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Abstract

We revisit the Backward-Douglas-Rachford algorithm proposed by Pham et
al. for solving generalized DC programming problems composed of differen-
tiable, lower semicontinuous, and convex functions. By employing the con-
vergence analysis framework of Themelis et a/, based on the lower bound of
smooth functions, and under the same standard assumptions and conditions,
we recharacterize the range of the step size. Compared with the result of Pham
et al, we obtain a larger step size range and simplify its expression. Moreover,
under this step size condition, we prove that the sequence generated by the
algorithm possesses subsequential convergence.

Keywords
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1. Introduction

We consider the following problem

min F(x):= f (x)+h(x)-g(x), (1

xeR"

where f:R" >R is a differentiable function with a Lipschitz continuous gra-
dient, h:R" —> (—00,+00] is a lower semicontinuous function, and g:R" - R
is a continuously convex function. When all functions in (1) are convex, the

problem is referred to as a generalized difference-of-convex (DC) programming

[1]. In particular, when f =0, problem (1) reduces to the standard DC pro-
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gramming [2].

The classical algorithm for DC programming is the difference-of-convex algo-
rithm [3] and its variants [4]. The alternating direction method of multipliers has
also been employed to address DC programming [5]. The Douglas-Rachford split-
ting method (DRSM) constitutes another powerful approach for DC program-
ming. In particular, Chuang et al [1] proposed a unified DR splitting framework
for solving generalized DC programming problems of the form (1), but its con-
vergence analysis relies on the strict assumption of strong convexity and fails to
cover the applicability of the classical DRSM. More recently, Pham et al [6] intro-
duced a Backward Douglas-Rachford splitting method (BDRSM), which studies
problem (1) under weaker assumptions than those imposed in earlier works. The
algorithm only requires that g in problem (1) be convex, without assuming its
differentiability, and does not require the convexity of f or h, thus having a
broader range of applicability.

DRSM was originally proposed by Douglas and Rachford [7] in 1956 to com-
pute numerical solutions of the heat differential equation. After its extension to
the monotone operator setting by Lions and Mercier [8], the DRSM has been ex-
tensively studied in convex optimization.

In recent years, the application of the DRSM to the following nonconvex opti-

mization problem
min f (x)+g(x), )

has attracted considerable attention; see, for example [9]-[13]. Here, f:R" >R
is a differentiable functionand ¢:R" > RuU {+oo} a proper lower semicontin-
uous function. By introducing the Douglas-Rachford envelope (DRE) function
and utilizing the Kurdyka-Lojasiewicz (KL) inequality [14] [15], Li and Pong [9]
established the full sequence convergence for the DRSM in a nonconvex setting
for (2). Full sequence convergence is achieved as long as the following condition
holds

(251 +2L)+ /(251 +2L) +2L2
2l ’

y <

I
where L is the Lipschitz constant, |eR is such that f +E""2 is convex.

More recently, Themelis et a/ [10] conducted a refined and compact analysis of
the sufficient descent property of DRSM using lower bounds for smooth functions,

extending the range of the relaxation parameter to (0, 2). Within this parameter

1
range, they obtained a broader step size condition y < T compared to that of Li

and Pong. Meanwhile, they unified the convergence analysis framework for the
alternating direction method of multipliers and DRSM. For the generalized DC
programming (1), Pham et al. [6] proposed BDRSM. The iteration of BDRSM is

as follows
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Algorithm 1. Backward-Douglas-Rachford splitting method (BDRSM).

Step 1. Choose initial points Y,,z,,W, € R" andset n=0.Let y>0,7>0,and
ve(0,2).
Step 2. Compute

xmleargmln{f x)+—Hx yn}
xeR"

wﬁ:argmm{g —Hw w, | }

weR"

Z,, €8rg min{h(z)"’ZlZ _(zxm-l Yty n+1)
/4

zeR"

'
yn+1 yn + V( n+l Xn+1)'

Step 3. If a termination criterion does not hold, set n=n+1 and go to Step 2.

Note that, when g =0, BDRSM reduces to the relaxed DRSM; If we further set
v =1, it coincides with the classical DRSM. Compared with existing works [1]
[16], the convergence analysis in [6] relies on weaker assumptions, it only requires
g to be convex. Under mild conditions, Pham et al [6] established the global
convergence of the full sequence of iterates and derived corresponding conver-

gence rate results, when y satisfies the following inequality

—vp; +\/v2pf +8(2-v) L4
4z

: 3)

y <

where L, isthe gradient Lipschitz constant, p, isthe weak convexity constant.
In view of this, motivated by the work of [9] [10], under the same original assump-
tions, we utilize the lower bounds of smooth functions to recharacterize the pa-
rameter selection range for the iterative step size, and obtain a step size that has a
larger range and a more concise expression compared to (3).

The remainder of this paper is structured as follows. In Section 2, we present
the necessary preliminaries required throughout this section. In Section 3, through
a more refined analysis utilizing lower bounds for smooth functions, we obtain a
step size that has a larger range and a more concise expression. Based on this, by
constructing a Lyapunov function, we proved the subsequential convergence. In
Section 4, the research work and results of this paper are systematically summa-
rized, and possible future research directions are discussed.

Remark 1 (Existence of solutions to subproblems). According to the setup of
Pham et al. [6], the three minimization subproblems in the above iteration

admit solutions under the following conditions. Since f is L, -smooth and

2 . . . .
—||X— yn|| is strongly convex, the X-subproblem admits a unique solution.

Since @ isa continuous convex function, its conjugate g~ is convex and lower

? , the W -subproblem is

semicontinuous; together with the ter
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strongly convex and coercive, hence admits a unique solution. For the z -sub-
problem, h islower semicontinuous and assumed to be prox-friendly (i.e., its
proximal operator can be computed efficiently), so that the subproblem is solv-
able.

2. Preliminaries

In this section, we introduce the basic concepts and several important lemmas and
theorems. First, the meanings of some special symbols commonly used in the text
are provided.

Let R, denote the set of nonnegative real numbers and R,, the set of posi-
tive real numbers. Let R" denote the N -dimensional Euclidean space, equipped
with the inner product < ) , and the induced Euclidean norm |||| )
Consider a function f:R" —>RuU {+oo} . The domain of f is defined as
dom( f ) = {X eR": f (X) < +OO} . The function f is called proper if
dom(f)#@ and it does not take the value —oo. It is said to be coercive if

f(X) >+ as |[x| > +oo. The epigraph of f is defined by
epi(f)= {(X, p)eR"xR: f(x)< p} . The function f is called lower semicon-
tinuous if its epigraph epi( f) isa closed set.
Let f:R"—>RU{+x} be a proper function. Suppose xedom(f). The
subdifferential of f at X isdefined by

éf(x)iz{x*eR" :liminf f(Y)_f(X)_<X*'y_X>2°}

o ly=x|

and the limiting subdifferential of f at X is defined by
i .
of (x)::{x* eR":3x, > X X, — X with X € of (xn)},

f
where the notation y—Xx means that y—x with f(y)— f(x). When

xgdom( f), both the subdifferential and the limiting subdifferential of f at
X are defined to be empty. It follows directly from the definition that the limiting
subdifferential satisfies the robustness property

f
of (x)={x*eR” 23y, =X, Y, = X with y, e of (yn)}.

The domain of the subdifferential of is defined as
domaf :={xeR":of (x) = B}
Letafunction f:R" >RuU {-i—oo} , the Fenchel conjugateof T isdenotedby
f*:R" > RU{+o0}, is defined as

7 (v)=sup{(v.x)- f (x)}

xeR"

The following proposition presents key properties of the Fenchel conjugate.
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Proposition 1. [6] Let f :R" —RU{+00} be a proper function and let

X,V e R". Then, the following assertions hold:

(i) f" isaproper lower semicontinuous and convex function, then it holds:
f(x)+f"(v)=(xv).
(i) If f isalower semicontinuous and convex, then the following statements

are equivalent:
vedf (x)e f(x)+ 7 (v)=(x,v) e xedf " (v).

Next, we recall the definition of the Kurdyka-Lojasiewicz (KL) property, which
will play a central role in our subsequent analysis.

Next, we will introduce the concepts of L, -smooth.

Definition 1. [17] Let f:R" —> R be a differentiable function, if its gradient

Vf is L, -Lipschitz continuous, there exists constant L, >0,
[Vf (x)=VE (y)|<L; |x—y| forallx,yeR",

then the function f issaidtobe L, -smooth.
The following descent lemma provides a useful tool for convergence analysis.
Definition 2. [17] Let f:R" - R be a function. If there exists a constant
Pr € [—Lf , LfJ such that

is convex, then f issaidtobe p,-hypoconvex convex.

An equivalent characterization of this property for differentiable functions is
given below.

Lemma 1. [17] Let f:R" >R bean L, -smooth function, where L, >0,

forany x,yeR", we have
L
[£(9)= £ ()=(VF (x)y=x)| <y ="

Theorem 2. [17] A continuously differentiable function f ‘R" > Ru{-i-oo}

is p; -weakly convex if and only if for all x,yeR", the following inequality
holds:

f(y)= f(x)+(Vf (x),y—x}—%”x—y”z.

For L;-smoothand p;-weakly convex function, we have the following prop-
erty.

Theorem 3. [10] Let f:R"—>R bea L;-smooth and p, -weakly convex
function. Then, for all X,y eR", it holds that

)2 100V )y =)o (- ()
oLy 2
—mﬂx—y" ,
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where p, e [O, L, )
Moreover, the above inequality is also valid if L, isreplaced withany L > L,
and p, withany pe [pf , L).

Theorem 4. [17] Let f:R" >R be a L, -smooth and convex function.
Then, for all X,y eR", it holds that

()2 100 +(91 (0 y=x)+ 5V () -vi ()]

Remark 2. (Scaling of Smoothness and Hypoconvex Constants). The follow-
ing scaling properties are crucial for our subsequent analysis.
Smoothness If f is L, -smooth, then itisalso L -smooth forany L>L,.

Indeed, for any X, y, the inequality
[vE () -vE () Lo fx=yl= Lix-].

which satisfies the definition of L -smoothness, hence f is L -smooth.
Hypoconvexity If f is p,-weakly convex with p, >0.Thenitisalso p -

weakly convex for any p > p;, To see this, note that —p—zf"X - y||2 2 —%”x - y||2 .

Substituting this into the inequality below yields
f(3)2 1 (0+(VF (). y =x) =2 ey
> f(x)+(VF(x),y- x)—%"x— "

which satisfies the definition of p -weakly convexity. Therefore, f is p -
weakly convex. If f is p; -strongly convex with p, <0, a similar argument
shows itis p -strongly convex for any p< p, .

In summary, if f isan L,-smoothand p,-hypoconvex function, then it is
also L -smooth and p -hypoconvex. In the Section 3, we will frequently use
these properties. Specifically, we will appropriately inflate the constants L and
p to meet the specific conditions required for applying certain inequalities or to

simplify the derivation of step-size rules.

3. Step Size Result and Convergence Analysis

This section focuses on the Backward-Douglas-Rachford splitting method
(BDRSM) proposed by Pham et al [6], primarily characterizing the range of the
iterative step size parameter and analyzing the convergence of subsequences. In-
spired by the work of Themelis et al. [10], we utilize the lower bounds of smooth
functions to prove the sufficient descent property of the Lyapunov function and
conduct a piecewise refined analysis of the descent constant, thereby obtaining a
larger step size range. Under this condition, we prove the convergence of the sub-
sequences generated by the algorithm.

Assumption 1. [6]

(i) f:R"—>R is differentiable p, -hypoconvex function with an L, -Lip-
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schitz continuous gradient, where p, e [—Lf Ly J .
(ii) g:R" >R isa continuous and convex function.
(iti) h:R"—>RU{+x} isalower semicontinuous function.

The following lemma will be utilized in the analysis.
Lemma 5. [6] Suppose that f is differentiable with L, -Lipschitz continuous

gradient. Let {(Xn, yn,Zn,Wn)} .+ Dbe a sequence generated by Algorithm 1.

ne

Then, for all neN", the following hold
(1) yn = Xn+1 +}/Vf (Xn+l) *

(il) z, €09 (Wy,,)+7 (W, —W,).

1 1
(111) Wiy € ah(zn-ﬂ)_;(xnﬂ - Zn+1)_;(xn+1 - yn) .
(iV) ||yn+1 - yn " < (1+ 7/Lf )"Xn+2 - Xn+l|| °

e ||zn+2—zm||s[ juxm—xmu{u juxmz—xmu.

The convergence analysis for the problem (1) is based on the following Lya-

1+yL, 1+yL,

punov function [6].

O(x,y,z,w)=f(x)+h(z)+g"(w)—(w,z)

1 1 1- (4)
v o v+ =l

Let a=x-Yy,b=x-z. Using the identity 2<a,b> = ||a||2 +||b||2 —||a—b||2 , we

obtain

1 2 1 2 l-v 2
—x=y| —=|y-z| +——[x—z|[ —(w,z
Lyl - Hy-aft 2 e af ()

1
=2—y(llx—yllz—||y—2||2+||X—Z||2+||X—Z||2)
—K||x—z||2+(x—z—x,w)

v
=2 (=2 x=y) ok aff ~Efx=ff o+ (x-zm) - (x,w)

Y 2y Y

1 1 2 Vv 2
== (X—2,X=y+yWy+—|Ix—z[" = =[x - z|" = (x,w

L-axy s e aff =L of -G

1 2 1 2 Vv 2
=—|(x=z)+(x=y+yw)| —=—[x=y+yw| ——[x—z|| = (x,w
2 =)+ () = x =y + ol =T -2 ~(xow)
1 2 1 2 v 2
=—|2X=Y—Z+yW|[ ——|[X=Y+yW|| ——[[X=z|| —(X,W).
Lon-y- 2 - Loy ol =X off )

Therefore, (4) can also be written as
D(x,y,z,w)= f(x)+h(z)+g" (w)—(x,w)

1 2 1 2 14 2 (5)
+—[2x—y—z+yw| —=—|x—y+pw| ——[x-2|".
eyl ey ol -]

Next, we revisit the step size condition p established by Pham et a/, with the
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aim of obtaining a step size that has a more concise expression and a larger range,
while ensuring that subsequent convergence still holds under this step size condi-
tion. We first establish the sufficient descent property.

Theorem 6 (sufficient descent). Suppose that Assumption 1 hold, then step-

7/<min L,Z——V ,
Lf 2|:pf:|+

where, [pf] :max{pf ,O} .

size y satisfies

Let {(Xn, Yo Zos n)} _+ beasequence generated by Algorithm 1. Then the

following hold:
Forall neN",

(D(Xn'yn'zniwn)_q)(xml!yn+1’Zn+1'Wn+1 ||Xn+1 X " += " 2 W "
2
mind b Lo 7L O<v<2(1—ﬁ}
5_2—v+ Z(Lf_pf) 2 4 Ly
2 2vy
a 2(1—’0—J<v<2
1% L,

Then the sequence {®(X,, Y, Z,,W, )}HENA is nonincreasing.
Proof. (i) When v &(0,2), we choose L>L,, peR,.By Theorem 3, the
following inequality holds

f (%)= f(Xp1)

1
2 (VF (X)X, —Xn+1>+m”w ()= ()]
AL
2(L—p)"xn+l Xn"'

Combining the above inequality with (4), we obtain
(D(xn+ll yn ’ Zn'Wn+1)_q)(Xn ’ yn ’ Zn!vvn+1)

1 1
=f (Xn+l)_ f (Xn)+_||xn+1 - yn"2 _2_7||Xn - yn"2

27
1—
+7V||Xn+1 I - ||X z,[f
1
s(Vf(xn+1),xn+l—xn>—m||vf(xn)—Vf(xM)2
pL 3 2 1 oL e
+2(L_p)||xn Xn+1 +2}/||Xn+1 yn" 27/"Xn yn”
1-
U PR ||X -z,[f
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1 1
:2_}/||Xn+1 _Xn"2 +;<Xn+1 X X — < n+1 Xn+1_xn>
1 L
Z(L_p)HVf (xn)_Vf (Xn+l) i 2(Lp )"Xn n+1||
1
7 -zl - ||X A
1 1
= ;(Xml n? n+1 yl‘l> _7" n+1 -X " + <Vf n+1)’ Xn+1 - Xn>
__ _ 2 pL _ 2
2( _ ||Vf (Xn) vf (Xn+l) +2(L_p)"Xn Xn+l||
1-
s a2 ===l -z
From Lemma 5(i), we derive the following equality
1
0=Vf ( n+1) ;(Xm-l_yn)' (6)

Using equality (6), we obtain that

(D(Xml' yn'zn’Wn+l)_q)(xn' yn'zn’Wn+l)
g_i”x VE (%)~ Vf (%)

™)

_x ||2_;
n+1 n 2(L—p)

1-—
”X n+1|| + }/V ||Xn+1 - Zn”2 __V"Xn -, "2 '

+
2 ( L P)
Now, from the Lyapunov function (4), we have

(D ( Xn+1! yn+l’ zn+1' Wn+1) - q) (Xn+11 yn ' Zn+1’ Wn+1)
1 1
2y 2y

2
o=yl 4 ||yn Zya -

1
Xns1 — yn+l||2 _Z”ynu - Zn+1||

It is well known that
(a—b,c—d)

=(a,c)—(a,d)—(b,c)+(b,d)

== (Iaff +lelf -la-<lF )5 {1l +[af -Ja-<[")
=21 +1elF ~Io=ff )+ (Iof +[a? -Io-<F)

~~la-dff ~2a-cf -2 o[ +ZJo—cf

let a=x,,,,b=2z,,c=y,.d=y,,,then we have

q)(Xn+l, Ynir Znsas Wn+1) - cI)(Xnﬂ' Yor Zooas Wn+1)

n+l?

1
= ;(Xml - Zn+1' yn - yn+1> (8)

v

2
Xns1 — Zn+1|| '

where the second equality is got from the updating step of y,,, in Algorithm 1.
Next, from the definition of W,,, in Algorithm 1, we know that
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0" (Wya) = (Wy0:20 )+ W W
<07 (W)= (W 2, )+ 2wy i
Rearranging the above inequality, we get
0" (W)= 0" () + (W, 1,2, <= o —w
It means that
D (X Yo Zys Wt ) =P (X, Yy 200 W)
=97 (W) =97 (W) = (Wo.0,2 )+, 2,) ©
LR

Subsequently, we construct the relationship of ® regarding to z, and z ,
from (5), that is

(D(Xn+1’ yn ' Zn+1’Wn+1)_q)(Xn+ll yn' Zn’Wn+1)

1
= h(zn+1) +2_7||2Xn+1 YtV Woa — Zn+1||2 _gnxnﬂ - Zn+1||2
1 2 Vv 2
- h(Zn)—ZHZXml Yo T Woy — Zn" +;||Xn+1 - Zn” .

However, by the definition of z ,, in Algorithm 1, it yields that

q)(Xn+1l yn' Zn+1l Wn+1)_q)(xn+11 yn’ Zn'vvn-¢-1)

<Y (10)

Xns1 — Zn+1||2 +§"Xn+l -, "2 .
Combining (7), (8), (9) and (10), we obtain
(D(Xml! Yo Zn+l'Wn+1)_(D(Xn Yoo Zn’Wn)
1 2 1
< —2—7/||xn+1 =% —m”Vf (%)= VI (X1)

pL
J,__
2(L—p)
_1-v

2

X, = x

n+l

2 1 2
+ =X =2
v

A e e s (an

1 2 1
_Z”Xnﬂ_xn" _Z(L—p)HVf (Xn)_V]c (X )
pL 2
+
2(L—p)

A Y

||x -X

n n+l

2
+2{x
A
Wn||2.

nel T

From the iteration of y,,; in Algorithm 1 and Lemma 5(i), it is not hard to
know that

V(Xn _Zn) =Yoa =Y =X, _Xn+1+7(Vf (Xn)_Vf (Xn+1))'

.V 2
Now, we can rewrite —||Xn - Zn" as follows
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1
“x -zl =; Vil -z

%)+ 7 (VE (%) = VF (%))

2

1|| X+ L9 (1) -9 ()

n +1

2
+;<Xn+1 =X, VI (X1 )= VE (X, )>
Additionally, we aslo obtain

2
;(Xml =Xy Xy — Zn>

=2 E o LT ()51 (5,

2 2
p Xn+1_Xn||2 +;<Xn+1 — X, VE (X, ) - Vf (Xn+1)>'

Substituting (12) and (13) into (11), we have
q)(xn+1! yn+1’ Zn+l'Wn+1)_cD(Xn1 yn’ Zn’Wn)

3 1 a 2 pL 3
2(L—p)|Vf(X”) VE (Xo1) +2(L—p)"X" Xo |
o T (Y [

2 n+l n 27/ v n+l n
LV (%) =V (%)

L1 1, pL 2
R ]

y 1 2 T 2
el R S

1
If we multiply both sides of inequality (14) by T we obtain

1
I(q)(xn’ yn’Zn’Wn)_q)(Xn+11 yn+17Zn+l’Wn+l))

S S R VR
2( 7L wyL 2(L- p)]"X"+1 ol

(s vt

vL 2L(L-p)

S = wlF

where pe[0,L).Since f(-) is L, -smooth, we have
[VE (%)= VE (%) <

n+l a1~ Xn

w W||2

n+l njf ?

where & ischosen as

, (16) can be expressed as follows

(12)

(13)

(14)

(15)

(16)
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P
St WA S}
27L wL 2(1 pj vL 2L(L-p)
9 - (17)
2L P
Syt gy L2 otherwise.
2yL wL 2(1 pj vL 2L(L-p)
L

Now we want to select a suitable L to ensure that the constant & is strictly

positive. Therefore, we further consider two possibilities based on the size of v :

Case1:If O<v< 2[1—£J.

f
vl
2(Lf —p)

the parameter L in Theorem 3 can be any number satisfying L>L, . To keep

2-v)L
The condition is equivalent to <l,then p< % <L, . Since

the analysis as simple as possible and avoid unnecessarily conservative bounds, we
take L =L, .Then (17) becomes

b _27v ] g1~
2L,  2vrL, Ly

otherwise.

1
In this case, we will verify that for any p satisfying y < I the constant ¢
f

is strictly positive.

a)If O<yl, <

P P
i_ 2—V _ Lf >2—V_ Lf
2L 2vyL 2v
rST gl 2 2|1-F
Lf Lf
Lﬁ 1—L£ 2[1—fj—v
>2_V——f> ! —E: ! >0
2v v v 2 2v
BT — <yl <1
Sk <4,
2<Lf_,0)

2L, 2wl 2 v 2

) 2-v 1 7Ly 2-v 1 1
—+—=0.
v 2

1
According to the analysis of (a) and (b), it implies that whenever y < L_ , 0
f
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o
is strictly positive, therefore, we also obtain o >0.

Case 2: If 2[1—L£JSV <2.

f
This inequality requires p must satisfy p >0, otherwise v will an empty.

To obtain a simple and unified expression for the step-size condition, we set

1
p = p; . The original condition is equivalent to — 2> .Since L>L,, we

Le  2p;
1 2- 1 1 2-
canset —= Yz , substituting —= 4 into (17) and simplifying yields
L 2p; f L 2p;
P 2—-v
s 2-v |V 2p;
2 2v " 2
4 —p—f—[l—lj- L2 otherwise.
1% v 2pv

-v 1
When < Y=2 , it is easy to verify that
2p; L

1) 2—V_ﬂ>2—v_&_2—v Pr 2-v

= = = =0,
2L 2wL vL 2v vL 2v v 2p

1% 2
we also obtain that ¢ is strictly positive for y < .Butif y= o we can
Ps P+

only obtain

ézz_v_&+ _Z.’_ 2_V sz Z_V.pr _&
2 2vyy v v 2pv 2v 2-v v

=0.

Consequently, we obtain that

o
(D(Xn' Y Zn’Wn)_q)(Xn+1’ Y1 Zn+1'Wn+1) ZE"XHH - Xn"2 +%"Wn+l _Wn||2 '

L, 2p,

This shows that the sequence {@(Xn, Yo Zys W, )}n 4+ isnonincreasing.

where %"WM—Wn ||2 >0 and & is strictly positive with y < min{i Z_V}.

(ii) When v €(0,2), p<0. The focus in the following will be on the strongly

convex case. Utilizing Theorems 4, we have

1
f (Xn)_ f (XFHl) 2<Vf (Xn+1)' X, _Xn+1>+x||Vf (Xn+1)_Vf (Xn)

2

Similar constructed to (i), we derive the following inequality

1

L—(CD(Xn,yn,Zn,Wn)—CD(XnA, yn+l'zn+1'Wn+l))
f

z(—zl - J"xm—xn”z
rLe vrky

1
‘(ﬁ—ﬂuw(xm—w(xn>||2+i||wm—wnn2-
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0 can be expressed as

I y 1
S 2L, wrL, v, 212
2L,
O P L—iz L% otherwise.
2yL, wvyL, (vL; 2L

1
since v e(0,2), we can verify that for any y satisfying 7 < T the constant
f
0 is strictly positive.

a)If O<yL, <%<1,

b) If %Sny <1,

5 2—1/ l }/I—f 2—1/
—= =
2L, 2wy 2 v 2v

1
Therefore, when y < T it ensures that 6 >0.
f

In summary, let [pr = max{ Ps ,0} , the range of » can be expressed as

. 1 2-v . . .
y <min {L—f,m} , then sequence {CD(xn, Yoo Zys W, )}neNA is nonincreasing.

O
Theorem 7 (Subsequence convergence). Suppose that Assumption 1 hold, and

let {(Xn, Yo Zyo W, )}neN* be a sequence generated by Algorithm 1 with stepsize

y asin Theorem 6. The following hold
Suppose that F is coercive. Then the sequence {(Xn, Yos Zyo W, )}nEN* is
bounded, when n— -+, we have |x,,,—x,[|—0,

||Zn+1 -,

(x*, Yy, z*,w*) ,wehave X =77,

Yo~ yn"_)o >
| -0, ||zn+1 - xnﬂ" —0,and ||Wn+1 -W, || — 0. For any cluster point

0eVf (z*)+6h(z*)—6g(z*),
and

lim d)(xn,yn,zn,wn)zd)(x*,y*,z*,w*): lim F(zn)zF(z*).

N—+a0 N—+o0
Proof First, we show that the sequence {(D(Xn, Yo Zys W, )}n & is bounded.

Since f is L, -smooth function, the descent lemma yields the following ine-
qualities

f (zn)+<Vf (%), %, —zn>—L—2f||xn —zn||2 < f(x,),
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f (zn)+<Vf (%), %, —zn>+%||xn —zn||2 > f(x,),

Combining the above two inequalities, we have

f (zn)+<Vf (%), %, —zn>—|_—2f||xn -z,

2

(18)
L
< (%)< f(z,)+(Vf (xn),xn—zn>+?f||xn—zn||2.
According to Lemma 5(i) and Y, ,; =Y, +V(Z,.; — X,.; ) » we know that
}/Vf (Xn)zyn—l_xn=yn_v(zn_xn)_xn=(yn_zn)_(l_v)(xn_zn)’
which implies that
1 1-v
VE(X,)=—(Y,—2Z,)——(X,—Z,). (19)
()= (0-2)- 02

Now, we estimate the term <Vf (%,), %, — Zn> in (18) with (19), we derive that

(w105 -2 =(20 =) 20,20,

e e

1
== (Yo =20 %~ 2,) =%, ~ 2,
# (20)
2 2 2
=g||yn Z| "+ =% = 2ol == ]% = Vi
1
¥, -z,[f

Since g~ is the Fenchel conjugate of g, by Proposition 1,
9" (w,)— (W, 7,)>-9(z,). @)
Combining (18) with (20) and (21), we get

2

* 1
D(X,, Yy, 2y W, )= F(x,)+h(z,)+9 (wn)—<wn,zn>+2—7/||xn—yn||

s
2y /4

= f(x,)+h(z,)+ 9" (w,)—(w, z,)

2

1
+(Vf (%,).2, —xn>+§||xn -z,

> 1(2,)+h(2,) - 9(2,)+ (V1 (%,). 2, x,) 22
I e RV R U
(2 () 0(a)+ - e
() 2 ool
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From Lemma 5(ii), we have
Z,, €09 (W,)+7(W, —W,,).
And because of Proposition 1(ii),
9" (W) + 92 =7 (W —W1)) = (Wi, 2o =7 (W — W, 1))
subtracting (W,,,) from both sides of the equation, then rearrange it
0" (wn) =Wy, 2,) = (W, 205 =7 (W, —w, )
= 9(Z0a =7 (Wy =W y)) (W, 2,),
(wn,zn L-z,—1(w, —WH)>

—9(20 7 (W, —W,,)).

(23)

Then, by the convexity of g, taking t €dg (Zn) yields
g (Zn—l _T(Wn _Wn—l)) 2 g (Z ) <tn’ Zo1— (Wn _Wn—l)_ Zn>’

thatis, —g(z,,—7(W, =W, ))<-9(z,)+(ty. 2, ~ 2,4 +7 (W, — W, ,))-

Combining (23), we obtain
g*(W ) <Wn,Zn> g( ) <tn_Wn’zn_zn—1+z-(wn_wn—1)>l (24)
Then, combining (18) with (20) and (24), they become

L
D (X Yo 20, Wy ) < (Zn)< ( D=2+ -z
h

+h(z,)- +<tn W,,Z, — n1+T(W —W, . )>

+

(VF (x, —xn>+21}/ (25)

= F(Zn)+<tn —Wi» Z, _Zn—1+T(Wn _Wn71)>

1

Since y <min{— 1 _2=v , the size of y is always less than —,
[pfj| L

1

2——— >0 is always holds. Since F is a proper lower semicontinuous coer-
4

cive function, it is bounded below [18], according to (22) that the sequence
{D (X1 Yo 2y W, )}nEN* is bounded below. From (i) above, {®(X,, yn,Zn,Wn)}ngN*
is nonincreasing. It means that it is convergent.

From Theorem 6, the following inequality holds

X

n+l

e A

o
(D(Xn' Y Zn’Wn)_cD(Xn+1’ Ynsas Zn+1'Wn+1) ZE|

Summing the above inequality from n=1 to N and using the telescoping

property, we obtain
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5 N

B RN Ry e |

2 n=1 2 n=1L
Sq)(xl'yl'Zl’Wl)_(D(XN+1’yN+1'ZN+1'WN+1)'

Taking N — +o0, we obtain

5 +oo +00

5 2=l 5 D —w |

2 n=1 2 n=1

<D(X, Yy, 2, W)= lim @ (X, Yy, Z,, W, ) < +o0.

N—-+o0

From the above inequality, it shows that
+00 +o
S Kaes = Kol <00, S Wapy =W, [ < o0,
=1 n=1
which implies ||X

(V)’ |yn+1_ yn" -0 > ||Zn+1_zn||_)o .

Since the sequence {d)(xn, Yo Zyo W, )}

—xn||—>0,

|Wn+1 -W, || — 0. According to Lemma 5(iv) and

n+1

. is nonincreasing, and according to
neN

(22), we can deduce that F has an upper bound. Furthermore, since F is
bounded below, we can further conclude that { F(z, )} . and {”Xn - Zn"} .
neN neN

is bounded. Moreover, recall that F is coercive, we can derive that {Zn}neN* is

bounded, then {Xn}nsN* is also bounded. By Lemma 4(i), {yn}neN* is bounded.

According to Lemma 4(ii) and Proposition 1(ii), we obtain
W € 69 (Zn _T(Wml - W, ))

Since t,€09(z,), {z,} is bounded and ||Wn+1 -W, || —0 as Nn— 4w, it

*
neN

follows that the sequence {Wn}neN* and {tn}new* are bounded.

Let (x*, vy, 7", W*) be a cluster point of the sequence {(Xn, VoaZ W, )}

%
neN

Since {CI)(xn, Yoo Zns W, )}  1s bounded, there exists a subsequence

ne
{(an Y Ze, W, )}neNA converges to (X YL, Z,W ) . It is known that as
n— +o0,
X =%, 20, ¥,y -V, 0, z,,-2,—>0 and w,,,—w, —>0.

From the iteration of y,,, in Algorithm 1, we have

1 .
Xoot = Znag = —;( Y1~ Yn ), hence X, —2,,—>0 as N— +ow, we obtain

X =7", then
n'LTm(an,l’yknfuZkH): nILrEO(anfz'ykn—z’zknfz):(x Y.z ) (26)
if >0,
limw, =limw, =w. (27)
no+o M1 pojeo N2

From the iteration of z,,, we have

n(en )5, (20, -, -,
(@)l (25, )

Similar for w,,;, we have
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2

W, =W,

n

g (Wkn )_<Wkn , an,1>+%
2

* * * T *
< g (W |—(W,Z +—|W —W, .
Kn-1 2 Kn-1

Using (26) and (27), taking the limit yields
limsup h(zkn ) < h(z*), limsupg” (wkn ) <g (w*).

nN—-+owo nN—+o0
Additionally, since h and ¢ arelower semicontinuous, we know that

liminf . h(zkn ) > h(Z*) and liminf__ g*(wkn ) > g*(w*) . Consequently,
fim h(z, )=h(z"). Jim o"(w, )= 0" (w’).
Recall that Lemma 5(i) and (iii), we have

w, <V (3, ) (x, -2 )+an(z, )

Since X" =2", by taking the limit, we have the following result
w*er(z*)+ah(z*). (28)
Similarly, from Lemma 5(ii), it follows that
z,€09" (W, )+7(W,,—w,) (29)
Taking the limit on both sides of (28), it yields z e dg” (W*). Using Proposi-
tion 1, it is not difficult to see that
g*(w*)—<w*,z*>:—g(z*) and w*eag(z*) (30)
Therefore, combining (28) and (30) leads to
0e Vi (z*)+6h(z*)—6g (z*).
Then, according to (4), we have
<1)(xkn Vi Zi W ) = f (xkn )+ h(zkn )+ g*(wkn )—<Wkn , an>
e R o VR e A
A A

Taking limit on both sides of the above equality and using the continuity of f,
we deduce that
nllrpwd)(xkn i Z o Wi ) =f (z*)+ h(z*)+ g*(w*)—<w*, z*> "
:QD(X*,y*,z*,w*). Gy
According to (30) and the convergence of the sequence {(D(Xn, Yoo Zo W, )}HEN* R

we know

nIiﬁrEOGJ(xn,yn,zn,wn): f (x*)+h(z*)+g*(w*)—<w*,z*>
= f (z*)+h(z*)—g(z*)
=F(z*).

From (22), (25), together with the boundedness of the sequences {Wn}neN*
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and {tn}neN* , and the fact that z,,,-z, >0, w,,,-wW, -0, and

Xy — 2

N+

wi—0 as n—>0, we have lim ., F(z,)=lim_ _ ®(x, Y, 2,,W,),

thus the theorem is proved. U
Remark 3. Compared with the result of Pham et al.

-vp, +\/v2pf +8(2-v)L2
415

y <

the expression for y that we derived, namely

7<min i Z_—V
L lZ[Pf ,

R
is considerably simpler and more intuitive in form. This formulation clearly

1
reveals the independent roles of the two key constants, — reflects the re-
f

2_
striction imposed by the smoothness of f , while [—VJ captures the
P |,

limitation due to its hypoconvexity. The final step size must satisfy both con-
straints simultaneously. Moreover, one can intuitively see how changesin L, or
p; affect the allowable step size range.

We now show that the step size range we obtain is always not smaller than that

of Pham et al First, if we require

—vp, +\/v2pf +8(2-v)L4
4

1
S_y
Lf

then it follows that p; >—L, . Second, if we require

-V, +\/v2pf +8(2-v)L% L 2-v
42 “2[p ]

then it follows that p? <L%, ie, p, € [—L, , Lf] , which is exactly consistent
with the assumption.
Thus, the new admissible set contains the old one. Notably, when v=1,

p¢ =L, therange of y isthe same as that of Pham et al

4. Conclusion

We revisit the Backward-Douglas-Rachford algorithm proposed by Pham et al
for solving generalized DC programming problems. While retaining the original
assumptions, we adopt the analysis framework of Themelis et al to derive a step
size condition for BDRSM that has a larger range and a more concise expression.
This step size range is always not smaller than that obtained by Pham et a/, and
the two are equivalent in special cases. Moreover, under this step size range, we

establish the subsequential convergence of the iterative sequence generated by
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BDRSM.
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