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Abstract

The aim of this research is to examine Courant-Friedrichs-Lewy condition for
the analysis of convergence and stability of explicit forward time central space
scheme for a three-dimensional wave equation. The wave equation, which
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models physical phenomena such as sound and electromagnetic wave propa-
gation, is discretized using finite difference methods in both time and space.
A central difference scheme is implemented to approximate the second-order
derivatives across spatial and temporal domains. The CFL condition is derived
as a criterion to ensure numerical stability and is shown to depend on the wave
speed and spatial grid resolution. The explicit update scheme is constructed
and analyzed under uniform grid spacing. Through von Neumann stability
analysis, the amplification factor is expressed using Fourier modes and Euler’s
identity. The characteristic equation for the scheme is derived, and its roots
are examined to determine the conditions for numerical stability. The CFL

CAt
number A= e is introduced and bounded to prevent error magnification.
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[ONom

h
The analysis confirms that for stability, the time step must satisfy At<——

cV/3
Convergence is discussed in the context of satisfying both consistency and sta-
bility criteria. The initial and boundary conditions necessary for realistic mod-
eling are incorporated. This work validates that adherence to the CFL condi-
tion is essential for reliable and accurate simulation of three-dimensional wave
propagation using explicit finite difference methods.

Keywords
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1. Introduction

Accurate numerical solutions of partial differential equations are critical for simulat-
ing wave propagation. The explicit Forward-Time Central-Space (FTCS) method of-
fers simplicity but requires careful stability and convergence analysis. The Courant-
Friedrichs-Lewy (CFL) condition establishes the maximum time step relative to spa-
tial discretization to ensure stability. In three-dimensional wave equations, the multi-
directional propagation increases computational challenges, making CFL analysis es-
sential. This study investigates the CFL condition for three-dimensional FTCS
schemes, providing guidelines for stable and convergent simulations.

Traditional finite-difference methods (FDMs) find it hard approximating acous-
tic wave propagation when the CFL number goes beyond 0.707 in 2D or 0.577 in
3D for equally spaced grids. This limits how large the time step can be. To address
this, researchers have developed a variable-length temporal and spatial operator
approach that allows wave modeling beyond these limits without losing accuracy.
The idea is to make the temporal operators slightly longer than the spatial opera-
tors in high-velocity areas, which helps maintain stability at larger time steps. At
the same time, both operator lengths are adjusted according to local velocity to
keep the results accurate. With this method, the CFL number can be pushed up to
1.25in 2D and 1.0 in 3D for high-velocity contrast cases. Tests in both simple and
complex media show that the method works well [1].

[2] analyzed the transient diffusion equation in one dimension with diffusion
coefficients that vary in both space and time. These types of transport equations,
which can be derived from the Fokker-Planck equation, are essential for under-
standing diffusion mechanisms in general, such as those occurring in carbon
nanotubes. Using the classical self-similar Ansatz, the authors obtained new, non-
trivial analytical solutions, which they then reproduced using 16 explicit numeri-
cal time-integration methods-11 of them recent and unconditionally stable. The
findings showed that certain algorithms, such as the leapfrog-hopscotch method,
proved highly efficient and, in some cases, outperformed the standard FTCS
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method.

[3] examined the stability of three-dimensional numerical evolutions of the
Einstein equations, comparing the standard ADM formulation with variations of
a conformal-traceless (CT) formulation that separates the conformal and traceless
parts of the system. The authors developed a CT implementation with improved
stability for evolving both weak and strong gravitational fields, in vacuum and in
spacetimes coupled to matter sources. Their tests included weak and strong grav-
itational wave packets, black holes, boson stars, and neutron stars. They identified
the conditions under which the CT approach produced better results than ADM
in 3D simulations. Overall, their CT implementation yielded more stable long-
term evolutions in all cases studied, although it was less accurate in the short term
for the range of resolutions used.

[4]-[6] addressed the often-overlooked effect of tidal movement on the shore-
line by incorporating the moving boundary into a shallow water model through a
coordinate transformation and a Lax-Friedrichs time-explicit scheme. Applied to
the Ameland inlet system, the model derived from the 3D Navier-Stokes equations
produced realistic results, capturing both steady conditions at the seaward side
and nonlinear effects near the landward side. Sensitivity tests across wave ampli-
tude, water depth, basin length, and resistance confirmed the model’s stability and
accuracy.

With advances in distributed computing, interest has grown in explicit time-inte-
gration methods that offer greater stability, avoiding the parallelization challenges of
implicit schemes [7]. This work introduced a weighted difference scheme combining
delayed and conventional explicit methods which achieved a higher stability limit of
1.5 and eliminated the checkerboard instability of the delayed approach.

This work is an extension of [8] who examined the time-space domain explicit
FDM that numerically solves the wave equation by approximating its spatial and
temporal derivatives but often faces stability issues. The results showed that the
maximum stable CFL number depends on the peak value of the spatial FD disper-
sion relation. While conventional methods determine spatial FD coefficients by
matching the dispersion relation within a specific wavenumber range, indicating
that outside this range, the dispersion and the CFL number are uncontrolled. their
work involed a 2D wave propagation but we have considered a 3D case for better
generalization and also set conditions for stability and convergence for FTCS
scheme as these are interconnected.

It is important to clarify the terminology used in this work. The classical For-
ward-Time Central-Space (FTCS) scheme refers to a first-order accurate Euler
forward discretization in time combined with second-order central differences in
space. However, the wave equation azu/ 0t> =¢’°V®U  contains a second-order

time derivative, which necessitates a different treatment.

2. Mathematical Formulation

The wave equation in three spatial dimensions models the propagation of waves
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in physical systems such as acoustics, electromagnetics, and elastic media. The
classical 3D wave equation is given by
o%u
at
where U({,t) is the wave displacement, & =(X, Y, Z) eQcR® is the spatial

coordinate vector, t>0 istime, and ¢ is the constant wave speed [5] [9]. As

=c*Va, (1)

discussed in [10]-[12], the Laplacian operator in three dimensions is

ou o d

VU =+ —+—. 2
ox* oy* ozt @
ou  ,(d%u o %
—2 = C —2 + —2 + —2 (3)
ot ox® oy° oz
For one dimensional wave equation describing vibrations on a string given by
U , 0%
—=¢— (4)
ot o0&
has a general solution consists of two traveling waves:
u(&t)=f(&—ct)+g(&+ct) (5)

where:

f (f - Ct) is a right-moving wave, ( (g" + Ct) is a left-moving wave, ¢ isthe
wave propagation speed, f and g are the functions describing displacement
and velocity of a wave respectively.

However, for a 3D wave function, the propagation is in all three spatial direc-

tions, therefore, the general solution is given by:

u(xy,z,t)=f(kx+ky+kz-at), (6)

and
c=ﬁ, where [K| = \Jk? +KkZ +kZ. (7)

which defines the magnitude of the velocity at which the wavefronts move
through space. where K,k k, are spatial components of the wave vector

k= (kx, k,, Kk, ) , which determine the direction of wave propagation in 3D space,
® isthe angular frequency, which determines how fast the wave oscillates in time,

kx+k,y+k,z—at is the wave phase, which moves with constant speed.

2.1. Discretization Scheme

The numerical method employed in this study discretizes both temporal and spa-
tial derivatives using second-order accurate central difference approximations.
Unlike the classical Forward-Time Central-Space (FTCS) scheme—which uses a
first-order forward Euler approximation for 0U/0t —the wave equation requires
approximation of the second-order time derivative qu/ ot? . This is accom-

plished by three-level central difference:
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ul _u™-2u"+u™t
o, A
which is second-order accurate in time. This scheme is more precisely classified
as a central-time central-space (CTCS) or leapfrog scheme. The update formula
requires solution values from two previous time levels (n and n-1), making it
a two-step explicit method. We discretize the cubic spatial domain
Q= [ax,bx]x[ay,by]x[az,bz] uniformly:

X =a, +iAX, y; =a, + jAy, z, =a, +KAz,

for integers

i=012---N,
j:011127'”1Ny)
and
k:011121“'1NZ>
where
_ b —a _
AXZbX ax’ Ay: y y’ AZ:bZ az
N, Ny N,

Time is discretized as
t"=nAt, n=0,12,---,N,

with time step At.
The numerical solution approximating u (Xi, Vi Z ,t”) is denoted by u;;, .

We define a uniform grid over the domain:
% =1AX, Yy, = jAy, 7, =kAz, t" =nAt,

and let u/;, ~u (Xi Y Ziot" ) The following are the central differences in both
time and space according to [9] [12]-[14]

n+l

2 n n-1
U UG =20 U

ST A ®
o’u N uin+1,j,k _Zuirjj,k +uin—1,j,k 9
T ’ )
@ - Uk = 207 T U] (10)
oy’ Ay? '

O%U U7k — U7 U 11
R T "

Substituting these into Equation (3), the explicit finite difference updated scheme

is:
utt —2ut L +ut
ijk I,J,: i,j.k (12)
(At)
2 uin+l,j,k _2uir?j,k +uin—l,j,k uin,j+1,k _2uir?j,k +uir?j—1,k
=C 5 + > (13)
(Ax) (ay)
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+uljk+l ?le)k+uljk1J (14)
z
u', . —=2u’ ., +u’
n+l 2 i+1,jk i,jk i-1,j.k
ulre =20 —u,lk+cAt[ Nl
(15)

n

n n n n n
U ok = 2U; Uik + Ui j ke = 2U7 +ui,j,k1j

+
Ay? AZ?

CFL condition for the stability of explicit finite difference schemes applied to
the three-dimensional wave equation and uniform grid, the time step At must

satisfy:
C’At? iz+i2+i2 <1, (16)
AX® Ay® Az
CAt < 1
1 1 1

A2 Ay AZ?

where ¢ =wave propagation speed, At =time stepsizeand AXx,Ay,Az =spa-
tial grid spacing in X, Y,z respectively. Using a uniform grid spacing

AX=Ay=Az=h,
the CFL condition reduces to
At <——.
\/_ 3c
Let the CFL number be:
Lot
h
According to [15], the finite difference formula become:
o U7k = 207+ U (17)
o2 h? !
u N Uiy jae = 2004 UL (18)
Ed h? '
@z i\ j+Lk —2u/; ik +uirjj—1,k (19)
ay2 hZ '
@ < uirjj,k+l - 2uirjj,k +uir,1j,k—1 _ (20)
oz° h?
Substituting in (13)
uin,er,lk =20, — uin,},lk +2° (uin+1,j,k =207 AU U (21)
_2uin_ Kkt uinj—lk +uir,]j K+l _Zuirjj,k +uirjj,k—l)'
ulnj+1k_2uljk |n]1k+ﬂ,2( |+1]k+u|ljk+ul j+Lk (22)

n n n n
FUi ok T U ke T Uik _6ui,j,k)
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To ensure stability, the CFL condition must be satisfied:

A< L or equivalently At < h

«/§ cv3

2.2. Boundary Conditions

u(0,y,z,t)=u(L,,y,zt)=0,
u(x0,z,t)=u(xL,,zt)=0, (23)
u(x y,0,t)=u(xy,L,,t)=0,
u (0,y,z,t)=u,(L,,y,2,t)=0,
u,(x,0,z,t)=u (x, L.z, t) 0, (24)
u, (% y,0,t)=u,(xvy,L,t)=0.

Equations (23) and (24) impose both Dirichlet and Neumann conditions on iden-
tical boundaries. In the present work, this combination is employed to model a
clamped boundary condition, as encountered in elastic membrane or plate prob-
lems where the boundary is rigidly fixed (zero displacement) and cannot rotate
(zero slope). This scenario is physically realizable for fourth-order problems but
is extended here to the second-order wave equation under the assumption of com-
patible initial data satisfying f =0 and of /on=0 on 6Q. The inclusion of
both conditions also facilitates testing of the numerical scheme’s robustness under

mixed boundary data.

3. Stability and Convergence Analysis

The paper now analyzes the stability of the explicit central-time central-space
(leapfrog) scheme. It is worth emphasizing that the classical FTCS nomenclature
can be misleading in this context. The scheme under investigation is a three-level
method requiring two initial conditions (u° and u'), whereas the standard
FTCS scheme for parabolic problems is a two-level method. The von Neumann
stability analysis presented below accounts for the quadratic characteristic equa-
tion arising from the three-level time discretization, which yields two amplifica-
tion modes a feature absent in one-step FT'CS methods. Consider the three-di-
mensional wave Equation (22) in finite difference form. Applying the von Neu-

mann stability analysis by assuming the error solution of the form:

_ Gnei(kXXi +kyyj +kzzk)

(25)
_ Gnei(kx(ax+iAx)+ky(ay+jAy)+kZ(aZ+kAz))
Substituting the Fourier mode into each term:
.nfk _G™e i( k(@ Hiax ey (2 + 8y ok, (2, +az)) (26)
0y Jk EN ik (3 Hiax ey (ay + 8y )+, (2, +kaz)) (27)
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i[kx(ax +(i+l)Ax)+ky(ay +iny)+k, (3 +kAz)]

u', .. =G
i+1,j,k (28)
Gn iky Ax [k (ax+iAx)+ky(ay+jAy)+kZ(aZ+kAz)J
u" _ Gnei[kx(aXJriAx)Jrky(aer(j+1)Ay)+kZ(aZ+kAz)]

i,j+Lk — (29)

_ GneikyAyei[kX(ax+iAx)+ky(ay+jAy)+kZ(aZ+kAz)]
n _ Gnei[kx(aXJriAx)Jrky(aerjAy)+kZ(aZ+(k+1)Az)]

i, j,k+1 (30)

Gn ik, Az [k (ax+iAx)+ky(ay+jAy)+kZ(aZ+kAz)]
Uin_l,j,k :Gnei(kx(ax+(i—1)Ax)+ky(ay+jAy)+kz(aZ+kAz)) (31)
_ GnefikxAxei(kx(ax+i)Ax+ky(ay+jAy)+kZ(az+kAz)) (32)
u:j—l,k :Gnei(kx(aXJriAx)Jrky(ay+(j+l)Ay)+kZ(az+kAz)) (33)
—G"e _ik Ay ((kx(ax+i)Ax)+ky(ay+jAy)+kZ(az+kAz)) (34)
U:j,k_l _ Gnei(kx(aXJriAx)Jrky(ay+jAy)+kZ(az+(k+1)Az)) (35)
—G"e _ik,Az ((kx(ax+i)Ax)+ky(ay+jAy)+kZ(aZ+kAz)) (36)

where i*=-1, G is the amplification factor and kx,ky, k, are wave numbers
in each spatial direction.
Substituting into the scheme (21) leads to the relation

( (ax+iax)+ky (ay+JAy)+k (az+kAz))

G n+1

( (ay+iax)+ky (ay+JAy)+k (az+kAz)) i(kx(ax+iAx)+ky(ay+jAy)+kZ(aZ+kAz))

=2G"e -G"e
+ 12 (GneikXAxei(kx(ax+iAx)+ky(ay+jAy)+kZ(az+kAz)) n Gne_ikxAxei(kx(ax+iAx)+ky(ay+jAy)+kz(aZ+kAz))

(37)

ik e i( Ky (ax +iax )k (ay + Ay )+, (3, +kA2) i( Kk (ax +iax )k (ay + Ay 4k, (3, +kA2)

—ik
+G"e" +G"e Ve

i(kx(ax +iAX)+ky (ay+ jAy)-¢-kZ(a\Z +kAz)) i(kx(ax +iAx)+ky(ay+ jAy)-¢-kZ (a +kAz))

+Gneiszze +Gne—iszze

_ GGnei(kx(aX +iAx)+ky(ay+jAy)+kz(az +kAz)) j

Factor out the common term
ei(kx(ax+iAx)+ky(ay+jAy)+kZ(az +kAz))

from both sides of Equation (37) to get

G = 2G" —G"+ 12G" (eikxAx 4 e—ikXAx " eikyAV T e*ikyAy T eikZAz n e—ikZAz _ 6) (38)
Applying the Euler’s identity

e’ +e™ =2cos(g),
Equation (38) becomes
G"™ =2G"-G"+21%G" (cos(kXAx) +cos(k,Ay)+cos(k,Az) - 3) (39)

Using a uniform grid spacing
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AX=Ay=Az=h
Equation (39) becomes
G"*=2G"~G"*+24°G" (cos(k,h) +cos(k,h) + cos(k,h) - 3) (40)

Suppose a parameter

p=24%(cos(k,h) + cos k,h) + cos (k.h) -3) (41)
Then Equation (40) becomes

G" = (2+y)G” G"*

Assume a solution of the form G" =¢&" . Substituting gives:

EM = (24 )& = = E (24 1) E+1=0

This characteristic equation has solutions:

_ (2+ﬂ)i (2+y)2—4
2

For the numerical scheme to be stable, the amplification factor must satisfy:
|E]<1 = (2+p) -4<0 = —4<u<0
Substituting the expression for :

—4g2/12(cos(kxh)+cos(kyh)+cos(kzh)—3)sO (42)

Since |cos (m)| <1, then

1 1 -1
A<= = A<—or i>— (43)
3 V3 V3
or equivalently:
|| <= = At< (44)

& = dslepa

The stability of the three-dimensional FTCS scheme is governed by the (CFL)
condition (44). This fundamental stability criterion prevents numerical instabili-
ties that could lead to oscillatory solutions or divergence in the computational re-
sults.

The operator family C(At) is said to be a convergent approximation to the
true solution operator E(t) if, for any initial value Uy(X,y,2,t)e B, and for

any sequence of time steps A;t and integers n; satisfying:

At—0 and nAt—>te[0,T],
then the iterated approximation converges to the true solution:

“(C(A,-t))”j Uy (%, Y, 2,t) ~E (t)Up (X, y,2,t)| > 0, forallte[0,T].

where E(t) is the exact evolution operator, Uy(X,Y,z,t)€B is the initial con-
dition, C(At) is a numerical approximation of the evolution over a time step
At and
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uirjj,k (X1 Y, Z:t) :C(At)n UO(X, Y, Z,t).

after iterating the approximate operator C(At) n times which gives the nu-
merical approximation at time t =nAt. The hope is thatas At — 0, this approx-
imation converges to the true solution.

A numerical scheme such as FTCS is said to be stable if, under successive re-
finements of the time step A;t — 0, the computed solution remains bounded
over the time interval of interest.

For such a scheme, the operators used during the computation are drawn from
the set

le(a )}, i-123.

where n satisfies 0<nA;t<T . These operators act on the initial condition U,
to produce approximations at discrete time levels.

Stability refers to the property that no component of the initial data is allowed
to grow without bound due to the numerical procedure.

The approximation C(At) is said to be stable if the set of operators {C (A jt)n}

is uniformly bounded. This means there exists a constant K >0 such that

HC(Ajt)nHS K, forall jand all nsuch that 0<nAt<T.

The operator norm HC (At)nH depends continuously on At for very small
values. Therefore, C (At) is stable if there exists 7 >0 such that for all
O<At<7 andall n with nAt<T , the operators

()|
remain uniformly bounded. Specifically, there exists a constant K >0 such that

”C (At)"|<K, forall Ate(0,z]and all n with nAt<T.

Theorem 1. Lax Equivalence: For a uniformly solvable linear finite difference
scheme that approximates a well-posed linear evolution problem, stability consti-
tutes both a necessary and sufficient condition for convergence, provided the
scheme is consistent

Proof. Proof of Sufficiency of the Lax Equivalence Theorem Let U(X,Y,z,t)e M
be a sufficiently smooth solution of the 3D wave equation in finite differences,
then,

Pl(U m+l_um+1) -P (U m _um)_Tm’
U™ _ym :(Plilpo)(u m _um)_ Plfle.

by truncation error where M isa Banach space, P, and P, are difference op-

erators which are not functions ofon m and
TM=Ru™ —[Pu"+F"],

is the truncation error of the finite difference scheme. Recursively, and by assum-

ing U°=u’, obtaining
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m-1
U] m_ um — _Z ( Plflpo )I PlflT m—l—ll
=0
Therefore, by the uniform solvability

<K=
and the stability

(RR)

Jum-um|< KKlrmf”T'",Vm >0,K >0
1=0

<K,,

this gives

Assuming consistency, then

lim ||um —y"

=0, 0<mr<t
7(h)—>0

= Lpax

For a general solution U (X, Y, Z,t) et &, (X, Y, Z,t) be the smooth solution se-

quence satisfying

lim ¢ -u®| 0.

aA—>0

Ve>0, JA>0, such that "é’g —u°|| <g forall a>A.
For fixed > A, let (;‘ (X, Y, Z,t) be the solution of the difference.
Forfixed B> A,let ' bethe solution of the difference scheme with ¢ ,2 =] fﬂ .
Ve>0, 3h(e)>0,s.t. ‘{;‘—{lr; <g,forall h<h(e).
Thus, by the stability and the uniform invertibility of the scheme and the well-

posedness of the problem that, if h<h(¢), then

R o e i I8 i
<(K,+1+C)e.
then
lim [um-u"|=0, 0<mr <t,,.
7(h)—>0

since ¢ is picked arbitrarily.

To complete the stability analysis and establish convergence of the explicit cen-
tral-time central-space (leapfrog) scheme for the three-dimensional wave equa-
tion, we now examine its consistency. Consistency quantifies how accurately the
discrete difference operators approximate the continuous partial differential

equation at each grid point.

Local Truncation Error

Let u(x,y,z,t) bea sufficiently smooth solution of the three-dimensional wave
equation

ou  ,(0°u &u
~2 c A7 + A2 + 7 = V.
ot ox°~ oy° oz
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local truncation error T, as the residual obtained when the exact solution is
substituted into the finite difference scheme (21). Assuming uniform grid spacing

AX=Ay=Az=h and time step At, the scheme is:

1 1 n n n n n n
u™ —2u" +u" _¢? Uiy ja = 2U5 i+ Uiy i + e R
At? h? h?

n n n
Uik — 2050 U g _To
+ hz =lijk

Expanding each term about the point (xi, Y Z ,t”) using Taylor series with
remainder:
A 2 A 3 4
U™ =u+Aty, JthuII +?tum +2—t4um +O(At5),

2 3 4
Un_l =u —Atut +A7tun _A_tuttt +A2_t4utttt +O(At5)’

6
h? 3 4 s
uiil,j,k ZUith+?uxxiFuxxx+zuxxxx+O(h )1
h? 3 4 5
Ui, a1k ZUihuV-{'?uwiEuyyy"‘zuyyyy‘i'O(h ),

h2 h? h* 5
Uijkﬂ:UihU +—U, i_Uzzz_f'_uzzzz+O(h )
s 2 6 24

z

Substituting these expansions into the finite difference stencil yields:

un+1_2un +un—1 Atz
=t +0(At*),

At?
uirl-l,j,k_2uirjj,k+uin—1,j,k —u +h_2u +(9<h4>
h2 XX 12 XXXX ’

with analogous expressions for the y and z directions.
The local truncation error therefore evaluates to:
At c’h?

12 U — 12 (uxxxx +uyyyy +uzzzz)

n 2
Tk =(utt -C (uXX +U,, +uzz))+

I,

+O(At",h*, At%h?).

The leading-order term in parentheses vanishes identically because u satisfies
the wave equation. Hence, the local truncation error reduces to:

T At? c2h?

ik = Yo —?(uXxxx Uy +U,, )+O (ALY, h?, ALK, (45)

4. Results and Discussion

To quantify stability, we monitor the discrete total energy. For the continuous

wave equation, the total energy is conserved and given by:
1 2 2 2
E(t) :EJ'Q[Ut +¢*|Vu| JdQ.

The discrete counterpart is computed at each time level n as:
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n+l n1 )2 n n 2
= :12 Ui jk — Uik +c? Ui, jk — Uitk
25 2At 2AX

n n 2 n n 2
+[ui,j+1,k2;ui,j—1,kJ +(ui,j,k+12;ui,j,k—lJ AXAYAZ.
Yy z

The first term approximates kinetic energy via central difference velocity; the

remaining terms approximate potential energy via spatial gradients. Conservation
of E" (boundedness with no secular growth) indicates numerical stability, while
growth signals CFL violation. To demonstrate how the FTCS scheme performs
under different stability regions, numerical simulations of the three-dimensional

wave equation problem have been conducted, presented and analyzed. These sim-

h
ulations employ varying values of the combined stability parameter At< \/7—3 ,
C

showcasing the scheme’s behavior across different stability conditions fixing
AX=Ay=Az=h=0.001 and At=0.00001. The numerical investigation pre-
sents the evolution of total energy over time for a three-dimensional wave equa-
tion discretized using an explicit FDM [14]. The primary objective was to assess
the stability and convergence behavior of the scheme under varying CFL numbers.

Numerical simulations of wave propagation exhibit strong dependence on the
CFL number, as demonstrated by these results. Figures 1-4 show effects of varying
CFL numbers (0.200, 0.300 and 0.500) less than the maximum CFL number
needed for stability of the explicit numerical scheme, the results demonstrate con-
sistent, oscillatory behavior in the total energy profiles [9] [16] [17]. The total en-
ergy remains bounded and exhibits no secular growth, which is characteristic of a
numerically stable scheme. These results confirm that the discretization conserves
energy to a satisfactory degree, thereby supporting both the stability and conver-

gence of the method under sub-critical CFL conditions.

2 %107 Energy Distribution Over Time for CFL = 0.200
T T T T T

1.5 —
>
2
[
=
w
S
o
[

1+ /
05 | | | | | I | | I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Time

Figure 1. Energy distribution over time for CFL = 0.200.
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Energy Conservation (CFL = 0.200)
T T T T

-
N
(3]

Total Energy

1
0 0.2 0.4 0.6 0.8 1 1.2 1.4
Time

0.75

Figure 2. Energy conservation for CFL = 0.200.

Energy Conservation (CFL = 0.300)
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Figure 3. Energy conservation for CFL = 0.300.
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Energy Conservation (CFL = 0.500)
T T T T
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-
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T
|
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Figure 4. Energy conservation for CFL = 0.500.

Energy Conservation (CFL = 0.600)
T T T T

2.25

175

Total Energy
&

1.25 \/

0.75

| | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4
Time

Figure 5. Energy conservation for CFL = 0.600.
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Energy Conservation (CFL = 0.800)

25

Total Energy
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(3]
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Figure 6. Energy conservation for CFL = 0.800.

However, Figure 5 and Figure 6 show the effects of varying extreme CFL values
(0.600 and 0.800) on the stability of the numerical method use and it can be ob-
served that the numerical solution becomes unstable. This is evident in the mon-
otonic growth of total energy over time. The presence of unbounded energy am-
plification is an indicator of numerical instability and a breakdown of the stability
criterion.

4.1. Definition of Total Energy

To quantify stability, we monitor the discrete total energy. For the continuous

wave equation, the total energy is conserved and given by:
1 2
E(t) :Ejg[uf +¢?|[Vul JdQ.

The discrete counterpart is computed at each time level n as:

n+1 n-1 2 n n 2
E" =lz Ui jk — Uik +c? Uisg, jk —Yis,jk
25 2At 2AX

) 2
+(uirjj+1,l<2;uirjjl,k } +[uirji~k+12;u‘rjj'li AXAyAz.
y z

4.2. Numerical Simulation Parameters

To ensure reproducibility of the numerical experiments presented in this section,
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the article documents below the complete set of simulation parameters, initial and

boundary conditions, and discretization details used in all runs.

4.2.1. Computational Domain and Discretization

Domain extents: Q = [O, Lx]x[o, L ]x[O, L,] with L, =L, =L, =10, Grid spac-
ing: Uniform grid with AX=Ay=Az=h=0.001 and Grid resolution:

N, =N, =N, =1000 grid points in each direction, yielding 10” degrees of free-
dom per time level. Time step: Fixed at At=1x10" s for all simulations. Wave
speed: ¢=1.0 m/s (normalized). CFL number: Defined as A= CAt/ h. For the
above parameters, 4=0.01 is the baseline. To test stability limits, the reported
CFL values (0.200, 0.300, 0.500, 0.600, 0.800) are achieved by artificially scaling
the wave speed ¢ while holding At and h fixed, or equivalently by reporting
the A value directly. This approach isolates the effect of the CFL parameter with-
out altering the spatial/temporal resolution. Final time: T =0.01s (1000 time steps

for baseline At ; proportionally fewer steps for larger At when c is scaled).

4.2.2. Initial Conditions

The following initial conditions are imposed at t=0:

(x—xo)z+(y—2/0)2+(z—zo)2

(oa

u(xy,z,0)=f(xy,z)=Aexp| -

v (46)

u (x,y,2,0)=g(x,y,2)=0 (zero initial velocity). (47)

Parameters for the Gaussian pulse: Amplitude: A=1.0, Center:
(X9:Y0:2,)=(0.5,0.5,0.5) and Width: o =0.05. Zero initial velocity (g=0)
ensures the wave splits symmetrically into left- and right-propagating compo-

nents.

4.2.3. Boundary Conditions
We employ homogeneous Dirichlet (zero displacement) conditions on all bound-

aries:
u(0,y,z,t)=u(L,,y,zt)=0, (48)
u(x,0,z,t)=u(xL,,zt)=0, (49)
u(xy.0,t)=u(xy,L,,zt)=0. (50)

These conditions model a fully reflective boundary. The Neumann conditions
listed in Section 3 are not active in the production runs; they are included for the-

oretical completeness.

4.2.4. First Time Step Initialization
The leapfrog scheme is a three-level method requiring U’ and U' to commence
time stepping. We initialize U’ using the Gaussian pulse (46). The first time step

1 . . . .
U is computed via a second-order Taylor series expansion:

At? c*At?
ut U’ + At + —ul =u’ + vau®, (51)
t 2 t
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since U?=0 and u. =c?V2’ from the wave equation. The Laplacian V°u° is
evaluated using the same second-order central difference stencil employed in the
main scheme. This initialization preserves second-order accuracy in time. Direct
simulation on a 1000 grid (10° points) is computationally intensive. The energy
profiles presented in Figures 1-6 are obtained from a representative 100° subset
of the full domain, or from simulations coarsened to h=0.01 with correspond-
ingly adjusted At to maintain the reported CFL numbers. All qualitative stabil-

ity conclusions remain unchanged under grid refinement.

5. Conclusions

This article extends the explicit finite difference method to the three-dimensional
wave equation, developing an explicit central difference scheme that is second-
order accurate in both space and time. Stability analysis by applying von-Neu-
mann technique yields a CFL condition involving all three spatial step sizes, en-
suring conditional stability. Given consistency and stability, convergence of the
method is guaranteed, making this scheme effective for simulating wave models
in three-dimensional domains [12].

This study confirms that explicit wave simulations require strict adherence to

the CFL condition, with values < % necessary to maintain stability. Relevant
researchers, designers and developers are advised to adopt conservative CFL val-
ues to mitigate discretization errors while retaining computational feasibility. En-
ergy monitoring should be routine, as its divergence provides an early warning of
instability. For simulations requiring larger time steps, alternative approaches such
as implicit methods warrant consideration. Further research should explore CFL
effects in higher dimensions and across different numerical schemes to refine

these guidelines for broader applications.
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