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Abstract 
For a class of strongly competitive elliptic systems with anisotropic diffusion 
posed on an open set ( )3N NΩ ⊂ ≥ , we establish regularity estimates for 
weak solutions by a contradiction argument, via the construction of blow-up 
sequences and the use of monotonicity formulas together with Liouville-type 
theorems. 
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1. Introduction 

Systems of elliptic equations with strong interspecific competition arise naturally 
in several physical and biological models, such as multi-component Gross-Pitaevskii 
and nonlinear Schrödinger equations. The interaction between different compo-
nents is typically governed by a real parameter β , whose sign and magnitude 
describe the nature and intensity of the competition. For instance, in [1], Noris, 
Tavares, Terracini, and Verzini (2010) established uniform Hölder estimates for the 
following strongly competitive nonlinear Schrödinger system:  
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In this setting, the strong competition regime corresponds to the limit  
β → +∞  (note that the interaction term carries a negative sign), in which the in-
teraction term strongly penalizes the coexistence of different components. In this 
limit, solutions are expected to exhibit phase separation phenomena, giving rise 
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to segregated limiting profiles whose supports are essentially disjoint. They showed 
that uniform L∞  bounds for uβ  and vβ  imply uniform 0,C α  bounds for 
every ( )0,1α ∈ , and their proof is based on a blow-up analysis combined with 
the Alt-Caffarelli-Friedman monotonicity formula. Up to now, strongly compet-
ing models with isotropic diffusion have been extensively studied by many authors 
[2]-[4]. However, extending these results to the case of anisotropic operators en-
tails significant additional difficulties, mainly due to the lack of rotational invari-
ance and the more complex underlying geometry. Anisotropic diffusion refers to 
diffusion processes whose rates depend on direction, in [5], Terracini and Soave 
established an anisotropic monotonicity formula and further investigated aniso-
tropic two-phase problems of the form 

( ) ( )1 2div 0, div 0,A u A v∇ ≥ ∇ ≥  

where 1A  and 2A  are symmetric positive definite N N×  matrices with constant 
coefficients. Moreover, by means of a suitable change of variables, one may assume 
without loss of generality that 1A  is diagonal and 2A  is the identity matrix. This 
is also the system studied in the present paper. 

In this paper, we study a genuinely anisotropic two-phase problem 
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where NΩ ⊂   is an open set with 3N ≥ , 1k >  is the competition parameter. 
We assume that A  is a positive definite N N×  diagonal matrix with constant 
coefficients, with the lowest eigenvalue 1: ( )1 2: diag , , , NA a a a=   with  

11 Na a= ≤ ≤ . The exponent 1γ >  describes higher-order competitive inter-
actions. The aim of this paper is to prove the uniform boundedness of positive 
solutions to the above family of equations in Hölder norms, via the construction 
of blow-up sequences and the use of monotonicity formulas together with Liou-
ville-type theorems.  

2. Preliminaries 

To prove the regularity of solutions to the system we study, it is crucial to identify 
an appropriate montonicity formula. Accordingly, we proceed to consider the pos-
itive solutions 1v , 2v  of the following coupled system, which do not have disjoint 
supports and belong to ( ) ( )1 N N

locH C  , where the system is given by 
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 (2.1) 

In order to obtain a Liouville-type result, we need to employ a suitable mono-
tonicity formula. For 3N ≥  and 0δ > , we introduce a 1C  auxiliary function 
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Moreover, we define 

( ) ( )( ) ( ) ( ), ,div 2, Δ 2,A A Idm x A x m x xδ δ= − ∇Φ = − Φ  

where ( ) ( )1 2
,A x A xδ δ

−Φ = Φ , ( ) ( ),Id x xδ δΦ = Φ . Then we can observe that  
( )Am x  and ( )m x  are both bounded on N , vanish in \N Bδ  and are 

nonnegative for almost every x . And since δΦ  coincides with the fundamental 
solution of the Laplacian away from the origin, ,A δΦ  agrees in the set 

{ }1 2   c A xδ δ−= ≥  with the fundamental solution associated with the operator 

( )div A∇ . We denote this fundamental solution by AΓ , which admits the explicit 
representation 
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In particular, ,A AδΦ = Γ  in the set c
δ . 

The Alt-Caffarelli-Friedman (ACF) monotonicity formula plays a fundamental 
role in the analysis of two-phase and multi-phase free boundary problems. Its orig-
inal version was introduced in [6]. In the following, we develop an ACF-type mon-
otonicity formula adapted to the system (2.1) under consideration.  

Theorem 2.1 (Monotonicity formula) Let 1 2,v v  be positive solutions of (2.1) 
and let 0ε >  be fixed. Then there exists an exponent ( ), 0, 2A Nν ∈  depending 
on A  and N , and ( )1 2, ,r r v v ε δ= >  such that the function 
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is increasing for ( ),r r∈ +∞ . 
Proof Our proof is based on Lemma 2.5 in [1]. Without loss of generality, we 

consider 0 0x = . We introduce 
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Then, we test the equations for 1v  and 2v  in rB  with 1 ,Av δΦ  and  

2 ,Idv δΦ , respectively. By integration by parts, the definition of ( )Am x  and 
Young’s inequality, we obtain the estimate 
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where ( )( ) ( )
22 20, 0, , 1, 2

2 2i i
N Nr r iγ − − Λ = + Λ − = 

 
. Then, we can com-

pute the derivative of ( )J r  for r δ> . Using the above estimate, we obtain that 
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( )

( ) ( )( ) ( )( ), 1 2
2

2 2 0, 2 0,
.A N

N
N

r rJ r
J r r ra r

ν ε γ γ− Λ Λ′
≥ − + +  

We proceed by contradiction, assuming that there exists a sequence nr → +∞  
such that 

( )( ) ( )( )2
1 2 ,0, 0, .N

N n n A Na r rγ γ ν ε− Λ + Λ < −  

To study the behavior as nr → +∞ , we perform a suitable normalized rescaling 
of the solution. By energy boundedness, the rescaled functions are bounded in 

( )( )1
1 0H B∂ . Then by compactness, we can extract a subsequence that converges 

weakly to a limiting pair of functions. The crucial step lies in exploiting the com-
petitive term in the system, which allows one to show that the limiting profiles 
have disjoint supports. This property reduces the problem to the classical Alt-Caf-
farelli-Friedman framework. Finally, we can obtain that  

( )( ) ( )( )( )2
, 1 2 ,liminf 0, 0, ,N

A N N n n A Nn
v a r r vγ γ ε−

→∞
≤ Λ + Λ ≤ −  

which contradicts the assumption and thus yields the monotonicity.         □ 
Thus, having obtained a suitable monotonicity formula, we can now prove a 

Liouville-type result for the system under consideration. 
Theorem 2.2 (Liouville-type theorem) Let 1v , 2v  be non negative soluctions 

of (2.1). Suppose that the functions 1v , 2v  grow at most like | | ix α , namely 

( ) ( )1
1 1v x C x α≤ + , ( ) ( )2

2 1v x C x α≤ +  for every Nx ∈ , for some 0C > , 

with 

1 2 1 2 ,0, 0, .A Nα α α α ν> > + <  

Then one of the functions is identically zero and the other is a constant. 
Proof Owing to the structure of system (2.1), if one of the functions is 0 or a 

positive constant, then the other must be a constant or 0 respectively. By contra-
diction we assume that neither 1v  nor 2v  is constant. For simplicity of notation, 
we write ( )0r rB B= . Then by the maximum principle 1v  and 2v  are positive, 
and by Theorem 2.1 we know that there exists 0C >  such that 
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for r  sufficiently large. Consider a radial smooth cut-off function η  such that 
0 1η≤ ≤ , 1η =  in ( )0rB , 0η =  in ( )2\ 0N

rB , and C rη∇ ≤ . By tex-
ting the equation for 1v  with ( )2

, 1A x vδη Φ  on 2rB , we have 
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2 2

2 1 1 2
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r r
A AB B
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then integrating by parts further, we obtain 
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Expanding the right-hand side further, we obtain 
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Substituting the above expression into (2.3), 
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By using the Cauchy-Schwarz and Young’s inequalities, we have  
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Therefore we can obtain that 

( )( )

( )

( ) ( )

2

2

2 1 1
, 1 1 1 2

2 2
, 1 1 , 1

2 2 2
21

, , 1

,

1 , 2 ,
2

, , .
2 2

r

r

AB

A AB

A A

x A v v v v

x A v v v A

vA x A x v

γ γ
δ

δ δ

δ δ

η

η η η

η η

+ +Φ ∇ ∇ +

≤ Φ ∇ ∇ + Φ ∇ ∇

   
− ∇ ∇Φ + ∇ ∇Φ   

  

∫

∫  

Recalling that ( )( ) ( ),div 2A AA x m xδ∇Φ = −  and testing it with 2 2
1 2vη  in 

2rB , we can obtain 
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Plugging this into the above gives 
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Using the definitions of η  and ( ),A xδΦ , the left-hand side of the preceding 
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inequality can be restricted to rB , 
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the final inequality here follows from ( ) ( ) 1
1 1v x C x

α
< + . By taking the limits as 

0δ +→ , we infer that 
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( ) ( )( )
22 2 21 1 2

2 1 2 20
,

r

N

B
x v v v m x v Cr αγ γ− + + 

 
+ + ≤


∇∫  

which contradicts (2.2) for r  large enough.                           □ 
In order to carry out the blow-up analysis, it is crucial to obtain a uniform con-

trol on the rescaled solutions. To this aim, we rely on the following technical lemma, 
which prevents the possible blow-up of subsolutions in the presence of strong ab-
sorption terms. 

Lemma 2.3 Let 0
Nx ∈ , , , , 0M Bδ ρ >  and  

( )( ) ( )( )1
2 0 2 0u H B x C B xρ ρ∈   be a subsolution to 
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for some 1p ≥ . Then there exists 0C > , depending only on the dimension N , 
such that 

( ) 2
p NCBa

Mu x δ
ρ

≤ +  for every ( )0x B xρ∈ . 

Proof Let 
1
2:T A= , and make the linear change of variables 0x x Ty= + , then we 

get ( )1
0y T x x−= − . Define a new function ( ) ( ) ( )0:v y u x Ty u x= + = , we have 

that ( ) ( )y xv y T u x∇ = ∇ , ( ) ( )1
x yu x T v y−∇ = ∇ , hence 

( )( ) ( )( )( ) ( )( ) ( )1 1div div div Δ .x x y y y y yA u x T A v y T v y v y− −∇ = ∇ = ∇ =  

Thus, in the y -coordinates, v  satisfies 

( ) ( ) { }Δ in : : 2 .p
yv y Mv y B y Tyδ ρ− ≤ − + = <  

Notice that B  is an ellipsoid, which satisfies 2 2 2
1 Na y Ty a y≤ ≤ , thus the 

inclusion holds 
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1

2 20 0 .
Na a

B B Bρ ρ⊂ ⊂  

In order to directly apply Lemma 2.2 in [2], take y
Na

ρρ = , then  
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Since ( ) ( )v y u x= , the estimate holds for all y  such that Ny aρ≤ . For 
such y , we have 

0 ,Nx x Ty a y ρ− = ≤ ≤  

which implies that ( )0x B xρ∈ . Therefore, we conclude that 

( ) ( )02 for all .p NCBa
Mu x x B xρδ

ρ
≤ + ∈  

□ 

3. Regularity of Weak Solutions and Its Proof 

The Liouville-type theorem for the limiting system, combined with the mono-
tonicity formula, rules out the existence of nontrivial blow-up limits. This fact will 
be used in the next section to infer regularity properties of solutions to the original 
system. 

Theorem 3.1 Let NΩ ⊂   be an open set. Under the standing assumptions, 
assume that 3N ≥  and 1γ > . Let ( )1, 2,,k k ku u=u  be a positive solution to the 
system (1.1) at fixed 1k > , satisfy that there exists 0M >  with 

( )1
sup .k L
k

M∞ Ω
>

≤u  

Then, there exists ( ), 0, 2A Nν ∈  depending only on A  and N  such that the 
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2
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α
 
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α
 

∈ 
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bounded in ( )0,C α Ω , so there exists a sequence k → +∞  such that 
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−
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We can assume that kL  is attained by 1,ku  at the pair ( ),k kx y , then 
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k k

k k k

uu x u y Mx y k
L L L

α ∞−
− = ≤ ≤ → → +∞  

Then we introduce the following blow-up of ku  with center kx , with  
0kr
+→  to be chosen later: 

( ) ( )1: , : .k
k k k k k

kk k

x
x x r x x

rL rα
Ω −

= + ∈Ω =v u  

Depending on the asymptotic behavior of the distance ( ),kd x ∂Ω , and on kr , 
we have k ∞Ω →Ω , where ∞Ω  is either N  or an half-space. The function  

( )1, 2,,k k kv v=v  is a positive solution to 
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v L r v x L r v x M v v

L r
v v

α α γ γ
α

α α γ γ
α

+

+

− ∇ = − − Ω

− = −





 − Ω

= = ∂Ω





 (3.1) 

where 2 2 2
k k kM kL rγ αγ += . And we denote 

( ) ( ) ( )( )

( ) ( ) ( )( )

2

, , , ,

2

, , , ,

, 1 ,

, 1 .

k
i k i k k k i k k k i k

k k

k
i k i k i k k k i k k k

k

r
f x v L r v x L r v x

L r

r
f x u u x r x u x r x

L

α α
α

α−

= −

= + − +

 

Since 
( ),

k
i k L

u M∞ Ω
≤ , kL → +∞ , 0kr

+→ , then we can deduce  

( ) ( ), ,, 0
k

i k i k L
f v ∞ Ω

⋅ →  as k → +∞ . Moreover, for every k ,  

 
( ) ( ) ( ) ( ), , 1, 1,

1,2 ,

1 1max max 1.i k i k k k k k
ki x y

kk kx y k k

k

v x v y u x u y
L

LL rx y x y
r

α α α= ∈Ω
≠

− −
= = ⋅ =

− −
 (3.2) 

In this way, by suitable translations and rescalings, we complete the blow-up 
procedure and normalize the Hölder seminorm of the solutions. At this point, two 
potential pathological behaviors still need to be excluded: the divergence of the 
rescaled values at the origin, ( )0kv , and the loss of the competition effects in the 
limit. Lemma 3.2 and Lemma 3.3 are devoted precisely to ruling out these possi-
bilities, thereby completing the blow-up analysis. 

Lemma 3.2 Let 0kr
+→  as k → +∞  be such that 

1) there exists 0R′ >  such that k k kx y R r′− ≤ ; 
2) 0kM  . 
Then ( ){ }0kv  is bounded in k . 
Proof Assume by contradiction that ( ){ }0kv  is unbounded, and Let R R′≥ , 

then we will show that both 1,kv  and 2,kv  must in fact be bounded. 
To begin with, suppose that ( )2, 0kv  is unbounded. Since the 2,kv  is uniformly 

Hölder continuous and vanish on k∂Ω , we can consider k  sufficiently large 
such that ( )2 2 0R R kB B= ⊂ Ω , and let R R′> . 

Let ( )2c RC Bϕ ∞∈  be a nonnegative function such that 1ϕ =  in RB . By texting 
the equation for 1,kv  against 2

1,kv ϕ , we obtain that 

 ( ) ( )
2 2

2 2 2 2 1 1 2
1, 1, 1, 1, 1, 2,div 1 .

R R
k k k k k k k k k kB B

A v v r v L r v M v vα γ γϕ ϕ ϕ+ +− ∇ = − −∫ ∫  (3.3) 

By further integration by parts and expansion, we obtain 

( )
2 2 2

2 2
1, 1, 1, 1, 1, 1,, , , 2 .

R R R
k k k k k kB B B

A v v A v v A v vϕ ϕ ϕ ϕ∇ ∇ = ∇ ∇ + ∇ ∇∫ ∫ ∫  

Plugging the above into (3.3) and collecting terms yields  

 
( )

2

2 2

2 1 1 2
1, 1, 1, 2,

2 2 2
1, 1, 1, 1,

,

2 , 1 .
R

R R

k k k k kB

k k k k k k kB B

A v v M v v

v A v r v L r v

γ γ

α

ϕ ϕ

ϕ ϕ ϕ

+ +∇ ∇ +

= − ∇ ∇ + −

∫

∫ ∫
 (3.4) 
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Appling the Cauchy-Schwarz and Young’s inequalities to the above equation, 

( ) ( )
2

2

2

1, 1,

1 2 1 2
1, 1, 1,

2 2
1, 1, 1,

2 ,

2 , ,

1 , 2 , .
2

R

R

R

k kB

k k kB

k k kB

v A v

v A v v A

A v v v A

ϕ ϕ

ϕ ϕ ϕ

ϕ ϕ ϕ

− ∇ ∇

≤ ∇ ∇ ∇ ∇

≤ ∇ ∇ + ∇ ∇

∫

∫

∫

 

Substituting the above equation into Equation (3.4), we obtain 

( )
2

2 2

2 1 1 2
1, 1, 1, 2,

2 2 2 2 2
1, 1, 1, 1, 1,

,

1 , 2 , 1 .
2

R

R R

k k k k kB

k k k k k k k kB B

A v v M v v

A v v v A r v L r v

γ γ

α

ϕ ϕ

ϕ ϕ ϕ ϕ

+ +∇ ∇ +

≤ ∇ ∇ + ∇ ∇ + −

∫

∫ ∫
 

Therefore, we have 

( )
2 2

2 1 1 2 2
1, 1, 1, 2, 1,

1 , 1 ,
2 R R

k k k k k kB B
A v v M v v C vγ γϕ ϕ+ +∇ ∇ + ≤ +∫ ∫  

since 1ϕ =  in RB , 

( )
2

1 1 2
1, 2, 1, 1 .

R R
k k k kB B

M v v C v
γ γ+ +

≤ +∫ ∫  

Hence, by using assumption (ii) and afterwards the boundedness of the oscilla-
tion of 1,kv , we deduce that for every x  in RB  

 ( ) ( ) ( )( )1 1 2
1, 2, 1, 1 ,k k kv x v x C v xγ γ+ + ≤ +  (3.5) 

where 0C >  depends only on R . Evaluating this inequality at 0x = , we get 

( ) ( ) ( )( )1 1 2
1, 2, 1,0 0 0 1 .k k kv v C vγ γ+ + ≤ +  

Since ( )2, 0kv → +∞  and 0γ > , we can see that ( )1, 0kv  is bounded. In other 
words, this implies that 

2 2,inf
RB kv → +∞ , 

2 1,sup
RB kv  is bounded, and from 

(3.5) we have that actually 
2 1,sup 0

RB kv → . Let now consider the quantity  

2

1
2,: inf

Rk k B kI M vγ += → +∞ , we have 

( ) ( )
( )

2
1, 1, 1, 1,div 1 .

R
k k k k k k k kL B

A v r v L r v I v
γα

∞
− ∇ ≤ − −  

By applying the modified Lemma 2.3, 

( ) ( ) ( )2
1, 2, 1, 1,2sup sup sup 1 1

R R R

N
k k k k k k k k n

B B B

Ca
I v x v r v L r v o

R
γ α≤ + − =  

and hence 1
1, 2, 0k k kM v vγ γ + → , as k → +∞ . Moreover, since  

( )
( )

2
1, 1,1 0

R
k k k k k L B

r v L r vα
∞

− → , we have  

 ( )
( )1,div 0

R
k L B

A v ∞∇ →  (3.6) 

for every sufficiently large 0R > . 
Consider now ( )1, 1, 1,: 0k k kv v v= − . The above discussion shows that  

1, 1,kv v ∞→   locally uniformly in N , where 1,v ∞  is globally α -Hölder contin-
uous in ∞Ω , and 2, 0v ∞ = . The uniform convergence of the A -Laplacians im-

plies that 1, 1,kv v ∞→   in ( )1
locC ∞Ω . By the assumption (i), we can assume  
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k k

k

x y
a

r
−

→ . If 0a = , then 

( ) ( ) 11, 1, 1, 1,0 0
0,

k k k k
k k k k

k k k k

kk k k k

k k

y x y xv v v v
r r y x

C
ry x y x

r r

α

α α

−
   − −

− −   
−   = ≤ →

− −

 

 

which contradicts (3.2). Then 0a ≠ , we have ( ) ( )1, 1,0v v a a α
∞ ∞− =  , so that  

1,v ∞  is a nonconstant A -harmonic function in ∞Ω , globally α -Hölder contin-
uous. Therefore Lemma 4.2 in [5] Provides a contradiction both for N

∞Ω =  , 
and for ∞Ω  a half-space. We have shown that ( )2, 0kv  is bounded. Let now check 
that the same happens with ( )1, 0kv . Assume that ( )1, 0kv  is unbounded, and text 
the equation for 1,kv  in the same way. Let 

2

1
1,: inf

Rk k B kI M vγ += → +∞ . Thus we 
have 

( ) ( ) ( )2
2, 2, 2, 2,2sup sup sup 1 1 .

R R R
k k k k k k k k n

B B B

CI v x v r v L r v o
R

γ α≤ + − =  

In particular, for Rx B∈ , 

( )
( )2

2

1,
1

1, 2, 1
1

1,

sup
1 0,

inf

R

R

k
B

k k k n

k kB

v
M v v o

M v

γ

γ γ

γ
γ γ

+

+
≤ →  

as ( )21γ γ γ+ > . Once again we obtain that 
( )2,Δ 0

R
k L B

v ∞ →  and the proof 

follows as before.                                                  □ 
Lemma 3.3 Under the previous notation, we have 

2 22limsup .k k k
k

kL x y αγγ +

→+∞
− = +∞  

Proof By contradiction, let us assume that 2 22
k k kkL x y αγγ +−  is bounded. Then, 

we choose 

( )
1

2 2 2 .k kr kL γ αγ
−

+=  

We can observe that ( ) 12 2 2 2 2 1k k k k kM L r k L kL kγ αγ γ γ
−+= = = . Moreover, from 

2 2 2 2
2k k k
k

Cx y Cr
kL

αγ αγ
γ

+ +− ≤ = , it follows that k k kx y Cr− ≤ . These two condi-

tions exactly satisfy Lemma 3.2, hence the sequence ( ){ }0kv  is bounded. Then 

by Lemma 5.1 in [5], we know k ∞→v v  locally uniformly in ∞Ω . Moreover, 
since 1kM = , we find that ,i i kL v  converges locally uniformly, and hence 

k ∞→v v  in ( )1
locC ∞Ω , with v  globally α -Hölder continuous in ∞Ω . By 

uniform convergence and (3.1) we have that 

 
( ) 1

1, 1, 2,
1

2, 2, 1,

div in ,

Δ in .

A v v v

v v v

γ γ

γ γ

+
∞ ∞ ∞ ∞

+
∞ ∞ ∞ ∞

− ∇ = − Ω

− = − Ω





 (3.7) 
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Thus, ,iv ∞  is a subharmonic. By the strong maximum principle, either  

, 0iv ∞ ≡  or , 0iv ∞ >  in ∞Ω . Finally, as in the intermediate part of the proof of 
Lemma 3.2, we can also deduce that 1,v ∞  is non-constant in ∞Ω . 

If N
∞Ω =  , by the above proof (Theorem 2.2), we observe that ,iv ∞  is con-

stant, a contradiction. In case ∞Ω  is a half-space, we know that at most one com-
ponent ,iv ∞  does not vanish identically. Since 1,v ∞  is nonconstant, we infer 
that 2, 0v ∞ = , and 1,v ∞  is a nonconstant A -harmonic function in a half-space, 
globally α -Hölder continuous, which attains a constant boundary datum on 

∞∂Ω . This contradicts the conclusion that, in a half-space, any solution of  
( )div 0A v∇ =  which is constant on the boundary and globally Hölder continu-

ous must be constant.                                              □ 
Lemma 3.3 ensures that the distance k kx y−  provides a genuine blow-up 

scale, in the sense that the rescaled competition effects do not vanish trivially. Fix-
ing k k kr x y= − , we can now perform the blow-up analysis and describe the as-
ymptotic behavior of the rescaled solutions. This is the content of the following 
lemma. 

Lemma 3.4 Let 

.k k kr x y= −  

There exists 1, 2,,v v∞ ∞ , which are global α -Hölder continuous, such that, as 
k →∞ , the following hold up to a subsequence: 

1) 1, 1, 2, 2,,k kv v v v∞ ∞→ →  uniformly in compact subsets of N
∞Ω =  ;  

2) for any fixed 0r >  and 0
Nx ∈ , 

( )0

1 1
, , 0;

r
k i k j kB x

M v vγ γ+ + →∫  

3) 
( )( )1

0
1, 1, 0

r
k H B x

v v ∞− → , 
( )( )1

0
2, 2, 0

r
k H B x

v v ∞− → . 

For the proof of this lemma, we refer the reader to Lemmas 3.6 and 3.7 in [1]. 
In the next lemma, we summarize the main properties satisfied by the limit func-
tions 1, 2,,v v∞ ∞ . 

Lemma 3.5 We have that 
1) 2, 0v ∞ ≡  in N , 1,v ∞  is nonconstant; 
2) it results ( )1,div 0A v ∞∇ =  in { }1, 0v ∞ > ; 

3) { }1, 0v ∞ = ≠ ∅ , and { }1, 0v ∞ >  is connected. 

The proof is similar to that of Lemma 3.7 and Remark 3.8 in [1]. The lack of 
symmetry in the exponents of the competition terms prevents the construction of 
an Almgren-type frequency function for the whole system. We therefore exploit 
the geometric invariance of the energy functional and, after passing to the limit, 
derive a structural identity satisfied by the unique nontrivial component 1,v ∞  in 
the whole space. 

Lemma 3.6 Let ( ),N N
cQ C∞∈   , then 

 ( )2
1, 1, 1,2 , div 0.N dQ v v Q v∞ ∞ ∞∇ ∇ − ∇ =∫  (3.8) 
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Proof Multiply the equation in (3.1) for 1,kv  by the test function 1, ,kv Q∇  
and integrate to obtain 

( ) ( )1
1, 1, 1, 2, 1, 1, 1, 1,, , , , , 0.

k
k k k k k k k k kA v v Q M v v v Q f x v v Qγ γ +

Ω
∇ ∇ ∇ + ∇ − ∇ =∫ (3.9) 

By integration by parts, we have 

( )1, 1, 1, 1, 1, 1,
1, , , div , .
2k k

k k k k k kA v v Q A v v Q dQA v v
Ω Ω

∇ ∇ ∇ = − ∇ ∇ + ∇ ∇∫ ∫  

Substituting the above expression into (3.9), we obtain 

 
( )

1, 1, 1, 1,

1
1, 2, 1, 1, 1, 1,

1, , div
2

, , , 0.
k

k k k k

k k k k k k k

dQA v v A v v Q

M v v v Q f x v v Qγ γ

Ω

+

∇ ∇ − ∇ ∇

+ ∇ − ∇ =

∫  (3.10) 

Similarly, performing the same procedure on the equation involving 2,kv , then 
adding it to (3.10), and simplifying the resulting expression before passing to the 
limit as k → +∞ , we obtain 

( )2
1, 1, 1,2 , div 0,N dQ v v Q v∞ ∞ ∞∇ ∇ − ∇ =∫  

where we have used Lemma 3.4 and Lemma 3.5, and the fact that  

( ) ( ), ,, 0
k

i k i k L
f v ∞ Ω

⋅ →  as k → +∞ .                                  □ 

Proof of Theorem 3.1. To complete the proof of Theorem 3.1, we exploit the 
domain variation formula to recover an Almgren-type frequency monotonicity 
for the limiting component 1,v ∞ , which yields a precise description of its nodal 
set. This allows us to rule out nontrivial blow-up limits, leading to a contradiction 
and hence to the desired regularity result. From (3.8) we can derive 

( ) ( )0 0

2 2 2
1, 1, 1,

2 2 ,
r r rB x B B x

Nv v v
r

ν∞ ∞ ∞∂ ∂

−
∇ = ∇ +∫ ∫ ∫  

for every 0
Nx ∈  and almost every 0r > . And by Lemma 2.8 in [6], we obtain 

( )( ) ( ) ( )0 0 0

2 2
1, 1, 1, 1,

d 1 2 , .
d r r rB x B x B x

Nv v v v
r r

ν∞ ∞ ∞ ∞∂ ∂ ∂

−
= +∫ ∫ ∫  

To this end, we need to introduce the Almgren frequency function. We define 

( ) ( )
( )

( )

( )

( ) ( )
0

0

0

2
1,0 2

0 0 1,2
0 1,

,
, , where , .

,
r

r

r

B x

B x
B x

r vrD x r
N x r H x r v

H x r v

∞

∞∂
∞∂

∇
= = =

∫
∫∫

 

Combining the two identities above with the Cauchy-Schwarz inequality, we 
can show that ( )0 ,N x r  is nondecreasing, and that ( )0 ,N x r  is constant and 
equal to c  if and only if 1,v ∞  is c -homogeneous. Then we can prove that  

{ }1, 0v ∞ =  is a linear subspace of dimension at most 2N − , and in particular has 
local capacity 0. 

Step 1. The interior of the set { }1, 0v ∞ =  is empty. That is, if ( )1, 0 0v x∞ = , 

then in every small neighborhood ( )0B xρ  around that point, we have 1, 0v ∞ ≡/ . 

By contradiction, assume that 0x  is an interior point of the set { }1, 0v ∞ = . Then 
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there exists a sufficiently small ball ( )
1 0rB x  such that 1, 0v ∞ =  in ( )

1 0rB x . This 

implies that ( )0 1, 0H x r =  on the boundary of the ball. Therefore, there exist 

1 2, 0r r >  such that for all ( ]1 2,r r r∈ , we have ( )0 , 0H x r > . Since  

( )1
1,

N
locv H∞ ∈  , by the monotonicity formula, we obtain that 

( ) ( ) ( )( )
( )

1 2
0 0 0

1 1
0

, ' , , 1d log .
d ,

N N

N N

H x r H x r r H x r N r
r r H x r r

− −

− −

− −
=  

Then we have 

( ) ( )
( )

( ) ( )0 0 0 0 2
1

0

, 2 , 2 , 2 ,d log .
d ,N

H x r D x r N x r N x r C
r H x r r r rr − = = ≤ =  

Thus 
( )0

1

,d log
d N

H x r C
r rr − ≤ . Integrating both sides of the above equation from 

r  to R , and assuming 1 2r r R r< < < , we have 
( ) ( )0 0

1 1

, ,
N C N C

H x R H x r
R r− + − +≤ . As  

1r r+→ , we know that ( )
1

0lim , 0
r r

H x r+→
= . Therefore, we deduce that  

( )0 , 0H x R = . This contradicts the assumption that ( )0 , 0H x R > . 

Step 2. Prove that for any 0
Nx ∈  and any radius 0r > , we have  

( )0 , 0H x r ≠ . By contradiction, suppose there exists a radius 1 0r >  such that 

( )0 1, 0H x r = . That implies 1, 0v ∞ =  on ( )
1 0rB x∂ . Since ( ) ( )0

2
0 1,,

rB x
H x r v ∞∂

= ∫ , 

0H =  means 1,v ∞  vanishes on the entire sphere. Because 1
1, locv H∞ ∈ , continu-

ity yields that 1,v ∞  is zero on an open region inside the ball-in other words 

1, 0v ∞ ≡  in ( )
1 0rB x . This contradicts the result in step 1. Moreover, we can find 

that 
( )0

1

,
N

H x r
r −

 is a non-decreasing function, 

( ) ( ) ( )
( )0

0 0 20
1,1 1 1

1, ,,d 2 .
d rN N N B x

NH x r H x rH x r r v
r r r r ∞− − −

−′ − 
= = ∇  

 
∫  

Thus, if ( )0 1, 0H x r =  for some 1r , then ( )0 , 0H x r = , 1 0 r r∀ < < . That is, 

1,v ∞  identically in the entire ball of radius 1r  centered at 0x , which creates an 
interior region of the zero set, this contradicts the result in step 1 again. Therefore, 
we can rigorously conclude that ( )0 , 0H x r > , 0

Nx∀ ∈ , 0r > . 
Step 3. The function 1,v ∞  attains the value 0 at least at some point in N . By 

contradiction, suppose that 1, 0v ∞ >  holds throughout N . Then, by Lemma 
3.5, we know that 

( ) { }1, 1,div 0 in 0 .A v v∞ ∞− ∇ = >  

Since the coefficient matrix A  is constant, symmetric, and positive definite, it 
can be transformed into 1,Δ 0v ∞− =  in { }1, 0v ∞ > , through a suitable linear 
change of variables. At this point, we only know that 1,v ∞  is harmonic in its pos-
itivity set. Now, by the assumption { }1, 0 Nv ∞ > =  , the equation becomes 
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1,Δ 0v ∞− =  in N , so 1,v ∞  is a globally bounded harmonic function in the 
whole space N . By the classical Liouville theorem, we have 1,v C∞ ≡ , which 
contradicts the fact that 1,v ∞  is non-constant. Therefore, there must exist some 
point 0x  such that ( )1, 0 0v x∞ = . 

Step 4. For the function 1,v ∞ , if { }0 1, 0x v ∞∈ = , then after rescaling 1,v ∞  
aroud 0x , it exhibits local α -homogeneity. Without loss of generality, assume 
that { }1,0 0v ∞∈ = . We aim to prove that ( )0 ,N x r α=  for all r , so that 1,v ∞  
is α -homogeneous with respect to the origin. Since ( )0 ,N x r  is non-decreasing, 
if it attains the value α ε−  at some point r , we can get  

( ) ( )0 0, ,N x r N x r α ε≤ = − , for all ( ]0,r r∈  . Substituting this upper bound into 
Almgren’s monotonicity formula, we obtain  

( ) ( ) ( ) ( ]0 0
1

, 2 , 2d log , 0, .
d N

H x r N x r
r r

r r rr
α ε

−

−
= ≤ ∀ ∈   

Integrating both sides of the above equation from r  to r , and further calcu-
lation and simplification, we obtain 

( ) ( ) ( )2
0 0

1 1

, ,
.N N

H x r H x r r
rr r

α ε−

− −

 ≥ ⋅ 
 





 

Therefore, there exists a constant 
( )

( )
0

1 1 2

,
0

N

H x r
C

r α ε− + −
= >





, such that for all 

0 r r< <  , we have that 

( ) ( )1 2
0 1, .NH x r C r α ε− + −≥  

In other words, since 1,v ∞  is globally α -Hölder continuous and 1, 0v ∞ = , there 

exists a constant 0C >  such that for any x , we have ( )1,v x C x α
∞ ≤ . Thus, on 

the sphere rB∂ , we have 2 2 2
1,v C r α
∞ ≤ . By integrating over rB∂ , we get 

( ) 2 2 2 1 2
0 1,, .

r

N
rB

H x r v C r B C rα α− +
∞∂

′= ≤ ∂ =∫  

The upper and lower bounds for ( )H r  lead to a contradiction as 0r → , un-
less 0ε = . Hence, we conclude that there cannot exist any 0r >  such that 

( )0 ,N x r α ε= − ( )0ε > . Therefore, ( )0 ,N x r α≥ , 0r∀ > . In the same way, 
assume that there exists some radius 0r >  such that ( )0,N r α ε= + . Since 

( )0 ,N x r  is non-decreasing, for r r∀ ≥  , we have ( ) ( )0 0, ,N x r N x r α ε≥ = + . 
From the Almgren monotonicity formula, we know that 

( ) ( ) ( )0 0
1

, 2 , 2d log .
d N

H x r N x r
r r rr

α ε
−

+
= ≥  

Integrating the above equation, we obtain ( ) ( )1 2
0 2, NH x r C r α ε− + +≥ , r r∀ >  . 

Then we have 

( ) ( )1 2 1 2
2 0 , .N NC r H x r C rα ε α− + + − +′≤ ≤  

Therefore, we arrive at a contradiction, which implies that ( )0 ,N x r α≤ , 
0r∀ > . In conclusion, we have ( )0 ,N x r α= , 0r∀ > . 
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Step 5. We decompose 1,v ∞  into its “positive part” and “negative part”, de-
noted by 

( ) ( ){ } ( ) ( ){ }1, 1, 1, 1,max ,0 , max ,0 .v x v x v x v x+ −
∞ ∞ ∞ ∞= = −  

Then 1,v+
∞  and 1,v−

∞  still satisfy the properties of being weakly subharmonic, 
having disjoint supports, and being α -Hölder continuous. We know that at least 
one of 1,v+

∞  and 1,v−
∞  must be identically zero. Without loss of generality, we as-

sume that 1, 0v−
∞ = , then 1, 1, 0v v+

∞ ∞= ≥ . Moreover, step 4 shows that 1,v ∞  is α
-homogeneous with respect to each of its zero points. Assuming { }0 1, 0x v ∞∈ =  
and taking any { }1, 0y v ∞∈ =  with 0y x ζ= + . Then, for 0t∀ > , we have 

( ) ( ) ( )1, 0 1, 0 1, 0.v x t t v x t v yα αζ ζ∞ ∞ ∞+ = + = =  

Therefore, every point 0x tζ+  belongs to the zero set, the set { }1, 0v ∞ =  is a 
cone with any of its points as a vertex. We have already shown that 0 belongs to 
the zero set, and that for any point in the zero set, the zero set is a cone with 
respect to that point. Therefore, we conclude that the zero set must be a linear 
subspace. Suppose that the zero set is a hyperplane, which divides the space into 
two regions 1Ω  and 2Ω . Then, in each region, 1,v ∞  is either nonnegative or 
nonpositive everywhere. By restricting 1,v ∞  to these two half-spaces, we see that 

1
1,v ∞ Ω

 and 
2

1,v ∞ Ω
 remain subharmonic, have disjoint supports, and satisfy the 

required regularity. Applying Theorem 3.1 in [5] again, we deduce that one of 
these two functions must be identically zero. However, from Step 1 we know that 
the zero set has no interior. If 1,v ∞  were identically zero in one of the half-spaces, 
then the zero set would have a nonempty interior, which contradicts step 1. There-
fore, the zero set cannot be a hyperplane. Then { }1, 0v ∞ =  is a linear subspace of 
dimension 2N − . We denote this set by { }1,: 0E v ∞= = , and introduce the ca-
pacity associated with the operator ( )div A∇⋅ : 

( ) { }cap : inf , : , 1 on .NA cE A u u u C u E∞= ∇ ∇ ∈ ≥∫  

Since the matrix A  is uniformly elliptic, this capacity is equivalent to the clas-
sical Newtonian capacity. In particular, any linear subspace of dimension 2N −  
has zero A -capacity. 

It follows from classical potential theory that sets of zero capacity are removable 
for A -harmonic functions. Therefore, 1,v ∞  can be extended as an A -harmonic 
function across its zero set. Since we have already shown that 1,v ∞  is harmonic 
in the region outside the zero set and that ( ) ( )1

1,
N N

locv H C∞ ∈ ∩  , it follows 
that 1,v ∞  can be extended to a harmonic function on the whole space N . By 
Liouville’s theorem, any bounded harmonic function on N  must be constant. 
This contradicts the fact that 1,v ∞  is a nontrivial limit function. We have com-
pleted the proof of the boundedness of { }ku  in ( )0,C α Ω .                □ 

In this paper, we investigate a class of strongly competing elliptic systems with 
anisotropic diffusion, and prove the Hölder regularity of their solutions via a con-
tradiction argument. The proof relies on the construction of blow-up sequences, 
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combined with monotonicity formulas and Liouville-type theorems. Our results 
extend the existing theory from the isotropic setting to a more general anisotropic 
framework, while also allowing for more flexible nonlinear interaction terms. Sev-
eral interesting questions remain open for further study. In particular, the present 
work focuses on diffusion operators with constant coefficient matrices; extending 
the analysis to the case of variable coefficient matrices ( )A x  would be a mean-
ingful direction for future research. 
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