
Journal of Applied Mathematics and Physics, 2026, 14(2), 631-647 
https://www.scirp.org/journal/jamp 

ISSN Online: 2327-4379 
ISSN Print: 2327-4352 

 

DOI: 10.4236/jamp.2026.142034  Feb. 13, 2026 631 Journal of Applied Mathematics and Physics 
 

 
 
 

Existence of Solutions for  
( ) ( )( )p x p x1 2, -Triharmonic Problem with 

Navier Boundary Conditions 

Zenghui Li, Qing Miao 

School of Mathematics and Computer Science, Yunnan Minzu University, Kunming, China 

 
 
 

Abstract 
In this paper, we use the Mountain Pass theorem and the Fountain theorem 
to study the existence of solutions for the following ( ) ( )( )1 2,p x p x -tri-

harmonic equations: ( ) ( ) ( )
1 2

3 3

2

, , in ,

0, on ,
p x p xu u f x u

u u u

−∆ −∆ = Ω

= ∆ = ∆ = ∂Ω





. where the non-

linear term satisfying growth conditions weaker than Ambrosetti-Rabinowitz 
condition. We establish the existence of weak solutions using critical point 
theory and variational methods.  
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1. Introduction 

In recent years, the study of partial differential equations with variable exponent 
growth conditions has received significant focus. These equations are widely used 
in many fields, such as electrorheological fluids [1]-[3], nonlinear elasticity [4], 
slow rotational flows [5], phase-field crystal growth [6], image processing [7]-[9], 
and geometric design [10]-[12]. In [13] [14], the authors studied the basic theory 
of variable exponent function spaces. 

Fan and Zhang [15] studied the Dirichlet problem for variable-exponent elliptic 
( )p x -Laplacian equations:  

( ) ( )Δ , , in ,

0, on ,
p x u f x u

u

− = Ω

= ∂Ω





 

How to cite this paper: Li, Z.H. and Miao, 
Q. (2026) Existence of Solutions for 

( ) ( )( )1 2,p x p x -Triharmonic Problem 

with Navier Boundary Conditions. Journal 
of Applied Mathematics and Physics, 14, 
631-647. 
https://doi.org/10.4236/jamp.2026.142034 
 
Received: January 8, 2026 
Accepted: February 10, 2026 
Published: February 13, 2026 
 
Copyright © 2026 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2026.142034
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/jamp.2026.142034
http://creativecommons.org/licenses/by/4.0/


Z. H. Li, Q. Miao 
 

 

DOI: 10.4236/jamp.2026.142034 632 Journal of Applied Mathematics and Physics 
 

and established the existence of solutions. 
El Amrouss et al. [16] studied the ( )p x -biharmonic problem under Navier 

boundary conditions:  

( )
( ) ( )22Δ , , in ,

Δ 0, on ,

p x
p x u u u f x u

u u

λ − = + Ω


= = ∂Ω
 

using the Mountain Pass Theorem and the Fountain Theorem, they obtain the 
existence and multiplicity of solutions. Research pertaining to the ( )p x -bi-
harmonic problem with Navier boundary conditions can be found in reference 
[17]-[20]. 

In [21], Zhao and Miao studied the following ( )p x -triharmonic problem with 
Navier boundary conditions:  

( ) ( )3

2

Δ , , in ,

Δ Δ 0, on ,
p x u f x u

u u u

λ− = Ω


= = = ∂Ω
 

where 0λ > , and ( ),f x u  satisfies Ambrosetti-Rabinowitz-type growth condi-
tion. Using the Mountain Pass Theorem and the Fountain Theorem, they 
proved the existence of nontrivial and infinitely many solutions. In regard to 
investigations into the ( )p x -triharmonic problem, the details are available in 
[22]-[24]. 

In recent years, there have been many research results on ( ) ( )( ),p x q x -La-
place equations. This variable-exponent model has strong nonlinearity and spatial 
dependence. In [25], Vetro used critical point theory to prove the existence of 
nontrivial weak solutions. 

Zhong and Wu [26] studied the ( ) ( )( )1 2,p x p x -biharmonic equation:  

( ) ( ) ( )
1 2

2 2Δ Δ , , in ,

Δ 0, on ,
p x p xu u f x u

u u

+ = Ω

= = ∂Ω





 

using the Fountain Theorem, they obtained the existence results of solutions. 
However, there are just a few results about the problems involving  
( ) ( )( )1 2,p x p x -triharmonic operators. In this paper, we study the following non-

linear problem of ( ) ( )( )1 2,p x p x -triharmonic type with Navier boundary con-
ditions:  

 ( ) ( ) ( )
1 2

3 3

2

Δ Δ , , in ,

Δ Δ 0, on ,
p x p xu u f x u

u u u

− − = Ω

= = = ∂Ω





 (1) 

where ( )3NR NΩ⊂ ≥  is a bounded domain with smooth boundary ∂Ω . 

( )
3Δ

ip x u  is the ( )p x -triharmonic operator which is not homogeneous and is re-
lated to the variable exponent Lebesgue space ( )p xL  and the variable exponent 
Sobolev space ( ) ( ),k p xW Ω . It is also worth mentioning that the problems with the 
growth conditions ( )p x -triharmonic have more complicated nonlinearities 
than the constant cases. Indeed, firstly the problem is not homogeneous, and sec-
ondly, the Lagrange multiplier theorem is not useful in such a case because ( )p x  
is variable. 
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Here, ( ) ( )ip x C∈ Ω  satisfies ( ) 1ip x >  for 1,2i =  and all x∈Ω . We de-
fine:  

( ) ( ){ } ( ) ( ){ }
1,21,2

max , minM i m iii
p x p x p x p x

==
= =  

Denote  

( ) ( ) ( ){ }| , 1, ,C h h C h x x+ Ω = ∈ Ω > ∀ ∈Ω  

and  

( )
( )
( ) ( )

( )

* , 3 ,
3

, 3 .

Np x
p x N

N p xp x
p x N

<


−=

+∞ ≥






 

The function f  satisfies the Caratheodory condition. We assume the following 
hypotheses on ( ),f x t : 

(F0) :f R RΩ× →  satisfies the Caratheodory condition, and there exists a 
constant 0r >  such that  

( ) ( )( ) ( )1, 1 , , ,xf x t r t x t Rα −≤ + ∀ ∈Ω×  

where ( ) ( )x Cα +∈ Ω , and for any x∈Ω , there holds ( ) ( )*
mx p xα < . 

(F1) ( ) ( )1, Mpf x t o t
+ −=  as 0t →  for x∈Ω  uniformly. 

(F2) Suppose that ( )
2

,
lim t

F x t
t β→∞ = +∞  holds uniformly for x∈Ω , where 

{ }1,2maxi ipβ +
=> . 

(F3) ( )
( ) ( ),

limsup t x

F x t
a x

t θ
→∞ ≤  such that ( )Cθ +∈ Ω  with  

( )supx mx pθ θ+ −
∈Ω= < , where ( )a L∞∈ Ω . 

(F4) There exists { }1,20, max i iM pβ +
=> >  such that for all x∈Ω  and all 

t R∈  with t M≥ , ( ) ( ), 2 , 0.f x t t F x tβ− ≥  
(F5) ( ) ( ), ,f x t f x t− = −  for all ( ),x t R∈Ω× . 
Our main results are given by the following theorems:  
Theorem 1. Assume (F3) hold. Then problem (1) has a weak solution.  
Theorem 2. Assume Mpα+ +> , (F0) - (F2), and (F4) hold, then problem (1) has 

a nontrivial weak solution.  
Theorem 3. Assume Mpα+ +> , (F0), (F2), (F4) and (F5) hold, then problem (1) 

has infinitely many weak solutions.  
Remark. In reference [21], where the ( ),f x u  satisfies Ambrosetti-Rab-

inowitz condition, the ( ),f x u  studied in this paper does not satisfy this con-
dition. An example of the ( ),f x u  that does not satisfy the Ambrosetti-Rab-
inowitz condition, see [27]. (F2), (F4) are weaker than (Ambrosetti-Rab-
inowitz). 

Set  

( )
2 1 2 1

2 1 2 1

, 1,
,

2 ln , 1,
u u u u

f x u
u u u u

β β

β β

β
β

− −

− −

− + ≤
=

+ >




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( ) ( ) 2 1 1, 2 , 2 , 1, ,
2 2 1

uf x u F x u u u xββ β
β

 
− = − − > ∀ ∈Ω − 

 

if we take 

1
21 1max 1, 2

2 2 1
u

β
β

β

 
   > −   −    

, then f  satisfies the conditions 

(F2) and (F4), but does not satisfy the Ambrosetti-Rabinowitz condition.  

2. Preliminaries 

For the reader’s convenience, we recall some background facts concerning Lebes-
gue-Sobolev spaces with variable exponent and introduce some notation; Problem 
(1) is analyzed in variable exponent Lebesgue and Sobolev spaces ( ) ( )p xL Ω  and 

( ) ( ),k p xW Ω . We first present their fundamental properties; for ( ) ( )p x C+∈ Ω , 
the Lebesgue space is defined:  

( ) ( ) ( ) ( ){ }: is a measurable real-valued function in , d .
p xp xL u u u x x

Ω
Ω = Ω < ∞∫  

This space is endowed with the Luxemburg norm, specified by  

( ) ( )
( ) ( )

inf 0 : d 1 ,p x

p x

L

u x
u xλ

λΩ Ω

  = > ≤ 
  

∫  

when ( ) , 1p x p p≡ ≥ , this norm is equivalent to the classical pL -norm,  

( ) ( )( )
1

 dp
p p

Lu u x x
Ω Ω
= ∫ . 

Proposition 4. [13] [14] If 1p− > , the space ( ) ( ) ( ) ( )( ), p x
p x

LL
Ω

Ω ⋅  is a separa-
ble, uniformly convex, reflexive Banach space. Its conjugate space is ( ) ( )p xL ′ Ω , 
where ( )p x′  is the conjugate function of ( )p x , namely,  

( ) ( )
1 1 1.

p x p x
+ =

′
 

For any ( ) ( )p xu L∈ Ω  d ( ) ( )p xv L ′∈ Ω , we have  

( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1d 2 .p x p x p x p xL L L Luv x u v u v
p p

′ ′− − Ω Ω Ω ΩΩ

 
 ≤ + ≤
 ′ 

∫  

Proposition 5. [28] We assume that the variable exponents ( ) ( )1 2,p x p x  sat-
isfy the condition:  

( )1 i i ip p x p− +< ≤ < < +∞  for 1,2i =  

and are log-Holder continuous on Ω , i.e.,  

( ) ( ) ,
logi i

Cp x p y
x y

− ≤
− −

 

for all ,x y∈Ω , with 
1
2

x y− < .  

Proposition 6. [13] Let ( ) ( ) ( ) ( ) d
p x

p x u u x xρ
Ω

= ∫ , for all ( ) ( )p xu L∈ Ω . We 
have 
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1) ( ) ( ) ( ) ( )
p p

p xp x p xu u uρ
− +

≤ ≤  if ( ) 1p xu > .  

2) ( ) ( ) ( ) ( )
p p

p xp x p xu u uρ
+ −

≤ ≤  if ( ) 1p xu ≤ .  

Next we introduce the variable exponent Sobolev space:  
( ) ( ) ( ) ( ) ( ) ( ){ }, : , ,k p x p x p xW u L D u L kα αΩ = ∈ Ω ∈ Ω ≤  

with the norm:  

( ) ( ) ( ), ,p xk p x L
k

u D uα
α

Ω
≤

= ∑  

where  

1 2
1 2

,
N

N

D u u
x x x

α
α

αα α

∂
=
∂ ∂ ∂

 

( )1, , Nα α α=   is a multi-index, and 1 ii
Nα α
=

=∑ . 
In addition, ( ) ( ),

0
k p xW Ω  is the closure of ( )0C∞ Ω  in ( ) ( ),k p xW Ω . 

Proposition 7. [13] [24] Let ( ) ( )p x C+∈ Ω . Then the space  
( ) ( ) ( )( ),

,,k p x
k p xW Ω ⋅  is a reflexive and separable Banach space.  

Proposition 8. [13] Let ( ) ( ) ( ),p x q x C+∈ Ω  such that ( ) ( )*
kq x p x≤ . Then 

there is a continuous embedding:  
( ) ( ),k p xW Ω ↪ ( ) ( ).q xL Ω  

If ≤  is replaced by < , then the embedding is compact.  
We set 1 2X X X= ∩ , where  

( ) ( ) ( ) ( )3, 1,
0 , 1, 2,i ip x p x

iX W W i= Ω ∩ Ω =  

with the norm  

1 2
,X Xu u u= +  

with the corresponding norm  

( ) ( ) ( )1, 2, 3, , 1, 2,
i i i iX p x p x p xu u u u i= + + =  

iXu  and ( )( )ip xu
Ω

∇∆  are two equivalent norms in iX , the detailed proof 
can be found in [29].  

For the sake of convenience, we use  

( ) ( )

inf 0 : d 1 ,
i

i

p x

X

u x
u xλ

λΩ

 ∇∆ = > ≤ 
  

∫  

as the norm of space iX  in the following text. 
Assume ( ) ( )q x C+∈ Ω  and ( ) ( )*q x p x< . Then there is a continuous and 

compact embedding:  

iX ↪ ( ) ( ) , 1, 2.q xL iΩ =  

Proposition 9. [24] If 1 p p− +< ≤ < ∞ , the space ( ),
ii XX ⋅  is a reflexive and 

separable Banach space.  
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Proposition 10. Let ( ) ( ) dp xu u xζ
Ω

= ∇∆∫  for all iu X∈ . We define  

ˇ ˆ
, 0 1, , 0 1,

: and :
, 1, , 1,

i i i i

i i

i i i i

p p
Xp X X Xp

X Xp p
X X X X

u u u u
u u

u u u u

+ −

− +

< ≤ < ≤
= =

>

 
 
 

 >



 

then  

( )ˇ ˆ

i iX
p p

Xu u uζ≤ ≤  

3. Existence of Solutions 

Definition 11. If  
( ) ( ) ( )1 22 2d d , d ,p x p xu u v x u u v x f x u v x− −

Ω Ω Ω
∇∆ ∇∆ ∇∆ + ∇∆ ∇∆ ∇∆ =∫ ∫ ∫  

for all v X∈ , then u X∈  is said to be a weak solution of the problem (1).  
The functional associated to (1) is given by  

( ) ( )
( )

( )
( ) ( )1 2

1 2

1 1d d , d ,p x p xI u u x u x F x u x
p x p xΩ Ω Ω

= ∇∆ + ∇∆ −∫ ∫ ∫  

and  

( ) ( )
( )

( )
( )1 2

1 2

1 1d d .p x p xJ u u x u x
p x p xΩ Ω

= ∇∆ + ∇∆∫ ∫  

3.1. Proof of Theorem 1 

Lemma 12. ( )1 ,J C X R∈  and its Frechet derivative is given by:  

( ) ( ) ( )1 22 2, d d .p x p xJ u v u u v x u u v x− −

Ω Ω
′ = ∇∆ ∇∆ ∇∆ + ∇∆ ∇∆ ∇∆∫ ∫  

Proof. The proof of this lemma follows a standard procedure for establishing 
the Gateaux differentiability of functionals involving variable exponents, which is 
analogous to the approach detailed in ([21], Lemma 12). We provide the key steps 
here for the sake of completeness. 

Let ( ) ( ), ,u x x X xν ∈ ∈Ω  and 0 1t< < . By the mean value theorem, there 
exists [ ]0,1s∈  such that  

( ) ( )( ) ( ) ( ) ( )

( )

( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( )

1

1
.

ii

i

i

p xp x

i

p x

p x

u x t x u x
p x t

u x ts x x

u x x x

ν

ν ν

ν ν

−

−

∇∆ + − ∇∆

= ∇∆ + ∇∆

≤ ∇∆ + ∇∆ ∇∆

 

Using the inequality from [13]:  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )12 .
p x p x p xp xu x v x u x v x−+ ≤ +  

Using the Proposition 4, and Proposition 9, and following the estimation pro-
cedure detailed in [21], we find that the integral is bounded. Consequently, we 
conclude that:  
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1

2

1

1 1 .

p x

p x

u x v x v x

u x v x v x L

−

−

∇∆ +∇∆ ∇∆

+ ∇∆ +∇∆ ∇∆ ∈ Ω
 

Following a procedure analogous to that in [21], we apply the Lebesgue domi-
nated convergence theorem and compute the limit to obtain:  

( )( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1

2

2

2

, d

d .

p x

p x

J u x x u x u x x x

u x u x x x

ν ν

ν

−

Ω

−

Ω

= ∇∆ ∇∆ ∇∆

+ ∇∆ ∇∆ ∇

′

∆

∫

∫
 

Let ,nu u X∈  with ( ) ( )nu x u x→  in iX , i.e., ( ) ( )nu x u x∇∆ →∇∆  in 
( ) ( )ip xL Ω , 1,2i = . Then,  

( ) ( )
( ) ( )( )

( ) ( )( )
( ) ( ) ( )

( ) ( )

( ) ( ) ( )
( ) ( )

1 1

1 1

1 1 1
1 11

2 2 2
1 22

2 2

2 2

2 2

2 2

,

d

2

2 .

p x
p x

p x
p x

n

p x p x
n n

p x p x
n n

p x p x
n n XL

p x p x
n n XL

J u J u v

u u u u v

u u u u v x

u u u u v

u u u u v

−

−

− −

Ω

− −

− −

Ω

− −

Ω

′ ′−

= ∇∆ ∇∆ − ∇∆ ∇∆ ∇∆

+ ∇∆ ∇∆ − ∇∆ ∇∆ ∇∆

≤ ∇∆ ∇∆ − ∇∆ ∇∆

+ ∇∆ ∇∆ − ∇∆ ∇∆

∫

 

Let ( ) ( ) 2, ip x
iP x u u u−∇∆ = ∇∆ ∇∆ . We deduce from theorem 1 of [30] that 

( ) ( ) ( )
( )
( ) ( )1, :
i

i i

p x
p x p x

iP x L L −⋅ Ω → Ω  is continuous, which shows that  

( ) ( )
( )
( ) ( )1, Δ , Δ in .
i

i

p x
p x

i n iP x u P x u L −∇ → ∇ Ω  

Therefore,  

( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( )

1
11

2
12

0

1 1

2 2

,
sup

2 , ,

2 , ,

0, .

p x
p x

p x
p x

n
n

v X

n n

L

n n

L

J u J u v
J u J u

v

P x u P x u

P x u P x u

n

−

−

≠ ∈

Ω

Ω

′ ′−
′ ′− =

≤ ∇∆ − ∇∆

+ ∇∆ − ∇∆

→ →∞

 

To sum up, we can conclude that ( )1 ,J C X R∈ .  
Lemma 13. 
1) J ′  is continuous, bounded and strictly monotone.  
2) J ′  is of ( )S+  type, namely: nu u→  and ( )limsup , 0n n nJ u u u→∞ ′ − ≤  

implies nu u→ .  
Proof. 
1) Since J ′  is the Frechet derivative of J , it follows that J ′  is continuous 

and bounded. To prove monotonicity, we use a classic argument for variable-ex-
ponent operators, similar to the proof of Theorem 3.4 [16]. Using the elementary 
inequalities  
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( ) ( )2 22 , if 2,x y x x y y x yγ γ γγ γ− −− ≤ − ⋅ − ≥  

( ) ( ) ( )22 2 21 , if 1 2,
1

x y x y x x y y x y
γ γ γ γ

γ
− − −− ≤ + − ⋅ − < <

−
 

the equality holds if and only if x y= , for all ( ), N Nx y R R∈ × , where x y⋅  
denotes the usual inner product in NR , we obtain for all ,u v X∈  such that 
u v≠ , we abtain  

( ) ( ) , 0,J u J v u v′ ′− − ≥  

this implies that J ′  is strictly monotone. 
2) Assume nu u→  in X and ( )limsup , 0n n nJ u u u→∞ ′ − ≤ . From the strict 

monotonicity, we have  

( ) ( ) , 0,n nJ u J u u u′ ′− − ≥  

from proposition 5, it suffices to show that  

 ( ) ( )1 2  d 0,p x p x
n nu u u u x

Ω
∇∆ −∇∆ + ∇∆ −∇∆ →∫  (2) 

and the weak convergence of u  together with the hypothesis implies  

 ( ) ( )limsup , 0, ,n n
n

J u J u u u n
→∞

′ ′− − = → +∞  (3) 

put  
( ) ( )( ) ( )2 2 ,i ip x p x

n n n nu u u u u uϕ − −= ∇∆ ∇∆ − ∇∆ ∇∆ ∇∆ −  

following the approach of ([16], Theorem 3.4), let us define the sets  

( ){ } ( ){ }: 2 , :1 2 ,p i p iU x p x V x p x= ∈Ω ≥ = ∈Ω < <  

on pU , the elementary inequality for 2γ ≥  yields  
( ) ( ) d 2 d , 1,2,i i

p p

p x p
n nU U

u u x x x iϕ
+

∇∆ −∇∆ ≤ =∫ ∫  

from (3) we have ( )limsup d 0n n x xϕ→∞ Ω
=∫ ; hence  

 ( ) ( )1 2  d 0, ,
p

p x p x
n nU

u u u u x n∇∆ −∇∆ + ∇∆ −∇∆ → →∞∫  (4) 

on pV , using the inequality valid for 1 2γ< <  together with Holder’s and 
Young’s inequalities, we have  

 ( )  d 0 as ,i

p

p x
nV

u u x n∇∆ −∇∆ → →+∞∫  (5) 

we conclude that  

 ( ) ( )1 2  d 0, ,
p

p x p x
n nV

u u u u x n∇∆ −∇∆ + ∇∆ −∇∆ → →∞∫  (6) 

finally, (2) is given by combining (4) and (6).  
Proof of Theorem 1. Under the assumptions (F3), I  is sequentially weakly 

lower semi-continuous and coercive. 
Proof. From the continuity of F  and assumption (F3) we deduce that  

( ) ( ) ( ), ,xF x u a x u cθ≤ +  
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u R∀ ∈  and x∀ ∈Ω . We have  

( ) ( )
( )

( )
( ) ( )

( ) ( ) ( ) ( )( )
( ) ( ) ( )

( ) ( )

( ) ( )

1 2

1 2

1 2

1 2

1 2

1 2

1 2 1 2

1 2

1 2

1 2

1 2

1 1d d , d

1 1d d d

1 1d d d

1 1

1

x

p x p x

p x p x x

p x p x x

p p
X X L

M M

p p
X X X X

M

I u u x u x F x u x
p x p x

u x u x a x u c x
p p

u x u x a u x c
p p

u u a u c
p p

u u a c u c u c
p
c

θ

θ

θ

θ

θ

− − +

+− −

Ω Ω Ω

+ +Ω Ω Ω

+ + ∞Ω Ω Ω

+ + ∞ Ω

+ ∞

= ∇∆ + ∇∆ −

≥ ∇∆ + ∇∆ − +

≥ ∇∆ + ∇∆ − − Ω

≥ + − − Ω

≥ + − + − Ω

≥

∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫

( )( )5
1 2max , ,mp

M

u a c c u c
p

θ +−

+ ∞
− − Ω

 

since 1,2mini ipθ + −
=< , then I  is coercive. As the function ( ), du F x u x

Ω∫  
is weakly lower semi-continuous and I  is convex uniformly, we deduce that I  
is weakly lower semi-continuous. Therefore I  has a global minimum point 
u X∈ , which is a weak solution to problem (1).  

3.2. Proof of Theorem 2 

Lemma 14. If (F0) - (F2), (F4) hold, then I satisfies the (C) condition in X, namely, 
if any sequence { }nu X⊂  such that ( ){ }nI u  is bounded and  
( ) ( )1 0n nu I u′+ →  as n →∞ , has convergent subsequence.  

Proof. Let { }nu  be a sequence in X for the functional I, which is a (C)-se-
quence. First, use proof by contradiction to demonstrate that the sequence { }nu  
is bounded in X. Suppose that as n →∞ ,  

 ( ) ( ) ( ), and 1 0,n n n nXu I u c u I u′→∞ → + →  (7) 

let n
n

n

u
u

ω = . Using the reflexivity of X, we can extract a subsequence such that  

the sequence { }nω  weakly converges to ω  in X, and { }nω  strongly converges 
to ω  in ( )rL Ω , where ( )*1 r p x≤ ≤ . Moreover, ( ) ( )n x xω ω→ , a.e. x∈Ω . 

Case 1: If 0ω = , then by condition (F0), we have  

 

( ) ( )
( ) ( )( )

( )
( )

1

1
0

1

0

, , d

d

,

xx

x

F x t f x t t

r t t

rr t t
x

rr t t

αα

α

α

θ θ

θ θ

α

α

−

−

≤

≤ +

≤ +

≤ +

∫

∫
 (8) 

which holds for all ( ),x t R∈Ω× , where ( )inf xα α−
Ω= . Therefore, for all 

x∈Ω . 
For t M≤ , from (8), we have:  
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 ( ) ( ) ( ) ( )( )1
3, 2 , 2 1 1 ,xtf x t F x t r t t c tαβ β −− ≤ + + ≤  (9) 

since t M≤ , ( ) 1 1xt Mα α+− −≤ , where ( )( )1
3 2 1 1c r M αβ

+−= + + . 
For t M≥ , by condition (F4), we get  

( ) ( ), 2 , ,tf x t F x t C tβ− ≥ −  

choose M  large enough so that 3C c≤ , we get  

( ) ( ) 3, 2 , ,tf x t F x t C t c tβ− ≥ − ≥ −  

combining conditions (F4) and (8), we have:  

 ( ) ( ) 3, 2 , ,tf x t F x t c tβ− ≥ −  (10) 

it holds for all ( ),x t R∈Ω× . Using Equation (7) and Equation (10), we have:  

 

( ) ( ) ( ) ( ) ( )

( )
( )

( )
( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )( )

1 2

1 2

1 2 1

2

4

1 2

1 11 ,
2 2

1 1d d , d

1 d d , d
2

1 1 1d d d
2

1 1d , 2 , d
2 2

n n n n n n

p x p x
n n n

p x p x
n n n n

p x p x p x
n n n

M M

p x
n n n n

c I u I u u I u I u u

u x u x F x u x
p x p x

u x u x f x u u x

u x u x u x
p p

u x f x u u F x u

β β

β

β

β
β β

Ω Ω Ω

Ω Ω Ω

+ +Ω Ω Ω

Ω

′ ′≥ + + ≥ −

= ∇∆ + ∇∆ −

 − ∇∆ + ∇∆ − 

≥ ∇∆ + ∇∆ − ∇∆

− ∇∆ + −

∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫

∫

( ) ( )

( ) ( )( )

( )

1 2

1 2

1 2

3

3
6

1 1 d d
2

1 , 2 , d
2

1 1 d
2 2

1 1 d .
2 2

m

p x p x
n n

M

n n n

p p
n n nX X

M

p
n n

M

x

u x u x
p

f x u u F x u x

cu u u x
p

cc u x
p

β

β
β

β β

ω
β β

− −

−

Ω

+ Ω Ω

Ω

+ Ω

+ Ω

   = − ∇∆ + ∇∆    

+ −

 
≥ − + − 
 
 

≥ − − 
 

∫

∫ ∫

∫

∫

∫  (11) 

Dividing both sides of Equation (11) by mp
nu

−

, we get  

 34
6 1

1 1    d ,
2 2m m

np p
Mn n

cc c x
pu u

ω
β β

− −+ Ω−

 
≥ − − 

 
∫  (12) 

using Equation (7) and noting that 0ω = , the above equation implies  

5
1 10

2M

c
p β+

 
≥ − 

 
, which contradicts the conditions max ipβ +> ,  

( ) ( ) ( ){ }1 2max ,Mp x p x p x= . 

Case 2: If 0ω ≠ , define ( ){ }1 : 0x xωΩ = ∈Ω ≠ , then 1 0Ω > , where 1Ω  

denotes the measure of 1Ω . According to condition (F2) and (7) as n →∞ , 

( )( )
( )

( ) 2

2

, n
n

n

F x u x
x

u x

β

β ω → +∞ , Using Fatou’s Lemma, as n →∞ , we have  
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( )( )

( )
( ) 2

20

,
d ,n

n

n

F x u x
x x

u x

β

βω
ω

≠
→ +∞∫  (13) 

on the other hand, from (F2), there exists a constant 1 0M >  such that  

( ), 0F x t ≥ , x∀ ∈Ω , 1t M≥ . From Equation (8), we have ( ) 6,F x t c t≤ ,  

x∀ ∈Ω , 1t M≤ , where 
1

1
7

rMc r
α

α

+−

−= + . Thus,  

( ) ( )7, , , ,F x t c t x t R≥ − ∀ ∈Ω×  

if )*1,r p∈  , using the Sobolev embedding theorem, we have, ( )r rLu uτ
Ω
≤ , 

u X∀ ∈ . Then  

( ) ( )177 7 10
2 2 2 20

d,
d ,n Ln n

n n n n

c uc u xF x u c u
x

u u u u
ω

β β β βω

τΩ=
=

≥ − ≥ − ≥ −∫
∫  

this shows that  

 ( )
20

,
liminf d 0,n

n
n

F x u
x

u βω=→∞
≥∫  (14) 

from Equation (7), assume 1nu ≥ , we have  

( ) ( ) ( )
( )

( )
( )

( ) ( )

( )

1 2

1 2

1 2

1 2

1 2

28 8

1 1, d d d

1 1d d

1

,M

p x p x
n n n n

p x p x
n n

m m

p p
n nX X

m

p
n n

m m

F x u x I u u x u x
p x p x

u x u x
p p

u u
p
c cu u
p p

β

+ +

+

Ω Ω Ω

− −Ω Ω

−

− −

+ = ∇∆ + ∇∆

≤ ∇∆ + ∇∆

= +

≤ ≤

∫ ∫ ∫

∫ ∫
 

thus  

 ( ) ( ) 8
2 2

,
d .n n

mn n

F x u I u cx
pu uβ β −Ω

+ ≤∫  (15) 

By combining Equations (13) to (15), we conclude that  

( )

( ) ( )

8
2

2
20 0

,
liminf d

,
liminf d

,

n

n
m n

n
nn

n

F x uc x
p u

F x u
x

u

β

β
βω ω

ω

− Ω→∞

= ≠→∞

≥

= +

= +∞

∫

∫ ∫  

this is a contradiction. Therefore, { }nu  is bounded in X. Note that X is a reflexive 
space, so there exists u X∈  such that { }nu  weakly converges to u in X, and 
{ }nu  strongly converges to u in ( ) ( )xLα Ω . By Holder’s inequality, condition (F0),  

and 
( ) ( )
1 1 1
x xα α
+ =

′
, as n →+∞ , we have  
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( )( ) ( )( )
( )

( )( ) ( )

1

1

, d 1 d

2 1 0.

x
n n n n

x
n n xx

f x u u u x r u u u x

r u u u

α

α

αα

−

−

Ω ′

Ω Ω
− ≤ + −

≤ + − →

∫ ∫

∫
 

As ( ), 0nn I u′→∞ → , so we get  

 ( ) ( )2 d 0, 1,2.ip x
n n nu u u u x i−

Ω
∇∆ ∇∆ ∇∆ − → =∫  (16) 

Define  

( ) ( ) ( )1 22 2, d d , , .p x p xJ u v u u v x u u v x u v X− −

Ω Ω
′ = ∇∆ ∇∆ ∇∆ + ∇∆ ∇∆ ∇∆ ∀ ∈∫ ∫  

According to lemma 13, the continuous mapping *:J X X′ →  has the 
property ( )S+ , i.e., if { }nu  weakly converges to u in X and  

( ) ( )limsup , 0n nJ u J u u u′ ′− − ≤ , which implies that { }nu  strongly  
converges to u in X. From Equation (16), ( ) ( )limsup , 0n n nJ u J u u u→∞ ′ ′− − = , 
so { }nu  strongly converges to u in X. Therefore, the functional I satisfies con-
dition (C).  

Proof of Theorem 2. We will prove that I satisfies the Mountain-Pass Lemma 
below.  

1) It follows from Lemma 14 that J satisfies the condition in X. Since  
( ) ( )*

M ip x p xα α+ −≤ ≤ < , and X ↪ ( )MPL
+
Ω  there exists 0 0C >  such that  

0 , .
Mpu C u u X+ ≤ ∀ ∈  

Let ( )0>  be small enough such that 8
0 2

Mp

M

CC
p

+

+≤ . By assumptions (F0) and 

(F1), we have  

( ) ( ) ( ) ( ), , , .Mp xF x t t C t x t Rα+

≤ + ∀ ∈Ω×   

From 1u ≤ , we get  

( ) ( )
( )

( )
( ) ( )

( ) ( )

( ) ( )

( ) ( )

( )

( )

1 2

1 2

1 2

1 2

0

9
0

9

1 1d d , d

1 1d d

d d

1

.
2

M

M M MM

M MM

M

p x p x

p x p x

M M

p x

p p pp
X X

M

p pp

M

p

M

J u u x u x F x u x
p x p x

u x u x
p p

u x C u x

u u C u C u
p
c u C u C u
p
c u C u
p

α

α

α

α

ε ε

ε ε

ε ε

ε

+

+ + + −+

+ + −+

+ −

Ω Ω Ω

+ +

Ω Ω

+

+

+

= ∇∆ + ∇∆ −

≥ ∇∆ + ∇∆

− −

≥ + − −

≥ − −

≥ −

∫ ∫ ∫

∫ ∫

∫ ∫
 

This means that there exist ( )0,1ρ ∈  and 0δ >  such that ( ) 0I u δ≥ >  for 
each u X∈  satisfying u ρ= .  

2) From (F4), there exist two positive constants 10 11,C C , such that  

( ) 10 11, , , .F x t C t C x t Mβ≥ − ∀ ∈Ω ≥  
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For any fixed { }\ 0Xω∈  and 1t > , we have  

( ) ( )
( )

( )
( ) ( )1 2

1 2

1 1d d , dp x p xI t t x t x F x t x
p x p x

ω ω ω ω
Ω Ω Ω

= ∇∆ + ∇∆ −∫ ∫ ∫  

( ) ( )
( )

( )
( )1 2

1 2

10 11

1 1d d

d .

M p x p xpI t t x x
p x p x

C t x Cββ

ω ω ω

ω

+

Ω Ω

Ω

 
≤ ∇∆ + ∇∆  

 

− − Ω

∫ ∫

∫
 

Due to Mpβ +> , we have  

( ) , as .I u t→−∞ → +∞  

3) Obviously, ( )0 0I = .  
From 1), 2) and 3), we deduce that I satisfies the conditions of the Mountain-

Pass Theorem. Therefore, I has at least one nontrivial critical point. The proof is 
completed. 

3.3. Proof of Theorem 3 

Let X be a separable and reflexive Banach space, then there exist { }je X⊂  and 

{ }* *
je X⊂  such that  

{ } { }* *span : 1,2, , span : 1,2, ,j jX e j X e j= = = =   

with  

* 1, ,
,

0, .i j

i j
e e

i j
=

=
≠





 

Define  

{ }
1

span , , .
k

j j k j k jj j k
X e Y X Z X

∞

= =
= = ⊕ = ⊕  

Lemma 15 (Fountain Theorem). If ( )1 ,I C X R∈ , satisfying:  
( ) ( ) ( )0 0,I I u I u= − = , and  
1) For k N∈ , there exists 0kr >  and as  

( )
,

, : inf
k k

k u Z u r
k b I u

∈ =
→ +∞ = → +∞ ;  

2) For 0k krρ > > , there is ( )
,

: max 0
k k

k u Y u
a I u

ρ∈ =
= ≤ ;  

3) The functional I satisfies the (C) condition, that is, for any sequence 
{ }nu X⊂ , from ( ){ }nI u  being bounded, ( ) ( ) ( )1 0n nu I u n′+ → → +∞ , it 
implies that { }nu  has a convergent subsequence.  

Then the functional I has a sequence of critical values tending to +∞ .  
Proof of Theorem 3 
By using Lemma 14 and (F5), it is known that I satisfies condition (C), 
( ) ( )I u I u− = , and ( )0 0I = . To prove that Theorem 3 holds, it is only necessary 

to verify the linking conditions (1) and (2) in the Fountain Theorem (Lemma 15) 
are satisfied. 

First, prove that (1) holds. Denote ( ){ }sup : , 1k kxu u Z u
α

β = ∈ = . Then as 
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, 0kk β→∞ → . 
For ku Z∈  with 1ku r= > , from (F0), we have  

( ) ( )
( )

( )
( ) ( )

( ) ( )

( )
( )

( )

( )

1 2

1 2

1 2

1 2

12 13

14
12 15

14
12 15

14
12 15

14
12 16
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1 1d d , d

1 d

,

, 1

, 1

1

m

m

m

m

p x p x

p p x
X X

M

p
x

M

p
x

M

p
k x

M

p
k

M

M

I u u x u x F x u x
p x p x

u u c u x c
p
c u c u c
p

c u c c u
p
c u c u c u
p

c u c u c
p

c u
p

α

α ξ

α

α

αα
α

αα

ξ

β

β

− −

−

−

− ++

− ++

Ω Ω Ω

+ Ω

+

+

+

+

+

= ∇∆ + ∇∆ −

≥ + − −

≥ − − ∈Ω

− − ≤
≥

− −







>

≥ − −

≥

∫ ∫ ∫

∫

17 16 .mp
kc u cααβ

− ++ 
− − 

 

 

Take ( )
1

17
mp

k ku r c α αα β
+ − ++ −= = , then, as k →+∞ , kr →+∞ . thus, we have  

( )

( ) ( )

14 17 16

14 17 17 17 16

14 17 16

1

1

1 1 .

m

m

m m

m

m

p
k

M

p
p p

k k k
M

p
p

k
M

I u c u c u c
p

c c c c c
p

c c c
p

αα

α
α α αα α

α
α

β

α β β α β

α β
α

− ++

− +

+ + +− + − +

−

− +
+

+

+ +− −
+

−
+

+ +

 
≥ − − 

 
 
 = − −
 
 

  
= − − →∞     

 

As k →+∞ , which shows that (1) holds. 
Next, verify that (2) holds. From (F2), (F4), we have  

( ) 18 19, .F x t c t cθ≥ −  

Since Mpθ +>  and kY k= , it is obvious that for ku Y∈ , as u →∞ , 
( )I u →−∞ . Therefore, (2) is correct, and Theorem 3 is proved. 
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