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Abstract

In this article, the asymptotic behavior of the solutions to the wave equation
with fading memory and structural damping

Olu—Au+ y(—A)g ou— J?y(s)An’ (s)ds+ f(u)=g(x) isconsidered. First
of all, when the growth exponent of nonlinear terms f* satisfies 2 < p <3+26,
the well-posedness of solutions is obtained by applying Faedo-Galerkin ap-
proximation method and energy estimation; secondly, the asymptotic com-
pactness of the solution process is proved via the method of contraction func-
tion; finally, the existence of time-dependent global attractor is obtained in the

natural energy space H,(Q)x L’ (Q)x L, (RﬁHé (Q)) :

Keywords

Fading Memory, Structural Damping, Time-Dependent Global Attractors,
Wave Equation

1. Introduction

In this paper, we investigate the long-time behavior of solutions to the wave equa-

tion with fading memory and structural damping:
O'u—Au +)/(—A)€ ou —J.:,u(s)An’ (s)ds+ £ (u)
=g(x), (x,t) e Qx[r,+),

0 =0, u(x,7)=u,(x), du(x,t)=0u (x), xeQ,

(1.1)

u (1.2)

1
where 6 ¢€ (E,lj , 7>0 isthe damping coefficient,and Qc R’ is a bounded
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domain with smooth boundary.

Suppose that the nonlinear function f satisfies the following conditions:
(M) feC’(R), f(0)=0.Forany seR, f satisfies
liminfm>—/1,, (L.3)

M~>+oo S
as well as the growth condition:

Fr() < (1+]s]"?), 2< p< p, =3+26, (1.4)
()| < G 1+

where the constant C; >0, and 4, is the first eigenvalue of the operator —A
under Dirichlet boundary conditions.
Following the ideas in [1] [2], the memory kernel function g and the forcing
term g satisfy the following conditions:
(M;) peC'(R*)AL(RY) and
_[:y(s)ds:k0<oo. (1.5)

And there exists a positive constant % such that
1 (s)<—ku(s)<0, Vs=0. (1.6)

Ms) gel’(Q).
Remark 1. From (1.3), there exists a constant f satisfying 0< f, <1 such
that

CORERLCIN

(7(s).s)==(1=B,) A]s| = Cp,. Vs eR,
holds, where F(s): I;f(r)dr.

In recent years, wave equations with damping and memory terms have exten-
sive applications in the viscoelastic dynamical systems while viscoelastic material
serves as the medium for energy transmission, as can be found in [1] [2].

When Equation (1.1) does not contain a memory term (that is, when x isa
Dirac measure at a fixed time or u takes the zero value), and the damping
dissipation exponent satisfies =0 or &=1, Equation (1.1) reduces to a
weakly damped or strongly damped wave equation. For this model, when the
nonlinear term satisfies subcritical or critical growth conditions, Pata et a/ dis-
cussed the well-posedness of solutions and long-time dynamical behaviors in [3]
[4]. In addition to strong damping and weak damping, there exists another type
of damping called structural damping, which is usually expressed in the form of a
fractional power of the operator —A, namely (—A)g u, with 0<@<1. Its dis-
sipation strength lies between weak damping and strong damping, and it can

more essentially reflect the internal friction effect of materials. For wave equations
. . 1 . . . .

with structural damping, when 0<8< 3 Savostianov investigated the existence

of attractors and exponential attractors for wave equations with structural damp-

ing under the subcritical growth of the nonlinear term in [5]. When %< o<1,
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Wang Xuan ef al. studied a Kirchhoff wave equation model with structural damp-
ing in [6]:

e(t)atzu —M(||Vu||2)Au+(—A)y Gtu-i-f(u) = g(x), y € (%,lj.

They gained the well-posedness and regularity of solutions to Kirchhoff-type
wave equations with time-dependent coefficients and structural damping, and
proved the existence of time-dependent global attractors by using the method of
contraction functions. In addition, many scholars have carried out extensive re-
search on equations with structural damping, leading to a large number of re-
search results on this model, as shown in references (see [5]-[9] and related liter-
ature).

For dissipative evolution equations with fading memory, Dafermos systemati-
cally established the theoretical framework of memory kernels for viscoelastic
models in [2], established the well-posedness of linear viscoelastic wave equations
with exponentially fading memory kernels within this framework. In [10], Lions
combined the Faedo-Galerkin method with compactness theorems to solve the
existence problem of weak solutions for nonlinear wave equations with fading
memory terms. In [11], Chueshov systematically expounded the global attractor
theory of wave equations with fading memory terms and established a unified
framework for analyzing the long-term dynamical behaviors of such systems. On
the basis of this theory, Ma Qiaozhen et a/. discussed the asymptotic behaviors of
solutions to wave equations with linear memory in time-dependent spaces in [12].

Inspired by the aforementioned research findings, this paper investigates the
wave equation with fading memory terms and structural damping. To the best of

our knowledge, the long-time dynamical behavior of solutions to wave equations

1
with damping dissipation exponent E< 60 <1 and fading memory terms in

time-dependent spaces has not yet been explored. Meanwhile, the structural
damping term, nonlinear term, and fading memory term in the equation bring
essential difficulties to the derivation of dissipative estimates for solutions, the
verification of the existence of bounded absorbing sets, and the proof of asymp-
totic compactness of the solution process. When the damping dissipation

1
exponent satisfies 5< 6 <1, classical Sobolev embeddings fail to guarantee

compactness; in addition, the fading memory term introduces a history-depend-
ent component, making it difficult for traditional energy functionals to simulta-
neously characterize the instantaneous dissipation of fractional damping and the
cumulative effect of memory terms. To address these challenges, we construct a
memory-coupled energy functional that can simultaneously describe the effects of
structural damping and fading memory. By combining energy estimation tech-
niques, asymptotic regularity estimates, as well as the contraction function tai-
lored to the memory-damping coupling and the relevant theory of time-depend-
ent attractors, we overcome these technical obstacles. Furthermore, we establish

the well-posedness of solutions to problem (1.1) - (1.2) and verify their Lipschitz
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continuity in the space H, (Q)x L’ (Q)x L, (R*;Hé (Q)) . Subsequently, we con-
firm the asymptotic compactness of the solution process, and finally prove the
existence of time-dependent global attractors for problem (1.1) - (1.2) in the space
Hy (Q)x L (Q)x L, (R*: H,y (Q)).

The content and structure of this paper are arranged as follows: In Section 2,
we review the preliminary results; in Section 3, we discuss the well-posedness of
weak solutions; in Section 4, we prove the asymptotic compactness of the process
by using the method of contraction functions, and then obtain the existence of the
time-dependent attractor.

In this paper, the symbol C denotes a positive constant. Each occurrence of
C in different formulas represents the corresponding positive constant. We also
use C,ieN to denote different positive constants, and C(-,-) denotes a con-

stant depending on the parameters in the parentheses.

2. Notations and Preliminary Results

Following the ideas in [2] [13] [14], we introduce the history function 7 =7’ (x,s)
of wu , which satisfies

on' =—0.n" +0,u (2.1)
with the corresponding initial value conditions
u(x,t)=0, xeoQ, t>r1,
7' (x,5)=0, (x,5)e0QxR", 1>7,

u(x,t,r):ur(x), xeQ, t<,
8,u(x,t,r)=u,(x), xeQ, t<r,
n" (x,s)=n,(xs), (x,5)eQxR".

Weset A=-A with domain D(4)=H,(Q)nH*(Q).
Consider the family of Hilbert spaces D{AQJ for seR, equipped with their

respective inner products and norms:

) A%J _ < o2 > ||u||l [ﬂ _

D
where (-, ) and || . || denote the inner product and normin * (Q) , respectively.

2
i
A%u

>

For the sake of convenience, we introduce the notation V7, =D[A2J for

s € R, with the inner product and norm expressed as follows:

2
ul =]
s Ja

2

(u,v)Y = _[Q A%u (x) A%v(x) dx, A%u(x)

dx, Vu,veV..

5

By virtue of the Sobolev embedding theorem, we obtain the compact embed-
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ding
V,ooV,, fors >s,, (2.2)

as well as the continuous embedding

2n

Vo L2, (2.3)

Therefore, the problem (1.1) - (1.2) can be rewritten in the following form:

Olu+ Au+ 7(—A)9 ou +J:y(s)A77’ (s)ds+ £ (u)

(2.4)

:g(x), (x,t)eQx[r,+00),
u(x,t):O, xedQ, t>1, (2.5)
n’ (x,s)=0, (x,s)e@QxR*, t>t, (2.6)

u(x,t,7)=u,(x), du(x,t,7)=0u,(x), n" (x,5)=1,(x,5), xeQ, 1<7.(2.7)
Define the family of Hilbert spaces:
’).([1‘*"9 V]+9 x V XL <R+ I+3)

equipped with the corresponding inner product and norm

J2(0)e =) ()-2a(e).r ()

In particular, for $=0, the family of Hilbert spaces H, is defined as follows:
H' =V x I (Q)xL, (R":7;), (2.9)

2

0

(2.8)

oo+ ),

u, 1+9°

with its norm given by

“ ),0u(t),n “ = ( || +|ou(t || +||77 )|| . (2.10)

1l

Furthermore, for §> 0, we have the compact embedding

Htl+.9 NI Htl-

Next, we will review the following concepts and some abstract results, which
will be used to study the long-time dynamical behavior of solutions in time-de-
pendent spaces.

Definition 2.1. ([15]) Let {X’}teR be a family of normed spaces. A two-pa-
rameter family of operators {U(t,r) X, o> X, t21,7€ ]R} is said to be a pro-
cess, ifforany 7€eR,

1) U(r,r)=1d isthe identity operator on X, ;

2) U(t,s)U(s,7)=U(t,7), Vr<s<t.

Let {X,}tdR be a family of normed spaces. For every t€R, the R -ball of
X, is defined by:

B,(R)={ze X, ||, <R}

Definition 2.2. ([15]) A family €= {Cl }teR of bounded sets C, c X, iscalled

t

uniformly bounded, if there exists a constant R>0 such that C, < B, (R), for
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all reR.

Definition 2.3. ([15]) A uniformly bounded family B, = {Bt (R0 )}ER is called
a time-dependent absorbing set for the process U (t,7), if for any R >0, there
exista 7,=1,(R)<t and R,>0 such that

r<t—t,=>U(t,7)B,(R) =B, (R,).

A process is said to be dissipative if it possesses a time-dependent absorbing set.
Lemma 2.4. ([6]) Let {xn} be a bounded sequence and also let i € C(R) be

a monotonic function. Then

w(timinf x, )< liminfy (v,)

n—0 n—0

Lemma 2.5. ([16] [17]) Let X, B and Y be three Banach spaces. For any
T>0,if XooBoY,and

W, ={uerl’ ([0.T];X)|0ueL ([0.T]:Y),r>1,1< p<oof,
W, ={uel”([0.7];X)|0ue L ([0.T]:Y).r>1}.
Then the following compact embeddings hold:
woo 1 ((0.7]:B), W, 5o (0.7 ).
Theorem 2.6. ([15]) If U(t,7) is asymptotically compact, that is, the set

K= {R ={K,} . |K, c X, is compact and R is attracting}

is nonempty, then the time-dependent attractor 2 exists and is unique.
Definition 2.7. ([15] [18] [19]) A time-dependent attractor A= {Al[}te]R is in-
variant, if for all 7 <1,

U(t,t)d4, =4

4

Theorem 2.8. ([20]) Let U(-,-) be a process acting on a family of Banach
spaces {X, }telR .Then U(--) hasatime-dependent global attractor 2" = {A* }l N

t

satisfying

4 =NUu(6.7)B, (r)

St T<s

if and only if
1) U(-) hasatime-dependent absorbing family B ={B, (R, )}
2) U(+) isasymptotically compact.
Definition 2.9. ([21] [22]) Let {X,}
C= {Ct}teR be a uniformly bounded family of subsets of {X t}teR' A function

b
teR

be a family of Banach spaces and let

@’ (-,-) defined on X,x.X, is called a contraction function on C, xC,, if for

any fixed teR and any sequence {xn}f:1 c C,, there exists a subsequence

©

{xnk } i {xn }:):1 such that

lim lim @’ (x, ,x, ) =0,

kowlsn
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where 7<¢.
We denote by €(C,) the set of all contraction functions on C, xC,.
Theorem 2.10. ([20]) Let U(-,-) be a process on {Xt}tek
time-dependent absorbing family of sets 5, :{Bf(Rl)}zER' If for any ¢>0,
there exists a subsequence T'(¢)<t, @ e Q(]BBT (R)) such that

that possesses a

"U(t,T)x—U(t,T)y”S e+®5(x,y), Vx,yeB,(R)
for any fixed teR,then U(--) isasymptotically compact.

3. Well-Posedness of Solutions

First, we give the following definition of the solution to the problem (2.4) - (2.7).
Definition 3.1. For any 7€ R, atriple z= (u,@,u,n’) is called a weak solu-
tion to the problem (2.4) - (2.7) on the interval [T,T] ,if

ue I ([o.T]:,), due L ([e.T]; L (Q))n L ([r.T]:V,),
0 e ([o.e: (R:7))
and it satisfies
(0tu.0)+ (w0}t (4°0u0) ([, u(s)n'(5) ds.0)
H{/ (u).0)=(g(x).0)

forall 7<¢ andall weV,.
Theorem 3.2. Suppose that (M;) - (M3) hold. Then for each 7 >7 and

1
Oe (E’lj , the problem (2.4) - (2.7) admits a weak solution

y= (u,@tu,n’) € C([T,T];H,') with d'uel” ([T,T];VQB) , which satisfies

2 2

ool lea O <o, oo+ Clowtlar
< C(R,,BO, g||,21,C2), t>7.

Furthermore, the weak solution satisfies the following properties:

1) (Dissipativity) There exists a positive constant R independent of

e (l, l) such that
2
“(“’5'””7’)”}41 <R,, Vi>1,(R), (3.2)

where 7<t—f,(R) and #,(R) is a moment depending on the positive con-
stant R.
2) (Energy equality) For each 7 <t <T , the following energy equality holds

E(u(0).0u(0).y () + 2 [ foau(o)y a3 [T [ ()L | ()] e

:E(ur,atur,nr(s)).

t
(3.3)

Here,
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E(u (¢),0u(t),n' (s))
=a () +ou () +|o ) +2(F (u(1)).1)-2(g.u(c))-

.1
3) (Weak lipschitz stability) The solution y = (u,atu,n’) is Lipschitz continu-
ous in the space V,_,xV_,x L}, (R*; Vlfg) , that is,

o), o (), | OO,

< o) (
m,

(3.4)

(3.5)

6 -7 H1er
12-9 +|6,u, fg + n,(s)”i’l_g)*_ o(m )eC(’ ]
2

ul'

where Z=(i,0,7,)=z-2,,and z = (ul.,étui,nl.’) (i=1,2) are two weak solu-
tions to the problem (2.4) - (2.7) corresponding to the initial values
(”r,- NoR7HN/B ) (i =1, 2) , respectively. Moreover
é = C(R)ﬁ(p”g”:ﬂqupCQa}/ak)a
C~'0 = C(R,ﬂ0,||g||,/11,cz,}/)~

Proof.
1) (Existence of Weak Solutions) First, we establish some a priori estimates for
the solutions to the problem (2.4) - (2.7). Taking the inner product of Equation
(2.4) with du in [’(Q), we obtain
d o d 2
S E((0).0(0) 0 () + 27 [0y + [ u(s) | (5)] ds =0,
where
E(u (¢),0u(t).n' (s))
2
) o+l O, +2(Fw))-2{0)

Integrating the above identity over the interval [s,¢], we deduce that (3.3)

(3.6)

holds.
Since
Iy )5l () s == @) () as
2kf, () (N ds =l ()],
we have

Eu(r).0u(c).n' (s))+ 27 [ |ou(c)], de < E(u,.00,.1,). (3.7)
By virtue of (1.4) and the compact embedding ¥, &% L7 (Q), it follows that

) S (el +lll™): (3.8)

1771(Q)

2<F(u),l>£2Cl(||u||2 |

From (M;), we know that

& 2 4 2
s B+ 1o 69

Therefore,
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E(u,.0u..1.)
= 2+|a, ], +2(F (u )1)—2(g,u,)
. 4
e [ o e A e a
gmo(url2 .| )+C( p”)+C
<C(R.p,, )

4
where max{l 1+C, + ﬂo} and C=—||g||2.
4 By
From Remark 1.1, we have

2f F(u)dvz—(1-f)u(o)] -2, = (B -Du(t)] -2C,.  (3.10)

0

By virtue of estimates (3.8) - (3.9), we obtain
o (l O ot +1f, ) -
< E(u(t),@,u(t),nt (s)) < C(R,,BO,

where m, = mln{ ﬁ} and C:ﬂo%||g||2+2C(ﬂ0).

(3.11)

g"!ﬂ'l’CQ)'

According to (3.7) and (3.11), we conclude that

Nou(olae=c(r.p,

)- (3.12)

1

1+—
Using the embeddings L 7 (Q)<< V., 9% V,, and Equation (2.3), we get

feiu (o,
2

<., o+ (I, +r L, + el

+(w)

(G, +lef )

<R Aulel- 4. WO+ loato)

el

(3.13)

||/42 20

—C(Rsﬂoallgllaﬂwcz)(||“(f)||12+||“(f)||12p+7||5/”(f W+l
= C(R,ﬂ0,||g||,/?1,C2).

Combining (3.7), (3.11) - (3.13), we deduce that (3.1) holds.
Let us prove the existence of solutions for the problem (2.4) - (2.7) in the space

([z’ T] ) Suppose that {wj}olo1 is an orthonormal basis of V] with
=
Aw,=A,w; for j=1,2,---.Let {gj}; be an orthonormal basis of Li/ (R*;Vl)

satisfying Ag, =4,, for j=1,2,---. For each ne€N, there exist finite-dimen-
sional subspaces

V, =span{w,---,w,} < ¥;, M, =span{g,,--,¢,} = L, (R";V]).

Define P,:V; =V, asthe orthogonal projection onto ¥, and
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0,:L, (R";V1 ) — M, as the orthogonal projection onto M, .

For each neN,let z, (7)= (u,1,8,u,1,77:l) be an approximate solution to the
problem, where u, = Z'/I_:l T/ (t)w, with T eC'([r,T]),and
n = Zj-:u A’(t)g; with A% eC'([z,T]). Thenforany @eV, and each
te[z,T], z,(t)= (un,atun,n,’,) satisfies

<8?u,(p>+<Au,(p>+ 7<A96,u,¢>+<f:y(s)Ar7’ (s)ds,(0>
+(f (u).0)=(2(x).90),

together with

(3.14)

u,(t)-u,(t-s), 0<s<t-r,
- [t

n, (s—t+7)+u,(t)-u, , s>t-1.

Multiplying Equation (3.14) by w e Cy ([z,7]) and integrating over [7,T],

we obtain

jrw(<6fu,¢> +(Au,p)+ 7/<A‘98,u,go>+<j:y(s)An’ (s)ds,(0>

+(1(u).0)~(g (x).0))dr 0.

Then we have the following results:

u, is bounded in L* ([7,T]:7;),

(3.15)

0,u, is bounded in L* ([r,T];L2 (Q))m[f ([z-,T];Vg),
1! is bounded in L* ([T,T];Li (R+:V1)):
0;u, is bounded in L* ([2,T]:V,,).

By applying the Galerkin approximation method, there exists
z= (u,atu,n’) el” ([T,T];H,') such that
u, > u weakly” in L” ([z,T]:1}),

du, — 0,u weakly” in L ([z’,T];L2 (Q)),
0,u, — du weakly in I* ([7,T]: 7, ),
n, —n' weakly” in L” ([T,T];Li (R*,Vl)),

2
at un

— 0’u weakly” in L” ([T,T];V,zg).

Applying Lemma 2.2 and Alaoglu Theorem, for 0<a <1, we deduce that
u, > uin C([T,T];VH,,),

ou, > ouin C([r,T];V.,),
u, —>uin Lz([z',T];Vl)and u, (x,0) > u(x,),ae(x,1)eQx[r,T],

o, = duin I’ ([z,T]: ' (),
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F(u,) > f(a) weaklyin £ [[T,T];LH‘I’ (Q)].

Since for arbitrary ¢ eV, , we have

[(f ()= 1 (u).0)dt

<G . (1+[u, | +|u|p*) )

1

pil p+l 1 1
“{f(“w'+|u|"“)"‘1df] (T =™ )™ (1 o e

<G (1 LP“ +||”||Lp 1) Ul (D”L"+1
<. (il sl
< C(R,ﬁo, 2) U, _u"Lz([r,T];Vl) —0,

Since f(u,) and f(u) areboundedin P ([T,T];LH; (Q)] , by the Lebes-
gue Dominated Convergence Theorem, we obtain
[ (£ ()1 (u).p)dy —0.
Furthermore, for arbitrary ¢ <V, , we have
2 (u (1)-u )

t) _”(t)ul "¢||1 dr— 0.

1
["(au, - Au.p)ar<[" Ag|dt

In addition, since #, and u areboundedin ¥}, an application of the Lebes-

gue Dominated Convergence Theorem yields
["w (Au, — Au,p)dr — 0.
We further set
77;: = 77:1 _77[9 ljn = un —u, ﬁr,, = nr,, _nr’ 1’7‘[” :u‘rn _u‘r'

Consider the mapping p, :[T,T]—)R defined by ¢+ p, (t)z(ﬁn (t),(p)l ,
where p, >0 in I ([z,T];/}).

From Equation (2.2), we have

112 -7 _ _ 2

7, = [ u(s)|m, (e-s)-a(e-s)[ ds
o7 a7, (s—e+7)+a, (1),

<I” "u t s t s” ds+2.[

ds

)., (s—1+7) "

2

+2 H,u(s)"ﬁn (¢)-u, s,

where
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[ u(s)

= [ u(s+i-o)|7, (s)||f ds—0<[" u(s)|7, (s)||f ds — 0.

77% (s —t+ z’)"l2 ds

As n—w, u,—>0 in I*([r,T];V;), hence
iz, (1) = (t=s)| <[, (£)] + |z, (£ s)| — 0
Combining with (1.5) in (M,), we obtain

[ u(s)|m, (1) (e =)} ds —>o.

Similarly,
(5)[fr, (1)~
Therefore,
"ﬁt (S)"ju —0, Vie[7,T].

Since

u (t)—u (t—s), 0<s<t-r,

I ORAC
nrn(s—t-i-r)—i-un(t)—urn, §>t—1,
we have

[ () (7 (5). ), ds
=, (), (> >ds IZOICAGHRIRE
+[7 u(s) (@, (1).0) ds+ [ u < s—t+47)— ¢>lds.
By applying (1.5) in (M) again, we obtain
Jo #(s)(@, (1).0),ds = [ p(s) p, (1) ds = kyp, (1) > .
Jo “u(s) (i, (1=5).0), ds = [ u(t=5) p, (s)ds >0,
[ u() T, (s=1+0) =7, ) ds
s||¢||1jjﬂ(s+t_r(— s||+u l)ds

< "¢"1 w2 ([2.7)0)

7, (s)

Li(]R V1
Therefore, we have

lim [ 4(s)(7; (5), ), ds =0, Vee[z,T].

n—0

By applying the Lebesgue Dominated Convergence Theorem, we deduce that
(T o _
lim J.T % (t)fo u(s) <77n’ (s), go>1 dsdt = 0.

Asaresult, letting n — oo in Equation (3.15), we conclude that z = (u,@tu,ly’)
is a weak solution to the problem and satisfies the estimate (3.1).
Next, we shall prove that the solution z= (u,atu,ry’ ) to the problems (2.4) -
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(2.7) belongs to C([T,T];?‘(tl).
Since (u,0u)e C([T,T];VH xl{a) and (u,atu,n’) el” (T,T; H, ) , it follows
that (u,@,u,n’)ecw([r,T];H,‘) and

“(u o1 )”w <timinf |(u,,0,u,,17,)

’E
Forany fe [T,T] , by (3.3) we have
lirrtlE(u,,atu,,nT) = E(u (1),0,u(t).n' (s)) (3.16)

From (3.16), we deduce that u(x,r) —)u(x,t) ae. xeQ as 7—>t. Apply-

ing Lemma 2.4, Remark 1.1 and Fatou Lemma, we have

lriirtl2<g,u,>=2<ga”(’)>’

2
(ur’atur”]r) H} ’

“(“(f)ﬁtu(t),nt)ﬂ; <limin|
IQ(ZF(u(t))+(1—2C,,O )AJu(0)f +2¢,, )dx

<liminf [, (2F (u,)+(1-2C,, )4

Tt

u

T

$+2C;, Jdx

<liminf [ 2F (u,)dx+(1-2C, )4

Tt

u +2,, 10,

That is,
[ 2F (u(1))dx <liminf | 2F (u, )dx.

Tt

From the above estimates and (3.16), we get

liminf 0,1, 2 +liminf Ju, f+1ngilnf A +liminf 2(F (u,).1)
< nm["a,u, I+ e+, +2<F(u7),1>}

=Jou () +Ju(o)[} +[ |il +2(F (u(r)).1)

<liminf O + liminf fu, [+ limin | [ +liminf 2(F (u,).1),

7>t Tt Tt

Hence

2

ou(t)| =lim[o,u,

Tt

(3.17)

Similarly, we obtain

Jue(£)]} =1tim (3.18)

Tt

2
”11’

b, =t

Tt

(3.19)

A
By the uniform continuity of the space ’H,1 , combining (3.17) - (3.19) and
(u,@,u,n’) eC, ([z’,T];H,1 ) , we conclude that (u,alu,n’) € C([T,T];H,1 ) .
2) (Weak lipschitz continuity) Let z, (t) (i=1,2) besolutions to the problems
(2.4) - (2.7) satistying "zi (T)"Hi <R (i=1,2).Then z= (ﬁ,@,ﬁ,ﬁf) =z —z, sat-

isfies

Ofii+ Aii+y A0+ [ u(s) 4 (s)ds+ f; = f, =0, (x,1)eQx[r,), (3.20)
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i(x,t)=0, xedQ, t>1, (3.21)

77 (x,5)=0, (x,5)e0QxR", t>7, (3.22)
i(x,t,7)=d, (x)—i, (x), 6,i(x,t,7)=0,i, (x)-0,, (x),

7" (x,8) =17, (x.5)=17, (x.5), xeQ, 1<z (3.23)

where f;=f(u,) for i=12.
In the following estimates, we choose J to be an arbitrarily small positive

constant. Taking the inner product of Equation (3.20) with 247%0,i+254 i,

we obtain
—K (0,7 )+ 27|, - 250l , +25al;,
L , (3.24)
+2J‘0 ,u(s)a" ”1 gds+25j <77 u> ds=zlﬂj.
J=
where
K(a.0i)=25(0a 4 a)+ o', +|al, , +ovlal +|7 ] .
M, ==2(f ()~ f (), 478,0),
M, ==28(f ()~ f (w,), 4™i).
Since
- o~ e Iy -~
25 (0.4 )| <25°47 |all, + Sl
there exist constants m,,m, such that
(O oa O L, <k wean)
< ([a, o)l +Io .}
where m, =min {%,1—252111} and m, = max {%,1+252/111 +5}/ﬂfl}.
By the Interpolation Theorem, we deduce that
00| <2 [ ()= £ (w, )]| 4770, dx
<26, [ (1| o) )|ﬁ||A’96 ﬁ|dx
L
<26 1obl ol j (L o) ([ Jeat o)

<G (14

+ oy |7

(11

<C(R Ayl g 14.C. )l +lol; )

<27 (lal} +l0,a )+ C (& Ay el 4.C. Coor )l + 0.l ).

+||A H@u

Lp+l(Q) )

Lp+l (Q Lp+l Q)

DOI: 10.4236/jamp.2026.142036 682 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.142036

X. Wang, L. Y. Yan

I, | < 25‘[Q|f(u,)—f(u2)||A’6ﬁ|dx
<2Co[ (1l ) ]| 4] ax

7l

ptl p+l R
szcla(fﬂ(lw+|u2|'“)l’* dx] (Tt ) (] a

2
7 +1
p-1

_ ~ 2
vl (17 + 4l )
< (Jal} +1al )+ € (& el 2. CnCou il

<y(t+27)lalf + (R, llel 4 C €87,

1

pHl dx)ﬁ

<ot oy sl o I o+

<cs 1+

|A‘”ﬁ

where we have used the Sobolev embedding ¥, , & L'"'(Q) for 0<a <1.

Substituting the above estimates into Equation (3.24), we get
d /- .-
EK(M,Gtu,n’)
<C(R. By|lg]- 41 Coo7)+ C (R, By ||| 41 G- Co 8,7, ) K (i8,0,0,77' )

where

C=C(R. B lg]. 41, C.Cr.0.7.k)
&= C(RAle] A Cour).

Furthermore, we can derive Equation (3.5).
3) (Dissipativity) Let K, (u,0,0.7') = E(u,0,u,7')+25(0u,u) .

By virtue of the estimate
267 1
2o} <2l + Lol

and estimate (3.1), there exist constants m,,m; such that

(u,atu,nt) (u,@,u,nf)“; +C(R,,30,

g"’ﬂ’l’CZ)s
(3.26)

my

-C, <K, (u,atu,n‘)ﬁ ms

2
H

2 2
where m, =min l,%—z > Mg =max 1325 >
274 4 2 4

4 2
C,=——g| +2C(5,).

3 ﬂoﬂq || " ( 0)

Multiplying Equation (2.4) by 20,u+206u and integrating over ), we obtain
d
E(Kl (14,6/4,77’)+C3)+5(K1 (u,atu,n’)+C3)+25}/<A96,u,u>
+ 25<f(u),u>+27||6,u||2 -26° (u,6[u>—35"6,u”2 +5||u||12
w2k ()] +26; pe(s) (' (s),) ds

,
= ol (s, +26(F (w).1)+ 5C..

(3.27)
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From estimates (3.1) and (3.8) - (3.9), it follows that
sl (s)||;1 +28(F (u),1)+6C, < C(R. Bys|g], 4. €. €, 5).
It is easy to see that
52
‘25}/<A96,u,u>‘ < )/”Quuz + /11]—_};"14”12 ,

2

[0, > 4" 0.

B

251 (u).) 225 (~(1-3,) | ~256,
> 60} ~25C, ~25 1}

2
1

28] () (' (s). )| < S} + 401 (5)]
Substituting the above estimates into Equation (3.27), we get
%(K1 (”,@”,Ut ) +C, ) + 5(K1 (u,@,u,n’ ) +C, ) + Y(u,atu,n’)
<C(R,By|g| 4. G, Gy, 5),

(3.28)

where

26° &2 76
T L e Y e X

2
+(2k - 45|’ (s)||;

>0.

Thus, the dissipativity of the solutions to the problems (2.4) - (2.7) can be
achieved.

Theorem 3.3. Assume that Conditions (M,) - (Ms) hold. If z =(ul,6tul,771’)
and z, = (uz,étuz,né) are two solutions to the problems (2.4) - (2.7) correspond-
ing to the initial values z(7) and z,(7) respectively, then for any 7<T, we

have

l2:(0) ==z (1), <= € 2(0)-z (o), vec[nT].  (329)

Proof. Let Z=z —z,,then Z= (ﬁ, 0,4, ﬁ’) satisfies

i+ Aii+y A0 i+ u(s) A7 (s)ds+ £, = f, =0, (x,t) e Qx[z,0), (3.30)

<

(x,1)=0, xe0Q, t>7, (3.31)
7" (x,5)=0, (x,5)€0QxR", t>7, (3.32)

i(x,t,7)=1, (x)=i, (x), 6,i(x,t,7)=0,d, (x)—0,i, (x),

7 (x.s)=1, (x,5) =17, (x,5), xeQ, t<z. (3.33)

where f;=f(u,) for i=12.
Taking the inner product of Equation (3.57) with 0, , we obtain
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Sk (m oy arlo] +J; (o) S (9 as=-2{r (a)- 1 (w2).0)
(3.34)
where
K, (ﬁ 0,1 ) ||u|| +||8 u" +||77 "
Integrating Equation (3.34) over the interval [r t] we get
K, (i(r).0,i(2).7 (s)) Ll .
<K, (dr,(ﬂtﬁf,ﬁr(s))—f;Z(f(ul)—f(uz),at@dr.
For 2<p<p,=3+26, by integration by parts we have
=2(f (w) = f (uy),0,8) =2 _(f ), dicx
= —ZIQf u, +c(u2 —u, ))uatudx
= —%_[Qf’(ul +c(uy —u,))i*dx
+ jQ £y + e (u, —uy) )i dx,
where ¢€[0,1]. Hence
2 (f ))8,iidxdr
(3.36)

= _J-Qf L +C(u2 Y ﬂzde +J.: JQ ﬁ'(ul +C(u2 —ul))ﬂzdxdr_

By virtue of Hélder inequality, we obtain
~Jo () (s (1), (1)) )ide
SCIIQ(1+|M1 (t |"_l +|u2(t)|p_1)|12 t |2dx

)l

<G 1+ (O + e f||f oy,

< sl +c(r.Ay gl 4. C0)fa ()],

<o + (R el 4.C..0)e" I,

<C (1+||u1(

ot

a8 LP‘

R

7))

where we have used the Sobolev embedding ¥, , & L' (Q) for 0<a<x1 and

I-a

chosen ¢ asan arbitrarily small positive constant. Similarly, we have
J.Qf,(uf‘ —i—c(ur2 —u, ))ﬂfdx <C(R,C,)|a, ]2
Again by Hélder inequality, we deduce that
J.Tt Iﬂﬁ'(ul +c (u2 —u, ))ﬁzdxdr
<Co [ [ (1 1772+ 1777 ) (0,00 + (0,10 ) dixar
Lo R Y ey o [ (e P WA e [
<L (vl el ol +100el 5 Nl o

<c(rplel 4.0.C)f (ol +low ; Jla(rf o

DOI: 10.4236/jamp.2026.142036 685 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.142036

X. Wang, L. Y. Yan

where p_—2+6—_p+l:1 and 6 < 6 for p<3+26.
6 6 3 6-p 3-20

Substituting the above estimates into Equation (3.36), we get

K, (ii(1),0,i(t),7 (s))

< K, (5.0, (5)) Ol
m C(e=7) (||~
PR el ) I.)

+C(R.G)|a (o)} +C(R.By.]g]- 4, €. C,) (,/aul + o) ) r); dr,

which implies that

ni=o){Ja(o)f +loaof +| ()
sﬂﬂﬁc(k,ﬂo,IIgII,A,Czﬁ)e“’*”( i
m,

(r)"Z dr

+|oi. [, +|

2 ﬁr(s)";l)

+C(R,C2)( .|
+C(R»ﬁoa||g||»ﬁq»cpcz),

1 (oL o (O )+l

)

+[77. (s ||”1)+m5(

+|n7" (s)"i1 )dr

< 62( i | 2y ﬁr(s)";l) (3.37)
(om0 oo <17 O Jo
where

C,=C(R,C )+—3/119C(R Bosllglls 2 Cra8) e - my,

2)-

By applying Gronwall lemma, we can prove inequality (3.29). Meanwhile, we

E St

C, =C(R,ﬁ0,|

also obtain the uniqueness of the solutions to the problems (2.4) - (2.7) in the

space M, .
Based on Theorem 3.2 and Theorem 3.3, we can define the process U (t, 7) for
the problems (2.4) - (2.7) as follows:

z(1)=U(t,7)z(7): H, > H,,
and this process is continuous from H, to H, .
4. The Existence of Time Dependent Attractor

4.1. Time-Dependent Absorbing Setin H,

Based on Theorem 3.2, we obtain the following result.

Theorem 4.1. Under the assumptions of Theorem 3.2, if for any initial value
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z(r)eB, (R)cH! , then there exists R,>0 such that the process U (t,7)
corresponding to the problems (2.4) - (2.7) possesses a time-dependent absorbing
set, namely the family of sets %, ={B, (R, )}ER .

4.2. A Priori Estimates

Next, we verify the compactness of the solution process U (t, Z') to the problems
(2.4) - (2.7). To this end, we establish the following a priori estimates.

Let z(¢) :( (2),0,u,(1),7; (s ))(1 =1,2) be solutions to the problems (2.4) -
(2.7) corresponding to the initial values (“q NGRTN /N ) € {IBST (R)}ER respectively.
The difference between the two solutions

Z(t)=z(1)-z,(t)= ( o(t), 8a)( ) ¢! (s)) satisfies the following equations:

O+ Aw+yA'd,0+ [ u(s) AL (s)ds+ f;— £, =0, (x,1) eQx[r,), (4.1)
co(x,t)zO, xedQ, t>1, (4.2)
i (x,s):O, (x,s)e@QxR*, t>1, (4.3)

o(x,t,7)=u, (x)-u, (x), 8,0(x,t,7)=0u, (x)=0u, (x),

el (x,s)=77rl (x,s)—?]r2 (x,5), xeQ, 1<t (4.4)
where f; :f(ul.) for i=1,2.
Define
1(0)= o)+l +J¢ (I,

We shall carry out the a priori estimates in the following four steps.
Step 1. Multiply Equation (4.1) by 20,@ and integrate over [s,t]x Q, we ob-
tain

2

) (s)] dsdr

0
Aiata)(r) & 1 s

H(t)—H(s)+27UQ

dxdr + J.: I:y(s)

==2['[ (f ,))8,0(r)dxdr,
where T<s<t.
From
Iy 1) @ a5z k)],

2

4
A?0,0(r)

I

there exists a constant m, such that

dedr > 27[' [ |0,00(r | dxdr,

H (t)—H (s)+m, (It||8ta)(r)| ’

o), )
(4.6)
<=2['[ (s ,))8,0(r)dxdr,

where m = min{Z;//l1 ,k} .
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Then

2
s” dr
1,1

(4.7)
_—H ——H ,))0,@(r)dxdr.

mg

Step 2. Multiply Equation (4.1) by @ and integrate over [7T,7]xQ, we get
I d,0(t) (1) dx—j 0,0(T)o(T) dx+Z||a)(t)||Z—g||a)(T)"Z
+I "a) r)" dr—i—_[ j < r)>dsdr (4.8)
ITfQ u1 — u2 (r)dxdr

= [ loo(r) ar.
By virtue of (4.4) and (4.5), we have
J;H(r)dr=f’(||w (r) |r+||aw (7) |r+||:f|r )dr
<_ = j j (uy))0,0(r)dxdr
+jgata) T)dx— jaw )o(t)dx
+Z (1) ||9+L||azw A dr=f{¢n0(r),, @
[ ()= 1 () @) dxar.

Step 3. Integrate Equation (4.6) with respect to s over [T ,t] , We obtain

H()(e-T)<[ H(s)ds-2[ ['[ u,))0,0(r)dxdrds
smLHT+Z||wT|| +y 0,0(T)o(T)dx
+[lowls IIdsIa (o()ax-[{¢"a(s), ds
=2 '] (r ))d,0(r)dxdrds

__J.SJ.Q S ()= f(u,) ata)(s)dxds
[0 ()= £ () o(5) dxds.
Step 4. Denote

c(M)= 7|| (7) + ], 2.0(T)o(T)dx, (4.9)

Ly
and
@ (1 (T), 0, (T),¢7 (5)), (2 (T), 0,0, (T), &1 (5))) = W, + ¥, (410)

where

N [ Y KT R e R e
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[ [I.(r 1, ))8,0(s ) dxds
+Hﬂ £ ()= f(uy))o(s)dxds
2 (7 )= o))l |
Thus
H(r)< t_LTcM + 4 (1, (T), 0, ()1 (5)), (w0 (T),0,0, ()71} (5))). (411)

Next, we shall prove the asymptotic compactness of the solution process to the

problems (2.4) - (2.7) by using the method of contraction functions.

4.3. Asymptotic Compactness

Theorem 4.2. If the assumptions (M;) - (M;) hold, for any fixed t€R, any

bounded sequence {z’n}j —(-o,t] with 7, >—0 as n—>o0, and any se-

=1
quence {xn}f:1 c M, the sequence {U (t,rn)xn}:;1 has a convergent subse-

quence.

C
Proof. For any £>0 and fixed ¢, there exists 7 <¢ such that _MT< €.

Thanks to Theorem 2.10, we also need to show that @ € @(B, (R)), for every
fixed ¢.

Let (un,arun,ng) be the solutions to the problems (2.4) - (2.7) corresponding
to the initial values ( U, U, 51, ) €B,(R). From Theorem 3.2, we know that
||u || +||6, ., || +||77n " is bounded.

By virtue of Alaoglu theorem, Lemma 2.5 and Theorem 3.2, for any 7 <7 <¢,
without loss of generality, we assume that

u, —>u weakly' in L* ([T,t];17), (4.12)

0, — du weakly in I ([T.¢]: I* (Q)), (4.13)
0;u, — O;u weakly” in L” ([T,]:V,, ), (4.14)

n, —n' weakly” in L ([T,t];Li (R*,Vl)), (4.15)
o,u, — du weakly in I ([T,t]:¥,), (4.16)

u, >uin 7 ([T,6]: 1 (Q)), (4.17)

u, > uin I ([T,t]:7;), (4.18)
u,(t) > u(t)and u, (T) > u(T)in L7 (Q), (4.19)
du, = duin I ([T,t]: I (Q)). (4.20)

where we have used the compact Sobolev embedding ¥, ©& L7 (Q) for
p<3+26.
From (3.29), we obtain that
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{(un (s),0u,(s).n. )} c C([T,t];HSI) is a Cauchy sequence, (4.21)
and there exists (u(s),@,u(s),?f) € C([T,t];Hsl) such that
(un (s),0,u, (s),f]j) converges to (u(s),atu(s),n“') in C([T,t];?‘(x1 ) (4.22)

Next, we deal with each term in (4.11).
First of all, by (4.15) and (4.20), we have

lim lim J- ||8, L, —ou, ||2 ds =0, (4.23)
lim lm}oj- u, —0u, )(u, —u,)dx
< lim lim (]|o,u, L —10,]) (4.24)

N—»00 Mm—>0

<lﬂi§?0((||5”||+||5 I) L —tt,]) =0,
lm tim [} (7} =1, =1, s

—11m11mjj < (D)-m (1),u, m>1dlds

7, (1) 77(1) )i, dlds

I w(1)

—u, [} ds) z(ﬁ(oﬂ " u(l)
1
”n_”m||12 ds)z( ; n (!

<lim hmJ. j

N—>00 M—>00

s (D)= ( || dlds

H—>00 M—>0

n (-, (Of dl)ds);

<lim 11m

n—»0 m%oo

s\/g(;

n (1)||;1 ds); - 0.

(4.25)
Combining (4.23) - (4.25), we get
lim lim ¥, =0. (4.26)
Secondly, from (1.4) and (4.18), we obtain
lim hmj _[ u,)— [ (u,))(u, —u,)dxds
<C11m11mj j ( " +u,, |p_1)un—um|2dxds
<Climlim [[ (1+u, [, +||u [ R (4.27)
<Clim llmf ( ", - )~||u"—um 12
It is easy to see that
j [.(r u,))(0u, 0, )dxds
=jTij u,) udxds+j [/ (u,)0,u,dxds
—”f u,dvds— [ [ f(u,)0u,dxds (4.28)

—J I u,(T) dx+J u, t))dx

—jﬂu dx”f audxdsjjf )0,u,,dxds.
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By (1.4) and the compact embedding ¥, > L (Q), we have
o (7 (i ()= F (u())
< [ ((e) = 9, (1) = (e)) [l (1) = (1) s
< (1, O e Yy (6) ()] (4.29)

b (Ol Y, (1) ()
<Ce.

Because f(un)eLZ([r,T];Ky) and atumeLz([r,T];Vy) as n— o,

m — o0, we have

<1+, (1)

Lp+1

lim lim [ (f (,),0,u, )ds

= im (£ (). 2)s

=J, (1 (u).0)as

= [ F(u(t))dx—[ F(u(T))dx.
Similarly, we have

lim Tim [ (f (u,,),0, )ds = [ F(u(r))dx—[ F(u(T))dx.

Therefore,

tim Tim [ [ (f (u,)~ f (u,))(0u, - 0,u, ) dxds =0. (4.30)
For each fixed ¢, the term U: JQ (f(u,)-f(u,))(0u,—0,u,)dxdr| isbounded.

Then, thanks to Lebesgue Dominated Convergence Theorem, we get

tim i ', () £ (1) (@1, -2, s

= L lim lim j [ (7 ()= f(w,)) (8,4, — O, ) dxdrds (4.31)

=] 0ds =0.

T
Hence, from (4.28) - (4.31), we obtain
lim lim ¥, =0. (4.32)

N—>%0 M—>0

In conclusion, we have @/, ((”1 (7).0,4,(T)).(uy(T),0,u, (T))) e¢(B, (R)).

4.4. The Time-Dependent Attractors

Theorem 4.3. If the assumptions of Theorem 4.2 hold, then the dynamical sys-
tem (U(t,r),Htl) corresponding to the problems (2.4) - (2.7) possesses an in-
variant time-dependent attractor 2™ ={4,} .
Proof. According to Theorems 3.2, Theorems 3.3, Theorems 4.1 and Theorems

4.2, we obtain that the conclusion of Theorem 4.3 is valid.

5. Conclusion

This paper focuses on the wave equation with fading memory terms and structural
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damping. When the nonlinear term satisfies the critical exponential growth

condition 2< p<3+26 (% <@ <1), we systematically analyze the dynamical

behavior of the equation solutions by employing the Faedo-Galerkin approxima-
tion method, energy estimation techniques and the contraction function method.
We not only rigorously prove the well-posedness, Lipschitz continuity and as-
ymptotic compactness of the solutions to the equation, but also successfully es-
tablish the existence of time-dependent attractor in the natural energy space
Hy (Q)x I (Q)x L, (R™; Hy (Q)).-

Funding

National Natural Science Foundation of China (Grant Nos.12561041; 11761062).

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this paper.

References

[1] Giorgi, C. and Pata, V. (2001) Asymptotic Behavior of a Nonlinear Hyperbolic Heat
Equation with Memory. Nonlinear Differential Equations and Applications, 8, 157-
171. https://doi.org/10.1007/pl00001443

[2] Dafermos, C.M. (1970) Asymptotic Stability in Viscoelasticity. Archive for Rational
Mechanics and Analysis, 37, 297-308. https://doi.org/10.1007/bf00251609

[3] Pata, V. and Zelik, S. (2006) A Remark on the Damped Wave Equation. Communi-
cations on Pure & Applied Analysis, 5, 611-616.
https://doi.org/10.3934/cpaa.2006.5.611

[4] Belleri, V. and Pata, V. (2001) Attractors for Semilinear Strongly Damped Wave

Equations on R® . Discrete & Continuous Dynamical Systems— A, 7, 719-735.
https://doi.org/10.3934/dcds.2001.7.719

[5] Savostianov, A. (2015) Strichartz Estimates and Smooth Attractors for a Sub-Quintic
Wave Equation with Fractional Damping in Bounded Domains. Advances in Differ-
ential Equations, 20, 495-530. https://doi.org/10.57262/ade/1427744014

[6] Wang, X. and Tian, K.H. (2023) Time-Dependent Global Attractors for Kirchhoff-
Type Wave Equations with Structural Damping. Chinese Annals of Mathematics, Se-
ries A, 44, 163-198.

[7] Luo, X. and Ma, Q. (2022) The Existence of Time-Dependent Attractor for Wave
Equation with Fractional Damping and Lower Regular Forcing Term. Discrete and
Continuous Dynamical Systems— B, 27, 4817-4835.
https://doi.org/10.3934/dcdsb.2021253

[8] Li, Y. Yang, Z. and Ding, P. (2020) Regular Solutions and Strong Attractors for the
Kirchhoff Wave Model with Structural Nonlinear Damping. Applied Mathematics
Letters, 104, Article ID: 106258. https://doi.org/10.1016/j.aml.2020.106258

[9] Carvalho, A.N. and Cholewa, J.W. (2002) Attractors for Strongly Damped Wave
Equations with Critical Nonlinearities. Pacific Journal of Mathematics, 207, 287-310.
https://doi.org/10.2140/pjm.2002.207.287

[10] Lions,]J.L. (1969) Quelques Méthodes de Résolution des Problémes aux Limites Non-
Linéaires. Dunod.

DOI: 10.4236/jamp.2026.142036

692 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.142036
https://doi.org/10.1007/pl00001443
https://doi.org/10.1007/bf00251609
https://doi.org/10.3934/cpaa.2006.5.611
https://doi.org/10.3934/dcds.2001.7.719
https://doi.org/10.57262/ade/1427744014
https://doi.org/10.3934/dcdsb.2021253
https://doi.org/10.1016/j.aml.2020.106258
https://doi.org/10.2140/pjm.2002.207.287

X. Wang, L. Y. Yan

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

Chueshov, I. and Lasiecka, I. (2010) Long-Time Dynamics of Second Order Evolution
Equations. Springer.

Ma, Q., Wang, J. and Liu, T. (2018) Time-Dependent Asymptotic Behavior of the
Solution for Wave Equations with Linear Memory. Computers & Mathematics with
Applications, 76, 1372-1387. https://doi.org/10.1016/j.camwa.2018.06.031

Borini, S. and Pata, V. (1999) Uniform Attractors for a Strongly Damped Wave Equa-
tion with Linear Memory. Asymptotic Analysis, 20, 263-277.

https://doi.org/10.3233/asy-1999-350

Pata, V. and Zucchi, A. (2001) Attractors for a Damped Hyperbolic Equation with
Linear Memory. Advances in Mathematical Sciences and Applications, 11, 505-529.
Conti, M., Pata, V. and Temam, R. (2013) Attractors for Processes on Time-Depend-
ent Spaces. Applications to Wave Equations. Journal of Differential Equations, 255,
1254-1277. https://doi.org/10.1016/j.jde.2013.05.013

Chepyzhov, V.V. and Vishik, M.I. (2002) Attractors for Equations of Mathematical
Physics. vol 49. American Mathematical Society.

Simon, J. (1986) Compact Sets in the Space 7~ (0.7:B)- Annali di Matematica Pura
ed Applicata, 146, 65-96. https://doi.org/10.1007/bf01762360

Conti, M. and Pata, V. (2014) Asymptotic Structure of the Attractor for Processes on
Time-Dependent Spaces. Nonlinear Analysis. Real World Applications, 19, 1-10.
https://doi.org/10.1016/j.nonrwa.2014.02.002

Ding, T. and Liu, Y. (2014) Time-dependent Global Attractor for the Nonclassical
Diffusion Equations. Applicable Analysis, 94, 1439-1449.
https://doi.org/10.1080/00036811.2014.933475

Meng, F., Yang, M. and Zhong, C. (2015) Attractors for Wave Equations with Non-
linear Damping on Time-Dependent Space. Discrete and Continuous Dynamical Sys-

tems— Series B, 21, 205-225. https://doi.org/10.3934/dcdsb.2016.21.205

Chueshov, I. and Lasiecka, I. (2007) Long-Time Dynamics of Semilinear Wave Equa-
tion with Interior-Boundary Damping and Sources of Critical Exponents. Contem-
porary Mathematics, 426, 153-192.

Chueshov, I., Lasiecka, I. and Toundykov, D. (2008) Long-Term Dynamics of
Semilinear Wave Equation with Nonlinear Localized Interior Damping and a Source
Term of Critical Exponent. Discrete & Continuous Dynamical Systems— A, 20, 459-
509. https://doi.org/10.3934/dcds.2008.20.459

DOI: 10.4236/jamp.2026.142036

693 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.142036
https://doi.org/10.1016/j.camwa.2018.06.031
https://doi.org/10.3233/asy-1999-350
https://doi.org/10.1016/j.jde.2013.05.013
https://doi.org/10.1007/bf01762360
https://doi.org/10.1016/j.nonrwa.2014.02.002
https://doi.org/10.1080/00036811.2014.933475
https://doi.org/10.3934/dcdsb.2016.21.205
https://doi.org/10.3934/dcds.2008.20.459

	The Time-Dependent Attractors for the Wave Equation with Fading Memory and Structural Damping
	Abstract
	Keywords
	1. Introduction
	2. Notations and Preliminary Results
	3. Well-Posedness of Solutions
	4. The Existence of Time Dependent Attractor
	4.1. Time-Dependent Absorbing Set in 
	4.2. A Priori Estimates
	4.3. Asymptotic Compactness
	4.4. The Time-Dependent Attractors

	5. Conclusion
	Funding
	Conflicts of Interest
	References

