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Abstract 
In this work we propose a numerical scheme for a nonlinear and degenerate parabolic problem 
having application in petroleum reservoir and groundwater aquifer simulation. The degeneracy of 
the equation includes both locally fast and slow diffusion (i.e. the diffusion coefficients may ex- 
plode or vanish in some point). The main difficulty is that the true solution is typically lacking in 
regularity. Our numerical approach includes a regularization step and a standard discretization 
procedure by means of C0-piecewise linear finite elements in space and backward-differences in 
time. Within this frame work, we analyze the accuracy of the scheme by using an integral test 
function and obtain several error estimates in suitable norms. 
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1. Introduction 
Denoting nRΩ ⊂  (n ≥ 1) as the domain occupied by the porous medium with Lipschitz boundary and (0, T] (0 
< T < +∞) as the time interval. In this work we propose a numerical method to the following nonlinear and de- 
generate parabolic equation. 

( ]tb(u) div(A(x) u + g(x, b(u))) = 0, (x, t)  Ω 0,T∂ − ∇ ∈ ×                  (1.1) 

with the boundary and initial conditions 
u = 0 on Ω  (0,T],u(x,0)=u0 0 in Ω,∂ × ≥                           (1.2) 

where the function b(s) is uniformly bounded, continuous and strictly increasing in s. But the degeneracy condi- 
tions, b′(s) = 0 and b′(s) = +∞ for some point, are included. It means that the equation includes both locally fast 
and slow diffusion. 

Throughout this paper we assume, without loss of generality, that b′(s) = 0, s → +∞ and b′(0+) = +∞. Thus the 
problem (1.1)-(1.2) often used to describe the flows in porous media, infiltration and multi-phase change see [1]- 
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[11] etc. The existence of variational solution of (1.1)-(1.2) has been studied in [5] [6] etc. Here we point out 
that the Equation (1.1) is usually obtained after using the Kirchhoff transformation. Such problems can be inves-
tigated through a parabolic regularization of function b(u) or by perturbing the boundary and initial data such 
that the corresponding solutions do not take the degenerate points. In the past several decades, there are numer-
ous papers about discussing this problem. For example, in [4] [7], the authors consider a rather general class of 
singular parabolic problems; two-phase Stefan problem and porous medium equation are included. By using a 
regularization scheme and a parabolic duality technique, a fully discrete numerical approach is proposed and 
analyzed. In [8] [9], Richards’ equation is analyzed by a numerical approach also consisting in a regularization 
procedure and discretization by means of C0-piecewise linear finite elements (or mixed finite elements) in space 
and backward-differences in time. In [10], basing on the maximum principle, the authors considered the porous 
medium equation by perturbing the boundary and initial data to overcome the degeneracy. On the other hand, 
there are many other papers dealing with such problem by some (linear) relaxation schemes or imposing some 
suitable conditions to deal with the degeneracy and nonlinearity [11] 1213]. 

However, to our knowledge, most of papers have considered one of the degenerate cases, i.e. b′(s) = 0 for 
some point but b is Lipchtize continuous (such as the Richards’ equation) or b′(s) > 0 but discontinuous at one 
point 0 (such as Stefan problem or porous-medium equation). In our paper, we will deal with the two degenerate 
cases simultaneously and present the error estimates of several unknowns by using an integral test function. Due 
to the singularity and degeneracy of b, solutions of (1.1) may not be classical; therefore they must be understood 
in the sense of distribution [5]. The proposed method in the paper, we first replace b by a regular function bϵ 
(whose derivative is bounded by two values depending on regularized parameter ϵ > 0). The second step is a 
standard discretization procedure by means of C0-piecewise linear finite elements in space and backward-dif- 
ferences in time. Within this frame work, we analyze the accuracy of the scheme by using an integral test func- 
tion and obtain several error estimates in suitable norms. 

The layout of the paper is as follows. In Section 2, we give out the numerical formulation and main result.  
In Section 3, we will prove a prior estimate and the main result of our paper. 
Notations: 2 1 -1

T 0Ω  = Ω  (0, T), L (0, T;H  ( ) ,H ( )× Ω Ω  is de dual space of 1
0H . Other Soblev space can be 

referred to [13]. From now on, C will denote a generic positive constant which is independent of ϵ. 

2. Problem Setting and Main Result 
For the problem (1.1)-(1.2), we make the following hypotheses upon the data. 

Assumption:  
(H1) The function b mapping [0, ] [0,1]+∞   is continuous and strictly increasing. And b′(s) = 0, s → +∞, 

b′(0) = +∞. 
(H2) ( ( )) (1 , ) : n n

ijA A x i j n R M= ≤ ≤   is continuous and satisfies 
2 2

1 2 1 20 , | | | | , .nA Rλ λ λ ξ ξ ξ λ ξ ξ∃ < ≤ ≤ ⋅ ≤ ∈  

(H3) n n
ig = (g(x, s)) (1  i n) : R   R  R≤ ≤ × →  is continuous in s and fulfill the following identities: 

2 |g(y, b(u)) g(y, b(v))|   C|b(u)  b(v)||u  v|.  − ≤ − −  

(H4) 2u0  L ( ) ( ).H∞∈ Ω ∩ Ω  
Remark 2.1. Due to the maximum principle, the solution of the problem (1.1)-(1.2) is great or equal to zero 

[9] [10]. In physical model, the function b(s) usually presents the enthalpy of Stefan model or denotes the re-
duced saturation of fluid in porous media. 

According to Alt and Luckhaus [5], we have at least that 2 -1 2 1
t 0b(u) L (0, T;H ( )), u L (0, T;H ( )).∂ ∈ Ω ∈ Ω  

Because b is uniformly bounded, therefore we conclude that 0 -1b(u)  C (0, T;H ( )).∈ Ω  This gives us b(u(·,t)) 
point wise for every t ∈ (0, T]. 

Let HT  be a decomposition of Ω into a regular conforming finite element mesh with maximal element di- 
ameter H. Denote 

HK T K∈Ω = ∪ . Then we define finite element space HX  as: 
0{ ( ); | 0}.HX C is linear for all K andχ χ χ ∂Ω= ∈ Ω =  

Let N be an integer, τ = T/N, τiti = . Our numerical method reads as: find , ( )H H
i H i iv X b vεη∈ =  (i = 1,···, 

N), for all HXχ ∈  
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1
0 0( , ) ( ( ) ( , ), ) 0, ,H Hi i

i i HA x v g x v I u
η η

χ η χ
τ

−−
+ ∇ + ∇ = =                     (2.3) 

where HI  is the C0-piecewise linear interpolant operator to HX  and satisfies: for 2 ( )u H∈ Ω  

2 ( ) ( ) ,1 2,s
s

H L HI u u CH u s
Ω Ω

− ≤ ≤ ≤                            (2.4) 

and ( )b sε  is defined as 
1

1

1

, [0, ( )]
( )( ) .

( ) , ( ( ), ]

s s b
bb s
b s s s b

ε

ε ε
ε

ε ε

−
−

−

 ∈= 
 + ∈ +∞

                         (2.5) 

In the above terms, ϵ is small parameter. It is easy to get 

1| ( ) ( ) | max{ , | |}, '( ) ,
( )

b s b s s b s
bε ε
εε ε ε
ε−− ≤ ≤ ≤                      (2.6) 

The Equation (2.3) is a general nonlinear elliptic problem. It can be numerically solved by relaxation iteration 
scheme or to apply a linearization scheme first. We point out that the regularization (2.5) of a degenerate prob- 
lem is not necessary in implementing numerical analysis with suitable assumptions [11]. 
Our main result of the numerical approach is present as the following: 

Theorem 2.2. Let , ( )u b uθ =  and H
kv  be the solution of (1.1) and (2.3) respectively. Suppose (H1)-(H4) 

hold, then there exist 

1 1 22

2 2
2 2

0
1 1 ( )( )

( ( ), ) ( ) ( ) ( )n k k

k k

n nt t tH H H H
k k k kt t

k k LL

b v u v u v u v C Hθ τ ε
− −Ω

= = ΩΩ

− − + ∇ − + ∇ − ≤ + +∑ ∑∫ ∫ ∫  

where the constant C is independent of τ, ϵ,H. 
Remark 2.3. Due to the lacking regularity of solution, the result of Theorem 2.2 is not optimal with respect to 

time discretization. On the other hand, if b′ is positive and bounded, we can get the classical results. 

3. Proof of Main Result 
Because of the lacking regularity, the solution of (1.1)-(1.2) must be understood in terms of distributions, as 
proposed in [5]. Firstly, we formulate the weak solution of (1.1)-(1.2) as follows: 
Definition3.1. We say that u is a weak solution of problem (1.1)-(1.2), if it satisfies the following two identi- 

ties: 
(1) 2

Tb(u)  L (Ω  )∈  and 2 -1
tb(u)  L (0,T;H ( ) ) ∂ ∈ Ω  with 

0
t tb(u) dxdt (b(u(t))-b(u )) dxdt 0, 

T T
ϕ ϕ

Ω Ω
∂ + ∂ =∫ ∫                      (3.7) 

for every 2 1 1 2 (0, ; ( )) (0, ; ( ))L T H H T Lϕ ∈ Ω ∩ Ω  with φ(T) = 0. 
(2) For 2 1  L (0,T;H ( ) ) ϕ ∈ Ω  

tb(u) dxdt ( ( ) ( , ( ))) dxdt 0,
T T

A x u g x b uϕ ϕ
ΩΩ

∂ + ∇ + ⋅∇ =∫ ∫                  (3.8) 

According to [5], it follows that 
Lemma3.2. Assuming (H1)-(H4) hold, if u is a solution of (3.7)-(3.8), we have 

1 22 1( ) ( )(0, ; ( ))[0, ]
max ( ( )) ( )

TtL LL T Ht T
B u t b u u C−Ω ΩΩ∈

+ ∂ + ∇ ≤  

where ( )

0
( ( )) ( ) ( ( )) ( )

u t
B u t u t b u t b s ds= − ∫ . 

For the discrete scheme (2.3), we also have 
Lemma3.3. Assuming (H1)-(H4) hold, if for all 1i N=  , H

iv  solves problem (2.3), for any 0 k N< < , 
we have 

2

2

1 ( )

( ( )) .
k

H H
k i

i L
B b v dx v Cε τ

Ω
= Ω

+ ∇ ≤∑∫  
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Proof: Let H
ivχ =  in (2.3), we have 

1( , ) ( ( ) ( ) , ) 0H H H
i i i i i iv A x v g x vη η τ η− Ω Ω− + ∇ + ∇ =  

Summing 1i k=  , we get 

0 0 1 1
1 1

( , ) ( , ) ( , ) ( ( ) ( , ), ) 0
k k

H H H H H H
k k i i i i i i

i i
v v v v A x v g x vη η η τ ηΩ Ω − − Ω Ω

= =

− − − + ∇ + ∇ =∑ ∑  

Denote the above terms by 1 2 3 0.I I I+ + =  

1

2 2

1 0 0 0
1

2 2

2 3
1 1( ) ( )

( , ) ( , ) ( ) ( ( )) ( ( )) ,

, | | .
2

H
i
H
i

k vH H H H
k k kv

i

k k
H H
i i

i iL L

I v v b s dsdx B b v dx B b v dx

I v I C v

ε ε εη η

ττ

−
Ω Ω Ω Ω Ω

=

= =Ω Ω

≥ − − = +

≥ ∇ ≤ + ∇

∑∫ ∫ ∫ ∫

∑ ∑
 

Combining all the above terms, we get the conclusion. 
Proof of Theorem 2.2: Let ( ( ))b u tθ = , we integrate (1.1) over time from 1it −  to it , for every HXχ ∈ , to 

get 

1 1
1( , ) ( ( ) , ) ( ( ) , ) 0,i i

i i

t t
i i t t

A x udt g dtθ θ χ χ θ χ
− −

− Ω Ω Ω− + ∇ ∇ + ∇ =∫ ∫                 (3.9) 

Subtract (2.3) from (3.9), we get 

1 1
1 1( ( ), ) ( ( ) ( ) , ) ( ( ) ( ) , ) 0i i

i i

t tH
i i i i i it t

A x u v dt g g dtθ η θ η χ χ θ η χ
− −

− − Ω Ω Ω− − − + ∇ − ∇ + − ∇ =∫ ∫  

Summing the equality from 1i =  to k , we obtain 

1 1
0 0

1 1
( ( ), ) ( ( ) ( ) , ) ( ( ) ( ) , ) 0.i i

i i

k kt tH
k k i it t

i i
A x u v dt g g dtθ η θ η χ χ θ η χ

− −
Ω Ω Ω

= =

− − − + ∇ − ∇ + − ∇ =∑ ∑∫ ∫  

Summing k from 1 to n again, we get 

1 1
0 0

1 1 1 1 1
( ( ), ) ( ( ) ( ) , ) ( ( ) ( ) , ) 0.i i

i i

n n k n kt tH
k k i it t

k k i k i
A x u v dt g g dtθ η θ η χ χ θ η χ

− −
Ω Ω Ω

= = = = =

− − − + ∇ − ∇ + − ∇ =∑ ∑∑ ∑∑∫ ∫  

Setting
 1

k

k

t H
H k Ht

I u v dt Xχ
−

= − ∈∫
 

and 0 0 0 0, ( ), ( )u H He u I u b u b I uεθ η= − = = , to gives 

1 1 1

1 1

1 1

0 0
1 1 1

1 1

0 0
1

( ( ), ( ) ) ( ( ) ( ) , ( ) )

( ( ) ( ) , ( ) )

( ( ), ) ( ( ) ( ) ,

k i k

k i k

i k

i k

k i

k i

n n kt t tH H H
k k k i kt t t

k k i
n k t t H

i kt t
k i

n t t H
k k u it t

k

u v dt A x u v dt u v dt

g g dt u v dt

e dt A x u v dt

θ η θ η

θ η

θ η θ η

− − −

− −

− −

Ω Ω
= = =

Ω
= =

Ω
=

− − − − + ∇ − ∇ −

+ − ∇ −

= − − − + ∇ −

∑ ∑∑∫ ∫ ∫

∑∑ ∫ ∫

∑ ∫ ∫
1

1 1

1 1

1 1

)

( ( ) ( ) , )

k

k

i k

i k

n k t
ut

k i
n k t t

i ut t
k i

e dt

g g dt e dtθ η

−

− −

Ω
= =

Ω
= =

+ −

∑∑ ∫

∑∑ ∫ ∫

 

Denoting the above formulation by 1 2 3 4 5 6 ,I I I I I I+ + = + +  we will deal with each terms in the following. 

1 1

1 1 1

1 0 0 11 12
1 1

11
1 1 1

111 112 113

( , ) ( , ) ,

( ( ), ) ( ( ) , ) ( , )

,

k k

k

k k k

n nk kH H
k k k kt t

k k
n n nk k k tH H H H H

k k k k k s kt t t t
k k k

I u v dt u v dt I I

I b v u v dt b v u v dt ds u v dt

I I I

θ η θ η

θ η θ

− −

− − −

Ω Ω
= =

Ω Ω Ω
= = =

= − − − − − = +

= − − + − − + ∂ −

= + +

∑ ∑∫ ∫

∑ ∑ ∑∫ ∫ ∫ ∫  

It is easy to see that 111 0.I ≥  Use (2.6) and Lemma 3.3, it follows that 
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2
1 12 2

2 2
22 2

112 ( )1 1 1( ) ( )

| | ( ) ( ) ( ) ( )k k

k k

n n nt tH H H
k k kt tLk k kL L

I C v u v C u vδ ε τ δ δ ε δ
− −Ω

= = =Ω Ω

≤ + ∇ − ≤ + ∇ −∑ ∑ ∑∫ ∫  

Considering that 2 -1 2 1
t 0b(u) L (0, T;H ( )), u L (0, T;H ( ))∂ ∈ Ω ∈ Ω , we get 

111 0
113 ( )( )

| | .k

k

t H
t kt HH

I u v dt Cτ θ τ
−− ΩΩ

≤ ∂ − ≤∫  

So we get 

0 1 2

2
2

11
1 ( )

( ( ), ) ( )( ) ( ) .n k

k

nt tH H H
k k kt t

k L
I b v u v dt C u vθ δ ε τ δ

−
Ω

= Ω

≥ − − − + − ∇ −∑∫ ∫  

Because 0 0 0 0 0 0| | | ( ) ( ) | | ( ) ( ) |Hb u b u b u b I uε ε εθ η− ≤ − + − , we have 

2 2
1 2

1 2

2
2 22 4

12 0 0( ) ( )
1 1 ( )

2
2 4

1 ( )

| | ( ) ( ) ( )

( )( ) ( ) .

k

k

k

k

n n t H
kL H t

k k L

n t H
kt

k L

I C u H u u v

C H u v

δ τ ε δ

δ ε δ

−

−

Ω Ω
= = Ω

= Ω

≤ + + ∇ −

≤ + + ∇ −

∑ ∑ ∫

∑ ∫
 

Using the following equality 
2 2

1 1 1 1
2 ( ) ( ) ,

n k n n

k i k k
k i k k

a a a a
= = = =

= +∑ ∑ ∑ ∑  

we can get 

21 12

21 12

2 2

2
( )1 1( )

2 2

( )1 1( )

1 1( ) ( ) ( ) ( )
2 2

( ( ) ( ) ).

k k

k k

k k

k k

n nt tH H
k kt t Lk kL

n nt tH H
k kt t Lk kL

I A x u v dt A x u v dt

C u v dt u v dt

− −

− −

Ω= =Ω

Ω= =Ω

= ∇ − + ∇ −

≥ ∇ − + ∇ −

∑ ∑∫ ∫

∑ ∑∫ ∫
 

For the term 3I , noticing ( )H
i ib vεη = , we use (H3), Cauchy inequality and the fact (2.6) to get 

1 1 1 1

1 12 2

3
1 1 1 1

2 2

3
1 1 1( ) ( )

( ( ) ( ( )) , ( ) ) ( ( ) ( ( )) , ( ) ) ,

| | ( ) ( ) ( ( )) ( )

i k i k

i k i k

i k

i k

n k n kt t t tH H H H
i k i i kt t t t

k i k i

n k nt tH H H
i k kt t

k i k kL L

I g g b v dt u v dt g v g b dt u v dt

I C g g b v dt u v dt v

θ η

δ τ θ δ ε τ

− − − −

− −

= = = =Ω Ω

= = =Ω Ω

= − ∇ − + − ∇ −

≤ − + ∇ − +

∑∑ ∑∑∫ ∫ ∫ ∫

∑ ∑ ∑∫ ∫
2

0 1 2

2

1 ( )

2
2

1 1 ( )

( ) ( ( ), ) ( ) .k k

k

n

L

n nt tH H H
i i kt t

k k L
C b v u v dt u v dtδ τ θ δ ε

−

= Ω

= =Ω Ω

≤ − − + ∇ − +

∑

∑ ∑∫ ∫

 

Similarly, the right hand terms 4 5 6, ,I I I  can be estimated as the following. Use the fact (2.4), we have 

2 2 2
01 2

2 ( )

2 2
01 12 2

2 1
22

4 ( ) ( , ; ( ))
0 0( )

2 2
2 2

5 ( , ; ( ))
1 1( ) ( )

6

| | ( ) ,

| | ( ) ( ) ( ) ( ) ,

| | ( ( ), )

k

nk
L

k k

nk k

n nt
k k u k k uL L t t Lt

k kL

n nt tH H
k u kL t t Lt t

k kL L

H H
i it

I e dt e CH

I u v dt C e u v dt C H

I C b v u v

θ η τ θ η

δ δ δ δ

τ θ

−
Ω

− −

Ω Ω
= =Ω

Ω
= =Ω Ω

≤ − ≤ − ≤

≤ ∇ − + ∇ ≤ ∇ − +

≤ − −

∑ ∑∫

∑ ∑∫ ∫

2 2
00 0

2 2 2 2
( , ; ( ))

1 1
( ( ), ) ( ).k k

n

n nt t H H
u i iL t t L t

k k
dt e C b v u v dt C Hε τ θ ε

Ω
= =Ω Ω

+ ∇ + ≤ − − + +∑ ∑∫ ∫

 

Combining all the terms and choosing δ  properly, we have 

0 1 1 22

0

2 2

1 1 ( )( )

2 2

1

( ( ), ) ( ) ( )

( ( ), ) ( ).

n k k

k k

k

n nt t tH H H H
k k k kt t t

k k LL

n t H H
i it

k

b v u v dt u v dt u v dt

C b v u v dt C H

θ

τ θ τ ε

− −Ω = = ΩΩ

Ω=

− − + ∇ − + ∇ −

≤ − − + + +

∑ ∑∫ ∫ ∫

∑ ∫
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Finally, we use Gronwall inequality to get the conclusion of the Theorem 2.2. 
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