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Abstract

In this paper, we discuss a class of dynamic models of the interaction between
tumors and the immune system with antigen delay and Michaelis-Menten

o . BE()T()
type inhibition terms. The Michaelis-Menten type function ——————* and
a+T (t)
aE(t)T(t) . ] ) .
W is used to describe the immune response of effector cells inter-
a+1(t

acting with tumor cells, the linear antigen stimulation term c¢7 is used to
describe the linear recruitment effect of tumor antigens on effector cells, and
the stimulation delay of tumor antigens in the immune system is introduced.
The dynamic behavior of the model is studied through qualitative analysis and
numerical simulation. Saddle-node bifurcation may occur both in the case
with and without time delay. Contrary to the case without time delay, stimu-
lation delay may lead to some complex dynamic behaviors and biological phe-
nomena. In the presence of time delay, the existence condition of Hopf bifur-
cation at the equilibrium point is obtained. Further discussion shows that the
model may exhibit bistability under certain conditions, that is, the growth and
development state of the tumor depends on its initial state. Finally, numerical
simulation is used to verify the accuracy of the relevant theoretical results, and
the corresponding biological significance is briefly discussed.

Keywords
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1. Introduction

Tumors are benign or malignant abnormally growing neoplastic tissues with no
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physiological function in the human body. Malignant tumors (Ze., cancers) are
usually caused by the uncontrolled rapid proliferation of cells, which affects the
quality of life of patients and threatens their health. The immune system is one of
the systems in the human body that defends against the invasion of foreign path-
ogenic microorganisms, and it has the functions of immune surveillance, defense
and regulation. Studies have found that the surface antigens of tumor cells may be
the same as or different from those of normal cells, so immune responses may
occur. On the other hand, the immune system is a very complex network com-
posed of immune organs, immune cells and immune active substances. The im-
mune system can promote and inhibit the development of tumor cells. Today, we
recognize that the immune system plays a dual role in cancer: it can exert anti-
tumor effects by destroying cells or inhibiting their growth, and can also promote
tumor progression by selecting cancer cells more adaptable to the immune-active
host environment or creating conditions conducive to tumor growth in the tumor
microenvironment. Due to the complexity of the interaction between tumors and
the immune system, the relevant mechanisms are not fully understood, and there
are still some issues to be further explored [1] [2]. Mathematical modeling and
analysis have played a significant role in this regard [3]-[7].

In the process of tumor induction and growth, the complex interaction between
tumor cells and effector cells is determined by three key factors: the malignant
potential of the tumor, the antigenicity of the tumor, and the immune response of
the host [8] [9]. The malignant potential of a tumor refers to its ability to metas-
tasize, escape and destroy the immune system; the antigenicity of a tumor is de-
fined as the initial size of the effector cell population that can be stimulated after
the introduction of antigens, which is related to the tumor and varies significantly
among different patients and cancer types. A larger value indicates that the anti-
gens presented by tumor cells are more easily recognized, and a smaller value in-
dicates weaker antigenicity; the immune response reflects the inhibitory effect of
the host’s immune system on tumor growth, that is, the proliferation process of
effector cells in the presence of tumor cells, and this proliferation process depends
on the antigenicity of the tumor [10]-[12]. The classic tumor-immune interaction
model was first proposed by Kuznetsov ef al [11] and Kirschner and Panetta [12].
In reference [11], Kuznetsov et al. considered the interaction between tumor cells

and effector cells and established the following model:

9 _ BT pEr_uE,

dt c+T (L.1)
d—T:rT(l—zj—aET.

dr K

where E=E (t) and T=T (t) represent the number of effector cells and tu-
mor cells at time ¢, respectively. s isthe normal flow rate of effector cells from

external sources to the tumor site (independent of the presence of tumor

cells); the saturation term (with saturation effect) describes the process of

&+
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tumor cells producing effector cells through antigen stimulation; S is the rate
at which tumor cells kill or inactivate effector cells; g is the natural mortality
rate of effector cells. It is assumed that in the absence of effector cells, tumor cells
follow the logistic growth model with an intrinsic growth rate » and a carrying
capacity K ; effector cells kill tumor cells at a rate o through the law of mass
action.

In addition to the tumor-free equilibrium point, the model can have at most
three positive equilibrium points (tumor-present equilibrium points). Phase dia-
gram analysis shows that the model exhibits various phenomena, including im-
mune stimulation of tumor growth, tumor escape, and formation of tumor
dormant state. However, this model does not study complex dynamic behaviors
such as periodic solutions and Hopf bifurcation. Kirschner and Panetta [12] es-
tablished another theoretical model to explore the effect of effector cells on tumor
growth and regression by studying the role of the cytokine interleukin-2 (IL-2) in
a single tumor site. It is assumed that IL-2 is mainly produced by effector cells and

can induce the generation of corresponding effector cells. The model is as follows:

E:sl—ch—M—,ulE,

dr g +1

ar _pfi- L) eET (1.2)
dt K) +T

o BE

dr & +1

where the biological meanings of E(¢) and T(¢) are consistent with those in
model (1.1), I=1 (t) represents the concentration of the cytokine interleukin-2
(IL-2) at time ¢, and the specific biological meanings of the parameters refer to
reference [12]. Kirschner and Panetta regarded parameters s, and s, asthera-
peutic terms, mainly to explore the effect of adoptive cell immunotherapy (ACI).
This model can also have at most three tumor-present equilibrium points, and
Hopf bifurcation may occur to produce periodic solutions within a specific pa-
rameter range. However, this study only conducted numerical analysis for some
appropriate parameter values and did not obtain general theoretical results. In
addition, unlike model (1.1), model (1.2) is a three-dimensional system, which is
difficult to intuitively show the interaction effect between tumors and the immune
system and related clinical phenomena. Since then, combining the modeling ideas
and assumptions of references [11] [12], researchers have introduced time delays,
random terms and detailed immune mechanisms, proposed more mathematical
models of tumor-immune systems, and discussed the dynamic properties of these
models to explain other clinical phenomena.

Delisi, Adam [13] [14] and others studied ordinary differential equation models
of the interaction between tumor cells and effector cells. Both models used Mich-
aelis-Menten type inhibition functions to represent the inhibitory effect of effector
cells on tumor cells. The research results showed that within a certain range, the

growth of effector cells will increase the survival rate of tumor cells. In addition,
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they also gave the threshold condition for tumor growth to be uncontrolled by the
immune system and become malignant tumors. On the basis of references [11]
[13], Kirschner et al [12] assumed that the stimulation term of tumors on effector
cells is a linear term and first proposed a mathematical model of the interaction
between tumor cells, immune effector cells and IL-2. The study found that the
antigenicity of tumors has a very significant impact on the dynamic properties of
the model and explained the reasons for tumor recurrence. On the basis of refer-
ence [12], Yang [15] and others added pulsed immunotherapy to establish a math-
ematical model related to tumor-immunity and pulsed immunotherapy. The
study found that the initial density of effector cells, the ratio of effector cells to
tumor cells, and the cycle of immunotherapy are crucial for cancer treatment.
Zhang et al. used the Michaelis-Menten form to represent the inhibitory effect of
tumors on effector cells in reference [16], conducted dynamic analysis on it, and
further considered the impact of the inhibition rate coefficient of tumor cells on
effector cells on the dynamic behavior of the model. Galach replaced the saturated
form stimulation growth rate of effector cells in model (1.1) with the bilinear form
OFET in reference [17]. This model only includes two variables of tumors and
effector cells, and conducts local dynamic analysis on it. Li ef a/ added an antigen
term in reference [18], proposed and studied a simple model of tumor-immune
interaction. Through qualitative and quantitative analysis, the model has complex
dynamic behaviors. The models of all assume that tumor growth follows a logistic
model in the absence of immune system effects, which results in the tumor cell
count eventually being bounded. The obtained results can explain some biological
phenomena.

As we all know, time delay plays an important role in describing the interaction
between tumors and the immune system. Delays may be due to the time lag caused
by tumor cell proliferation [19] [20], the growth process of effector cells stimu-
lated by tumor cells [21]-[24], In reference [22], the local stability of the model is
obtained by analyzing the characteristic equations of the model at the correspond-
ing equilibria, the sufficient conditions on the global stability are found by apply-
ing the Fluctuation Lemma and constructing the different convergent sequences.
The obtained results show that, compared to the results for the model without
time delay, the time delay of tumor action can affect the stability of tumor equi-
librium of the model as the stimulation effect of the tumor cells is strong enough,
while the delay is harmless for the stability of tumor equilibrium under the neu-
tralization of tumor cells. For the appropriate neutralization of tumor cells on ef-
fector cells, the bistability of the tumor free equilibrium and the stronger tumor
equilibrium can appear. In the case of stimulation of tumor cells, the sufficiently
large time delay can lead to the appearance of a stable periodic solution by Hopf
bifurcation. The differentiation of effector cells, and the neutralization process of
effector cells by tumor cells [24]. When there is only the neutralization delay, the
model has a uniform upper bound while when there is only the stimulation delay,

the bound varies with the delay. The paper [25] presents three quantities with clear
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biological significance to determine the asymptotic states of tumor progression,
while also analyzing the differences in asymptotic states under two ways of de-
scribing anti-tumor immunity. the model exhibits rich dynamical behaviors in-
cluding super-critical and sub-critical Bogdanov-Takens bifurcations (consisting
of Hopf bifurcation, saddle-node bifurcation, and homoclinic bifurcation) and
saddle-node bifurcation of nonconstant periodic solutions (leading to the appear-
ance of two periodic orbits) as the parameters vary; A large number of studies
have been conducted on dynamic models of tumor-immune systems with delays
in the literature [26]-[28]. In particular, the research on models described by two-
dimensional delay differential equations has obtained rich theoretical results, in-
cluding the oscillation of solutions, the existence of periodic solutions, Hopf bi-
furcation, chaos, etc.

In this paper, our purpose is to explore the effect of tumor antigen stimulation
delay by qualitatively studying a delayed tumor-immune system model containing
antigens and Michaelis-Menten type inhibition functions. We focus on analyzing
the effect of tumor cells on the immune system (including stimulation and inhi-
bition), and illustrate the existence of Hopf bifurcation and saddle-node bifurca-
tion. In addition, numerical simulation reveals the impact of antigen delay on the
asymptotic state of tumor development and proves the complexity of the depend-
ence of the asymptotic state on initial conditions for different delay values.

The rest of the paper is organized as follows. In the next section, we will estab-
lish a two-dimensional model of the interaction between tumors and the immune
system. Then, in Section 3, we obtain the non-negativity and boundedness of the
solutions of the model. In Section 4, the existence of equilibrium points of the
model is obtained. We study the global behavior of the model without delay in
Section 5. Next is the analysis of the model with delay in Section 6, where numer-
ical simulation shows the complexity of dynamic behavior. Finally, the paper

briefly summarizes and discusses the impact of delay.

2. Model Construction

As mentioned in the previous section, regarding the interaction process between
tumors and the immune system, it is sufficient to consider two variables: tumor
cells (T) and effector cells (E). The following is the form of the two-dimensional
model of the tumor-immune system [11] [18] [22] [24] [25] [29]:

%:s+®l—sz—yE,

d—T:rT(l—zj—®3,
dt K

(2.1)

where it is assumed that in the absence of interaction, the growth of effector cells

and tumor cells follows the equations E’'=s—uE and T'zrlT(l—%j,

respectively. Here, @, represents the effector cells recruited due to the stimula-

tion of tumor antigens, ®, describes the anti-immunity of tumors,and @, re-
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flects the killing and destruction of tumors by the immune system. The expres-
sions of @, (i = 1,2,3) are listed in Table 1, where ¢ and 7, (i = 1,2) are the
corresponding delays, and the biological meanings of other parameters can be
found in the above references.

Table 1. Expressions of the interaction between tumor cells and effector cells.

D, D, o, References
ﬁ@f(f)’) BE()T(1) aE(1)T (1) (1]

o7 (1) BE(OT(1) ‘i(g’)TT(f)’) (18]
GE(t)T(1-7) BE(1)T(1-7) aE(1)T (1) [22]
oE(1)T(t-17,) BE(1)T(t-1,) aE(t)T (1) [24]

oT(t-7) BE(1)T(1) aE(t)T(t) [25]
ob(t=o)I(t-x) BE(1)T (1) aE(1)T(1) [29]

1+6T(1-7)

Compared with existing tumor immunology models (such as those in Table 1),
which mainly focus on instantaneous forms of immune suppression or single non-
linear stimulation terms, there are the following gaps: they do not simultaneously
integrate the dual-module effects of antigen-delayed stimulation and saturation
inhibition;

In this paper, we will use the Michaelis-Menten type inhibition function to de-
scribe the immune response of the interaction between effector cells and tumor
cells. The increase in effector cells caused by tumor antigenicity is proportional to
the concentration of tumor cells. Considering
BE(t)T(t) o - aE(t)T(t)

a+T(t) T a+T(t)

@ =cT(t-7,),0, =

in model (2.1), where 7, is the stimulation delay of tumor antigens, we get the

following model:

dE—(t)=s+cT(t—rl)—w—#E(f),

+T(1)
a7 (1) _ rT(t)(l— T(t)J_ aE(0)T (1)

dr K +T (1)

(2.2)

In [23], the authors focused on the impact of tumor anti-immunity (Ze, f)
and immune anti-tumor (Ze., « ) on the model, and discussed the impact of de-
lay on dynamic behavior. Model (2.2) also allows at most two tumor-present equi-
librium points, and there are no periodic solutions in the absence of delay. The

addition of stimulation delay can also lead to the occurrence of some bifurcations,
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such as Hopf bifurcation and saddle-node bifurcation. In this paper, for model
(2.2), we focus on the impact of tumors on the immune system (reflected by pa-
rameters 77 and O ) and antigen delay 7 . Through theoretical analysis, the
conditions determining the stability of the tumor-present equilibrium are clearly
expressed by the relationship between 7 and & . Numerical simulation shows
the complexity of the dependence of tumor development state on initial condi-
tions.

For the convenience of mathematical analysis, we perform dimensionless trans-

formation on Equation (2.2):

Let
_ _ u _ T
f=ut, X=2F, y=—,
H Ky Y K
and denote
cK PK as r a
77:_3 é‘:_’ q:_z’ p:_’ h:_’ T:,UTI.
s M M u K
At the same time, we still write 7 as ¢, then model (2.2) becomes:
dx dxy
—=1+ t—7)— - X,
RN e

q (2.3)
y qxy

Lo py(1-y) -

dt py( ) h+y

3. Non-Negativity and Boundedness of Model Solutions

Model (2.3) must be studied under the following initial conditions. Defined in

space:
9=(0.0), C.={peC([-7,0L.R2):x(0) =, (0),5(0) =0, (0)}, G.1)

where ¢,(0)20, 6e[-7,0], ¢ >0, i=12.9p=(0.0,)¢c C([—T,O],Ri) ,
where C denotes the Banach space of continuous functions from
[-7.0](z>0) to R} with the norm:

lol = max | sup [0, (0), sup Jo. (0)], o< C.
-7<0<0 -7<0<0

Ri:{(x,y)|x20,y20}.

Theorem 1. Any solution of model (2.3) under initial condition (3.1) is defined
on [0, +oo) and is positive for all 7> 0.

Proof Let (x(t), y(t)) be any solution of model (2.3) under initial condition
(3.1).

From the first equation of model (2.3), we have:

& =1+ny(1—-7)>0.

x=0

The solution is:
IGRN

NUCRN (.,
x(t)=x(0)e JO[I Mm}d +I;(1+ny(s—r))e { h”’(f)] ds > 0.
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Since x(t) > 0, the solution of the equation % = py(l - )

' —5)--2 ds
y(1)= y(O)eL[”(1 R

because y(0)>0 and the exponential function is always positive.
Theorem 2. There exists a constant M >0 such that all solutions (x(t) , y(t))
of model (2.3) satisfy:

limsupx () <M, limsup y(1) <M.

t—0 >0

Proof, From the equation of y(7):

d
d—f=py(1—y)—ﬂﬁpy(l—y)-

Thus, we have:

So,

limsup y(¢)<1.

t—>+0

Since y(1)<1, for any &>0, there exists £ >0 such that y(r)<l+e
when ¢>1 . Then, when ¢> ¢, from the first equation of system (2.3), we have:

%:l+ﬂy(z‘—r)—hqiyy <l+ny(t-7)<l+n(l+¢),

Therefore, lim supx(t) < 1+77(1 + g) . Due to the arbitrariness of ¢, we get

limsup x(7) < 147 . Thus, the system (2.3) has a positive invariant set:
D= {(x,y) |x e (0,1+77],y 6[0,1]},
that is, the system (2.3) is bounded. The dynamic properties of system (2.3) will
be studied on D below.
4. Existence of Equilibrium Points

When 7=0, ie, without considering stimulation delay, the DDE system (2.3)
becomes the following ODE system:

%=1+77y— Oy - X,
dr h+y 1)
dy ¢y '
2o py(1-y) -1
a =P
Setting E=O and d_y=0 in system (4.1), we get:
dt dr
l+ny- 24 -x=0,
+
4 (42)
xy
1-y)- =0
py(1-y) P
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On the one hand, the system (4.1) has a tumor-free equilibrium point £ (1,0).
On the other hand, when y # 0, from the second equation of (4.2), we have:

_p(-y)(h+y)

. (4.3)
q
Substituting Equation (4.3) into the first equation of (4.2), we get:
f(y)=p(8+1)y* +[gn-Sp—p+ ph]y+(q—-ph)=0. (4.4)

Let 0 =qn—Jp— p+ ph,then Equation (4.4) becomes:
f(y):p(5+l)y2 +49y+(q—ph):0.

Since f(y)>0 when y>1, the positive solution of f(y)=0 only exists
in the interval (0, 1). For the quadratic function f(y) , f(O) =q—ph,
f(1)=q(1+n)>0,and f'(y)=2p(5+1)y+6.

Let the discriminant of equation f(y) =0 be A=6’ —4p(5+1)(q—ph) ,
then:

1) When ¢ < ph, since f(O) =q—-ph<0, f(y) =0 has a unique positive
solution in (0, 1):

_ —6++/A

SR VIEr),

o+1-h

2) When ¢g=ph and 7< » f(¥)=0 has only one positive solu-

tion in (0, 1):
S+1-hn—nh
TS
(6+1-h)p
q

3) When ¢g> ph, 1< and A>0, f(y):O has two positive

solutions in (0, 1):

_-05A
PS5 41)

(6+1-h)p

4) When ¢>ph, n< and A=0, f(y)zO has a double

positive solution in (0, 1):
-0

Y op(s+1)

Furthermore, substituting y, ( j=1-, 5) into Equation (4.2) accordingly, we
get:
(pé'+p—q77—ph+\/Z)(2ph5+5p+p—qn+ph+\/Z)
dgp(s+1)’
_p(2+h+hn)

2 q(5+1)

X, =

>
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(p5+p+q77+phi\/K)(2ph5+5p+p—qn+phJ_r\/Z>
4gp(5+1)

(pS+ p+qn+ ph)(2phd +p+ p—qn + ph)
4gp(s+1)’

Thus, the system (4.1) has positive equilibrium points £, (x Y j) (called tu-

X34 =

>

5

mor-present equilibrium points) under corresponding conditions. For E, ac-
cording to the relationship between y, and f ( y) , it is easy to know that the

condition:
F(37)>0(i=1,2,4), f'(3,) <0, f"(5) =0.

Note the condition:

l_
P Chkall) LN
q

Equivalent to condition:

(5+1-h) p-2p(5+1)(q— ph)

O>h-1, g>ph, n< .
q

Summarizing the above discussions, model (2.3) and (4.1) always have a tumor-

free equilibrium point £, (1,0). Furthermore, the existence of their tumor-pre-
sent equilibrium points is given by the following conclusion:

Theorem 3. The existence of tumor-present equilibrium points of system (2.3)
and (4.1) is as follows:

1) When ¢ < ph, system (4.1) has a unique tumor-present equilibrium point
E, (xl’yl );

2) When g=ph, 6>h-1 and 7< W, system (4.1) has a unique tu-

mor-present equilibrium point E, (xz, yz) ;

S+1-h)p-2/p(5+1)(q-ph)
3) When ¢>ph, §>h-1 and 77<( )P p(8+1)(q-ph)

, Sys-
q
tem (4.1) has two different tumor-present equilibrium points E, (x,,y;) and
E, (x4’y4) 5
S+1-h)p-2p(5+1)(q— ph
4) When ¢ > ph, 6 >h-1 and 77:( )p p( )(q P ),sys—
q

tem (4.1) has a unique tumor-present equilibrium point FE; (x5 , ys) .

According to the expression of function f ( y) and Theorem 3, for the case
0 <h-1, system (4.1) has a unique tumor-present equilibrium point E, when
q < ph, and no tumor-present equilibrium points when ¢ > ph; for the case
0 > h—1, the existence conditions of equilibrium points of system (4.1) are rela-

tively complex. To intuitively show these conditions, using the function

(6+1-h)p-2p(5+1)(q—ph)

n= of g, the corresponding equilibrium
q

point existence regions are shown in Figure 1 on the plane (g¢,7), where:
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—:Boundary
q=ph

[D,: No Tumor-Present Equilibrium|

-
[¢)]

|D3: Saddle-Node Bifurcation|

—_

Parameter n

|D1: Unique Tumor-Present Equilibrium)|

o
a
AN 2

0

=S ST
nwonn

0
5
0
(85+1-h)p-2\(p(5 + 1)(g-ph))Vq

0.5 1 1.5 2 25 3
Parameter q

-0.5

Figure 1. Existence of tumor-present equilibrium points.

D, = (61J7)|q>ph,77>( ) q( ) ) ’

o+1-h
Dl:{(‘1”7)|0<q<,0h}U{(q,77)|q=ph,77< hl },

D, = ((]377)|(]>ph,77<( ) q( )( ) ,

(6+1=h)p-2{p(5+1)(q-ph) -

q

D, =1(q,1)lq> ph,n=

From Theorem 3, we know: when (q,i]) € D,, system (4.1) has no tumor-pre-
sent equilibrium points; when (q,r]) € D,, system (4.1) has one tumor-present
equilibrium point E, or E,; when (g,7)e D,, system (4.1) has two tumor-
present equilibrium points E, and E,; when (q,?]) e D,, system (4.1) has a
unique tumor-present equilibrium point E;.

At the same time, it is easy to see from Figure 1 that the existence of tumor-
present equilibrium points of system (4.1) depends on parameter 7 (antigenicity).

When 7 2%, with the increase of ¢, the tumor-present equilibrium

o+1-h
points of system (4.1) change from none to one. When 6 >/4—-1 and 7 < —
with the increase of ¢, the tumor-present equilibrium points of system (4.1)
change from none to two, then to one. At this time, system (4.1) undergoes saddle-
node bifurcation when changing from the tumor-free equilibrium point to two

tumor-present equilibrium points.

5. Global Stability Analysis of ODE Model (4.1)

We start with the local dynamic behavior of system (4.1). In a two-dimensional
planar system, there are two types of locally asymptotically stable equilibrium
points: foci and nodes. Different types lead to different ways of the system’s tra-
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jectories converging to the equilibrium points. In this section, we first discuss the
stability of the tumor-free equilibrium point E, (1,0) and the tumor-present
equilibrium point E, (x,,y,) of system (4.1), and finally analyze the type of sta-

i

ble equilibrium points.

5.1. Stability of the Tumor-Free Equilibrium Point

First, the Jacobian matrix of system (4.1) at the tumor-free equilibrium point £ is:

o
-1 77_;

J(E,)= "
0 ID—Z

Its two eigenvalues are 4, =—1 and A4, = p—%. Thus, when p <%, E, is
locally asymptotically stable; when p > % » E, isunstable.

When p= % , the two eigenvalues of the Jacobian matrix of system (4.1) at

point E;, are A, =-1 and A, =0,s0 E; isahigh-order equilibrium point. In
this case, to study the behavior of E; on the invariant set D, we consider the

following two cases:

Case 1: 77—%:& 0

First, perform a translation transformation on system (4.1): let u=x-1,

v =y, then system (4.1) becomes:

du ouv ov

— =y,

dt h+v h+v (5.1)
dv_g, 9, 9w __q

dt h h h+v h+v

translating the equilibrium point E; to the origin. Then, transform the linear

part of system (5.1) into Jordan canonical form. From the eigenvalues —1 and 0,
5 T
we get two eigenvectors (1,0)T and (77—;,1] of the linear part of system

(5.1). Thus, perform an invertible linear transformation on system (5.1):

u 1 —é z
SN -2
% 0 | w

then system (5.1) becomes:

%: —z+G(z,w),
jt (5.3)
d—v: =H(z,w)

where
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G(z,w)=—%[z+(7y—%)w}w+%[z+(n—%)w+l}wz
_9 z+( —£)w+l w
A ’
H(z,w):—%wz—%(z+(n—%]ij+%[z+(n—%jw+ljw2 —hq—3w3.

By the Center Manifold Theorem [30], assume the local center manifold of sys-
tem (5.3) at the origin is:

z=h(w)=aw +bw’ +o(w’), h(0)=0,4'(0)=0. (5.4)

Using the invariance of the center manifold, we solve:

a__é[ _é_lj
A

b—2q5(1+ _L_EJ[ _é_lj;i[ _£_1j+£( _éj_i
R G R RVl SR el L Bt

Thus, the center manifold of system (4.1) at the origin is:

s( & 1 5 1 s\ 5 1
(w2 n-C I il o1 L2220
z=h(w) h(" I h)w h{q( % hj(” I hj

Substitute Equation (5.5) into the second equation of system (5.3):

d—W:sz +Bw’ +0(w3)
dr

q o 1|, ¢q|o o 1) 1[ 5} 1] 5
=L g W+ I np-S—= |+~ n-=|-— 5.6

h[nhh}w h{h(nhh W) e G
+o(w3).

where

q o 1
A=-2l11p-2_2|
h( 7 h hj

q| o S 1) 1[ 5} 1
B=1|Z|n-Z—=|+=|n-=|-——|.
h{h[n Fon) TR )R

o+1—

If 4>0, ie, < , then the tumor-free equilibrium point £ (1,0)

is unstable;

If A<0, e, n>ot1=

, then the tumor-free equilibrium point £, (1,0)

is locally asymptotically stable;

If A=0, ie, n=St1=h

, then the stability of the tumor-free equilibrium

point E;(1,0) needs further discussion.
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When 7 = o+1-h

holds, substituting into Equation (5.6), the stability of

E, is determined by the higher-order terms.

dw _gq é( _é_l}rl( _ﬁj_i
a nn\"H W) )T

:%(_5_1).

(5.7)

According to the Local Center Manifold Theorem [30], the tumor-free equilib-
rium point £, (1,0) is locally asymptotically stable at this time.

o
Case2: n——=0
T
o . o T
When 7 " 0,ie, n= e substituting into system (4.1), we get:

dx o oxy

_=1+_y_ — A

dr e hty

d (5.8)
y qxy

A T ) e

dt py( y) h+

Substituting into Equation (5.6), we get:

dw q 1Y , ¢ 5( 1) 1] l( 5) 1| 4 5
Rl 4 Py I T [t I i (7 ) e . (5.9
dt h( hjw h[h T Tw) ) e | o(w). 9

If h<1, the tumor-free equilibrium point £, (1,0) is unstable;

If h>1, the tumor-free equilibrium point E,(1,0) is locally asymptotically
stable;

If h=1, the stability of the tumor-free equilibrium point £, (1,0) is deter-
mined by the higher-order terms.

dw g¢q|o o 1) 1 o 1| 4 3 3
ALl i -l e W =g (=5 -1 W+ . (5.10
b8 22 o n-S) k| =0 o). G0

According to the Local Center Manifold Theorem [30], the tumor-free equilib-
rium point £, (1,0) is locally asymptotically stable at this time.

In summary, the stability of the tumor-free equilibrium point is given by the
following Theorem 4:

Theorem 4. (1) The tumor-free equilibrium point E, (1,0) of system (4.1) is
locally asymptotically stable if any of the following conditions is satisfied:

q
a <=3
) P )
q 1) O+1-h
b ==, nE—, n= ;
) P PR AL P
q o
c ==, n=—, h21.
) P PR

2) The tumor-free equilibrium point £, (1,0) of system (4.1) is unstable if any
of the following conditions is satisfied:
q

a >—3
) P I
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5.2. Stability of Tumor-Present Equilibrium Points

For tumor-present equilibrium point E, (xl., v, ),i =1,2,3,4,5, discussed in Sec-

tion 4, the Jacobian matrix of system (4.1) at E, (x,.,y,.),i =1,2,3,4,5, is:

oy, Ohx,
T ey
J(E)= U
qy q X
- p(1-2y,)————
h+y,- ( ) (h+yi)2
1-y ) h+y,
From Equation (4.2), we know x, = w Its trace and determi-
q
nant are:
oy, qhx,
trJ(E)=-1-—"—+p(1-2y,)————
_ . On pr(1=h=2y)
h+y, h+y,
oy, qhx, qy; ohx,
detJ(E,)=| -1-——— 1-2y.)— L |4+ — - !
( z) ( h+le[p( yl) (h+yi)2j| h+y,[’7 (h+yl.)2J
_nf' ()
h+y,

(5.11)
From the geometric properties of f (), we have
(371)>0.7"(3,)>0,7"(») <0, (v,)>0.
From the above Equation (5.11), it can be obtained:

detJ (E,)>0, detJ (E,)>0, detJ(E,)<0, detJ(E,)>0.

From the above Equation (5.11), #J(E,) is negative if and only if one of the
following conditions holds:

1) h>1;

2) h<l1,and yz%;

3) h<l,and y<1_h, hty+oy

2 p>y(1—h—2y)'

From the above analysis, regarding the stability of the tumor-present equilib-

rium points of model (4.1), we have the following conclusion:

Theorem 5. 1) System (4.1) has a positive equilibrium point £ (x;,y,) which
is a saddle point and thus unstable;

2) System (4.1) has positive equilibrium points E, (x,5,), E,(x,,»,),
E,(x,,y,) . When condition (1), (2) or (3) is satisfied, system (4.1) is locally asymp-
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totically stable at the tumor-present equilibrium point E, (x,,3,), E,(x,,7,),
E, (x4,y4) ;

3) When detJ(E;)=0, system (4.1) has a high-order tumor-present equilib-
rium point, and its stability needs further discussion.

At this equilibrium point, the eigenvalues of the Jacobian matrix are
A =a, +a, and A, =0, and the corresponding eigenvectors are (1,& )T and
(§2,1)T, where & = & = ~ %2 Next, we study the dynamic properties at

ap, @,
this high-order tumor-present equilibrium point E| (x5 , ys) .

To study the dynamic behavior of system (4.1) near the tumor-present equilib-

rium point £, (x,,y,), perform a translation transformation on system (4.1): let

i

u,=x-x, v,=y—y and substitute into system (4.1), we get:

du
d—;:anul +apv, + M (u,v,),
q (5.12)
d—vl =ayu, +a,v, + N(ul,vl )
t
where
Sy Shx’ Q" . ghx’
ay =-l-————,a, = ——7.8, =~ *,a22=p(1—2y )_ﬁ
h+y (h+y") h+y h+y")
M(ul,vl) P SuY, + é‘x* 2vlz— - 2u1v12+ 25x* 3vf,
+y (h+y) (h+y) (h+y)
N(u,v)==pvi - 4 Su v, + il — v — 4 — uyv; + 2qx* v
h+y (h+y) (h+y) (h+y>
Perform a linear transformation on system (5.12):
v] gl 1 Wl '
S0:
dz —
d—;:/llzl +M(z,w),
P (5.13)
W, —
d_tlz N(z,w).
where
_ 1
M(Zl’wl):m(M(zl +&w, 62, +WI)_§2N(ZI +&w, 62, +W1))9
192
— 1
N(wal):q(]v(zl +&w, 62, +WI)_§IM(Z] +&wW, 6z +w ))
192
Similar to Section 5.1, the local center manifold of system (5.13) at the origin is
found to be:

Ezh(w):a_w2+0(w2). (5.14)
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where

go__ L
a= il(l_cfv’:gz) pégz""fz(

&, -5j+5x* —g&x |
h+y <h+y*)2

Substitute Equation (5.14) into the second equation of (5.13), we have:

*

dw_ 1 4 gx
dt 1-§¢, r h+y*§2+(h+y*)2
o ox"
-& _h+y* 2+(h+);*)2 w2+0(w2)
éQw2+0(w2).

(H1) 0<0.

Theorem 6. When conditions #J(E;)<0and detJ(E;)=0 are satisfied,
system (4.1) has a high-order tumor-present equilibrium point E (x,,ys) .
When condition (H1) is satisfied, the tumor-present equilibrium point is locally
asymptotically stable.

Finally, we analyze the type of the stable tumor-present equilibrium point
E (x*, y*) . Theorems 5 and 6 show that there exist locally asymptotically stable
tumor-present equilibrium points. For the tumor-present equilibrium point
E,(x,,,) of system (4.1), when & =1rJ(E,)" —4detJ (E,)<0, E, is a focus;

when x>0, E, isanode.

1
Choose B(x, y) =— as the Dulac function, and denote the functions on the
Xy

right-hand side of system (4.1) as M (x,y) and N(x,y), respectively. Then:

o(BM) o(BN) 1 Sxy 1 qxy
A AT gy =22 L - ) -2 | <o,
Ox " oy X’y oy g (1-) h+y )

Forall x>0, y>0. Thus, according to the Bendixson-Dulac Theorem, sys-
tem (4.1) has no closed trajectories, i.e., no periodic solutions.

Remark. The tumor-free equilibrium point E, of system (4.1) is globally as-
ymptotically stable on the region D ifitislocally asymptotically stable and there

are no other stable equilibrium points.

6. Dynamic Analysis of DDE Model (2.3)

In this section, we first study the local dynamic behavior of system (2.3). Then we
discuss the stability change of the equilibrium point with respect to delay, and
verify the impact of delay through numerical simulation, and provide some bio-
logical explanations.

The tumor-free equilibrium point of model (2.3) is £, (1,0) , and the possible
positive equilibrium points are denoted as B, (E,,T, )(k =1,2,3,4,5). This sec-
tion mainly discusses the local stability of the tumor-free equilibrium point and
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positive equilibrium points and the Hopf bifurcation of model (2.3).

6.1. Local Stability of P,
In model (2.3),let x=E—E', y=T-T', then the linear system of model (2.3)
at any equilibrium point P'(E",T") is:

dx_(t)z_(1+ ST’ jx_( ShE'

dt h+T' h+T'

7 y(t)+ny(t-7),
6.1)

S pngii o

Theorem 7. For all 7>0,if p< %, then the tumor-free equilibrium point

P

0

is locally asymptotically stable; if p > % ,then P, isunstable.

Proof. At the tumor-free equilibrium point £, (1,0) , the characteristic equa-

tion of Equation (6.1)is (4 + 1)(/1 - (p —%D =0, and the eigenvalues are —1 and
p—%, which are independent of 7. Thus, for any 720, when p< % , B is
locally asymptotically stable; when p > % , P, isunstable.

6.2. Local Stability and Hopf Bifurcation of P,

In Equation (6.1), let x(7)=Ce”, y(1)=C,e” (where C, and C, are non-
negative constants), then the characteristic equation of Equation (6.1) at the pos-
itive equilibrium point B, (E,,T, )(k=1,2,3,4,5) is:

A +ald+a, +ae’ =0, (6.2)
where

LY oy (1-h-2y)
: h+y' h+y' ’
4 _(_1_ oy j p(1—2y*)— qhx L i Ohx ,
2 *\2 *\2

h+y (h+y) h+y (h+y)
UL
’ h+y

Theorem 8. 1) When 7 =0, the positive equilibrium point of model (2.3) is
stable if and only if 4, >0 and a,+a; >0;
2) There exists 7, = L arccos {MJ such that when 0<7 <7, if
a)O a}
a; —2a, <0 and a' —4ala,+4a; >0, then B, (k=1,2,3,4,5) is stable; when
t>1,, P, (k=1,2,3,4,5) is unstable, where +ie, isa pair of pure imaginary

roots of Equation (6.2) and
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R T P T

3) When 7 =17,, model (2.3) undergoes Hopf bifurcation at 7 =1, .

Proof 1) When 7 =0, the equilibrium point of model (2.3) islocally asymp-
totically stable if and only if all roots of the equation
H(A)=A*+aAd+a,+a, =0 have negative real parts. According to the Routh-
Hurwitz criterion [30], all roots of H (4)=0 have negative real parts if and only
if ¢, >0 and a,+a,>0.

2) Let A= ia)(a) > 0) be a root of Equation (6.2). Substitute it into Equation
(6.2) and separate the real and imaginary parts:

{a3 cos(w7) =’ —a,,

6.3
a,sin(w7) = a0, (63)

Square and add both sides of the two equations in (6.3), and let & = @”, then

we have:

§2+(a12—2a2)§+(a§—a32):0. (6.4)
If:
a’ —2a,<0 and a; -a; <0, (6.5)
or:
2 2 2 2 2\ _ 4 2 2

a; —2a, >0 and (a] —2a2) —4(a2 -a, ) =a, —4a;a,+4a; 20, (6.6)
holds, then Equation (6.4) has at least one positive root. Also, a; <0, and from
(1), we assume a,+a, >0, so a, >—a, >0, thus a; —a; >0, which contra-

dicts (6.5). Therefore, Equation (6.4) has at least one positive real root &, ifand
only if (6.6) holds,

& =w; :%|:—(a12 —2a2)i\/(a12 —2a, )2 —4(a§ —af)},

Then H(l) =0 has a pair of pure imaginary roots =*im,.and o, = \/a ,

.1 - .
From Equation (6.4), we get 7, = —arccos(wO & ] Thus, when 7€ [0, 7, ) ,
Wy as

the equilibrium point P, is stable; when 7 >7,, P, isunstable.

3) From (2), Equation (6.2) has a pair of pure imaginary roots *ie, . Let
/1(2') = §(T)+ia)(7) be the root of (6.2) under the conditions 5(2’5) =0 and
a)(z'g = @, . Differentiate both sides of Equation (6.2) with respectto 7 :

e\ dA i
(24+a,—are” )Ezaﬁe o
so:

[d/ljl _2+a, —age™ 24+a, 1
a e’ /1(12 +a1/1+a3) A

- —

Let H(§0)=§02+(a12—2a2)§0+a22—a32.
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Then:

A=iw,

A=ie,

2] +a1 -2a,

\___1_—\/——’%/—/

(%
:Sign{
=
=

=sign
- a2 b a’w;
. H’ wo
=sign
- a2 y a’w;

Thus, when H '(a)(f ) =2@; +a] —2a, >0, ie, the transversality condition

dRe(4)|  do(z)|
dr | ‘_ dr

=1,

>0 holds, so model (2.3) undergoes Hopf bifurcation

*
=1,

at 7=1,.

6.3. Numerical Simulation

In this section, Matlab is used for numerical simulation analysis of the conclusions.

For system (2.3), select parameters 7=05, 0=15, ¢=08, p=04,
h=1.0 and different 7 values for numerical simulation. As shown in Figure 2,
all solutions converge to the point E (1,0), which indicates that the tumor-free
equilibrium point E;(1,0) is locally asymptotically stable, ie., tumor cells will
be eliminated by the immune system.

4 42 S E— SRS L R — ;

1.1

1.08F - |
1.06} -

1.04

0.08l...|. A

0.96

0.94
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Figure 2. Temporal dynamics and phase portrait of System (2.3) at the tumor-free equilibrium.

Select parameters n=1.1, §=1.8, ¢=09, p=09, h=12.

As shown in

Figure 3, there exists a tumor-present equilibrium point E’ (x* , y*) = (0.99, 0.37) .

The stability of system (2.3) at the tumor-present equilibrium point £’ (x*, y*)

varies with different 7 values.
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Effect of Time Delay on Effector Cell Dynamics
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Figure 3. Stability of System (2.3) at the endemic equilibrium E’ (x*, y*).

Select parameters 7=0.65, 6=23, ¢g=13, p=0.9, h=14 for numer-
ical simulation. As shown in Figure 4, at this time ¢ < ph, so the tumor-free
equilibrium point E;(1,0) is locally asymptotically stable, and #J(E,)<0,
detJ (E,)>0, ie., conditions are satisfied. This indicates that the tumor-present
equilibrium point E, =(0.8668,0.2336) is locally asymptotically stable, Le., the
system exhibits bistability at this time.
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Bistability Phase Plane
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Figure 4. Bistability of System (2.3).

7. Conclusion

This paper discusses a class of models of the interaction between tumors and the
immune system with antigen delay and Michaelis-Menten type inhibition terms.
For the convenience of analysis, the proposed model is first subjected to dimen-
sionless transformation to simplify the model. On the basis of obtaining the exist-
ence conditions of the tumor-free equilibrium point and tumor-present equilib-
rium point of the model, the local dynamic behavior of the tumor-free equilibrium
point is analyzed by using the Center Manifold Theorem, and the existence of
periodic solutions of the system is excluded by constructing a Dulac function, so
as to obtain the global dynamic behavior of the model. The analysis results show
that time delay has an important impact on the stability of the positive equilibrium
point. The asymptotic stability or instability of the positive equilibrium point de-
pends on the size of the time delay 7 . There exists a critical value 7, such that
when 7 <1,, the positive equilibrium point is stable; when 7 > 7, , the positive
equilibrium point is unstable, and the system may produce Hopf bifurcation when
the positive equilibrium point is unstable. The introduction of antigenicity can
cause saddle-node bifurcation of the model and the phenomenon that the tumor-
present equilibrium point and the tumor-free equilibrium point are stable at the
same time. The occurrence of this bistability means that the growth and develop-
ment outcome of the tumor depends on their initial state (as shown in Figure 4).
This bistability phenomenon indicates that tumor growth is related to the initial
state: when the initial values of both tumor cells and effector cells are very small,

or the initial value of tumor cells is very small and the initial value of effector cells
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is very large, the tumor cells will eventually disappear; when the initial value of
tumor cells is very large and the initial value of effector cells is very small, or the
initial values of both tumor cells and effector cells are very large, the tumor tends
to the positive equilibrium point. This bistability creates an “opportunity window”
in treatments such as immunotherapy or chemotherapy, shifting the system from
a “tumor equilibrium point” to a “tumor-free equilibrium point”; this conclusion
provides theoretical support for the clinical strategy of “early intervention and cell
reinfusion”. In addition, this paper further gives the judgment conditions for
whether the stable tumor-present equilibrium point is a focus or a node, providing
a theoretical basis for clinically judging the nature of the final development stage
of the tumor. According to the results obtained, the dynamic behavior of the pro-
posed model is complex to a certain extent, which reflects the interaction mecha-
nism between tumor cells and immune cells to a certain extent, but it still cannot
fully show some more complex dynamic phenomena (such as the existence of B-
T bifurcation). This needs to be further explored for the established model.
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