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ABSTRACT

The differential geometry of curves on a hypersphere in the Euclidean space reflects instantaneous properties of sphere-
cal motion. In this work, we give some results for differential geometry of spacelike curves in 3-dimensional de-Sitter
space. Also, we study the Frenet reference frame, the Frenet equations, and the geodesic curvature and torsion functions
to analyze and characterize the shape of the curves in 3-dimensional de-Sitter space.
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1. Introduction

Let R* :{x:(xl,xz,XS,x4)|>q eR,1<i £4} be a 4-di-
mensional vector space. The Lorentzian space

(R4,<,>) = R? is the 4-dimensional vector space R*
endowed with the pseudo scalar product

(X Y)= XY+ XY, + XY — XY,

where  X=(%,%,%,%, ), Y=(¥,Y:,¥5,¥,)> Ry, [1].
The norm of a vector Xe R is defined by

||x||:1/|(x, X>|.Let S; denote the 3-dimensional unitary
de-Sitter space, that is, S; c R} is the hyperquadric,
[2,3],

S} = {XG R4|<x,x>:l}.

Given 3-vector X=(X,%,%,%, ), Y=(¥. Y5, Y5 Ys)
Z=(Zl,22,23,z4), in R?. Then we can define the
wedge product XA YAz as follows

e e & -e
aaynzo[S BB X
o % % Y
z 2, 7 z

where {q,ez,g,e4} is the canonical basis of R}, [2].
A spherical displacement can be specified by a unit
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vector U= (ux,uy, UZ) along the axis of the rotation and
a rotation angle ¢@. The Euler parameters of the rotation
defined in terms of u and ¢ can be used to prescribe
a mapping of this rotation to a point in a higher dimen-
sional space [4-6]. The vector function

X(u’¢):(X]’X23X35X4) ngivenby
Xl :COShﬁ’X2 zsinhﬁux’
2 2
4

X, = sinh%uy, X, = sinhzuz.

Let u=(ux,uy,uz) denote a timelike rotation axis.
So, we get

X2+ X3+ X - X;
:cosh2£+(ui +uy —uﬁ)sinhzézl.
2 2

This means that the point X lies on the hyperquadric
of radius 1 in R}.Let us denote this hyperquadric
S;.Our aim is to give an interpretation of the image of
the mapping X(u,¢). For this, we will examine the
differential geometry of curves on S;. So, we will in-
troduce a Frenet frame for the curve and define the geo-
desic curvature and geodesic torsion functions which
characterize the shape of the curve. Also we will give
explicit formulas for the geodesic curvature and torsion
functions of the parameterized curve X (t) For this aim,
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we will use the exterior algebra of multivectors.

2. The Frenet Reference Frame

Let us consider a general parametrized spacelike curves
on S] denoted by X(t). We will focus on the geomet-
ric properties of X(t). For this, we define arclenght

parameter S as
t[ax
t)=|—|dt. 2.1
s(t) J dt}d @D

The integrand of Equation (2.1) is the magnitude of
the velocity of the point X as it moves along the curve

X(t). If %7&0 then the function S(t) can be in-

verted to obtain t(S) which allows the reparameteriza-

tion X (t(s)) = X(s) . The magnitude of (il_); is

dX (t(s))

ds

_dtds_|
dsdt

Now, we will use the unit speed form X () to define
the Frenet frame and the Frenet equations of the curve.
And so, we will give interpretation of these results in
terms of the general parameter t.

The Frenet frame of X(S) is the set of unit vectors,
E, T, N and B defined in the following way. The
first vector, E is directed along the radius of the hy-
perquadric and is given by

E=X(s).

Note that ||X(S)| =1 and E is a spacelike vector.
The second vector, T, is tangent to X(S) and to S;.
It is obtained by

X

T=2
ds

and is a spacelike vector. So, the curve X(S) in S is
a spacelike curve. On the other hand, since T is a unit

. . L T .
spacelike vector, its derivative i—wﬂl be normalto T.
s
dar . .
So, o will have a component along E given by
S

<((11—T, E> which we compute by expanding the identity
S

%(T, E)=0 and we get
<%,E>=—(T,T)=—l.
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The remaining component of (jl—T orthogonal to both
S

E and T is chosen as the direction of the unit timelike
vector N, so we have

£+E

N = _ds
dT

ds

+E

Here, we define the function «; = , which

‘£+ E
ds

measures the bend of X (S) out of the E-T plane, to
be the geodesic curvature of X ().
The remaining vector B of the Frenet Frame is ob-

. . N L
tained by commuting the component of C(li— which is
S
not along either E or T and choose the direction of
B along this component such that the frame taken in the
order T, N, B, E has positive orientation. The fact

dN . o .
that the component of = in the direction E is zero
S

is obtained by expanding the identity

S(NE)) =0

<%,E>:—(N,T):O.

On the other hand, by expanding %(N,T):O we
S

dN dT
<E,T> - —<N,E> = —<N,KgN - E>

=—xy (N,N)+(N,E) =x,.

obtain

Therefore we find that the component of ((11_1— along
S

T is x,. Finally we see that B is given by

kT

B=0oc 51'3 .
——K, T
ds ¢

The function Ty = Hﬂ—KQT
ds

is defined as the geo-

desic torsion of X(s). The coefficient o is chosen as
either +1 or -1 to ensure that the determinant of the
matrix [T,N,B,E] is +1, that is so that the Frenet
frame has positive orientation. The vector E has been
choosen as the last member of the frame for several rea-
sons, the primary one being that it is convenient to visu-
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alize the 3-dimensional surface of the hyperquadric lo-
cally as the 3-dimensional Lorentzian space of its tangent
hyperplane. The vectors T, N and B lie in this
space and are analogous to the tangent, normal and bi-
normal vectors of a space curve in three dimensions. In
this way the geodesic curvature and torsion functions «
and 7, are seen to be analogous to the curvature and
torsion of a space curve.

Then we have the following proposition.

Proposition 2.1. Let X(S) be a spacelike curve in
de-Sitter space S;. Then the Frenet equations are

%=K‘9N—E
(;_ZZKgT"'GTgB
E:z'gN

ds

€ ;.

ds

These equations may be viewed as a set of 16 linear
first-order differential equations in the components of T,
N, B and E which, when the coefficients x| (S)
and 7,(S) are specified functions of s, can be solved
to determine the curve E=X(s) in S;.Thus the geo-
desic curvature and torsion functions, & (S) and
74(8), of X(s) define it completely.

3. TheLocal Canonical Form

The local properties of a hyperquadrical curve X (S) in
the vicinity of a reference point S=§, can be obtained
by computing the series expansion of X(s) in the Fre-
net frame of the reference point X(%). This form of
X (S) is termed the local canonical form by Do Carmo
[7].

We choose the coordinate directions of the 4-dimen-
sional Lorentzian space Rf containing Sf, denoted
by €, €, €, €, where ¢ has a 1 in the i-th
coordinate position and zeros elsewhere, so that they
align with the Frenet frame T(s), N(s), B(s)
and E(%) of the reference point X(%). Computing
the derivatives of X (S) to the third order we have

X(s)=E,
X o
ds
2
d )2( =£=K9N—E,
ds ds
X dx
= =(K;—1)T+EN+O'K9TQB.

These expressions lead to the Taylor series expansion
of X(s) in the vicinity of the reference position s=sg,.
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For convenience, we denote the reference position as
S =0 and obtain

1 1

1 ’ " m
x(s)_x(o)+ﬁx (O)S+EX (0)s’ +§X (0)s’
17 o] -1 20
—0+1s+ s2+1 o X
= 0 0 0 6 O'Kng
0] [0 S Ky
- T ds
17 [0] -1 0
1 0|g | Kg-l]g
= |+] |s+ 4 2
0 0 2 O-Kgnz-gn 6
_OJ _0_ Kgo Kgl

3.1)

where K, and T4, are the values of the curvature and

K
torsion of X(S) and Kq, is the value of d—g, all
S

evaluated at the reference position S=0. Equation (3.1)
allows a description of the shape of X(S) to various of
approximation, for example, to the zeroth order X(S)
is simply the point X(0), to the first order it is ap-
proximated by the tangent vector T. We see that &y
defines the shape of X(s) to the second order which
defines the amount that it bends away from the E-T
plane. The parameter 7, defines the amount that
X(s) bends out of the E-T—N subspace. To the
second order, X(S) is approximated by its osculating
circle which has the radius p given by
1 1

The function y = —K; +1 v is called the total cur-
vature of X(S). The plane of this circle osculating
plane, is defined by the tangent vector T and the unit
vector G

dT/ds &,

Tlatiad Ty

The rotation of the osculating plane about T is given

(3.2)

by — where
KL ~ OK,T
ﬁz—yT+—gG+ 9p (3.3)
ds ¥ /4
and
G=(1+x])N-x,E (3.4)
If k, =0 and 7, =0 then from (3.3) we see that
1 0
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this plane remains instantaneously fixed, i.e.
dG

—=—yT.

ds 4

Furthermore, since —==0 implies —=0 and
ds ds

therefore that the total curvature is constant. A general
curve X(S) is approximated to the third order by an
osculating sphere S;. To determine the center ¢ of this
pseudo-sphere we first note that first, second and third
derivatives of X(S) lie in the subspace spanned by the
three orthogonal unit vectors T, G and G , i.e. we
have

dx

A,
ds
d*X
= =k,N-E=7G
and
X d dy .
=—(yG)=—'T+-—-G+ 4G
ds’ ds(y )= ds p
where
. k'G+ox,r,B -
G =g~—gg=i(l(éG+0'ng'gB)
"KéG+o—ng'gB" p
and

p= "Kéé + 0K, B" =

2
2_2 !
KyTy (Kg) :

Here G’ is a spacelike vector if «; é—(/(')z >0, if
not, respectively.

Assume that G* is a timelike vector. So, the radius
vector, R=X(s)-c, of the osculating sphere must
have the form

R=X(s)-c=kT+k,G+kG

where k,k,,k; are constants. These constants are de-
termined by the requirement that R have constant
magnitude to the third order. Differentiating

<R, R) =const. we obtain

<%,X—c>:0,
ds
2
X ) (X aXy
ds ds ds

3 2
X x_o).a(EX &),
ds’ ds’ " ds
So, from these equations we conclude
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1203
__1
}/!
K, =—2-.
VZ2)
Hence, we have
X(s)—c:—lG—LG*
ryomw
1 v ~
=——G-—“—(xk!G+ox,r,B).
¥ 7/,82( g gty )

For those curves with 7, =0 this relation simplifies
using (3.1) and (3.3)

K, + =1 1- K2
SIS T NG L e (3
y y y

So we have the following proposition.

Proposition 3.1. Let X(S) be a spacelike curve with
the geodesic curvature «, and the total curvature y in
de-Sitter space S;. Then the radius vector
R=X(s)-c of the osculating sphere S; is as in
Equation (3.5).

X(s)-

4. Arbitrary Parameterization

We now derive the local canonical form of X(t) with
respect to the arbitrary parameter t. To do this we use
the Frenet equations and the fact that

dX (1) [dX(t) ds| [dX(t)

dt ds dt ds

ds
dt

Computing the derivatives of X (t) to the third order,
we obtain

X (t)=E,

dx(t)sz’

dt

dZX(t) dv 2 2
pre —ET+VK9N—VE,
&X() (v
Ol

dv,. %% .
+(3vdt Kg+V dSJNJrav KgrgB 3vdt E.

4.1)

Thus the local canonical form for X(t) at a refer-
ence point t=0 becomes, to third order,
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X(t)=X(0)+—— +— 0)t* +
(© ()I!dt() 2!dt2() 3! dt?
[ dv
—3V—
2
17 To -V @ dt
dv o | SV (k2 -1
:O+1t+ dt | —+ dt? (g )
8 g 0 U\f’Kgong
Vi dx
9% ﬂ 3 9
Pv dt o +V & |
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5. Formula for Geodesic Curvature and

Torsion

We now compute the vector

d’X

view of Equation (4.1) becomes

dX d*X
—A
dt  dt?

/\X=V3K'gT/\N/\E.

(0

ot

—/\—2/\X which in
dt

5.1

Computing the scalar product of (5.1) with itself, we
obtain the following equation for the geodesic curvature

K'g.

dX X
— AN 2/\
, \dt 7t

dX d*X
,—— A
dt  dt?

Ax>.

K
g %% 3
dt ~ dt

And a formula for geodesic torsion 7, can be given

as

o
74 =—— det
Ky

dt o aet

2
[E’dx d?X

This relation can be also seen in [2].
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d*X
dt® )

59

6. Conclusion

This work develops the differential geometry of space-
like curves on de-Sitter space in four-dimensional Lor-
entzian space. The motivation for this work is the fact
that the Euler parameters of spherical displacements can
be used to map them to points on S;.
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