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http://creativecommons.org/licenses/by/4.0/ Tn order to better study the solutions of the Poisson equation Au = f in partial
m differential equations, Sobolev [1] showed that the fractional integral operator is
bounded from the classical Lebesgue space L° (R” ) to L (R”) . After that, Har-

boure and Salinas [2] provided necessary and sufficient conditions for the bound-

edness of fractional integral operators and their commutatorson L° (a)) . Capone,
Cruz-Uribe and Fiorenza [3] have proved the boundedness on LPO, provided
that the exponents satisfy the log-Ho6lder continuous conditions. Bernardis, Dal-
masso and Pradolini [4] proved the boundedness of fractional integral operators
and their commutators on L") (a)) . Cruz-Uribe and Wang [5] have also ob-
tained the boundedness of fractional integrals on weighted Lebesgue spaces with
variable exponent by applying the extrapolation theorem. We recall the so-called
fractional integral operators.

Let S"*,with n>2,betheunitspherein R" with the normalized Lebesgue
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measure do(X'). Assuming that Qel’ (Sn_l) , with s>n/(n—p), the frac-
tional integral operator with homogeneous kernel T, , is defined by

oo ()= 1)

where O0<fg<n.
If g =1, the integral returns the well-known Cauchy principal value.

If Q=1, T,, isthe fractional integral operator (Riesz potential operator)

fO)

T
x—y[”

st (X)= IRn

If =0 and Q satisfy the vanishing condition on S"™*:
Q(x')do(x')=0s

Snfl

then T, , becomesa Calderon-Zygmund operator.
If beli,(R"),set

1
"b”BMO = SngIB|b(X) - bB|dX'

where by = (1/|B|)IB b(y)dy and the supremum is taken over all B<R", and

what follows |B| is the Lebesgue measure of measurable set B in R". A func-
tion b is called bounded mean oscillation if [b], <o . Denote by BMO(R”)

the set of all bounded mean oscillation functions on R".
Let be BMO(R”) , the commutator of fractional integral operator [b,TQV ﬁ]
is defined by

[b,Ta, [=0(X)To 5 f (X) =T, (0F )(x).

Variable exponent function spaces play a vital role in fluid dynamics, elasticity
dynamics, and differential equations with nonstandard growth. Since Kovacik and
Rékosnik developed the theory of variable exponent function spaces in [6], the
variable exponent Lebesgue spaces Lo (R" ) have been extensively investigated,
see [7]-[9]. A class of function spaces called Herz spaces has played an important
role in real analysis because the interesting norm includes explicitly both local and
global information of the function. Izuki introduced the variable exponent Herz
spaces in [10] [11] and considered the boundedness of commutators of fractional
integrals [12]. In [13], Izuki has proved the boundedness of commutators with
fractional integrals on Herz spaces with variable exponent. In 2016, Izuki and Noi
[14] defined weighted Herz spaces with variable exponent and proved the bound-
edness of fractional integrals on those spaces under proper assumptions on
weights and exponents.

Recently, Izuki and Noi introduced two weight Herz spaces with variable expo-
nents in [15]. Motivated by the mentioned works, we will consider the bounded-
ness of the fractional operator with homogeneous kernels on two weight Herz

spaces with variable exponents. Compared with reference [15], this paper intro-
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duces the two weight settings in the variable exponent Herz space for the first time.
Although [15] established the theoretical framework of the two weight variable
exponent Herz space, it did not involve the fractional integral operator. Compared
with reference [16], this paper extends its single weight results to a more general
and challenging two weight case, while retaining the homogeneity assumption of
the kernel function. In terms of the proof method, it combines the fine character-
ization of variable exponent Muckenhoupt weight classes with the ring decompo-
sition technique.

In this paper we use the following symbols and notations:

1) For any measurable set E, | E| denotes the Lebesgue measureand y. means
the characteristic function.

2) A locally integrable and positive function defined on R" is said to be a
weight. We write W(E):= IE w(x)dx foraweight w andameasurableset E .

3) Given k eZ, we write B, :=B(O,2k)={XER”:|x|s2k}.
4) Give k eZ, we define B, ::{XER”:|X|S2k},
D, =B \B_, ={xeR": 2 <|x|<2"}, =7y, .

5) For any quantities 4 and B, if there exists a constant C >0 such that
A<CB,wewrite ASB.If ASB and B S A, wewrite AxB.

2. Variable Lebesgue Spaces

We introduce Lebesgue spaces with variable exponent. Let p(-) bea measurable
function on R" taking values in [1, o), the Lebesgue space with variable expo-
nent LV (R") is defined by

p(x)
LPO) (}R” ) =4 f is measurable on R" : -[]R" ['fi—xﬂj dx < oo for some 1> 0.

Then L") (R”) is a Banach function space equipped with the norm

f p(x)
" f ||Lp(<) =inf{1>0: .[R” [M] dx <1\,

A

Denote by J‘(R”) the set of all measurable functions p(-):R" —)(1,00)
such that

1< p :=essinf p(x), p":=esssup p(x)<ox.
xeR"

xeR"

and %(R”) consists of all p(-) satisfying p~>0 and p"<oo.
Definition 2.1 ([9]) Let «(-) be a real-valued function on R".
(i) Forany x,yeR", |x-y|<1/2,if

jar(x)-a(y)| <

then ¢(-) is said local log-Hélder continuous on R".
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(ii) Forall xeR",if
1

|a(x)—a(0)|§ log (e+1/|x|)'

then ¢(-) is said log-Holder continuous functions at origin and denote by

% log (Rn ) )
(iii) For some real number «_cR,for xeR",if
1
<
|a(x) °°|N log(e+|x|)’

then ¢(-) is said log-Holder continuous at infinity and denote by e (}R” ) .
(iv) The function «(-) satisfying (i) and (iii) is denoted by .~ log (R”). It is
also well known that the Hardy-Littlewood maximal operator M , defined by

1
Mf (x):= SXEEE'[B“ (y)|dy

is bounded on L") (R”) whenever p(-)e.” log (R“)m.// (R“) [17].

Now we define the Muckenhoupt classes. We begin with the classical Mucken-
houpt A weight.

Definition 2.2 ([18]) Let @ be a weighted functionon R",thatis, @ isreal-
valued, non-negative and locally integrable. @ 1is said to be a Muckenhoupt A
weight if

Mo(x) So(x) ae xeR"

For 1<p<o,wesaythat @ isan A, weightif

sgp(ﬁfs W(X)dxj(ﬁfsw(x)l'p' dXJp_l <.

Definition 2.3 ([19]) Let p() € P(R"). For some constant C, a weight @
issaid tobean A, weight, if forallballs B in R" such that
1

<C.
8]

1
(O£}

oz "LP(‘)(RH) P O(R")

Diening and Histé [20], have proved the next monotone property.
Lemma 2.1 (120]) If p(-),q(-)e.»"*(R")n.~(R") and p(-)<q(-), then
we have

A c Ay S Ay

In order to state the boundedness of fractional integrals on weighted function
spaces we shall define the class A(p, ("), p, (")) as follows.
Definition 2.4 Let 0<B<n and p(-), p,(-)e.~ (}R") such that

P, (x)=1/p,(X)-B/n. A weight W is said to bean A(p,(-), p,(-)) weight
f

1

1B

"WzB "L"Z(') "WilZB”Lpi(') §|B| "
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holds for all balls BcR".
Lemma 2.2 ([5]) Let 0<B<n and p,(-),p,(-)e.” (R”) such that

1/p,(x)=1/p,(x)-B/n.Then we A( p (). P, ()) if and only if
2()
e A
Definition 2.5 Let p(-)e.//‘(R”) and we A, . The weight variable expo-

nent Lebesgue space L0 (W) denotes the set of all complex-valued measurable

functions f satisfying

1

L0 (w) = {f o' e LPO(R” )}

This is a Banach space equipped with the norm:

" f "L”("(w) = “ fn/P0)

PO
Lemma 2.3 ([16]) Let p1(~)e.//"°g(R")m.—7‘(R”) and 0< /3 <n/p, .Define

p,() by Yp,()=Yp.()-B/n.If weA(p,(),p,(-)), then T, is
bounded from Lpl(‘)(wpl(‘)) to Lpz(')(wpz(‘))'

3. Two Weighted Herz Spaces with Variable Exponents
Let w be a non-negative measurable function and let { f, }j ) be a sequence of

functions. The modulus is defined by

p(x)
P A0 )({ }) > inf }”J:IR" M dx <1,
JEZ ﬂw

1
where 1~ =1.1f q" <o or g(-)<p(-), the above can be written as

( f'}J) Z”f @'
The norm is

”{f,-},. o) mf{u>o P oot w))[{%}j]S1}

Definition 3.1 ([15]) Let w, e A, W, € Ay p(-).a(-) e.//o/(R”) and

a()el”(R").
The homogeneous two weight Herz space Kgéj)'q(') (w,,w,) and non-homoge-

neous two weight Herz space K ())q ) (w,,w,) are defined respectively by

loc

K‘:(("))‘q(‘)(wl,wz): {f c Lp()(R” \{o}, wz) |

)q()(wl wz) < OO},

and
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G ) 22 (R, ) gy <
where
Oy y) = {Wl(Bk YOt }kez AO(L)
and
11 10 ) {Wl(Bk YOt }kzo AO(0 ()

Regarding function spaces, we have the following Lemma:
Lemma 3.1 ([15]) If a(-) el” (R“) and a(~) c. " (Rn) , weA, for

some pe[lo) thenforall keZ and xeD,,
w(B, ) ~w(B,)™ if k>0,
w(B, ) ~w(B, )", if k <-1.
Lemma 3.2 ([15)) Let a(-)eL*(R"), p(-),q(-)e.4(R"), w, € A, for some
pe[loo) and W, e A If q(),a()e.4"(R"), then

Ka(())q()(w ) Ka() (W]_,Wz)-

Additionally, if q(-),a(-)e.~"®(R"), then
1
n q(0)
a<>q<> [Zwl( /"f k|i(p(()> J

1
At/ . o
oS 1k, |

k>0

|t

Lemma 3.3 ([15]) Let k,leZ, weA,, where pe[loe) and 5€(0,1).
w=0 & 20 ,wh=dd e 20 a(-)eL‘”(R”) and
q a <0’ 5 a <0
a()e »" (R") ,thenforany xeC, and yeC,, wehave
2(k—|)nw+a+ 0<2' <okt
[w(B)]™ <[w(B)]" x1 2t <2l <2
2(k—|)mw’a’ 2| > 2k+1

where the implicit constants are independent of X,y,k and I.
Lemma 3.4 ([21]) Let X bea Banach function space. Suppose that the Hardy-

Littlewood maximal operator M is weakly bounded on X, that is,
-1
S

istrueforall f e X andall A>0.Then we have

“Z{Mf >4}

sup ||IZB|| 6. <oo.

ail |B
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The weighted Banach function space X (R”,W) is a Banach function space
equipped
" f "X(JR",W) = ” fW"x :

The associate space of X (]R",W) is a Banach function space and equals
X ’(R” W ’1) . The properties above naturally arise from those of the usual Banach
function spaces and the proof is found in [22].

If we take X = L") (]R”) and W =w, then we have L"" (R” . W) =LV (Wp(') )

If we take X =L°* (
L"O( L) (w o )
( < O =1 (R <120 () 10 w0

Thus we have:
Lemma 3.5 ([15]) If p(~)e.//"°g (]R")m.//‘(]R") and we Ap(),thenthereex—

) and W =w, then we have

ist constants &,,6, €(0,1), such that for all balls B in R" and all measurable
subsets S B,

zeloopueo)  Izelprogs P {|E|j
|26 oo ||ﬂts||(w<( oy ~\Jg]

|5 ||(Ln<->(wpt-)))’ ~\B|

Lemma 3.6 ([23]) Let 0< p<oo,d>0. Then there is a positive constant C

such that
0 0 ) p v 0 Yp
{Z(Zijsakj J SC[Za}’] ,
j=—0 \k=—x j=—o

0
for non-negative sequences {aj}, .
j=—0

4. The Main Results

Theorem 4.1 Let 0<¢q, ()<, ()<, p(-)e.»' (R")r\. 7 (R"),
a()e- " (R")n4(R"), a()el”(R") and a()e.»*(R"), veA, for
some pel[loo), whe Apirmey @14 6.,6,€(0,1). 0<f<n(8,+6,),
—-N&, <Wa —n/r and B+W'a’ +n/r<né,. Define p,(-) by
1/p,(-)=1/p,(-)— B/n . Then the fractional integral operator T, , isa bounded
operator from K';’z(g’)qZ(') (V, sz(-)) to K;‘l(('_))’ql(') (v, Wpl(')) for all
fe K"’(’)"*Z(‘) (v WpZ(')).

Proof of Theorem 4.1 Let f e K ))qZ( ) (v w2t ) Then, by the Jensen inequal-
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ity, we have

1

d2(0) 2(0)
P2 (-)(sz(-))

1
oo G200
Lp2(~)(wpz('))

1

@(0) a(0)
Lpz(-)(wpz (-))

1
Uop Yoo
P2 (-)(sz(~))

Let f,:=fy, forany jeZ.Then f=3" f;.SowehaveByLemma3.Z3,

[Tos £

1
Ka(')-QZ(')(VYsz(_)) ~ [ z V(Bk) (O)qZ(O)/
p2(")

k=—o0

(Tﬂvﬂ f )Zk

+

S
k=0

(Tn,ﬂ f )Zk

(szﬁ f )Zk

1
< (kz v ( B, )a(o)m(o)/n

(TQ,,B f )Zk

+(iv(Bk yee
k=0

=E+F.

we decompose f; into the following three parts as

k-2 k+1 0
f=2fj+z fj+z f;.
j— jok-1 j=k+2
It is easy to see that
3 3
E<C) E, F<C) F.
i=1 i=1
where
1
. N @ (0) a(0)
al n
E = Y v(B) MY (T, ty) 2
k=—o0 j=—o LPZ(')(WPZ('))
1
. i a(0) a(0)
E,:= Z V(Bk )a(o)ql(o)/n (TQ,,B fj )Zk
k=—o0 j=k-1 LDz(-)(sz(-))
1
. . a(0) (0)
a(0 0
Eyi=| Y v(B) MY (Tayf))
k=—o0 j=k+2 LPz(')(sz(‘))
B
o0 o k-2 G e
F=| Yv(B,) (Tas f5) 2
k=0 j=—oo Lpz(')(wpz('))
1
v ksl /P R
Fo=| 2 Vv(B)™™ (Tn,ﬂfi)lk
k=0 j=k-1 Lpz(-)(wpz(-))
1
" " [/ G
F= ZV(Bk)%qM/n ) (Tn,ﬂfj)lk
k=0 j=k+2 LPz(-)(sz('))

DOI: 10.4236/jamp.2026.144069 1473 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.144069

Y. Q. Yang, Y. Q. Zhang

We estimate E,.Note thatif xeB,yeB;,and j<k-2,then
|X— y| ~ |X| ~ 2“. By generalized Holder inequality, we obtain

(T £5) 00 1 (00) 5277 2 (X = V) | (

Lr JR”
By virtue of the generalized Holder’s inequality, we have

15 )]. <I8; e

1
L) "W Xj ",_pi(-)
Then, forany Qel® (S”_l) , we have the following inequality

‘(Tﬂ,ﬂ f; )(X)‘ 2 (%) S 200 (X)" f; ",_m(-)(wm(-)) ”Z j ||[Lm<-)(wm<-)))’

By taking the L") (WPZ(')) -norm and using Lemma 3.4, we have

Lpz(-)( pz(~))

< 2K(A=n) o (k=i)(n/r)

“(Tﬂ,ﬁ )z

X8,

fJ"LPl()(WPl ||Zl|| LA (wP) ))| LP20{wp2l)

= okBok=i)(n/r)

fj|||_m(~)(wm(-) ”751 " Lm<~>(wm(->))’ 2" " |78, LP20(wp20))

-1

(Lpz()( pz(-)))’ :

2kﬂ2(k j)(n/r)

||Lp1()wpl "751" (0wt |ﬂtak

By Lemma 3.5, we see that

-1
kB p(k=i)n/r) 7 ” L”l() w”())) |ZBk (Lpz )( Pz()))
X 9\
- o H Lpz()(wpz())
:2kﬂ2(k i)(n/r) 7(1" 0 wpl )) |}(Bk (Lpz() Pz() ” ( ( ))
LP20)(P2()
Szkﬂznﬁz(j*k 2(k j)(n/r) ZJ” ) Wm )) ZBJ (LPZ (sz(_)))r.

szk/fzk J)[ n&z)

|Z j ||(Lp1<»)(wm<~>))’ “Z B

(Lpzc)(wuz(-)))' :

By the obvious inequality 2/# X, (¥) < (TQ, s )(x) and the boundedness of

Ty 1120 (wi0) 5 1220 (w20, we have

Lp2( ( pz(')) S“Z_jﬂ v

Xs; TQﬁZB Xs;

(P2 )( Pz()) LPi(')(WPl('))'

By using Lemma 3.5 again, we obtain

”ZB S22 ” ”ZB : Szj(n_ﬁ “ZB- N '
Lpz()( Pz() Lm(v)(wm()) j [me)(wm))
521 "75 j ||iim(')(wm(-)))' .

Thus we obtain
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Zkﬂz(kij)(%inﬁzj

i "(Lm(-)(wmo)j' X,

o)

-1

o)

-1

(k=) 2ondz |y
Szk/»’z ( jzj( ) an(-)(wpz(-))

~ 2[ﬁ+%—n§2J(k—j) {2””

X,

X,
< z[ﬁ%—na‘z)(k—j) (

< 2[ﬂ+%—n§2)(k—j).

~

){Bj Lpz(.)(wpz(.)) ZBJ-

-1

o)

X, X,

Thus we get

p-nd |- )
Lpz(‘)(wpz(-)) S—‘Z[ K nsz J ||fj|||_P1(')

“(sz,ﬂ f )Zk

(Wm(-))
By using Lemma 3.3 we obtain

1

9 . <2 (5 )bci) ©(0)) ()
E, < {kz v(B,) (o)ql(o)/niz 2[ r 2) ||fi||LP1(')(wP1('))]

=—00 J=—©

1
n | @(0) | q(0)
L[ k=2 | pr—+wrat-nd, |(k-]) a()/n
5{'(2 ( 3 2[ r J HV(BJ') f Lm(-)(wm(-))] } '

=—0| j=—x

where in the last inequality we use the fact that the sets

v(B, )a(o)/n fi"Lm(')(wm(')) < 2w+a+(k—j)“v(8j )a(-)/n 3

]

Lm(-)(wm(-))

n
Note that f+—+W'a"~nd, <0. We consider the two cases 1<g,(0)<o
r

and 0<q(0)<1.If 1<q,(0)<oo, then by using the Holder’s inequality and
Lemma 3.5, we obtain

=—0| j=—o

El 5{ —Zl [ kz—g‘ 2[ﬂ+g+w+a+_n§2)(k—j) HV(BJ )a(~)/n fj
k

1 k=2 [/;+$+W+a+,n52J(k, i)a(0)/2 ayn . |[2©
5 {kz—oo[jz—oc 2 V( Bj ) fj Lm(-)(wm(-))

=

0 0)) | @(0
[ 5 (/7+‘:+w+a*—nézj(k_j)%(0)'/2 JOQ( )/((h( )
X

v(B, )a(.)/n f;

K =

L
(0) @(0)
Lm(-)(wm(-))
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L
BE o, 1O E2 (e, fieiao)z | 4O
_{j_zw V(Bj) j LM')(WW'))k?w
L
3 iy . [E© @(0)
< _ :
N{j_zw V(BJ) f Lm(~)(wm(~))}

S|t

K‘;f(',))"’“(')(v,wpl(')) :
If 0<q,(0)<1, then by using the Jensen’s inequality and Lemma 3.6, we ob-
tain

1

@(0) | gu(0)
Lm(-)(wm(-)J

L

a(0) @(0)
f Lm(-)(wm(-))

_ )a(‘)/" f

] ]

,1 [ kzz 2( pelowta—niy -i) HV (8

V( B )a(')/n i

> 2

k=—o0

1
®(0) j+2 [ﬂ+2+w+a+—n§2)(k—j)q1(0) W
Lm(-)(wm(-))

<{ 1 k=2 2(ﬂ+2+w+a+*ﬂ5zj(k*i)°d(o)

Ke)AO ()

Next we estimate F,. By using the same argument as above, we see that

Qe e

Lpz(-)(wpz(-))

1

e | g
Lm(~)(wm(-))] }

1
-1 [ﬁ+2+w*a*—nézj(k—j) . e | e
{ j;oz V(B' j L)

1

o [ k= wtatng, |(k-j 3/n e | @
+{Z[k ZZ(ﬂ r s V(Bj)a()/ fi PO )] }
4 LPLO) (il

21 [szz 2(ﬂ+2+w+a+,n52](k—j) HV(BJ )a(-)/n fj

n
By using Lemma 3.6 and note f+—+W'a" —nd, <0, we obtain
r
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1
1o E
-1 [ﬂ+n+w*oz+ nsz(k i) a()/n
M,Zf e

1
© -1 +liwtat-ne (k—j) | e
Ka(')'q(')(v w) {Z{ Z 2[ r 2) ] }
p() ' k=0\ j=—o0

S lkeoaog o)

By using the same argument as E;, we have

_ {g[k 2 2[p+%+w+a+7n¢)‘2j(k—j) HV(BJ- )a(,)/n f

j=0

<||f|| <180y )

1 00y 0)
We estimate E,. Note that if XGBk,yij,and j2k+2, then

|X - y| ~ |X| ~ 2} . Using the generalized Holder inequality, we have,

‘Tﬂvﬂ ( fi )Xk (X)‘ S, Zj(ﬁ_n)lk (X)"Q(X N y)"L’(R")

f (y)”u'(Rn) :
By virtue of the generalized Holder’s inequality, we have
6l I8 1 o2 -

Then, forany Qe l® (SH) , we have the following inequality

‘(Tﬂﬂ j ‘Z )< < 21 (X)” f; "Lm(-)(wm(-)) "Z j "(Lm(-)(wmo)]’

By taking the LP2 ( pZ()) -norm, we have

“ s j)Zk

Lpz(-)( pz(-))

S22 2 e D2

By Lemma 3.5, we see that

2/ -||Lpu-)(wfpu-)) | "L”Z(')(WDZ('))
) ||zk||Lpz<>( g
S2 ”L"l( A0 "ll

LP2() pz(
illp20)

52( -n) n51k1||)(1|||_p1( - "ZJ

LP2()

o)

By the definition 2.4 and using Lemma 3.4, we obtain
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"Zi ||u>i(-)(w*pi<->)||7(i "u’z(-)(wpz(->) S, L300 X, Lr2upe)

< —1
N“W Z8; |50 ‘WZBJ Lp20)

< 2jn(1—,b‘/n).

Hence we have

néy(k-1)

20 X ||Lp1<~>(w—pu‘)) | 2 ||Lpz<~>(w“2<'>) S2 '

Thus we get

< glk=i)(ne-n/r)

LP20)(wy ™~

“(Tﬂﬁ fy )lk fJ'W",_m(‘)(n,m(')) -

Therefore we see that

1

@(0) | q(0)
J
1
@(0) | ¢(0)
Lm(-)(wm(-))] '

Notethat w e~ +nd, —n/r > 0. We consider the two cases: 1<, (0) <o and
0<0,(0)<1.
If 1<q,(0) <o, then by using the Holder inequality and Lemma 3.6, we ob-

k=—00

-1 . )
E, 5{ z V(Bk )a(o)q(o)/n[ z olk=i)na-n/r)
j=k+2

V( B; )a(')/n f

i
k=—o| j=k+2

g{ ’Zl [ i 2(k—i)(vv’omn&l—n/r)

tain

L[ & e /) 0/ o)
< k=j)w a”+ns—n/r - a(-)/n -
B2 (z 2 VB LA )

a@(0)

Lm(-)(wm(-))

v(B, )a(-)/n f

g
k .
1

| «w(0)
x[ i Z(kj)(Wa+n51n/r)q1(0)/2]od(o)/ («(0)) }fh( )
j=k+2

)a(-)/nf (0) =2 2(kj)(wa+n51n/r)ql(0)}q1(o)

Lm(-)(wm(-)) Pt

If 0<q,(0)<1, then by using the Jensen’s inequality and Lemma 3.6, we ob-

tain
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1

a(0) | ¢ (0)
Lm(~)(wm(~))}

1

)a(')/" f

J

V(B

i

E3 5{ i ( i 2(k—j)(w’a’+n61—n/r)
k

=0\ j=k+2

=3 a(-)/n @(0) i (k—j)(w’a’ +n51—n/r)q1(0) @(0)
< B. ) 2
~ {j_zw V( ] ) ] Lpl(')(wpl(')) k;Z
<|f KOO0

Next we estimate F,. By using the same argument as above, we see that

Qoo G

i (Tﬂﬁfi)lk

j=k+2

Fy=| Yv(B, )"
k=0

LP2() (sz ('))
1

e | ay,
Lm(-)(wm(-))J }

V(Bj )a(~)/” £

i

S{i[ i 2(k—j)(w’a’+n51—n/r)
k=0{ j=k+2

1
U100 J‘hw
f
LR (Wm(~))

V(Bj )az(')/"

i

<t

Km0y um0)-

Last we estimate E,. It is easy to see that

' 2 (Tnﬁfi)lk

an(~)(wnz(~))

< 2(ﬁ+w+a++n/r—n§2) +“V(Bk )a(.)/n 1.

V( = )a(A)/n fr

Lm(-)(wm(-)) Lm(-)(wm(-))

w’a’+n¢)‘1—n/r)

+ 27( V( Bk+1 )“(')/n f /1’k+1

Lm(~)(wm(~))
k+1

< z oli=k)n

j=k-1

By above equation.

@(0) | gy(0)
£, <3| S 2 (e, )",
S Pl et ! ! L0wP0))
1
1 0
o()/n a(0) @(0)
5{;@ v(B)" f (e

<t

Kgl((-_)im(-)(\,‘wm(-)) :

Now we estimate F, . By using the same argument as above, we see that
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1
LitY R

LPZ('}(WDZ('))

Kgl((-_)jva(-)(\,vwm()) :

Now, by putting the estimated values of E; and F together, we can obtain

||Tﬂ,ﬂf =E+F S|t

e’ , (@00, 10 -
Kpi ();z()(vvaz()) kel (V,W |
This completes the proof of the boundedness of the fractional integral operator

on the two weighted Herz spaces with variable exponents.
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