lcosék} (16)
+cos(£—k)[('€—k')(x;—Lsin6)+ LsinE'E]},

%, =—h£2[—sin(€—k)(x1’— Lcos)+cos(¢—k)(x, —Lsin¢)]
+%{cos(£—k)[—(2—k')(x{—Lcosﬁ)—LcosﬁZJ 17)

—sin(é—k)[('ﬁ—k')(xg —Lsin¢)+Lsin [EJ}.

We must calculate %2 + x> for the formula of kinetic energy in Equation (8). So then, in Section 3.1 of [8],
we integrate the previous equation using periodic boundary conditions while assuming that the integrands are

F
periodic functions. The periodicity of f implies that integrals of the following types vanish cj}df = j fdt = f|1F =0.
1

Figure 1. The arms of telescopic crane as a double hinge.
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If we calculate the time derivative of the equation

, u/(t)) [Leos(¢(t))
v (t)z[u; (t)}z(Lsin(é(t))J’ 151 (36)
we have
du; = —Lsin ¢¢,
duy = Lcos (4. } (19)

Then if Equation (36) of [8] and Equation (18) are replaced in calculating data %> +x? and in Section 2, by
using the parameters t > a, ¢ > a'=1;

28" =X, T[—zi p’daj—tf 20a (dhdu + hdadu} )+~ du
W ™) LR (da) +h(dh) 2

4

X, ][ L pda j ] 202 dhdu; — hderdu} ) + —-du
’ h? " h® (de)’ +h(dhY’ ’ NI C

4

t( (dh)? o (de)?
m)f[%f[u] ®

G

e e )|

4
e( _(dh)* , % dh e
+X| || -2 u, +2 du; |+ || =du,
ZM h*de {(hsda 2] {[hz 1)
is obtained.
If we consider the equations

2l 1 % 2da 1
"= d dhdu’ + hderdu? ) ——du,
2 I( n P aj I[hg(da)2+h(dh)2( U+ hdadu; ) h? uZ]

4

[ —)
'

: “ [8] (41)
b = j( p.d j j (dhdu; — hderdu) L
= a — a R
L) R (da) (dh)z i Ve
b’ Hy
and
2F = (@' + )% +(b'+115) %, [8] (42)

and Equations (41) and (42) of [8] are replaced in Equation (19), then
B (dn) ) L (de)’
ZSIZ—ZF, 2 X!Z LZ L2
H( g )!(h“da}r {{hzda
ty d t 1
+x1’[J'[ ! 2]( dulj j(h_zdu;m (20)
ty
’ @ (dh) ’ K d 12 @ 1 ’
+x2h{—2 h4dau2+2;[(h3d du2j+£(h—2dulj

is arrived at the relation between the formula of Kinetic energy and the area formula for application.
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