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Abstract 
Under the context of urban compound air pollution, the joint dependence 
structure and spatiotemporal characteristics between NO2 and PM2.5 have not 
yet been systematically quantified. To reveal their co-variation mechanisms, 
this study utilizes daily average data from 31 air quality monitoring stations 
covering urban and suburban areas of Beijing during 2023-2024. A staged an-
alytical framework integrating overall modeling, spatial clustering, and sea-
sonal stratification is constructed. First, a mixture copula model is employed 
to characterize the overall joint distribution of NO2 and PM2.5. Subsequently, 
statistical fingerprint clustering combined with seasonal analysis is applied to 
identify spatial and temporal heterogeneity in the dependence structure. The 
results indicate a moderately strong positive dependence between NO2 and 
PM2.5 across Beijing, with an asymmetric structure featuring upper-tail-dom-
inant dependence structure. This suggests that the two pollutants are more 
likely to increase synchronously under high-pollution conditions, implying a 
joint amplification effect during extreme pollution episodes. Spatial clustering 
analysis reveals significant gradient differences in concentration levels among 
monitoring stations, particularly for NO2, which exhibits significant spatial 
stratification. However, the form of the dependence structure remains rela-
tively stable, indicating that spatial location primarily influences pollution in-
tensity rather than coupling mechanisms. Seasonal variation substantially re-
structures the joint distribution. During the heating season, the two pollutants 
exhibit strong positive dependence and lower tail dependence, whereas in the 
non-heating season, the dependence is characterized by upper-tail-dominant 
feature. These findings suggest that seasonal factors exert a stronger regulatory 
effect on the pollutant dependence structure than spatial differences. This 
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study reveals the spatiotemporal characteristics of the synergistic evolution of 
NO2 and PM2.5 in Beijing, providing support for joint risk assessment of ex-
treme pollution events and seasonally differentiated coordinated control strat-
egies.  
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1. Introduction 

With the accelerating pace of global urbanization, urban air pollution has become 
one of the core environmental challenges constraining sustainable development 
and public health security [1] [2]. Among various atmospheric pollutants, fine 
particulate matter (PM2.5) and nitrogen dioxide (NO2) are considered representa-
tive urban pollutants due to their widespread emission sources, relatively high 
ambient concentrations, and substantial health risks. Many epidemiological stud-
ies have demonstrated that exposure to NO2 and PM2.5 is strongly associated with 
respiratory diseases, cardiovascular diseases, and premature mortality [3]-[5]. In 
severe pollution episodes, these two pollutants often exhibit synchronous increases, 
with joint exposure effects potentially exceeding those of individual pollutants. 
Therefore, revealing the dependence structure between NO2 and PM2.5 is of great 
significance for understanding the formation mechanisms of compound air pol-
lution and conducting joint risk assessments. 

In recent years, copula models have been widely applied in multivariate de-
pendence modeling of air pollution variables. As a flexible multivariate depend-
ence modeling tool, copula can precisely describe the joint structure between var-
iables without assuming marginal distribution forms, making it particularly suit-
able for air pollutant data with significant asymmetry and tail dependence [6]-[9]. 
In practical applications, Archimedean copulas are frequently employed to de-
scribe different types of tail dependence structures [10]-[12]. Previous studies have 
applied copula models to joint analyses of different regions and pollution combi-
nations. For example, Masseran et al. [13] combined copula models with other 
statistical models to analyze the dependence structure among multiple air pollu-
tants in Malaysia. Zhang et al. [11] employed five copula models to study the mul-
tiscale correlations between PM2.5 and O3 in three major Chinese cities. Abbasi et 
al. [10] integrated time-series clustering with classical Archimedean copula mod-
els to explore the temporal variation and dependence between PM2.5 and associ-
ated pollutants in Tehran. Sak et al. [14] assessed PM2.5 pollution risk in multiple 
Chinese cities based on copula models. Chan et al. [15] constructed multivariate 
copula models to investigate dependence relationships of extreme air pollution 
events. 
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However, a single copula model is typically capable of capturing only one spe-
cific type of tail dependence. In real atmospheric environments, pollutant depend-
ence structures are influenced jointly by emission sources, meteorological condi-
tions, and regional transport processes, often resulting in composite structural 
characteristics. To overcome this limitation, recent studies have introduced linear 
combinations of copula models (mixture copula models), which more compre-
hensively fit complex dependence structures by weighting different copulas [16]-
[19]. The joint distribution of air pollutants frequently exhibits non-normality, 
asymmetry, and tail dependence characteristics [4] [10] [20], which traditional 
linear correlation analysis cannot fully reveal. Therefore, this study adopts a mix-
ture copula model composed of Gumbel, Clayton and Frank copulas to flexibly 
capture the potential multiple dependence patterns between NO2 and PM2.5. 

Compared to existing studies, this paper extends the methodological frame-
work hierarchically. An overall dependence baseline model is first established, fol-
lowed by the integration of spatial clustering, seasonal stratification, and copula 
modeling to progressively reveal the spatiotemporal heterogeneity of the joint dis-
tribution between NO2 and PM2.5. Through this stepwise analytical framework, 
the paper aims to uncover the structural evolution patterns of their joint distribu-
tion in Beijing, thereby providing quantitative support for refined air quality man-
agement and differentiated prevention strategies. The proposed framework also 
offers methodological reference for multi-station, multi-pollutant joint risk as-
sessment in other metropolitan regions. 

The structure of this paper is as follows. Section 2 introduces the study area and 
data. Section 3 describes the research methods and model fundamentals. Section 
4 presents the model fitting results and provides comprehensive analysis and dis-
cussion. Section 5 summarizes the main conclusions. 

2. Study Area and Data 
2.1. Study Area and Data Sources 

Beijing is located in the northern part of China and is characterized by a temperate 
continental monsoon climate. Influenced by terrain and urban heat island effects, 
atmospheric diffusion and pollutant accumulation processes in this region exhibit 
substantial complexity, making it a typical case for investigating compound urban 
air pollution mechanisms. As the political, economic, and cultural center of China, 
Beijing has a dense population, frequent economic activities, and high energy con-
sumption intensity. Consequently, modeling air pollutant behavior in Beijing is of 
great significance. 

The data for this study are sourced from the Beijing Municipal Environmental 
Monitoring Center. Initially 35 air quality monitoring stations within Beijing were 
selected (station distribution shown in Figure 1). These stations cover urban and 
suburban functional zones, comprehensively reflecting the spatial distribution 
characteristics of air quality across the city. The research data consist of daily av-
erage concentrations of NO2 and PM2.5 at each station from January 1, 2023, to 
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December 31, 2024 (units: μg/m3). 
 

 
Figure 1. Distribution of air quality monitoring stations in Beijing. 

2.2. Data Preprocessing 

In practical air quality monitoring, data missing is inevitable due to equipment 
maintenance, power interruptions, or instrument failures. Existing studies have 
indicated that missing air quality data typically follows a random missing pattern 
[21] [22]. If not handled properly, missing data may cause bias in statistical mod-
eling and parameter estimation. To ensure data integrity and reliability of analysis 
results, a hierarchical preprocessing strategy is adopted. If a monitoring station 
has consecutive missing data exceeding 10 days, it is considered to have insuffi-
cient data integrity and is entirely excluded. For a small number of discrete miss-
ing values, a sliding window interpolation method is used [23].  

After data screening and preprocessing, four stations—Huairou New Town, 
Shunyi New Town, Mentougou Sanjiadian, and Changping Nanshao—are ex-
cluded due to continuous missing records exceeding 10 days, leaving 31 monitor-
ing stations for subsequent analysis. Statistical results indicate that the overall 
missing rates for NO2 and PM2.5 data across valid stations are 0.26% and 0.29%, 
respectively, with missing patterns primarily consisting of short-term discrete 
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gaps (1 - 4 consecutive days). 
To address this pattern, a sliding window linear interpolation approach is em-

ployed to impute missing values. For periods of consecutive missing days m  
(1 4m≤ ≤ ), a window centered on the missing interval is constructed by taking 

2 1m +    valid observations both before and after the missing segment. Linear 
interpolation is performed based on the valid data within the window. Prior to 
interpolation, extreme concentration values of NO2 and PM2.5 are identified using 
the Z-score method ( 3Z > ) and preserve without participating in the interpola-
tion calculations. In addition, interpolated values are constrained within the 5th–
95th percentile range of the corresponding pollutant at each station to avoid dis-
tortion of extreme concentration distribution. This preprocessing procedure 
maintains sample size while improving data quality and the stability of model es-
timation [23]. 

To characterize the overall pollution level in Beijing, daily average concentra-
tions from multiple stations are aggregated to construct a regional-scale dataset. 
Specifically, the arithmetic mean of NO2 and PM2.5 concentrations across all valid 
stations is calculated for each observation day, serving as a regional representative 
concentration. 

3. Methodology 
3.1. Copula Model 

To characterize the nonlinear and asymmetric dependence structure between NO2 
and PM2.5, a joint distribution modeling framework based on copula theory is 
adopted. Copula models serve as a powerful tool that links multivariate joint dis-
tributions with their marginal distributions, enabling the separation of depend-
ence structure from marginal behavior and allowing independent modeling of 
each component. According to Sklar’s theorem [6] [24], for two random variables 
X  and Y  with joint distribution function ( ),H x y  and marginal distribution 

functions ( )XF x  and ( )YF y , respectively, there exists a copula function  
[ ] [ ]2: 0,1 0,1C →  such that  

( ) ( ) ( )( ), , .X YH x y C F x F y=  

Different copulas can capture distinct tail dependence structures [25]. This 
study selects three classic Archimedean copulas—Gumbel, Clayton and Frank—
primarily based on their theoretical suitability and relevance to atmospheric phys-
ics. Gumbel copula captures upper tail dependence, reflecting the joint increase of 
pollutant concentrations during severe pollution episodes. Clayton copula char-
acterizes lower tail dependence and is capable of modeling the synchronous de-
crease of pollutant concentrations under clean-air conditions. Frank copula describes 
symmetric dependence, reflecting moderate correlations under normal pollution 
levels. Together, these three copulas provide complementary representations of 
dependence across the full concentration range and have been widely used in air 
pollution dependence modeling. Although other copula families could also be 
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considered, their tail dependence characteristics largely overlap with those of the 
above models and would substantially increase model complexity. Since the Gum-
bel-Clayton-Frank combination flexibly fits the dependence features of the pollu-
tants in this study while maintaining model simplicity and interpretability, addi-
tional copulas are not included. Therefore, this study adopts the following mixture 
copula [6] [17]:  

 ( ) ( ) ( ) ( )mix 1 1 2 2 3 3, , ; , ; , ; ,G C FC u v C u v C u v C u vα θ α θ α θ= + +  (1) 

where , ,G C FC C C   denote Gumbel, Clayton and Frank copulas, respectively; 

1 2 3, ,θ θ θ  are the intrinsic parameters of Gumbel, Clayton and Frank copulas, sat-
isfying [ )1 1,θ ∈ ∞  , ( )2 0,θ ∈ ∞  , 3 0θ ≠  ; 1 2 3, ,α α α   are the weight parameters 
corresponding to the copulas in the mixture model, satisfying [ ]0,1iα ∈   for 

1,2,3i =  and 3
1 1ii α
=

=∑ . The three copulas are given by:  

 ( ) ( )( ) 11 1
1

exp log log ,GC u v
θθ θ = − − + − 

 
 (2) 

 ( ) 22 2
1

1 ,CC u v
θθ θ −− −= + −  (3) 

 
( )( )3 3

3
3

e 1 e 11 log 1 .
e 1

u v

FC
θ θ

θθ

− −

−

 − −
 = − +
 − 

 (4) 

By adjusting the mixture weights, the mixture model can theoretically provide a 
more accurate approximation of the true dependence structure. 

To quantify the dependence structure and tail synergy characteristics between 
NO2 and PM2.5, Kendall’s rank correlation coefficient τ , as well as upper tail de-
pendence parameter Uλ   and lower tail dependence parameter Lλ   are em-
ployed [6] [26]:  

 ( ) ( )24 , d , 1,
I

C u v C u vτ = −∫∫  (5) 

 ( )
1

1 ,
2 lim ,

1U t

C t t
t

λ
→

−
= −

−
 (6) 

 ( )
0

,
lim .L t

C t t
t

λ
→

=  (7) 

Kendall’s τ   reflects the degree of concordance in monotonic correlation be-
tween two variables [27]. A positive value indicates positive dependence, whereas 
a negative value indicates negative dependence. The tail dependence parameters 
quantify the probability of two variables significantly increasing or decreasing sim-
ultaneously within the same period. Uλ  measures the probability of joint extreme 
high values, while Lλ  measures the probability of joint extreme low values. Tail 
dependence parameters can reveal the synchronous fluctuation mechanisms of 
pollutants under heavy pollution or clean backgrounds, serving as important sta-
tistical indicators for characterizing extreme event risk coupling [28]. 

3.2. Marginal Distribution Estimation 

Considering that pollutant concentration sequences typically exhibit heavy tails 
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and non-normal characteristics, assuming parametric marginal distributions may 
introduce model misspecification bias. To enhance model robustness, this paper 
employs empirical distribution functions to estimate marginal distributions. For 
a sample size n  observation sequence ( ) ( )1 1, , , ,n nX Y X Y , the empirical distri-
bution functions are defined as:  

 ( ) ( ) ( ) ( )
1 1

ˆ ˆ1 1, ,
n n

X i Y i
i i

F x I X x F y I Y y
n n= =

= ≤ = ≤∑ ∑  (8) 

where ( )I ⋅  denotes the indicator function. Subsequently, rank transformation is 
used to convert the original observation sequence into pseudo-observations 
( ),i iU V :  

 
( ) ( )Rank Rank

, .
1 1

i i
i i

X Y
U V

n n
= =

+ +
 (9) 

3.3. Parameter Estimation 

Maximum pseudo-likelihood estimation is widely used to estimate copula param-
eters [29]. This study employs maximum pseudo-likelihood estimation to solve 
the parameters of the mixture copula. The pseudo-log-likelihood function is de-
fined as:  

 ( ) ( ) ( ) ( )( )1 1 2 2 3 3
1

log log , ; , ; , ; ,
n

G i i C i i F i i
i

L c u v c u v c u vφ α θ α θ α θ
=

= + +∑  (10) 

where ( )1 2 1 2 3, , , ,φ α α θ θ θ=  is the parameter vector of the mixture copula, and 
, ,G C Fc c c   are the probability density functions of Gumbel, Clayton and Frank 

copulas, respectively. Under parameter constraints, the interior point method is 
used to numerically maximize the objective function. 

3.4. Model Evaluation and Goodness-of-Fit Testing 

To systematically evaluate model performance, this paper constructs a multidi-
mensional evaluation system, including the Akaike Information Criterion (AIC), 
root mean square error (RMSE), and Kolmogorov-Smirnov (KS) statistic [30] [31]. 

AIC balances fitting goodness and model complexity, defined as:  

 AIC 2 2log ,k L= −  (11) 

where k  is the number of model parameters, and log L  is the log-likelihood 
value. 

Based on the pseudo-observations ( ),i iU V , the empirical copula is constructed 
as:  

 ( ) ( )
1

1 , .ˆ ,
n

n i i
i

C u v I U u V v
n =

= ≤ ≤∑  (12) 

RMSE calculates the differences between the empirical copula and theoretical 
copula at all observation points:  

 ( ) ( )( )2

1

ˆ1RMSE , , .
n

n i i i i
i

C u v C u v
n =

= −∑  (13) 

https://doi.org/10.4236/jamp.2026.143056


X. T. Chen 
 

 

DOI: 10.4236/jamp.2026.143056 1191 Journal of Applied Mathematics and Physics 
 

The KS statistic tests the maximum deviation between empirical and model dis-
tributions:  

 ( ) ( )KS max , .ˆ ,n i i i ii
C u v C u v= −  (14) 

To test the significance of the statistics, a parametric bootstrap procedure is 
implemented [32]. Simulated samples are generated based on estimated parame-
ters, and RMSE and KS statistics are recalculated for each group of simulated sam-
ples, yielding B  simulated statistics. The p-value of the observed statistic in the 
simulated distribution is calculated using the +1 correction method to improve 
sample robustness:  

 
( )obs1

1
,

1

B
bb

I T T
p

B
=

≥ +
=

+
∑  (15) 

where bT  is the statistic from the b-th simulation, and obsT  is the observed sta-
tistic. A model is considered statistically adequate if the p-value exceeds the cho-
sen significance level. 

3.5. Clustering Analysis 

Clustering analysis is a classical unsupervised learning method aimed at auto-
matically grouping samples based on their similarity structure without prior 
knowledge [33]. As an important analytical tool in environmental science, clus-
tering methods are widely applied to identify potential patterns and heterogeneity 
in complex observational datasets [34]. To distinguish differences among moni-
toring stations in terms of pollutant concentration characteristics and dependence 
structures, this paper adopts a clustering method based on statistical feature fin-
gerprints. This method transforms raw observation sequences into low-dimen-
sional feature vectors and achieves station grouping through traditional clustering 
algorithms. According to the type of pollution characteristics, clustering methods 
can generally be classified into shape-based, feature-based and model-based cate-
gories [35]. Given the obvious non-stationarity and extreme value sensitivity of 
pollutant data, this paper adopts a feature-based method, condensing high-di-
mensional observational data into interpretable statistical indicators for clustering 
analysis. 

3.5.1. Statistical Feature Extraction 
To enhance the robustness and interpretability of the analysis, the raw daily con-
centration series are not directly used. Instead, a statistical feature vector is con-
structed for each monitoring station, treating NO2 and PM2.5 as a coupled system 
for joint characterization. The feature vector consists of two categories: 

1) Basic statistical features (12 dimensions). Mean, median, standard devia-
tion, interquartile range (IQR), skewness and kurtosis are calculated separately for 
NO2 and PM2.5. These indicators comprehensively describe the average concen-
tration levels, fluctuation degrees and distributional shape of pollutants. The IQR 
serves as a robust measure of variability that effectively resists extreme pollution 
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values, while skewness and kurtosis reflect the asymmetry and tail thickness char-
acteristics of the data distribution. 

2) Interaction relationship features (6 dimensions). Pearson’s correlation co-
efficient between NO2 and PM2.5, linear regression slope, median concentration 
ratio, and high-concentration co-occurrence proportion (proportion where both 
exceed their respective 75th quantiles). These features quantify the linear depend-
ence strength, relative growth relationships and extreme event synergy probabili-
ties between pollutants, thereby facilitating the distinction of stations dominated 
by traffic sources from those dominated by regional transport.  

3.5.2. Feature Standardization and Dimensionality Reduction 
To eliminate differences in scale and mitigate potential collinearity among fea-
tures, grouped Z-score standardization is applied to the original feature matrix. 
Subsequently, principal component analysis (PCA) is used to reduce the dimen-
sion of the standardized matrix, retaining principal components that collectively 
explain at least 90% of the cumulative variance [36]. The resulting low-dimen-
sional score matrix obtained from PCA serves as the input for the clustering algo-
rithm, reducing computational complexity while preserving the core structural 
information embedded in the original features. 

3.5.3. Clustering Algorithm and Determination of the Optimal Number of 
Clusters 

In the PCA-reduced space, the K-means algorithm is employed to cluster the 
monitoring stations [37]. To avoid local optima, 100 random initializations are set 
for repeated runs and the squared Euclidean distance is used as the similarity met-
ric. Considering the potential spatial differentiation patterns within the study re-
gion, the number of clusters is pre-specified within the range 2K =  to 5. The 
optimal number of clusters is determined based on the silhouette coefficient, 
which comprehensively evaluates within-cluster compactness and between-clus-
ter separation. The K  value with the highest silhouette coefficient is selected as 
the optimal number of clusters. 

4. Results and Discussion 
4.1. Overall Joint Distribution Characteristics 

To establish a foundational understanding of the joint distribution between NO2 
and PM2.5 concentrations in Beijing, an overall analysis was conducted using daily 
average observations from 31 monitoring stations during 2023-2024. The overall 
sample results are shown in Table 1. During the study period, the average con-
centration of NO2 is 25.704 μg/m3, whereas that of PM2.5 is 33.456 μg/m3. The 
standard deviation of PM2.5 (28.167 μg/m3) is substantially higher than that of NO2 
(13.695 μg/m3), indicating that PM2.5 exhibits stronger volatility and instability. In 
terms of extreme values, the maximum value of PM2.5 is 166.461 μg/m3, reflecting 
the occurrence of severe pollution episodes during the observation period. From 
a distributional perspective, the skewness of NO2 and PM2.5 is 0.957 and 1.816, 
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respectively, and the corresponding kurtosis is 3.501 and 6.844. Both pollutants 
exhibit obvious right-skewed and heavy-tailed characteristics, with PM2.5 display-
ing a markedly heavier tail. This suggests that extreme high-pollution events have 
a significant impact on the overall statistical structure. 

 
Table 1. Descriptive statistics of NO2 and PM2.5 (μg/m3). 

Variable Mean Min Max Std. Dev. Skewness Kurtosis 

NO2 25.704 4.853 72.250 13.695 0.957 3.501 

PM2.5 33.456 1.658 166.461 28.167 1.816 6.844 

 
Figure 2 shows the scatter plot between the two variables, showing an overall 

positive correlation between them. Data points are densely clustered in the low-
concentration range, exhibiting an approximately linear trend. Observations in 
the high-concentration range become sparse and more dispersed, without an evi-
dent clustering pattern. 
 

 
Figure 2. Scatter plot of NO2 and PM2.5. 

 
To further quantify the nonlinear and asymmetric joint distribution character-

istics between NO2 and PM2.5 concentration sequences, based on the above joint 
samples, we transformed the marginal distributions using the empirical distribu-
tion function obtained from Equation (8), and then fitted Gumbel, Clayton, Frank 
copulas and their mixture copula model, respectively. 

Model selection was conducted using the AIC, RMSE and the KS test. The 
model evaluation results are shown in Table 2. The mixture copula model has an 
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AIC value of −382.844 and RMSE of 0.007, both optimal among the four. Moreo-
ver, it passes the KS test, with a KS statistic of 0.020 and a p-value of 0.276, indi-
cating no statistically significant difference between the fitted and empirical dis-
tributions at the 0.05 significance level. Statistically, the mixture copula demon-
strates the best overall goodness-of-fit. 

 
Table 2. Comparison of copula model fitting goodness for overall data. 

Copula AIC RMSE τ  Uλ  Lλ  

Mixture −382.844 0.007 0.451 0.265 0.085 

Gumbel −370.890 0.009 0.422 0.507 0 

Clayton −295.595 0.023 0.346 0 0.520 

Frank −373.525 0.011 0.451 0 0 

 
To visually verify the ability of each model to characterize the data dependence 

structure, the empirical joint probability density function is compared with the 
theoretical densities implied by the four copula models (Figure 3 and Figure 4). 
From the figures, it is clear that a single copula model has obvious limitations in 
capturing dependence structures. Gumbel copula tends to overemphasize upper 
tail dependence, Clayton copula is more sensitive to lower tail dependence, and 
Frank copula captures only symmetric dependence. In contrast, the theoretical 
density of the mixture copula has the highest correlation with the empirical den-
sity, not only accurately depicting the dependency patterns within the main data 
range, but also effectively capturing the asymmetric features at the tails. 
 

 
Figure 3. Empirical joint probability density. 
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Figure 4. Theoretical joint probability density: (a) Mixture; (b) Gumbel; (c) Clayton; (d) Frank. 

 

 
Figure 5. Q-Q plot of the mixture copula. 
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After determining the mixture copula as the optimal model, its quantile fitting 
performance was further examined using a Q-Q plot comparing theoretical and 
empirical quantiles (Figure 5). From Figure 5, it can be seen that sample points 
are basically distributed around the diagonal, with no obvious deviation even in 
extreme quantile intervals close to 0 and 1. It indicates that the mixture copula 
model not only fits well overall but also accurately characterizes the dependence 
structure of NO2 and PM2.5 under extreme concentrations. 

Substituting the NO2 and PM2.5 data into Equations (1)-(4) and Equation (10) 
yielded the parameters for the four copula models, with parameter estimation re-
sults shown in Table 3. For the mixture copula, the weight parameters are  

1 0.523α = , 2 0.131α = , 3 0.346α = . These results indicate that the model is up-
per-tail-dominant dependence structure of Gumbel copula, while incorporating 
lower-tail-dominant dependence structure from Clayton copula and symmetric 
dependence from Frank copula. This weighted combination produces an asym-
metric dependence structure more consistent with reality. The Kendall’s τ  of the 
mixture copula is 0.451, with an upper tail dependence parameter Uλ  of 0.265 
and a lower tail dependence parameter Lλ  of 0.085. This indicates that a mod-
erate positive association between NO2 and PM2.5, with a substantially higher 
probability of joint extreme high concentrations than joint extreme low concen-
trations. The dependence structure can therefore be characterized as being domi-
nated by high-pollution synergy. 

 
Table 3. Parameter estimates of the four copula models. 

Copula 1θ  2θ  3θ  1α  2α  3α  

Mixture 1.730 1.625 5.564 0.523 0.131 0.346 

Gumbel 1.730 – – – – – 

Clayton – 1.059 – – – – 

Frank – – 4.914 – – – 

 
In summary, the mixture copula not only comprehensively captures the multi-

ple dependence patterns between NO2 and PM2.5 concentrations but also performs 
best across all fitting goodness indicators, making it suitable for describing com-
plex dependence structures in such environmental pollutant data. 

4.2. Spatial Clustering Analysis of Stations 

To investigate the influence of spatial heterogeneity on the dependence structure 
between NO2 and PM2.5, the K-means algorithm was applied to cluster the 31 air 
quality monitoring stations. The results indicate that the silhouette coefficient 
reaches its maximum value (0.692) when 2K = , suggesting that partitioning the 
stations into two groups yields the optimal clustering performance. This configu-
ration effectively distinguishes the core differences in pollutant concentration 
characteristics and dependency relationships across regions. The final clustering 
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results are to divide the 31 stations into two groups, with spatial distribution as 
shown in Figure 6, highly consistent with Beijing’s “urban-suburban” geograph-
ical pattern. In subsequent analysis, the first group from the clustering results is 
uniformly referred to as the “urban-biased group,” and the second group as the 
“suburban-biased group.” 
 

 
Figure 6. Spatial distribution of clustering. 

 
The urban-biased group consists of 18 stations, including Dongcheng Dongsi, 

Dongcheng Tiantan, Fengtai Yungang, Fengtai Xiaotun, Yizhuang Development 
Zone, Jingdongnan Regional Point, Daxing Jiugong, Daxing Huangcun, Fangshan 
Liangxiang, Chaoyang Nongzhanguan, Chaoyang Aoti Center, Haidian Wanliu, 
Shijingshan Gucheng, Shijingshan Laoshan, Xicheng Wanshouxigong, Xicheng 
Guanyuan, Tongzhou Dongguan, Tongzhou Yongshun. These stations are mainly 
located within central urban districts and southeastern near-suburban areas. Their 
locations are close to major urban traffic arteries, commercial areas and densely 
populated regions, exhibiting typical urban pollution characteristics. The concen-
tration levels of NO2 and PM2.5 are generally high, with average values of 30.63 
μg/m3 and 35.88 μg/m3, respectively. The Pearson’s correlation coefficient is 0.618, 
showing strong correlation. This pattern reflects the synergistic pollution charac-
teristics dominated by local emission sources, particularly traffic-related emis-
sions in densely populated areas with high human activity. 

The suburban-biased group consists of 13 stations, including Dingling Control 
Point, Miyun New City, Miyun Town, Pinggu New City, Pinggu Town, Yanqing 
Xiandu, Yanqing Shiheying, Huairou Town, Fangshan Yanshan, Changping 
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Town, Haidian Sijiqing, Mentougou Shuangyu, and Shunyi Beixiaoying. These 
stations are mainly distributed in the northwestern and northeastern distant sub-
urbs and ecological conservation zones, far from the urban core, with relatively 
less influence from local emissions. The overall pollution level of this group of 
stations is relatively low, with the average values of NO2 and PM2.5 being 18.89 
μg/m3 and 30.10 μg/m3, respectively. Notably, NO2 levels are substantially lower 
than those in the urban-biased group, indicating reduced anthropogenic emission 
intensity. The Pearson’s correlation coefficient is 0.568, slightly lower than that of 
the urban-biased group, implying that PM2.5 sources in these areas may be more 
complex and relatively more influenced by regional transport and secondary gen-
eration processes. 

The above clustering results were basically consistent with Beijing’s actual spa-
tial pattern, indicating that the clustering method effectively captured emission 
structure differences. The key difference between the two groups lies in the obvi-
ous greater decline in NO2 than PM2.5, indicating that atmospheric pollutant con-
centrations in Beijing exhibited obvious spatial heterogeneity. The urban-biased 
group stations are dominated by local primary emission sources (traffic, industry, 
domestic, etc.), while suburban-biased group stations more reflect regional transport 
and natural background characteristics, with a higher proportion of regional 
transport and secondary generation contributions to PM2.5 in suburbs. Meanwhile, 
the correlation differences between the two groups are limited, indicating that 
spatial location primarily affects pollutant concentration levels, with limited im-
pact on the overall form of the dependence structure. 

4.3. Seasonal Analysis of Pollutant Concentrations 

This subsection further takes a temporal dimension into consideration, analyzing 
the impact of seasonal changes on the dependence structure between pollutants 
to further elucidate the dynamic association characteristics of pollutants. 

Figure 7 shows the seasonal variations in monthly average concentrations of 
NO2 and PM2.5 in Beijing from 2023-2024. A highly consistent seasonal cycle is 
observed for both pollutants: concentrations decrease synchronously during spring 
and summer, reaching their lowest levels in summer. In contrast, concentrations 
increase markedly in autumn and winter, peaking during winter months. Accord-
ing to the official heating season classification in Beijing, the heating season is 
from November 15 to March 15 of the following year, and the non-heating season 
is from March 16 to November 14. The overall concentration levels of both pollu-
tants during the heating season are significantly higher than those during the non-
heating season. This phenomenon reflects that anthropogenic emission intensity 
such as coal burning significantly increased during the heating season, and mete-
orological factors such as stable winter atmospheric boundary layers and poor 
pollutant diffusion conditions jointly lead to enhanced pollution accumulation ef-
fects. The seasonal differences in pollutant concentrations suggest that the de-
pendence structure between NO2 and PM2.5 might undergo structural reconfigu-
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ration under varying emission intensities and meteorological backgrounds. There-
fore, to deeply analyze their joint dependence structure, it is necessary to break 
through the limitations of full-year mixed analysis and stratify the data by heating 
and non-heating seasons to capture their potential seasonal pattern transition 
characteristics. 
 

 
Figure 7. Seasonal variations in monthly average concentrations of NO2 and PM2.5 in Beijing from 2023-2024: (a) 2023; (b) 2024. 

4.4. Dependence Structure Modeling from a Spatiotemporal 
Heterogeneity Perspective 

Based on the preceding clustering and seasonal analyses, there are obvious re-
gional and seasonal differences between NO2 and PM2.5 concentrations. Accord-
ingly, a two-dimensional analytical framework integrating spatial grouping and 
seasonal stratification was constructed, yielding four distinct scenarios: urban-bi-
ased-heating season, suburban-biased-heating season, urban-biased-non-heating 
season, and suburban-biased-non-heating season. In each scenario, Gumbel, Clay-
ton, Frank and mixture copula models were fitted separately, enabling a system-
atic comparison of model performance and dependence characteristics under dif-
ferent spatiotemporal conditions. 

Table 4 summarizes the optimal copula model and parameter estimation re-
sults for each scenario. At the significance level 0.05p = , all scenario optimal 
models pass the KS test, indicating no significant difference between the fitted and 
empirical distributions, confirming the reliability of the models. 

 
Table 4. Optimal fitting models for the dependence structure between NO2 and PM2.5 under different spatiotemporal scenarios. 

Region Period Copula τ  Uλ  Lλ  

Urban-biased group Heating season Mixture ( 0.097 0.506 0.397G C FC C C+ + ) 0.558 0.063 0.380 

Urban-biased group Non-heating season Gumbel 0.367 0.449 0 

Suburban-biased group Heating season Mixture ( 0.602 0.398C FC C+ ) 0.557 0 0.450 

Suburban-biased group Non-heating season Gumbel 0.384 0.467 0 
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During the heating season, the dependence structure between NO2 and PM2.5 in 
each region exhibits high complexity and asymmetry. The optimal models are all 
mixture copulas, indicating that a single copula model is insufficient to adequately 
capture the composite joint distribution patterns. Kendall’s τ  exceeds 0.5 in both 
cases, reflecting moderate positive dependence between pollutants. Tail depend-
ence analysis further revealed that lower tail dependence ( 0.3 - 0.5Lλ = ) is stronger 
than upper tail dependence ( 0.1Lλ < ). This characteristic is jointly driven by the 
emission patterns during the heating season, boundary-layer dynamics, and sec-
ondary formation [38]-[40]. Specifically, coal-fired heating induces a surge in 
PM2.5 emissions, accompanied by simultaneous increases in NO2 precursors, re-
sulting in highly coupled emission sources [38]. This elevates the overall pollution 
level and shifts high-concentration events from extreme occurrences to relatively 
common conditions, thereby weakening the statistical significance of upper tail 
dependence. Moreover, the heating season is characterized by a shallow boundary 
layer and frequent stagnant conditions, which hinder pollutant diffusion [39]. 
Both pollutants can decline simultaneously only under favorable dispersion con-
ditions, such as strong winds or precipitation. Therefore, synchronized fluctua-
tions are more likely to occur in the lower quantile range, strengthening the lower 
tail dependence. In addition, low-temperature and stable environments facilitate 
the conversion of NO2 into nitrate aerosols, establishing a chemical source-sink 
relationship. In this process, NO2 serves as the precursor and PM2.5 as the nitrate 
reservoir [40], which enhances the overall positive dependence. Consequently, the 
heating season dependence structure can be characterized by moderate positive 
dependence with a lower-tail-dominant pattern. 

In contrast, the dependence structure during the non-heating season is rela-
tively simple. For both spatial groups, Gumbel copula provides the optimal fit. 
This indicates that a single copula model is sufficient for modeling and interpre-
tation, whereas the additional parameters of the mixture copula enhance flexibil-
ity, also significantly increase the estimation complexity, thereby resulting in a 
decrease in fitting efficiency. Kendall’s τ  ranges between 0.3 and 0.4, indicating 
moderate positive dependence. The upper tail dependence parameters exceed 0.4, 
while lower tail dependence parameters are all 0. During the non-heating season, 
the atmospheric boundary-layer height increases and convective activity intensi-
fies, facilitating pollutant dispersion. Synergistic accumulation at low concentra-
tions is unlikely to occur, and lower tail dependence is weak [10]. Conversely, stag-
nant meteorological conditions under high temperature and humidity markedly 
enhance atmospheric oxidizability, promoting photochemical smog formation 
and secondary aerosol production [41] [42]. This drives the simultaneous increase 
of NO2 and PM2.5, resulting in a strong upper tail dependence. 

Within the same season, the dependence patterns of urban-biased and subur-
ban-biased groups stations are similar, but subtle differences exist. For instance, 
during the heating season, the lower tail dependence in the suburban-biased group 
is slightly stronger than in the urban-biased group. This difference might reflect 
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the relatively weaker influence of direct anthropogenic emissions in suburban en-
vironments, making them more sensitive to synchronized pollutant reductions 
driven by natural deposition or regional transport dilution processes [10]. Overall, 
seasonal factors exerted a markedly stronger regulatory influence on the depend-
ence structure between NO2 and PM2.5 than spatial differences. Spatial location 
primarily affects absolute concentration levels, whereas its structural impact on 
the coupling mechanisms remained limited. 

The hierarchical analysis demonstrates that the dependence structure between 
NO2 and PM2.5 in Beijing is not static but exhibits significant spatiotemporal het-
erogeneity. The overall tail dominance pattern is decomposed into lower tail dom-
inance during the heating season and upper tail dominance during the non-heat-
ing season after stratification. This structural transformation arises from multiple 
mechanisms, including data aggregation effects (overall averaging obscures local 
patterns), differentiation of emission sources (urban local emissions versus sub-
urban regional transport), and seasonal meteorological regulation (winter accu-
mulation versus summer photochemical generation). These findings indicate the 
critical role of a spatiotemporal analytical framework in revealing compound pol-
lution dynamics. 

4.5. Limitations 

This study has several limitations. First, by treating the heating season and non-
heating season as holistic analytical units, the model does not fully account for 
non-stationarity within seasons. This simplification may obscure dynamic varia-
tions at finer temporal scales. Second, meteorological factors (such as wind speed 
and temperature) were not incorporated as covariates, potentially limiting a deeper 
mechanistic interpretation of the dependence structure. Finally, the estimated de-
pendence structures reflect statistical associations rather than causal relationships. 
The joint fluctuations of NO2 and PM2.5 result from multiple interacting factors, 
including emissions, meteorology, and chemical transformations, and copula pa-
rameters cannot be interpreted as evidence of causal mechanisms.  

5. Conclusions 

This paper employs an analytical framework integrating overall modeling, spatial 
clustering and seasonal stratification. Based on daily average NO2 and PM2.5 data 
from 31 air quality monitoring stations in Beijing during 2023-2024, it systemati-
cally reveals the spatiotemporal heterogeneity of pollutant joint dependence struc-
tures. The main conclusions are as follows: 

First, at the overall scale, NO2 and PM2.5 in Beijing exhibit a moderate positive 
dependence characterized predominantly by asymmetric upper-tail-dominant de-
pendence structure. This indicates a joint amplification effect in high-pollution 
scenarios. Second, at the spatial scale, stations are clustered into urban-biased and 
suburban-biased groups, with obvious gradient differences in concentration levels 
(especially NO2 spatial stratification), but the dependence structure remains rela-
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tively stable. Spatial location primarily regulates pollution intensity rather than 
coupling mechanisms between pollutants. Third, at the temporal scale, both NO2 
and PM2.5 show clear seasonal cycles. Concentration levels of two pollutants in-
crease significantly during the heating season and decline markedly during the 
non-heating season, emphasizing the critical roles of meteorological conditions 
and anthropogenic emissions in pollution accumulation. Fourth, the spatiotem-
poral heterogeneity analysis indicates that seasonal changes significantly restruc-
ture the dependence pattern. The heating season is characterized by strong overall 
positive dependence and lower-tail-dominant dependence, whereas the non-
heating season exhibits upper-tail-dominant dependence. Seasonal effect appears 
stronger than spatial differences, indicating that the dependence relationship be-
tween pollutants has spatiotemporal heterogeneity. 

From a policy perspective, local fitting yields substantially greater practical rel-
evance than overall fitting. While the overall model provides a citywide baseline 
reference, it is difficult to support differentiated strategies. Spatiotemporal strati-
fication directly points to targeted measures: urban-biased stations need to prior-
itize regulation of traffic and industrial sources to mitigate the risk of joint high-
concentration events; suburban-biased stations require strengthening regional 
joint prevention and reduce the impact of pollution transmission; during the heat-
ing season, emission limits should be implemented, and during non-heating sea-
sons, particular attention should be paid to controlling NO2 as a key ozone pre-
cursor to suppress photochemical synergistic amplification. Such a refined strat-
egy is far more effective than uniform, citywide interventions. 

Overall, this study demonstrates that the relationship between NO2 and PM2.5 
in Beijing is not a stable linear correlation, but undergoes structural reconfigura-
tion under varying emission and meteorological conditions. These findings pro-
vide important insights for understanding synergistic mechanisms of compound 
pollution, assessing joint risks of extreme pollution events, and formulating sea-
sonally differentiated control strategies. Furthermore, the proposed framework 
establishes a methodological foundation for extending multivariate copula models 
in future studies. 
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