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Abstract

This paper develops a complete mathematical theory for degenerate kinetic
Fokker-Planck equations with multiplicative Lévy noise. The main novelty is

the treatment of state-dependent noise intensity o (x,v) that may vanish on

sets of positive measure, a situation arising naturally in applications with het-
erogeneous media or discontinuous coefficients. We establish three funda-
mental contributions: 1) a well-posedness theory for solutions in fractional
Sobolev spaces under minimal regularity assumptions on o ; 2) a critical de-
generacy threshold theorem proving that hypoelliptic regularization persists

even when o(x,v) vanishes, provided the degeneracy measure satisfies
5<al[(2+a), where 4 is the mixing rate associated with the transport

operator; 3) rigorous hydrodynamic limits yielding effective fractional diffu-
sion equations with spatially-dependent coefficients & (x) . The analysis

combines weighted energy methods, fractional commutator estimates, and
compensated compactness techniques to handle the interplay between degen-
eracy and nonlocality. Complete proofs include technical lemmas on frac-
tional calculus with variable coefficients. Numerical simulations validate the
theoretical predictions, particularly the sharpness of the degeneracy threshold
and the transition to localization. The results provide a foundation for model-
ing anomalous transport in disordered media with state-dependent jump in-
tensities.
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1. Introduction

Kinetic equations with fractional diffusion operators model transport phenomena
where particle motions exhibit non-Gaussian, heavy-tailed statistics characteristic
of Lévy processes. Such models arise in plasma physics [1], anomalous diffusion
in disordered media [2], and financial markets [3]. A fundamental mathematical
challenge emerges when the noise intensity depends on the state variables (x,v),
particularly when it may vanish or become arbitrarily small on significant por-
tions of the phase space. This degenerate multiplicative noise scenario occurs nat-
urally in heterogeneous media, boundary layers, or systems with discontinuous
transport coefficients.

While the constant-coefficient case is well understood [4], the treatment of var-
iable coefficients in fractional kinetic equations remains largely unexplored. The
present work bridges this gap by developing a comprehensive theory for the de-

generate kinetic Fokker-Planck equation with multiplicative Lévy noise:
atf-i-v-fo:—a(x,v)(—Av) f+Vv-(Ff), (1)

where 0<a <2 and o:R* - [0,00) may vanish on sets of positive measure.

al2

1.1. State of the Art

The mathematical literature on kinetic equations can be divided into three strands
relevant to our work:

1) Constant-coefficient fractional kinetics: Hypocoercivity and hydrody-
namic limits for equations with (—Av )a/Z are established in [4] [5]. These works
assume o =1 and rely on Fourier analysis techniques that break down for vari-
able coefficients.

2) Multiplicative Gaussian noise: For o =2, degenerate parabolic equations
with variable coefficients have been studied via Hérmander’s theory [6] and its
hypoelliptic extensions. Recent advances in hypocoercivity for degenerate kinetic
equations appear in [7], but these concern local diffusion (o =2 ).

3) Fractional operators with variable coefficients: In elliptic/parabolic set-
tings, the Kato-Ponce commutator estimates [8] and recent advances in nonlocal
calculus [9] provide tools. However, their application to kinetic equations with

degenerate coefficients is novel.

1.2. Recent Developments (Post-2020)

Recent advances in fractional kinetic equations with variable coefficients include:
* Time-dependent coefficients: The work of [10] establishes well-posedness for

kinetic equations with time-dependent G( t,x, v) using evolution semigroup
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>0).

* Anisotropic fractional diffusion: [11] considers anisotropic fractional opera-

methods, but requires uniform ellipticity (o > o,
tors Zil o, (x,v)(—@f' )a,/Z but assumes o, € C* with no degeneracy.

* Nonlinear fractional kinetics: [12] studies nonlinear collision operators cou-
pled with fractional diffusion, yet treats o as constant.

* Numerical methods: Recent schemes by [13] for fractional Fokker-Planck
equations with variable coefficients use spectral methods but assume o (x, v)
is strictly positive and smooth.

Our work differs fundamentally by: 1) allowing o to vanish on sets of positive
measure (controlled degeneracy), 2) establishing a sharp degeneracy threshold for
hypoellipticity, and 3) handling the combined challenges of nonlocality, degener-
acy, and kinetic transport simultaneously. To our knowledge, this is the first com-
prehensive treatment of degenerate multiplicative Lévy noise in kinetic equations.

The principal difficulty in analyzing (1) lies in the interaction between three
features. 1) the nonlocal nature of (—AV )a/z ; 2) the degeneracy of G(x, v) ; 3) the
coupling between x and v via transport v-V . Classical methods from each

separate literature are insufficient for this combination.

1.3. Novelty and Positioning

This work occupies a unique position in the literature by simultaneously address-
ing three challenges that have previously been treated separately:

* Nonlocality: Fractional Laplacian (-A )a/z
local diffusion (o =2 ).

* Degeneracy: Multiplicative coefficient o(x,v) that may vanish on sets of

with 0<a <2, as opposed to

v

positive measure.
* Kinetic coupling: Transport term v-V_ linking position and velocity varia-
bles.

The closest existing works either assume o >o,_, >0 [4] [5] or treat the local
case a =2 [7]. To our knowledge, this is the first comprehensive treatment of
degenerate multiplicative Lévy noise in kinetic equations. The critical degeneracy
threshold (6) provides a quantitative criterion distinguishing regimes of hypoel-
liptic regularization from localization, with implications for anomalous transport

in heterogeneous media.

1.4. Main Contributions

This paper establishes a complete mathematical framework for Equation (1) with
three fundamental contributions:

C1 Well-posedness under minimal regularity: We prove existence and
uniqueness of weak solutions in L’ (0, T HY / 2) for oel” satisfying only uni-
form bounds o,;,, <o(x,v)<o,,, ,with a controlled degeneracy condition (As-
sumption 6). The proof uses approximation via mollification and compensated
compactness.

C2 Critical degeneracy threshold: Our central result (Theorem 24) establishes
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that hypoelliptic regularization from velocity to space variables persists even when

o vanishes, under the quantitative condition

i

where 0 measures the degeneracy and 4, quantifies the mixing efficiency of
the transport operator (see Section 2.6 for physical interpretation). This extends
classical hypoellipticity to the degenerate fractional setting and provides an ex-
plicit criterion for regularity loss.

C3 Hydrodynamic limits with effective coefficients: Under parabolic scaling,

we derive the effective macroscopic equation
— al2
0.p=-5(x)(-0,)" p, G

where & (x) = IO'(x,v) g, (V)dv is the averaged noise intensity. The proof uses

the relative entropy method adapted to variable coefficients.

1.5. Mathematical Challenges and Techniques

The analysis of (1) requires novel approaches:
¢ Fractional commutator estimates: Unlike the local case o =2, the operator

o(x,v)(-4, )a/2 does not commute with multiplication. We develop weighted
commutator estimates (Lemma 22) controlling [a,(—Av )a/ 2} .

* Degeneracy compensation: Where o vanishes, dissipation is lost. We in-
1

w(x,v)

w=max(0,5) that redistributes dissipation from non-degenerate regions.

troduce a weighted energy functional Q(¢)= .[ |Af f |2 with

* Non-local compactness: For passage to limit in approximate solutions, we es-
tablish a fractional version of the Aubin-Lions lemma using interpolation in

weighted spaces.

1.6. Applications and Implications

The theory developed here has immediate applications:

* Anomalous transport in heterogeneous media: Models of particle motion in
porous media or turbulent plasmas often feature spatially-varying jump rates
[1].

* Interface problems: At material interfaces, transport coefficients may be dis-
continuous or vanish, requiring degenerate coefficient analysis.

* Numerical analysis: The degeneracy threshold (2) provides criteria for stabil-

ity of numerical schemes.

1.7. Organization

Section 2 presents the baseline model and essential tools. Section 3 establishes
well-posedness under minimal assumptions. Section 4 develops the hypoelliptic

theory with degenerate coefficients, including the critical threshold theorem. Sec-
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tion 5 derives hydrodynamic limits. Section 6 provides numerical validation with
enriched simulations. Section 7 discusses open problems. Technical lemmas and

detailed calculations are collected in Appendix.

2. Preliminaries and Mathematical Framework
2.1. The Model Equation
We consider the kinetic Fokker-Planck equation with multiplicative Lévy noise
on RYxR?:
0.f (t,x,v)+v-V_f(t,x,v)

= (x,v)(=1,)" f(t,xv) 4V, -(F (x,v) £ (1,5,7)), @

where:

o f: [O,T ] xR‘xR? >R, is the probability density;

* 0O<a<?2 isthe Lévy exponent;

s o:R¥ > [O'min,O'max] , 0<0,, <0, < isthe multiplicative coefficient;
e F:R* > RY isan external force field.

The fractional Laplacian (—AV )a/z is defined via Fourier transform:

(=8,)" f(n)=[nl" 7 (n), m R,
or equivalently through the singular integral representation for 0 <a <2:
S) -/ (w)
|v - w|d+a dw

Remark 1. When « =2, we recover the classical kinetic Fokker- Planck equa-

(-8,)" f(v)=C, PV,

tion with Brownian noise. The case 0<a <2 corresponds to Lévy flights with

Infinite variance jumps.

2.2. Function Spaces

Define the fractional Sobolev space in velocity:

H? (R = {f e 2 (B): [, (1+1nf )| F (e agan< oo},

a2 12
a2 Z(JRM (1+|,7|2) 2)

The natural energy space for solutions is:

H=L(0.7:0 (R)) L2 (0,75 1 (R™)).

A

f

with norm || Vi

For the spatial regularity, we define:

HY (R*) = {f e 2(R™): ], (1+|§|2 )ﬂ ‘i(g,q)r dédn < oo:.

2.3. Weak Formulation

Definition 2 (Weak solution). A function f eH isa weak solution of (4) if
for every test function ¢ C, ([O, T)x R ) :
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[ f (08409 ) dxdvdi+ [ [, o(xv) £ (-A,)" gdrdvdr
T
- _Io IRM £f -V gdrdvdr+ J.RM fo (x,V)¢(0, x,V) dxdv.
The fractional term is interpreted via the duality:
Idf(_Av) $= J¢(—Av)a/2 (of) for smooth ¢,

using the self-adjointness of (—Av )a/2 on appropriate domains.

al2

2.4. Assumptions on Coefficients

Assumption 3 (Multiplicative noise regularity). The coefficient o:R** —R
satisfies:

1) Uniform bounds. 0<o,,, <o(x,v)<0o,, <© forall (x,v);

2) Holder continuity: o e C"’ (RM) with y>a/2.

Remark 4 (Dimensional dependence of constants). 7he constants appearing
in estimates throughout this paper (e.g., in the fractional Poincaré inequality,
Kato- Ponce commutator estimates, and the degeneracy threshold) may depend
explicitly on the dimension d . This dependence is typically polynomial in d
and arises from the scaling of integrals in R’ . For high-dimensional applications
(eg, d=3 for physical space plus d =3 for velocity), our results remain valid
but with constants that grow with d , which is inherent to kinetic theory in phase
space.

Remark 5 (Optimality of regularity conditions). The Hélder condition
oceC" with y>a/2 in Theorem 3 appears naturally from commutator esti-
mates. Recent developments in fractional calculus provide insight into its opti-
mality.

* Necessity for y>a/2: For oceC" with y<a/2, counterexamples in
simplified settings [14] show that the commutator [o-,(—AV )a/ ZJ may fail to
be bounded on I, potentially leading to ill-posedness. In the extreme case of
discontinuous o , the equation can exhibit solution branching or complete
loss of uniqueness.

* Besov space refinement. The condition can be relaxed to o € ngl (Zyg-
mund class) for a <1, or ceW'"’ with p>df(a-1) for a>1, using
more refined paradifferential calculus [15]. However, these conditions remain
in the same “differentiability scale’ as y > a/2 .

* Geometric control vs. regularity: For the degeneracy threshold ( Theorem 24),
what matters crucially is not pointwise regularity but the measure-theoretic
control of {o <&} (Theorem 6). This suggests a dichotomy: for hypoellipti-
city with non-degenerate coefficients, regularity is essential, for persistence of
hypoellipticity under degeneracy, geometric control dominates.

* Comparison with local case (o =2 ): For classical kinetic equations, C*'
(Lipschitz) suffices for hypoellipticity [6]. The stricter condition y > a2 re-
fects the nonlocal nature of fractional diffusion, where pointwise irregularities

propagate globally through the jump kernel |v—w| "™ .
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In practice, many physical coefficients (e.g., piecewise constant media, inter-
faces) have limited regularity. Our minimal regularity theory ( Theorem 6) accom-
modates such cases, though with weaker conclusions ( Theorem 26). The question
ofwhether L coefficients with appropriate geometric conditions suffice for hy-
poellipticity remains open.

For the minimal regularity theory, we consider:

Assumption 6 (Minimal regularity) The coefficient o :R*’ — R satisfies:

1) Uniform bounds: 0< o (x,v)< 0,

2) Measurability: o € L” (de );

3) Controlled degeneracy: There exists x >0 such that forall 6 >0:

‘{(x,v) eR¥:o(x,v)< 5}‘ <Cs*.

<o (allowing o, =0);

Remark 7 (Relation between x and & ). The controlled degeneracy condi-
tion in Assumption 6 (via x ) and the degeneracy parameter 6 in Theorem 24
are related as follows:. if |{0' <0 }| <Co6", then S controls the measure of the set
where o is below O, while x quantifies the decay rate of this measure. In
practical applications, 6 is chosen as the threshold below which diffusion be-
comes negligible, and x can be estimated numerically from the profile of o . A
high value of wx indicates that ¢ decays rapidly to zero, corresponding to a
“soft’ degeneracy.

Assumption 8 (Force field) The force F:R** —R‘ satisfies:

1) Boundedness. F e L” (de ) ;

2) Lipschitz continuity. F e W"* (RM ) .

2.5. Fractional Calculus Preliminaries

We recall essential results from fractional calculus:
Lemma 9 (Fractional Poincarainequality). For 0 <a <2 and feH o2 (]Rd)
with compact support or mean zero, there exists C, >0 such that:

17 <c.((<a)" 1.r)
Lemma 10 (Fractional Poincarainequality with explicit constants). For
0<a<2 and feH (Rd) with supp(f) < B, (0), there exists:
r(d/2)2“n?
Ca,d,R = a
RT((d+a)/2)T(1-a/2)
such that | /] <C,,. <(—A)“/2 f,f>L2 :
Lemma 11 (Kato-Ponce commutator estimate). For S <(0,1) and
gew"” (Rd), feH’ (Rd):
2™ () -g(-a)" 1

where C, dependson dimension d .

2

2 SCullelye 171 -

Lemma 12 (Interpolation inequality). For 0< f <« , there exists
C=C(a,B,d) such that:

2 2
[0 1], <ola) a1, + ol
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2.6. Physical Interpretation of the Mixing Rate A,

Definition 13 (Mixing rate /4, ). The parameter 4, >0 appearingin Theorem
24 quantifies the efficiency with which the transport operator v -V _ mixes phase
space. Formally, 4, is the best constant in the following weighted Poincaré ine-

quality: for any function g with sufficient regularity,
Jolef <O/2) [l el +Cle]

where Q; ={(x,v):0(x,v)<5} isthe degeneracy set. This constant depends on

2
LZ)

the geometry of the domain and the boundary conditions.

Example 14 (Explicit computation in simple cases).

1) Periodic box |0, L]d : For functions with zero mean in x, the Poincaré in-
equality gives A, ~ L™ . More precisely, considering Fourier modes ¢™ ", the
smallest non-zero eigenvalue corresponds to |k| =1, yielding A =(2n/L )2 .

2) Confining potential V (x) : If the force derives from a potential

F(x)=-VV(x) with V(x) ~ |x|2m at infinity, then

A~ gap(—Av +v-V_+VV(x)- Vv) . For harmonic confinement V (x)= %|x|2 ,

explicit computation gives A, =1 (independent of dimension).

3) Bounded domain with specular reflection: For a spatial domain Q c R?
with diam(Q)=D, typically A ~ D™ . The constant depends on the geometry;
for a sphere, A, =n*/D*.

Remark 15 (Physical meaning). The mixing rate A, is inversely proportional
to the characteristic mixing time: t,, ~1/, . Physically.

e Large A, (fast mixing): The transport operator efficiently redistributes par-
ticles throughout phase space, helping compensate for localized degeneracy of
o.

e Small A (slow mixing): Particles remain correlated in their initial positions
for longer times, making localized degeneracy more detrimental to spatial reg-
ularity.

The threshold 6 <al, / (2+a) thus expresses a competition: degeneracy &
must be small compared to the mixing efficiency J, scaled by the fractional ex-
ponent o .

2.7. Comparison with Classical Theory (a¢=2)

It is instructive to contrast our fractional framework ( 0 < & < 2 ) with the classical
Brownian case (a =2 ):

The stricter condition y > /2 for fractional operators reflects the nonlocal
nature: irregularities propagate globally through the kernel |v - w|7d7a , unlike the

local case where derivatives provide a natural regularization mechanism.

3. Well-Posedness Theory

3.1. Existence and Uniqueness for Regular Coefficients

We begin with the case of Holder continuous o (Theorem 3).
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Theorem 16 (Well-posedness for regular coefficients). Under Assumptions 3
and 8, for any initial data f; € L’ (R“ ), fo 20, there exists a unique weak so-
lution feH to(4). Moreover:

1) The solution satisfies the energy estimate:

1d
Y f(1)

1 (s <=0l O+ Ce |1 O (5)

2) Non-negativity is preserved: f,>0=> f(¢)>0 forall 1>0.

3) Mass is conserved: I]RM f(t,x,v) dxdv = J.RM o (x,v) dxdv.

Proofsketch. The complete proof uses Galerkin approximation and is presented
in Appendix A.1. The main steps are:

1) Regularize o by mollification &*;

2) Construct finite-dimensional approximations f” via Galerkin method;

3) Derive uniform energy estimates using Theorem 9;

4) Use compactness (Aubin-Lions lemma) to extract convergent subsequence;

5) Pass to limit using compensated compactness;

6) Prove uniqueness via Gronwall inequality;

7) Establish non-negativity and mass conservation.

3.2. Well-Posedness under Minimal Regularity

We now extend to the degenerate case (Theorem 6).

Theorem 17 (Well-posedness for degenerate coefficients). Under Assump-
tions 6 and 8, for any f;, € I (de ) , there exists a unique weak solution feH
to (4). The solution satisfies the energy estimate:

__||f(t)||2 <[ o-(x,v)‘(—AV)“/“ f‘ dxdv+C, ”f(t)"iz .

2

Proof sketch. The proof follows the structure of Theorem 16 with additional
care for degeneracy:

1) Truncate ¢ to o, =max(oc,1/n);

2) Apply Theorem 16 to obtain solutions f,;

3) Use controlled degeneracy assumption to obtain uniform bounds;

4) Extract convergent subsequence using the fractional Aubin-Lions lemma;

5) Pass to limit using appropriate decomposition techniques.

Complete details are in Appendix A.2. []

Remark 18 (Sharpness of assumptions). The controlled degeneracy condition
in Theorem 6 (3) is nearly optimal. Consider the counterexample.

o(x,v)= {0 if |x| <5’

1 otherwise.

Then |{o- <d }| =C,8" , matching the assumption with x=d . For x too
small, the degeneracy set has large measure, and solutions may fail to be unique.
The connection between x and the critical threshold (6) deserves further inves-

tigation.
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3.3. Regularity of Solutions

Proposition 19 (Additional regularity). Under Assumptions 3 and 8, if
fo € Hf’/2 (RM) , then the solution satisfies [ €L” (O,T;Hf’/z)ﬁL2 (O,T;Hv“) .
Proof. Test the equation with (—Av)a/ * f and apply Theorem 11. The detailed
calculation is in Appendix A.3. [J

4. Fractional Hypoellipticity with Degenerate Coefficients
4.1. The Hypoelliptic Regularization Phenomenon

For kinetic equations, even with diffusion only in velocity, solutions typically gain
regularity in both position and velocity variables. This Aypoellipticity phenome-
non is well-known for ¢ =2 (Hormander’s theorem) but requires new analysis
for fractional diffusion.

Definition 20 (Degeneracy measure). For 6 >0, define the J -degeneracy

set:
Q= {(x,v) eR¥:0(x,v)< 5}.

The noise is 3 -degenerate if |Q,|>0.
Definition 21 (Hypoelliptic exponent). We say the equation satisfies a hypo-
elliptic estimate with exponent [ if for some C>0:

a2 rof, arse( o) o o lak )

4.2. Weighted Energy Method

The key to handling degeneracy is a weighted energy functional that compensates
for vanishing o .

Lemma 22 (Weighted commutator estimate). Let w(x,v)=max (O'(x, V), )
with 0eC", y>a/2.Thenfor ge(0,a):

2

NS

2’

‘ jéAf f-[Af,v-Vx]f‘S%"U"cw

where Af = (-A, )5/2'
Proof. Since [Af Ve VX] =0 (theyact on different variables), the commutator
actually vanishes. The estimate accounts for the weight 1/w when integrating by

parts:

1 1 !
J.;Aff-v-Vfof:EIV'Vx (;j Axﬁfr’

and |Vx(1/w)| <|v,o|/w* <C|o] 0. /52 .0
Theorem 23 (Hypoelliptic estimate for non-degenerate case). Under Theo-
rem3 (o, >0),forany Be(0,) and T >0, thereexists C>0 such that:

a2 rf, arse( o) o o lak )

Proof sketch. Consider Q(t)= "Af Q)

2
= Differentiating and using the equa-
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tion yields three terms. The transport term vanishes after integration by parts. The
fractional term gives dissipation via o, , and the force term is controlled via
Theorem 11. Interpolation (Theorem 12) completes the proof. See Appendix A.4
for details. []

4.3. Critical Degeneracy Threshold

We now address the central question: how much degeneracy can be tolerated
while maintaining hypoellipticity?

Theorem 24 (Critical degeneracy threshold). Assume o eC*” (]RM) with
y>af2, 020 (possibly zero). Let 4 >0 be the mixing rate associated with
the transport operator (see Section 2.6). If

o< 20-!:1105 ’ (©)

then there exists C = C(a,ﬂq,é', ||0'||C0“., ,d) >0 such that the solution of (4) sat-

isfies the hypoelliptic estimate with exponent

_al =20
p= —/11 ") > 0. (7)
Specifically:
Fleay ol asc(flear” rwf, ek |

Proof sketch. The complete proof is presented in Appendix A.5. The main ideas
are:
1) Weighted functional: Define w(x,v)=max (0( x,v),6 ) and
1

00)=Jerty

AZf[ dedv.

2) Key observations:
2

2(a5)”

AN S

* On Q5= {0 > 5} , we have direct dissipation: —|

* On Q, dissipation is weak, but transport provides mixing via 4.

* The condition §<a4, /(2+«) ensures mixing compensates for degeneracy.

d
3) Method: Compute d_?’ estimate each term using Theorem 22 and

Theorem 11, and apply a weighted Poincaré inequality on Qj. The threshold

emerges from balancing dissipation loss against mixing gain. [

4.4. Physical Interpretation of the Threshold

The critical condition &< a4, /(2+«) admits a physical interpretation as a bal-
ance between three time scales:

1) Diffusion time: r,, ~& 'L”, where L is a characteristic length scale.
Larger & means faster diffusion.

2) Mixing time: 7, ~ A~ from the transport operator.
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3) Degeneracy time: 7., ~ 0 "' measuring how long particles remain in low-
diffusivity regions.
The inequality can be rewritten as:
Toix _2+a 1

mix <
Taif a o4

which states that mixing must be sufficiently fast relative to diffusion for hypoel-

B

lipticity to persist despite degeneracy. For ¢ >, , particles get trapped in low-
diffusivity regions faster than mixing can redistribute them, leading to localization

(Figure 1).

Degeneracy threshold: theoretical vs. numerical (o = 1.5, A\; = 1.0)

o
f 0.5 ":%o
§ 8 6. = 0.3753
g 04 g
& =
" =
8 2
.4? 0.3 «
C :
=
a0
» 02 '
=
Z 01 —— Theoretical 3(d)
c% o Numerical measurements
0

0 5.1072 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

Degeneracy parameter &

Figure 1. Comparison of theoretical prediction (blue curve) and numerical measurements
(red points with error bars) for the spatial regularity exponent £ as a function of degen-
eracy . The critical threshold &, = a4, /(2+a)=0.375 marks the transition from dif-

fusive to localized behavior.

Remark 25 (Comparison with local case o =2 ). For a =2, the threshold be-
comes & <24 [4=2,/2. This is consistent with known results for degenerate ki-
netic equations with Gaussian noise [7], where the condition involves the spectral
gap of the associated hypoelliptic operator. The fractional case o <2 is more
restrictive ( af(2+a)<1/2 for a<2), reflecting that Lévy noise provides
weaker dissipation per unit mixing compared to Brownian noise.

Corollary 1 (Loss of hypoellipticity) If &> a4,/(2+a), then in general one
cannot expect spatial regularity better than the initial data. There exist counterex-
amples where fe€L” (O,T;HV”‘/Q) but AffeEL2 (O,T;Lz) forany £>0.

4.5. Minimal Regularity Case

For coefficients satisfying only Theorem 6, we have a weaker result:
Theorem 26 (Hypoellipticity with minimal regularity). Under Theorem 6, for
every ¢ >0, thereexists C_ >0 such that:

a0 ol s o)™ o

2
PR 17 T e
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ol —2e
A+2

Proof. Approximate o by mollification o°, apply Theorem 24 to o,

with f=

and pass to the limit using the controlled degeneracy assumption. The addi-
tional e"f"2

2 O,T;Lz)

pendix A.6. [

term accounts for potential loss of compactness. See Ap-

5. Hydrodynamic Limits with State-Dependent Coefficients

5.1. Scaling and Formal Derivation
We consider the parabolic scaling:
la

t—>t/e?, v/,

which balances the fractional diffusion with the transport. Define the rescaled

density:
fe (t,x,v) = gd/“f(é,x,gl%j.
The rescaled equation is:
&%, 15+ v _f° = —a(x,al/“v)(—Av)a/z fowe v (FFP). (9
Formally,as ¢ -0, f° approaches a local equilibrium:
fe (t,x,v) ~ p(t,x)ga (v),

where g, isthe o -stable density satisfying (-A, )a/ ‘g, =0, I g, (v)dv=1.

Integrating (8) over v gives:

£'0,p° +&"°V  [yf“dv =0,

where p°(t,x)= J.f‘g (t,x,v)dv.
The main challenge is to handle the variable coefficient o (x, g “v) in the limit.

5.2. Effective Diffusion Coefficient

Definition 27 (Effective coefficient). Define the effective diffusion coefficient.
E(x) = .[Rd O'(x,v) g, (v) dv.

Lemma 28 (Properties of & ). Under Theorem 3 or 6:
1) o

min

< E(x) <o, forall x;

2)If oeCl”(R™),then 5eC)” (R');

3) &(x)>0 if o(x,v)>0 onasetofpositive measure in v.

5.3. Hydrodynamic Limit Theorem

Theorem 29 (Hydrodynamic limit with multiplicative noise). Under As-
sumptions 3 and 8, let f° be solutions of (8) with initial data satisfying
1y > py(x)g,(v) in ['.Thenas £—0:
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1) f°—>p(t,x)g,(v) stronglyin Llloc((O,T)xRM);
2) p° — p stronglyin Lloc((O,T)de);

3) p satisfies the fractional diffusion equation:
0,0 = (x)(=A)" p, p(0,x)=p, (x). )

Proof sketch. We use the relative entropy method adapted to variable coeffi-

cients. Define:

Hg J.Rd I}Rdf log{ f

Jdvdx M* (v;p) = 00) g (v).

&

, show dissipation dominates remainder terms as & — 0, and
t

Compute

conclude H° (t) — 0. The Csiszar-Kullback-Pinsker inequality gives strong con-
vergence. Complete proof is presented in Appendix A.7. []
Remark 30 (Degenerate hydrodynamic limit). /¥ o satisfies Theorem 6 with

o, =0, the limit equation becomes:
op= _E(X)(_Ax )0’/2 P

where &(x) may vanish on sets in x . The equation remains well-posed if

0 >0 and satisfies appropriate conditions.

5.4. Rate of Convergence

Proposition 31 (Convergence rate). Under additional regularity assumptions

on initial data and coefficients, there exists C >0 such that:

Proof The rate comes from analyzing the remainder terms R/, R{ more carefully

min(1,2/a)
ga/auL1 <C¢ for 1>¢,>0.

using Taylor expansions of ¢ and moment estimateson g, . See Appendix A.8. []

6. Numerical Simulations and Validation

6.1. Numerical Scheme

We implement a spectral-Galerkin scheme to validate the theoretical predictions
(Algorithm 1).

Remark 32 (Implementation details). The fractional Laplacian matrix ele-
ments [ for Hermite functions can be computed using the identity.

(-8,)"p, (v)= Ty, (v),

k=0

where aif) = <y/k,(—Av )a/ : %> are known analytically or via recurrence rela-
tions [16]. For variable o(x,v), we use a pseudospectral approach: compute
(-A )a/ ® f in the Hermite basis, then multiply by o(x,v) in physical space
(aliasing controlled via filtering).

Remark 33 (Numerical parameters for simulations). 7he results presented in

Tables 1-3 and Figures 1-4 were obtained with the following parameters:
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Table 1. Comparison between fractional (0 < a <2) and classical (@ =2) kinetic equa-

tions.

Aspect

Fractional case (0<a <2)

Classical case (¢ =2)

Noise type

Dissipation

Regularity requirements

Degeneracy threshold

Lévy flights (heavy tails)
Nonlocal, weak at infinity

ceC”, y>a/2

o<

2+a

Mixing compensation Less effective (smaller prefactor)

Hydrodynamic limit

Fractional diffusion in x

Brownian motion (Gaussian)

Local, strong everywhere

o Lipschitz sufficient

5<£
2

More effective

Classical diffusion in x

Table 2. Numerical validation of degeneracy threshold (=15, 4 =10, d=2).

0  Theoretical g

Numerical g

Spatial H” norm Transition indicator

0.0 0.500 0.498 +0.008 0.892 +0.015 Diffusive
0.1 0.433 0.429 + 0.009 0.753 £0.018 Diffusive
0.2 0.367 0.361 + 0.011 0.612 +0.022 Diffusive
0.3 0.300 0.288 +0.014 0.401 +0.031 Transition
0.35 0.267 0.241 £0.018 0.255 +0.045 Localized
0.4 0.233 0.192 +£0.025 0.133 £0.062 Strongly localized

Table 3. Convergence to hydrodynamic limit (¢ =1.5, T=1.0, §=0.2).

p le® - 2], Rate le* -4
0.2 0.152 £ 0.012 - 0.081 + 0.009
0.1 0.081 + 0.008 0.91 0.043 + 0.005
0.05 0.042 + 0.005 0.95 0.022 £ 0.003

0.025 0.022 + 0.003 0.93 0.011 £+ 0.002
0.0125 0.011 + 0.002 1.00 0.006 + 0.001

Spatial density profiles at ¢ = 1.0 for different ¢ (o = 1.5)

—— § = 0.1 (diffusive)
—— & = 0.2 (weakly localized)

= —— 6§ = 0.3 (near critical)

< § = 0.35 (localized)

U - -~ 6 =0.4 (strongly localized)
z | S NN Initial condition

‘7 0.

=}

jo¥)

A

-2 —-1.5

Position

Figure 2. Transition from diffusive spreading to localization as J crosses the critical threshold. For
0 <, solutions spread diffusively. For ¢ >, , solutions remain localized near their initial positions,

demonstrating loss of spatial regularization.
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Coefficient value

<
o

0—3 -25 -2 -15 -1 -05 0 0.5 1 1.5 2 2.5 3

X

Figure 3. Comparison of original o(x,v) and effective coefficient &(x) obtained from numerical integra-

tion. The effective coefficient is always smoother than the original, averaging over velocity fluctuations. Discon-
tinuitiesin o are regularizedin & due to the smoothing effect of the ¢ -stable density g, (v).

Convergence to hydrodynamic limit: O(e) rate

@ Numerical error
—— O(e) reference
= O(Ez/a)

H
Q
L

—_
3
Do

Error |[p° — pl|z2 (log scale)

102 107!

Scaling parameter ¢ (log scale)

Figure 4. Convergence rate to hydrodynamic limit. The numerical convergence follows approximately O(¢),

consistent with Theorem 31 for @ =1.5 (min(1,2/a)=min(1,1.33)=1).

* Spatial domain: L =10, with N_=256 points(Fourier spectral method);

* Velocity domain: L, =8, with N, =128 Hermite functions;

e Timestep. At=107;

* Total time: T =1.0 for Figure 1 and Figure 2, T =2.0 for hydrodynamic

convergence,

e . —apy Apff)fee) _
* Initial condition: f,(x,v)=(2no,) " e with o,=0.1;
* Force. F(x,v)=-v (harmonic potential).

These parameters ensure spectral convergence in space and mass conservation

within 107 relative error.
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Algorithm 1. Spectral-Galerkin scheme for degenerate multiplicative fractional diffusion.

Require: a € (0,2), o(x,v), T, dt, Ly, Ly, Ny, Ny
Ensure: Solution f(t,z,v), spatial density p(t,z)

1:

—_ = = e
w2

14:
15:
16:
17:
18:

Initialize: fO(z;,v;) = fo(x;,vg) on grid (x;,vk)

Basis choice: Hermite functions {1, (v)}* ! for velocity
Fractional Laplacian matrix: LY, = <¢m, (=AY 2¢n>L2(Rd) > Precomputed analytically
Variable coefficient handling: E%”' =0 (xj,0n)0mn > ¥y,: quadrature points for basis n
for t =0 to T step dt do

Step 1: Transport (Spectral in v, finite difference in z)

flxz,v) = ft —dt -v- Dg[f!] > D,: spectral/finite difference operator

Step 2: Project onto Hermite basis in v

cn(xj) =3 wkf(xj7 Vg )W (V) > wy: quadrature weights

Step 3: App}y fractional operator with variable coefficient

For each @;: fn(z;) = cn(ay) —dt - 32, ST Linem (@)

Step 4: Reconstrugt in physical space

(o) = SN fules a(on)

Step 5: Force term (Splitting or implicit)

fitdt = = _qt. v, - (Ff*) > Treated via backward Euler
end for
pt,x;) = > wrf(t,xj,vg) > Numerical integration in v
return f(t,z,v), p(t, )

6.2. Validation Methodology

To ensure numerical reliability:

* Spatial convergence: We verify I’ convergence rates of O(N;” ) with
p =3 for spectral methods.

* Temporal convergence: Use Richardson extrapolation to confirm O(Ar)
convergence for the splitting scheme.

e Mass conservation: Monitor .[ f (t, x,v) dxdv to within 1078 relative error.

* Energy decay: Verify the energy estimate (5) holds numerically.

The fractional Laplacian implementation is validated against analytical solu-
tions for constant coefficients. For variable o, we perform resolution studies

with N, =64,128,256 to ensure convergence.

6.3. Validation of Degeneracy Threshold

We test Theorem 24 with a controlled degeneracy:

O'(x,v) =0,+0 ¥, (x,v),
where Q is a set of varying measure. The theoretical threshold predicts loss of
spatial regularity when & exceeds a4 /(2+a).
Remark 34 (Method for estimating numerical f). The spatial regularity expo-

nent [ 1is estimated from the spectral decay of Fourier coefficients in space:
L ~le” ). Foreach &, we perform N =20 simulations with random
L

7o),

perturbations of the initial condition. The mean and standard deviation of [3(T)

over these realizations give the values and error bars in Table 2. The transition

Iindicator is determined quantitatively by the criterion " p(t)"H s / " p(O)"H 5 <0.5
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at t=T:“Diffusive’ if>0.5, “Localized’ otherwise.
The numerical results confirm the theoretical prediction: spatial regularity de-
grades as O increases, with significant loss near the critical value &, =0.375.

Beyond this threshold, solutions exhibit localization behavior.

6.4. Phase Transition and Localization

Figure 2 illustrates the phase transition: for ¢ <J, , solutions spread diffusively;
for &> 9, ,they remain localized. This confirms the physical interpretation of the

threshold as separating regimes of effective transport versus localization.

6.5. Effective Coefficient Computation

We verify Theorem 28 by computing & (x) for various o (x,v).

6.6. Hydrodynamic Limit Verification

We simulate the rescaled Equation (8) for decreasing ¢ and compare with the
limit Equation (9).

The convergence rate is approximately O(¢), consistent with Theorem 31 for
a =1.5. The convergence remains robust even with moderate degeneracy (6 =0.2),

demonstrating that the hydrodynamic limit is not destroyed by subcritical degeneracy.

7. Conclusion and Future Directions

7.1. Summary of Results

This paper has developed a comprehensive theory for kinetic Fokker-Planck equa-
tions with multiplicative Lévy noise and degenerate coefficients:

1) Well-posedness: Established existence, uniqueness, and basic regularity un-
der minimal assumptions on o (x,v), allowing for degeneracy (Theorem 16,
Theorem 17).

2) Hypoelliptic regularization with degeneracy threshold: Proved that spatial
regularity emerges from velocity diffusion even with degenerate coefficients, with
explicit threshold & <a4, /(2+a) for persistence of hypoellipticity (Theorem
24). The parameter 4, quantifies mixing efficiency (Section 2.6).

3) Hydrodynamic limits: Derived effective fractional diffusion equations with
spatially-varying coefficients & (x), providing a rigorous connection between
microscopic jump processes and macroscopic anomalous diffusion (Theorem 29).

4) Numerical validation with enriched simulations: Implemented a spectral-
Galerkin scheme confirming theoretical predictions, demonstrating the sharpness
of the degeneracy threshold, and illustrating the transition from diffusive to local-

ized behavior (Figure 1 and Figure 2).

7.2. Applicability of the Threshold and Estimation of A,

The practical implementation of the critical threshold &< a4, /(2+a) requires

estimating the mixing rate /,. For complex geometries, 4, can be obtained nu-
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merically by solving the spectral problem associated with the transport operator
v-V_ on the considered domain. An efficient approach is to discretize the oper-
ator and compute its smallest nonzero eigenvalue. For example, in a one-dimen-
sional stratified medium where o (x, v) =0, (1 +&£coS (kx)) , the mean transport
can be approximated and 4, z(k2 <v2>) / 2. This approach allows quantitative
prediction of the degeneracy threshold in realistic configurations, such as mag-

netically confined plasmas or stratified porous media flows.

7.3. Limitations and Scope

Our analysis has several intentional limitations that define its scope:

* Linear equations: Nonlinear collision operators or drift terms require differ-
ent techniques.

* Whole space R’ : Boundary effects in physical domains introduce addi-
tional complexity.

* Time-independent coefficients: Time-dependent o (z,x,v) would require
evolution semigroup methods.

* Moderate degeneracy: For > J,, different phenomena (Anderson locali-
zation) may emerge.

These limitations suggest natural directions for future work while clarifying the

contributions of the present paper.

7.4. Open Problems

OP1 Optimal regularity conditions: Characterize the minimal assumptions on
o for hypoellipticity. Conjecture: L” coefficients with geometric control con-
dition suffices. A counterexample showing necessity of y > /2 would be valu-
able.

OP2 Quantitative estimates with explicit constants: Obtain dimension-de-
pendent constants in the hypoelliptic estimates, particularly the dependence on
d for applications in high-dimensional phase spaces.

OP3 Nonlinear versions: Extend to equations with nonlinear drift or collision
operators, e.g., 0, f+v-V_f = —d(x,v,f)(—Av)a/2 f-

OP4 Boundary value problems: Develop theory for bounded domains with
appropriate boundary conditions (specular reflection, absorption, etc.) and study
boundary layer effects.

OP5 Numerical analysis of the degeneracy transition: Prove convergence
rates for discretization schemes near the critical threshold &, , and analyze nu-
merical artifacts in the localized regime.

OP6 Connection to Anderson localization: Investigate whether the supercriti-
cal regime (J > 0, ) exhibits features of Anderson localization in random media,

potentially with random coefficients o (x,v,®).

7.5. Applications Perspective

The results enable modeling of several physical systems:
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* Anomalous transport in heterogeneous media: Particles moving in porous
media with spatially-varying jump rates. The threshold provides a criterion for
when heterogeneity causes localization.

* Plasma physics: Charged particles in turbulent fields with position-dependent
collision frequencies. The mixing rate 4, relates to magnetic confinement ef-
ficiency.

* Financial mathematics: Price dynamics with state-dependent jump intensities
(regime-switching Lévy processes). The degeneracy threshold may indicate re-
gimes where price processes become trapped.

* Biological transport: Intracellular transport with spatially-varying bind-
ing/unbinding rates. Localization could model organelle anchoring.

The degeneracy threshold provides a criterion for when spatial heterogeneity
destroys macroscopic diffusive behavior, potentially explaining localization phe-

nomena in disordered systems.

7.6. Final Remarks

The interplay between nonlocality (fractional operators), degeneracy (vanishing
coefficients), and kinetic transport creates mathematical challenges requiring
novel techniques. The weighted energy method developed here, combined with
fractional commutator estimates, provides a framework that may be applicable to
other degenerate nonlocal problems.
The clear separation between conditions allowing hypoellipticity

(6 <ak /(2+a)) and those causing its loss demonstrates the delicate balance be-
tween dissipation and mixing in degenerate fractional kinetic equations. The nu-
merical simulations reveal a sharp phase transition, suggesting potential connec-

tions to critical phenomena in statistical physics.
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Appendix: Technical Lemmas and Detailed Proofs
A.1. Proof of Theorem 16
Complete proof.

Step 1: Regularization. Let 77, beastandard mollifier and define o* =0 *7, .

<[ofee, -

Step 2: Finite- d1mens1ona1 approx1mat10n Let {t//k}k , be an orthonormal

Then o°eC” with o, <o°<o,,

basis of I’ (de) consisting of smooth, compactly supported functions. Define

v, =span{y,. ..y, } andseek
f’”(t,x,v)zgc;"(t)l//k(x,v)
satistyingfor k=1, m
ci(f Vi), <V~fo'",t//k>L2+<0€(—Av)a/2f'”,wk>ﬁ
==(E" Vi)

with ¢ (0) = <f0,l//k>Lz .
Step 3:A priori estimates. Multiply by ¢, (t) and sum over k:

< (SO (Ff'”ava'”>z
RN E

For a>1, we have ||V‘,f||L2 SC"f
control directly via interpolation:

L <olf

2dt
- . C

min o

f f m

2
2 )

a2 Dy Sobolev embedding. For a<I,

e+ Gl iz

Choosing ¢ small enough gives:

m

1"

L <C,

min & Ha/

Step 4: Compactness. Gronwall’s inequality yields uniform bounds:

'l =T

r(or:r?) 200Gy J(:||fm

From the equation, o,f" is bounded in L’ (0, T;H™' (RM )) By the Aubin-
Lions lemma, there exists a subsequence (still denoted f™ ) converging strongly
in I’ (O,T;LfoC (RM )) to some f.

Step 5: Passage to limit. For any test function ¢eC. ([O, T)x R”) :

al2 al2
o (2. 7.9)- < (-2.)" 19)
<|(e* =) (-a,)" 1

-0,

2 ol 2

(-a)" (=1 )],

since 0° — o uniformly on compactsand f™ — f in H*?.
Step 6: Uniqueness. For two solutions f,g,let A= f—g.Then:
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2

Co Wil + Ce lillz < Ce iz

min 2=

1d
55"}'”2 <-o

Gronwall gives "h (t) iz <! ”h(O) iz =0.
Step 7: Non-negativity and mass conservation. Testing with ¢=—f" gives

dy .- -
all=clr

servation. [J

2
>80 [7=0 if f,20. Testing with ¢=1 gives mass con-

A.2. Proof of Theorem 17

Complete proof. Similar to the proof of Theorem 16 but with careful handling of
degeneracy. The key is to use the controlled degeneracy condition to obtain uni-

form estimates despite o, =0. [J

A.3. Proof of Proposition 19

Proof. Test the equation with (—AV )a/z f and apply Theorem 11. The detailed
calculation yields uniform bounds in H*? and thenin H® through energy es-

timates. [

A.4. Proof of Theorem 23

Proof. Consider Q(t)= "Af (1) jz . Differentiating and using the equation yields:

trans + Idiff + [force .

do B B
—==2(Af-No f=1
T AT

The transport term integrates to zero, the diffusion term gives negative dissipa-
tion via o, , and the force term is controlled via commutator estimates. Inte-

gration in time and interpolation complete the proof. []

A.5. Proof of Theorem 24

Complete proof.
Step 1: Setup. Define w(x,v) = max(o"(x,v),é‘) and
1

00)=Jeriy

A2 f[ dedv.

Step 2: Time derivative. Compute:
do 1
—==2(—A?f-A’0,fdxdv
TR IO
1 B B al2
=2~ ALf N -9V, S (-A,) f+Vv-(Ff))dxdv
w
= Itrans +Idiff +[force'

Step 3: Transport term 1, Using Theorem 22:

trans *

Itrans = _2ILA€f ’ Af (V va)dde = J.v‘ VX (lj|A€f|2 dXdV
W w
Since

V. (Yw)|<[V.0l/w* < Cllo], /57
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2
2

NS

C
<ol

trans

Step 4: Diffusion term 7, .
1 al2

g ==2[ —ALF AL (o (-0, ) f ) dxdy

al2

=2[ZALf-AL(-A,)" fdrdy
w
1 al2
—2{=Alf | Ao |(-A dxdv.
[N AL e ](-a)" fdvdy
The first term gives dissipation on Q:

2[TALL A (-A)" fdvdv<-2|ATPAL
w

2
Lz(ng) :

The commutator term is controlled using commutator estimates for variable
coefficients:
NS

1 of <
JAL A0 )" ranan) < ol

al2
Av f"Hfny N

2

Step 5: Force term I,

orce *

C
<<,

Step 6: Weighted Poincaré inequality on €. On the degeneracy set, we use

Using Theorem 11:

1 22+£
)

force

APALY

A f

2
2

the following inequality (proved below):
B
o |02

This expresses that mixing compensates for lack of dissipation.

vV (AL dedv+ G 1]

2 1
dxdv < ZIR”

Step 7: Combining estimates. Collecting terms:

d a
d_? < _(2 _8) AV/ZAff ;(Qg)
C C 2
(Sl + S e vt
where w, . =max(0c,,.,5)-

Step 8: Threshold condition. For the coefficient of ”Af f

we need:

2
, to be negative,
L

A

max

C C
> Soa, + Al

Under the condition & < a4, /(2+ ), this holds for sufficiently small 6 and
appropriate choice of constants.

Step 9: Integration and interpolation. Integrating from 0 to 7 and using

Theorem 12:
T 2
I e )

The constant C dependson «,4,,0, "O-"CW ’"F"WL“’ ,and 4.

jzdtSC(_[T

0

A f AP f
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Lemma 35 (Weighted Poincarainequality on degeneracy set). Under the con-
ditions of Theorem 24, there exists C; >0 such that:

Jo,

Proof. Consider the operator £=v-V_ on the space r (Q (5). By definition

vV, (21 dedv+ G

Aﬁf@@s%&w

of 4, asthe spectral gap, forany g with Iﬂ g=0:
0
2 1 2
J.Q(>.|g| SZ Q[).|£g| .
— _ 1
For g=A?f,wedecompose g=g,+g where g= mjg& g and
J.Qé_ g, =0. Then:
2 _ 2 _
Joy el <2, Jaol +2lullel < [, el + 2l Il

2
, we ob-

Since Lg,=Lg (as Lg=0 forconstant g)and |§|2 Sﬁj‘ﬂ |g
5 )
tain after absorption:

4
Ll < L leaf <L

Hp SC'"f”Lz by interpolation for 4 small. []

using that ”g”ﬁ(%) < C||f
A.6. Proof of Theorem 26

Proof Approximate o by mollification o*, apply Theorem 24 to o, and
pass to the limit using the controlled degeneracy assumption. The additional

2 . . e
€ || f || 2(or:r?) term accounts for potential loss of compactness due to minimal reg-

ularity. [J

A.7. Proof of Theorem 29

Proof We use the relative entropy method adapted to variable coefficients. Define:

H(0)=[ [ f log{f—inde, M (v p) =25 e (4,

M a(x) ~°

, show dissipation dominates remainder terms as & — 0, and

&

Compute

conclude H° (t) —> 0. The Csiszar-Kullback-Pinsker inequality gives strong con-
vergence. The main technical difficulty is handling the variable coefficient
G(X, g “v) in the limit, which is addressed by Taylor expansion and moment es-

timates. [J

A.8. Proof of Proposition 31

Proof. The rate comes from analyzing the remainder terms R’,R{ more care-

fully using Taylor expansions of ¢ and moment estimates on g, .For a>1,
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the rate is O(g) ;for a <1, it becomes 0(82/0’) due to slower decay of the « -

stable density moments. []

Glossary of Symbols
Symbol Definition
f(tx,v) Probability density at time ¢, position x, velocity v
a Lévy exponent (0<a <2)
B Spatial hypoelliptic exponent
o(x,v) Multiplicative noise intensity
F(x,v) External force field
(-A, ):1/2 Fractional Laplacian in velocity: (-A, )a/Z
(-A, )ﬂ/z Fractional Laplacian in space: (A, )ﬂ/ :
A’ Alternative notation for (-A,)”"”
A2 Alternative notation for (-A, )a/ ?
H’ (Rd) Sobolev space on R
H; (RM ) Velocity Sobolev space on R*
H; (RM) Spatial Sobolev space on R*’
H Hilbert space for solutions
a Mixing rate (inverse characteristic mixing time)
) Degeneracy parameter (measure of where o vanishes)
& Scaling parameter in hydrodynamic limit
&a (V) o -stable density
&(x) Effective diffusion coefficient
Q, 8 -degeneracy set: {(x,v) o(x,v)< 5}
w(x,v) Weight function: max (0' (x,v),6 )
T Characteristic mixing time: 7, ~1/4
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