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The Existence and Stability of Standing

Waves for the Inhomogeneous Nonlinear In this paper, we study the Cauchy problem for the three dimensional inho-
Schrodinger Equation with Magnetic Po- mogeneous nonlinear Schrodinger equation (INLS) in the presence of a con-
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stant magnetic field. We establish the existence and orbital stability of normal-
ized standing waves. Our approach introduces a novel methodology that cir-

cumvents the widely utilized concentration-compactness principle.
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http://creativecommons.org/licenses/by/4.0/ This paper is concerned with the Cauchy problem for inhomogeneous nonlinear

m Schrddinger equations with a constant magnetic field in three dimensions
o +(V+iAY v =[x "y v,
| tl//‘f‘( +1 ) "4 |X| |l//| 4 (t,X)€R+XR3, (11)
l//|t=o =¥o

where A isa vector-valued potential of the form
A(x)zg(—xz,xl,o), X = (X, Xy, %3 ) € R (1.2)

modeling the effect of an external magnetic field
curl(A)=(0,0,a), a=0. (1.3)

As a fundamental equation of quantum mechanics, the time-independent Schro-
dinger equation Schrédinger [1] successfully describes the quantum evolution of
particles without external fields or interparticle interactions. Practical systems are

often driven by external sources, and homogeneous equations fail to describe the
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evolutionary behavior under such external driving. Therefore, it is necessary to
investigate the inhomogeneous nonlinear Schrédinger equation with a magnetic
potential (see [2]-[5] and references therein). The main objective of this paper is
to study the existence and stability of solutions to the inhomogeneous nonlinear
Schrodinger equation with a constant magnetic potential (1.1). Moreover, the Schro-
dinger equation with a uniform magnetic field serves as an effective model for
describing the behavior of a single non-relativistic quantum particle subjected to
an electromagnetic field (see, for example, [6] [7]). Avron, Herbst, and Simon [8]-
[10] conducted a thorough mathematical analysis of the linear Schrédinger oper-
ator in the presence of a constant magnetic field.

Furthermore, there are conservation laws of mass and energy, namely

M (v (1) =y (O =M (va). (Mass)
and
E (1) = IV 1)y O~ b Il 0= E vs). (Bnerey

forall te [O,T*) . Moreover, we have the following useful identity (see e.g., [11],
Lemma 2.2)

2
[(v+iayl, =[vul +aR(u)+aT||pu||iz , (1.4)
where pi=X’+X; and
R(u)::if(xzaxlu—x16X2u)U:jLZude, (1.5)

where L, ::i(xzéXl —X15x2) . Next, we focus on the existence and stability of
standing waves with a specified mass for Equation (1.1). By standing waves, we
mean solutions to (1.1) of the form l//(t, X) = e“”t¢(x) ,where weR and ¢ isa

solution to
~(V+iA) g+ wp—|x" |4 4=0. (1.6)

This study recalls the research on Cauchy solutions for the nonlinear Schro-
dinger equation. When b >0, a compact embedding exists (see Lemma 2.3 [12]),
which aids in establishing the compactness of Palais-Smale sequences and the ex-
istence of solutions. However, the inclusion of the |X|_b termfor b>0 compli-
cates the analysis of the symmetry and decay properties of solutions, necessitating
different approaches and careful treatment. It is important to emphasize that the
parameter b>0 plays a crucial and significant role throughout the discussion.

The presence of standing waves for Equation (1.1) can be established by mini-

mizing the energy functional E(u) subject to the mass constraint
J(m)::{u eH}(R®):M (u)zm},

where m> 0. Specifically, we focus on the minimization problem

I(m)=inf{E(u):ued(m)}.

DOI: 10.4236/jamp.2026.144072

1526 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.144072

P.N. Yan

Theorem 1.1 [13] Let 0< p<
for 1(m).
Theorem 1.2 [14] The set
M(m):={geI(m):E(¢)=1(m)}

is orbitally stable with respect to the flow of Equation (1.1), meaning that for any

. Forany m> 0, there exists a minimizer

£>0, thereexists 6 >0 such that for any initial condition u, € H} (RS) satis-
fying

0t el <o

the corresponding solution to (1.1) exists globally in time and satisfies

ol Ly ()] s vizo

Remark 1.1 Lee and Seo [15] established the existence of solutions under criti-
cal conditions by constructing a complete metric space using the contraction map-
ping principle and applying the fixed point theorem to obtain local solutions.
However, this approach, which circumvents compactness issues by selecting a suf-
ficiently small time interval T, is unable to analyze the long-term energy behavior
of solutions or address the lack of compactness. Consequently, it cannot directly
resolve problems related to non-compactness.

In contrast, we employ the concentration compactness lemma along with suit-
able scaling parameters to prove compactness by ruling out vanishing—demon-
strated by showing that every minimizing sequence of I(m) has an LP*? -norm

bounded away from zero (see Lemma 3.1)—and dichotomy.

2. Preliminaries

In this section, let us recall some fundamental properties of the magnetic Sobolev
space Hj (R3) and provide several lemmas to support the subsequent proofs.
Lemma 2.1 [14] Suppose Ac L: (RB, R?’). Then H; (R3) equipped with the

loc

inner product

(U V), = [uvdx+ [ (V+iA)u-(V +iA)vdx

is a Hilbert space.
Lemma 2.2 (Gagliardo-Nirenberg inequality [12]) Let 0< p<4-2b, and
0<b <2, then the Gagliardo-Nirenberg inequality

[ v (%)

holds, and the sharp constant K

2L

p+2 5
Lz(]R3)

3—p+b
o< K [Vl ] @

ot > 0 is explicitly given by
4-3p-2b

:[ 3p+2b j 4 2p+4
® (4-2b-p (3p+2b)||Q||f2(R3)'

where Q Is the unique positive radial solution to
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AQ-Q+[x QI Q=0. (2.2)
Moreover, the solution Q satisfies the following relations
1
3p+2b )2
[VQlLz(es) Z{m) Q) (2.3)
and
b p+2 2p+4 2
R e P S 0
Lemma 2.3 (Diamagnetic inequality [16]) Let Ae L’ (RS,R3) and
ue Hi(Rs). Then |u|e Hl(Ra). In particular, we have
|V|u|(x)| < |(V+ iA)u (x)| ae XeR®. (2.5)

Lemma 2.4 [14] Let Aell, (]Rs, Rs) . Then the following properties hold:

1) Cf (Rs) is dense in H} (]R3) .

2) Hj (R3) is continuously embedded in * (Rs) forall 2<k <6-2b.

3) Assume that A islinear, ie., A(x + y) = A(x) + A( y) forall x,yeR®. Let
yeR?, ueHj(R®), and set

a(x)=e*"""u(x+y), xeR®
Then (V+iA)d(x)= Satll (V+iA)u(x+Y) . In particular,
|(v+iaya|. =|(v+iA)ul. .

4) If Ael}, (Rs, R3) , then Hj (R3) is continuously embedded in
Hi, (IR3) . In particular, H} (R3) is compactly embedded in L% (RS) for all
2<k<6-2b.

Lemma 2.5 Let AeW.” (Ra, ]R3) and j,k e{1,2,3}. Then for any
ueCy (RB) , we have

[(0,A - 0,A ude| < (2, +ia, ul[, +(@ +iA )ulf,
In particular, if A isas in(1.2), then
E ||u||i2 < ||(V + iA)u"ZL2 . (2.6)

Lemma 2.6 Let Aeli, (Rg, ]R3) and (u,)  beabounded sequence in

nx1

Hi(R3) . Assume that U, —U weakly in Hi(RB). Then we have

||(V +iA)u,

ZLZ = ||(V+ iA)u"i2 +||(V+iA)(un —u)||2L2 +0,(1),
_|-]R3|x|7b Ju, [ dx = '|‘R3|x|fb Ju[ dx +IR3|X|7b |u, —ul“dx+0, (1), 2<k <6-2b.

ProofAs H; (R3) is continuously embedded in L' (Rs) for all

2<r<6-2b . The second identity follows directly from the refined Fatou’s
lemma established by Brézis and Lieb [17]. Now, we will demonstrate the first

identity. Set v, :=u,—U.Weseethat v, =0 weaklyin Hj (R3) . We compute
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2

[(v +ia)u, [, =[(v+ia)(u+v, ),
=|(v+imyl, +(v +iR)v, [
+2Ref(V+iA)u-(V+iA)vndx.
Let £>0.Since C; (R3) is dense in Hi(]R3) , we take ¢eCy (RS) so
that |(V+iA)(u—¢)|. <&/(2K), where K :=sup,., v, |, <oo. Since v, —0

weakly in Hi\(R3) , we see that
U(V+iA)¢-(V+iA)vndx‘—>0 asn — oo,

Thus there exists N, € N such that for n>ng,
[(V+iA)u-(V+iR)v,dd
<|[(V+iR)(u=9)-(V+iR)v,dx|+ [ (V +i)g-(V +iA)v,0X
<|[(V+iA)(u=g)|. [(V+iR)v,| . +&/2
<e.

The proof is complete. U

Lemma 2.7 Let AecL® (R3,R3) be linear. Let (u,)

oc be a bounded sequence

n=1

in Hj (]R3) ,Le, Sup,., ||un||H}\ <o . Assume that there exists &, >0 such that
inf ug [l = & (2.7)

for some 2 <k <6-2b. Then up to a subsequence, there exist Ue H} (Rs)\{O}
and {yn }nzl cR® such that

ey (X+y,)—=u weaklyin H* (R3) .

3. Existence and Stability of Normalized Standing Waves

In this section, we prove the existence and orbital stability of normalized standing
waves related to (1.1). To prove it, we present the relevant arguments in this sec-
tion. A prerequisite for this proof is the following result, which is essential to rule
out the possibility of vanishing.

Lemma 3.1 Let A beasin(1.2)and 0<p< 4-2b

.Let m>0 and (u,)

n>1

be a minimizing sequence for 1 (m). Then there exists M >0 such that

liminf |Ju,
n—o

2 2 K>0.

Proof Assume by contradiction that there exists a subsequence still denoted by

(u,),., satisfying lﬂl"”ﬂ

2 =0. As a result of Holder’s inequality, we then

know that
[Lo X u [P ax = '[BR(O)|X|7b Jua|** dx + ]RS\BR(O)|X|7b Jun|** dx
< UBR (O)|x|'% dx)rr1 (IBR(0)|UH (P2 dx)i
+R?® ]R3\BR(0)|u” |p+2 dx,
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where R >0 isa constant. Note that

T
(.[BR(O)|X| -t dxj <,

then we have lim IR3 |X|7b |un|p+2 dx =0. Thanks to (2.6), we see that
nN—o0

(m)=limE (u,)= !@%II(VHA)U” ZL > m@"un"iz :@. (3.1)
Denote x=(x,,x%;) with X, =(%,%,) eR? and x, R, and set
ol Lher .
v(x, )= 2—e 4" . One can readily check that
n
2 a’ 2
"v”LZ(IRZ) =1 "VLVHLZ(RZ) +T",DV||L2(R2) = |a|

Let weC; (R) be such that ||W||i2(R) =m and set

L
u, (x)=v(x )W, (X3), W, (X5)=A2W(Ax;) (3.2)

with 2>0 to be chosen later. We have |u, ||i2 =c forall 2>0. Using (1.4),

we see that
V) =1V 0R (0,)+ 2w
19 95+ Wy o e
[ L0 Y+ 2y I
{1V e+ 2o
 mfl 22 o

where

[Lo Lovwdx, =—if , x,vo,7ax,dx, +i]_, X,v0,7dx,dx,,

as V isradially symmetric, we have

alvzv’(xL);(—1
L
62\7=v'(xL)-:—2
L
then we get L,vwwdx, =0. It follows that
ajm A2 Pib
£ (0,)= A o, -0 0 ()

where C isa constant, @ is a function of X.As p<4-2b, by taking 41>0
sufficiently small, we have E(f A)<@. In particular, I(m)<@ which

contradicts (3.1). Then the proof is complete. U
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Proof of Theorem 1.1 We first show that | (m) is well-defined, ie.,
I(m)>-oco.Llet ueJ(m) and O<e< % , by the Young’s inequality and

Gagliardo-Nirenberg inequality (2.1), we have

16-4p-2b

E ()2 (v +iA)ufl ~M () (v +imull, ~C (&) ul >

:(LM j|| (V4R -C > C
2

for all ueJ(m), where 0<C<oo. This shows that I(m)>—o . Now let

(u, )nzl be a minimizing sequence for 1(m). From the above estimate, we have

(E—M j|| (V+iA)u
2

This shows that (u,)  isabounded sequencein Hj (RB) .

<E(u,)—>1(m) asn—co.

Moreover, by Lemma 3.1, we see that up to a subsequence,

inf ||un||L@ >K >0.

By Lemma 2.7, up to a subsequence, there exist Ue H} (R?’)\{O} and

(Y, )nZl cR® such that
0, (x) ="y, (x+y,) =~ u weakly in H (R®).
By the weak convergence in Hj, (Ra) , we have

0<||u|| <I|m|nf a, || , =liminf |u, ||

n—o Lz -
and

||(V+iA)u|| <liminf|(V +i

n—o0

_I|m|nf|| (V+iA)u

n—oo

Next we claim that
ol =m. 63

Let’s delay verifying (3.2) for now and complete the proof of Theorem 1.1. By
the weak convergence in Hi(Re') and (3.2), we infer that 0, — f strongly in
L’ (Rs). Using this strong convergence and the magnetic Gagliardo-Nirenberg
inequality

2—7—b
e T

J'R3|x|7b|u|p+2 dx < Koy [(V +iA) u||

opt |

P*2 dx . Thus we get

we see that lim .[R3|x|fb |a,|"** dx = J.]R3|X|f |u]
I(m)<E(u)<liminf E(d,)=liminf E(u,)=1(m),

hence E(u)=1(m) or U isaminimizer for I(m). This also implies that

G, > f stronglyin Hi(RB).
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It remains to prove (3.2). Assume by contradiction that it is not true, ie,
0< ||u||i2 <m. We have forany 4>0,
A*(1-47)

E(Au)=2%E(u)+ —

I]Ra |x|7b |u|p+2 dx
or

1 AP -1 by (p+
E(f)ZFE(ﬂf)+mJ-R3|X| b|U|p de.

Jm 2

Set 4, =—m>1.We have [Aul[. =m and
Jul2 .

ulf, Pl b e ulf
E(u)=%E(ﬂDu)+%jﬂg3|x| b|u|p 2dx>%l (m)

_m

as U#0 and A, >1. Similarly, set A, =7
|, -ul.:

. By Lemma 2.6, we have

Jm

||U —u||i2 —>m—||u||2L2 as N—o, hence /1n—>—2>1 as N—o. In
ym=|ul

n

particular, we have

R S o WAL I
AT;E(U”—u)=!m[l—fE(ﬂn(un—u))+h||un—u LWZZJZTLZI (m).

Using the refined Fatou’s lemma (see Lemma 2.6), we get

I(m):ImE(un)zlmE(Un)zE(u)+!mE(ﬂn—u)

M g e )y ),

which is a contradiction. The proof is completed. U

Proof of Theorem 1.2 Let us now demonstrate that the set of minimizers
M(m) is orbitally stable as described in Theorem 1.1. We will use an argument
from [13]. Assume by contradiction that it is not true. Then there exist &, >0,
#, € M(m), and a sequence of initial data (l//ovn) < Hy (Rs) such that

nz.

lm "‘//o,n ) WL T 0 (3.4)

and a sequence of time (t,) , < [0,0) such that

inf inf >g,, 3.5
peM(m) yer3 %o ( )

eiA(y)Nl/In (tn ot y) - ¢

HA
where y, is the solution to (1.1) with initial data | _ =, - Since

¢y € M(m), wehave E(g,)=1(m).From (3.3) and the Sobolev embedding, we
infer that

iz >l =m, E(uy,) > E(y)=1(m) asn—co.

2

By the conservation laws of mass and energy, we have
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iz —>m, E(y,(t,))—> 1 (m) asn—co.

|'//n (tn)

In particular, (l//n (t, ))nzl is a minimizing sequence for |(m).As argued in

Step 1, we see that up to a subsequence, there exist ¢ e AM(m) and (yn )nzl cR®
such that

“eiA(Yn)"l//n (tn7,+ yn)_¢

—>0 asn— w.
Hi
However, this contradicts (3.4). Thus, the proof is finished. ]
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