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Abstract
In this paper, we use the Mountain Pass theorem and the Fountain theorem

to study the existence of solutions for the following ( 2 (x), 0, ( x)) _tri-
A = A =S (), i@,
u=Au=~ANu=0, on 0Q),

linear term satisfying growth conditions weaker than Ambrosetti-Rabinowitz

harmonic equations: { . where the non-

condition. We establish the existence of weak solutions using critical point
theory and variational methods.

Keywords
Variable Exponent Space, p(x) -Triharmonic Operator, Navier Boundary

Condition, Mountain Pass Theorem, Fountain Theorem

1. Introduction

In recent years, the study of partial differential equations with variable exponent
growth conditions has received significant focus. These equations are widely used
in many fields, such as electrorheological fluids [1]-[3], nonlinear elasticity [4],
slow rotational flows [5], phase-field crystal growth [6], image processing [7]-[9],
and geometric design [10]-[12]. In [13] [14], the authors studied the basic theory
of variable exponent function spaces.

Fan and Zhang [15] studied the Dirichlet problem for variable-exponent elliptic

p(x) -Laplacian equations:

—Ap(x)u = f(x,u), in Q,
u=0, on 0Q2,
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and established the existence of solutions.
El Amrouss et al [16] studied the p(x) -biharmonic problem under Navier
boundary conditions:

Ai(x)u = /"L|u|p(x)_2 u +f(x,u), inQ,
u=Au=0, on 0Q2,

using the Mountain Pass Theorem and the Fountain Theorem, they obtain the
existence and multiplicity of solutions. Research pertaining to the p(x) -bi-
harmonic problem with Navier boundary conditions can be found in reference
[17]-[20].

In [21], Zhao and Miao studied the following p (x) -triharmonic problem with

Navier boundary conditions:

—A;(X)u :lf(x,u), inQ,
u=Au=Au=0, ondQ,

where 2>0, and f(x,u) satisfies Ambrosetti-Rabinowitz-type growth condi-
tion. Using the Mountain Pass Theorem and the Fountain Theorem, they
proved the existence of nontrivial and infinitely many solutions. In regard to
investigations into the p(x)-triharmonic problem, the details are available in
[22]-[24].

In recent years, there have been many research results on ( p(x),q(x)) -La-
place equations. This variable-exponent model has strong nonlinearity and spatial
dependence. In [25], Vetro used critical point theory to prove the existence of
nontrivial weak solutions.

Zhong and Wu [26] studied the (p, (x), p, (x)) -biharmonic equation:

2 2 .
A, g +A, U= f(xu), inQ,
u=Au=0, on 0Q),

using the Fountain Theorem, they obtained the existence results of solutions.
However, there are just a few results about the problems involving

(p,(x). p, (x)) -triharmonic operators. In this paper, we study the following non-

linear problem of ( )2 (x), D, (x)) -triharmonic type with Navier boundary con-

ditions:

{—A;(x)u—A;(x)u =f(xu), inQ, "

u=Au=~ANu=0, on 0Q),

where Q< R"(N=>3) is a bounded domain with smooth boundary oQ .
A;(x)u is the p(x)-triharmonic operator which is not homogeneous and is re-

lated to the variable exponent Lebesgue space L” )

and the variable exponent
Sobolev space ") (Q). It is also worth mentioning that the problems with the
growth conditions p(x) -triharmonic have more complicated nonlinearities
than the constant cases. Indeed, firstly the problem is not homogeneous, and sec-
ondly, the Lagrange multiplier theorem is not useful in such a case because p(x)

is variable.
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Here, pi(x)eC(Q_!) satisfies p,(x)>1 for i=1,2 and all xeQ. We de-

fine:

Py (x)=max{p, (x)}, p,, (x)=min{p, (x)}

i=1,2

Denote
C.(Q)={hIheC(Q),h(x)>1vxel},
and
M)
()= sy N
+00, 3p(x)2N.

The function [ satisfies the Caratheodory condition. We assume the following
hypotheses on  f(x,¢):

(FO) f:QAxR— R satisfies the Caratheodory condition, and there exists a
constant » >0 such that

|f(x,t)| < r(l+|t|a(x)_l),V(x,t) e QxR,

where a(x)eC, (f_l) ,and for any xeQ, there holds a(x)< p, (x).
(F1) f(x,l)=0(|t|p"&71) as t—>0 for xeQ uniformly.

F(x,t)

(F2) Suppose that lim\’\%’MT

=+0 holds uniformly for xeQ, where

ﬁ > max,_; , {pf} .
F(x,t)
0(x)

(F3) limsup, <a(x) suchthat #eC,(Q) with

|t

0" =sup,.,0(x)< p, ,where aeL”(Q).

(F4) There exists M >0, >max,_, , {pf} such that for all xeQ and all
teR with [f|=M, f(xt)t—2BF(x,t)20.

(F5) f(x,~t)=—f(x,t) forall (x,t)eQxR.

Our main results are given by the following theorems:

Theorem 1. Assume (F3) hold. Then problem (1) has a weak solution.

Theorem 2. Assume «” > p,,, (F0) - (F2), and (F4) hold, then problem (1) has
a nontrivial weak solution.

Theorem 3. Assume o > p,, , (F0), (F2), (F4) and (F5) hold, then problem (1)
has infinitely many weak solutions.

Remark. In reference [21], where the f(x,u) satisfies Ambrosetti-Rab-
inowitz condition, the f(x,u) studied in this paper does not satisfy this con-
dition. An example of the f(x,u) that does not satisfy the Ambrosetti-Rab-
inowitz condition, see [27]. (F2), (F4) are weaker than (Ambrosetti-Rab-
inowitz).

Set
S (xu) —{_”wl Jul+ ™, Jul <1,

’ Zﬂuzﬂ’l 1n|u|+u2ﬂ", |u|>1,
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uf( ) ZﬂF(xu) uf — 213(2 - ]|u|>1,Ver,

1 25
if we take |u| > max-< 1 {2,3 (E—mﬂ , then f satisfies the conditions

(F2) and (F4), but does not satisfy the Ambrosetti-Rabinowitz condition.

2. Preliminaries

For the reader’s convenience, we recall some background facts concerning Lebes-
gue-Sobolev spaces with variable exponent and introduce some notation; Problem
(1) is analyzed in variable exponent Lebesgue and Sobolev spaces L” () (Q) and
ke (Q). We first present their fundamental properties; for p(x)eC, (ﬁ),
the Lebesgue space is defined:

J2a8) (Q)= {u :u is a measurable real-valued function in Q,LJu (x)|p(x) dx < oo}.

This space is endowed with the Luxemburg norm, specified by

(%)
Jul o = inf O gesa,

when p(x) = p, p =1, this norm is equivalent to the classical [” -norm,

1
i :( [ () dx)p .

Proposition 4. [13] [14] If p~ >1, the space (L” || ||Lp ) is a separa-

ble, uniformly convex, reflexive Banach space. Its conjugate space is 1"~ )(Q) ,
where p'(x) is the conjugate function of p(x), namely,

1 1
+

p(x) p'(x)

Forany uel’(Q) d vel”™(Q), wehave

U u‘}dx‘ (_+ (p ) J”u"LP ‘)(Q) "v"LF - 2"”"LF(‘)(Q) ”v"L”'(X)(Q) '

=1.

Proposition 5. [28] We assume that the variable exponents p, (x), D, (x) sat-
isfy the condition:

1<p; <p,(x)<p <+ for i=12

and are log-Holder continuouson Q, ie,

C
|Pi( P,(y)| m
forall x,yeQ,with |x—y|<l.
Proposition 6. [13] Let p (u)=[ |u(x)]"" dx, for all ueL’(Q). We

have
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1) |u

i(;) <Py (u) < |u if |u|p(x) >1.

p+
p(x)

2) |u <l1.

Next we introduce the variable exponent Sobolev space:
W (Q)={ue ' (Q): Due /() |a| <K},

with the norm:

sl = “;J Dt o
where
pH
Ox T -
a=(ay,,ay) isamulti-index, and |o|=Y" o,.

In addition, W;""")(Q) is the closure of Cy(Q) in W*"(Q).
Proposition 7. [13] [24] Let p(x)eC, (ﬁ) Then the space
(Wk,p(x) (Q)’"."k’p (x)) is a reflexive and separable Banach space.
Proposition 8. [13] Let p(x),q(x)eC, (Q) such that ¢(x)< p; (x). Then
there is a continuous embedding:

whr () o LY(Q).

If < isreplaced by <, then the embedding is compact.
Weset X =X, NnX,,where

X, =" (Q) (@), i=12,
with the norm
el = ey, + e, -
with the corresponding norm
e, =l o+l * ol 7 =122

”u"X,» and "VA”",,,.();)(
can be found in [29].

For the sake of convenience, we use

Ju], =inf {/1 >0: jﬂ

| are two equivalent norms in X, the detailed proof

Pi(x)
dx<1¢,

Assume ¢(x)eC, (Q) and g(x)< p’(x). Then there is a continuous and

Q

VAu (x)
A

as the norm of space X, in the following text.

compact embedding:
X, o '(Q), i=1,2.

Proposition 9. [24] If 1< p~ < p* <o, the space (X,.,".”X_) is a reflexive and

separable Banach space.
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Proposition 10. Let ¢ (u

Ydx forall u e X,. We define

P P
ol 0<||u|| <1, ol o<l <,
p X; X; p Xi Xi
], = and [uf} =
X; P 1 X; p* 1
el llell, > 1, Julls, Nl >

then

o, <& () <l

3. Existence of Solutions

Definition 11. If

.[Q

forall ve X ,then ue X issaid to be a weak solution of the problem (1).

" VAuV Avd+ [ [V AU VAUV Avde = [ f () v

The functional associated to (1) is given by

I(u)ZIQ%WAu

p\x

n(x)

u pZ(X)dx—IQF(x,u)dx,

and

J(u)=, p—|VAu|”‘ dx+j |VA ) dx
l

3.1. Proof of Theorem 1

Lemma 12. JeC'(X,R) and its Frechet derivative is given by:

(' ()v)=],

Proof. The proof of this lemma follows a standard procedure for establishing

u"""? VAUV Avdr + [ VAL VAV Avds.

the Gateaux differentiability of functionals involving variable exponents, which is
analogous to the approach detailed in ([21], Lemma 12). We provide the key steps
here for the sake of completeness.

Let u(x),v(x)eX,xeQ and 0< |t| <1. By the mean value theorem, there
exists se [0, 1] such that

|VA(u (x) + tv(x))pi(x) —|VA” (x)|pi(X) |
‘ b (x)t ‘

= |VA(u (x)+ l‘sv(x))|pI(X)7l |VAV(x)|

< ([vau(x)|+[vav(x))" " vav(x)|

p(x) )

Using the Proposition 4, and Proposition 9, and following the estimation pro-

Using the inequality from [13]:

)+ <2 (4 |o()

cedure detailed in [21], we find that the integral is bounded. Consequently, we

conclude that:
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|VAu (x) + VAv(x) Al |VAv(x)|

+|Vau(x)+ VAv(x) " vav(x) e L' (Q).

Following a procedure analogous to that in [21], we apply the Lebesgue domi-
nated convergence theorem and compute the limit to obtain:

<J'(u(x)),v(x)> = jQ|VAu(x) ()

+ [ [Vau()*7 Vau(x) VA (x)dx.

7 VAu(x) VAV (x)dx

Let u,ueX with un(x)—>u(x) in X,, ie, VAun(x)—)VAu(x) in
"Y(Q), i=1,2. Then,

(' (,) =" (u),v)
- ‘ Jo([vAu,

"2V A, VA

(-2 VAu)VAv

+ (|VAu,, e R Y VAu)VAvdx‘
<2, " v, [vadf T va ],
2, 2 s, vl V| oM

Let B(x,VAu)=|VAu|" 92 YAy . We deduce from theorem 1 of [30] that
pi(x)

P(x,): 1"(Q) - 1”7 (Q) is continuous, which shows that

pi(x)
P(x,VAu,) = P(x,VAu) in "7 (Q).

Therefore,

TR0 I CACAROL)

0=veX "V"

<2

R (x,VAu,)-F(x,VAu,)

()

M)

+2||B, (x.VAu, )~ P, (x,VAu, )

m(x)

Lpz(X)*l(Q)
—0,n — o0,

To sum up, we can conclude that J e C'(X,R).

Lemma 13.

1) J' iscontinuous, bounded and strictly monotone.

2) J' isof (S,) type, namely: u, —>u and limsup, <J'(un),un —u> <0
implies u, > u.

Proof.

1) Since J' is the Frechet derivative of J, it follows that J' is continuous
and bounded. To prove monotonicity, we use a classic argument for variable-ex-

ponent operators, similar to the proof of Theorem 3.4 [16]. Using the elementary
inequalities
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=y <27 (|x|772 )c—|y|772 y)-(x—y), if y>2,
be—yf < ﬁ(|x|+| A (5o ) (e ). if 1< <2,

the equality holds if and only if x=y, for all (x,y)eR"xR", where <x-y>
denotes the usual inner product in R", we obtain for all u,ve X such that
u #v , we abtain

<J'(u)—J'(v),u—v>2 0,

this implies that J' is strictly monotone.
2) Assume u, > u in Xand limsup, <J'(un ),un —u> <0. From the strict

monotonicity, we have
<J'(un)—J'(u),uﬂ —u> >0,

from proposition 5, it suffices to show that

[, |V, = VA" 4V Au, -V 8u] > dx 0, @)
and the weak convergence of u together with the hypothesis implies
1imsup<J'(un)—J'(u),u"—u>=0,n—>+oo, (3)
put
0, = (|VAun MO, |V 8" VAU VA, ),

following the approach of ([16], Theorem 3.4), let us define the sets
U, :{er:pi(x)ZZ}, v, :{er:1<p,.(x)<2},
on U, the elementary inequality for y 22 yields

jUp VAu, - VA" dx <27 jUp o, (x)dx,i=1,2,

from (3) we have limsup, , .[Q @, (x)dx =0; hence
[, [VAu, - VA" 4|V Au, ~ VA dx 0,1 — o, (4)
P

on V,, using the inequality valid for 1<y <2 together with Holder’s and
Young’s inequalities, we have

le |VAu, - VAu|p’(X) dx >0 asn —> +o, (5)
»

we conclude that

[ [Vu, ~vau" +[Vau, - Vau/*" dr - 0,n — o, 6)
\

finally, (2) is given by combining (4) and (6). [J
Proof of Theorem 1. Under the assumptions (F3), [ is sequentially weakly
lower semi-continuous and coercive.

Proof. From the continuity of F and assumption (F3) we deduce that

F(x,u) < a(x)|u|9(x) +c,
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YueR and VxeQ.Wehave

1(u)=j o |VAu dx+j |VA 2 de— [ F(xu)dx
mx ul" dx—jﬂ(a(x) ug( )+c)dx
pi(x) Pa(x dx |a|wj‘ |u dx c|Q|

> —c|Q

p+ I+ ||“| |a| ety — el

o
>l +||“| |a|oo(cl||u||xl+02||u")(2) —c|Q]
P

Cs Pm 0"
2 —|u™ Ja, (max(ci.c;)Ju)” e[,
M
since " <min,_, p; , then I is coercive. As the function u > .[QF (x,u)dx
is weakly lower semi-continuous and [ is convex uniformly, we deduce that /
is weakly lower semi-continuous. Therefore / has a global minimum point

u € X , which is a weak solution to problem (1). [

3.2. Proof of Theorem 2

Lemma 14. If (FO) - (F2), (F4) hold, then I satisfies the (C) condition in X, namely,
if any sequence {u,} <X suchthat {I(u,)} isboundedand

(1+ u

Proof Let {un} be a sequence in X for the functional 7 which is a (C)-se-

(u, )" — 0 as 7n—> o0, has convergent subsequence.

quence. First, use proof by contradiction to demonstrate that the sequence {un}

is bounded in X. Suppose thatas n — oo,

JI(u,)—c and (1+||un||)||l'(un)"—>0, (7)

let @, = . Using the reflexivity of X, we can extract a subsequence such that

n

the sequence {@,} weakly convergesto @ inX,and {@,} strongly converges

n n

to @ in L'(Q),where 1<r<p’(x).Moreover, ®,(x)—>o(x),ae. xeQ.
Case 1: If w=0, then by condition (F0), we have
)< o) (x.00)]
<[or(d+ o< 14 )ao

< P+ —— | ®
a\x

£r|t|

which holds for all (x,/)e QxR , where o =inf,a(x). Therefore, for all
xeQ.
For |t| <M, from (8), we have:
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|tf(x,t) —2fF (x,t)

<r (1)1 Yl < e, ©)

since [f|<M, |t “O < M where cy=r(28 +1)(1 + |M|0‘+_1 ) .
For |t| > M , by condition (F4), we get
if (x,1)—2BF (x,t)2—Clt|,
choose M large enough so that C<c,, we get

if (x,t)=2BF (x,t) = =Clt| = =, ||,

combining conditions (F4) and (8), we have:
if (x,6)=2BF (x,t) 2 —c]t|, (10)

it holds for all (x,t) € QxR . Using Equation (7) and Equation (10), we have:

)2 1) 5500 () )

un

1
¢, Zl(un)+ﬁ||l'(un) (1+

1

o () 70 g
= .[n )2 (x) |VA”n dx"'.fﬂ P, (x) |VA”»« dx IQF(x,u,,)dx
_i[v[(z'VAun pi() dx+J-Q|VAun Pa(x) dx_jgf(x,un)u,,dx}

n(x) dx

> [ v ) des [ o vaw, 2 - [ [vaa,
© Py “ Py 2p°¢

palx 1
( )derﬁ Q(f(x,un)u" —ZﬂF(x,un ))dx

70) g 4 J.Q |VAun

1
35 _UVAun

1 1
=[p;4 ‘ﬁ]m'w”

pa(x) dx:|

+ﬁ Q(f(x,un)un —ZﬂF(x,un))dx
> {—L(unif nff)—c—3 u,|dx
Py 2B ] 2)o2p0e
1 1 Pm C3
> -— " —— |w,|dx
06(17;/[ ZIBJ Z/ln Zﬁ".ﬂ n (11)
Dividing both sides of Equation (11) by [, [|” ", we get
‘> (%_Lj _C—3[ ,|dx, (12)
u || Pu 2B) 2B | 7°

n

using Equation (7) and noting that @ =0, the above equation implies

0= cs[ ! _ZLJ , which contradicts the conditions S > max p; ,

Py

DPur (x) = max{p1 (x),p2 (x)} .

Case 2: If w#0, define O, ={xeQ:w(x)#0}, then |Q|>0, where |Q
denotes the measure of €, . According to condition (F2) and (7) as n—>o0,
F(x,un (x))
—
u, (x)|

28 .
, (x)| — +o0, Using Fatou’s Lemma, as 7 — o, we have
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J. F (x,un (x))
=0 u, (x)|2ﬂ
on the other hand, from (F2), there exists a constant M, >0 such that

F(x,t)ZO, VxeQ,

co”(x)|2ﬂdx—>+oo, (13)

t| > M, . From Equation (8), we have |F(x,t)| <c |t| ,

at-1

M
VxeQ, [|<M,, where c7:r+r L . Thus,

a

F(x,t)Z—c7 |t|,V(x,t)eQ><R,

if re [l,p*) , using the Sobolev embedding theorem, we have, ||u||L,(Q) <t u" ,
Vu e X . Then
J. F(x, un) dr>— ¢ -[sz u, dx >_ & "u"Ll(Q) S _ Gy |, ,
=0 ”un"w u, 25 : 25 : 28
this shows that
.. F (x,u,,)
liminf [ e dx >0, (14)
from Equation (7), assume ||u, | =1, we have

L}F(x,un Ydx+1(u,)= L)ﬁWAun

) gy 1 JQ pzl(x) v Aun|m<x> dr

pa(x) dx

1 (x) 1
< [ [vAu, "™ de+ o [ [vau,

23
X3

u

n

p
X

u +|[u

n

_L(
P !
<%

2p

4
C
pMSS ,

n

Py P

thus

F(x,un) I(un) c
I, e zﬁ,sp—z. (15)

n n

By combining Equations (13) to (15), we conclude that

.. F(x,u,
;—z > hl;[lglf IQ (j Zuﬁ )
“tmint ([, <) 2o

= +OO’

this is a contradiction. Therefore, {u,} isbounded in X. Note that Xis a reflexive
space, so there exists u € X such that {u,} weakly converges to uin X, and

{u,} strongly convergesto uin L") (Q).By Holder’s inequality, condition (F0),

1 1
and ——+———=1,as n— 4w, we have

a(x) o'(x)
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Ugf(x,un)(un —u)dx‘ < r.[ﬂ(

u, a(x)—l) )

a(x)-1
u, ‘(a’(x)) |un —u|a(x) —0.

As n—>o,1'(u,)—>0,s0 we get

w,|" V Au, VA (1, —u)dx — 0,i =1,2. (16)

Define

(7 ()v)=],

According to lemma 13, the continuous mapping J':X — X has the

2V auv Avdx + [ [VAu|*" VARV Avdy, Vu,v e X.

property (S,), Le,if {u,} weakly convergesto uin Xand
lim sup<J'(u” )=J'(u),u, —u> <0, which implies that {u,} strongly
converges to zin X. From Equation (16), limsup, <J'(un)—J'(u),un —u> =0,
so {u,} strongly convergesto uin X. Therefore, the functional I satisfies con-
dition (C). Ul

Proof of Theorem 2. We will prove that 7 satisfies the Mountain-Pass Lemma
below.

1) It follows from Lemma 14 that /satisfies the condition in X Since

pi <a <a(x)<p(x),and X &L (Q) thereexists C,>0 such that
. <Cylul,vuex.
Pym

|u

Let ¢(>0) besmall enough such that eC” M < 2C . By assumptions (F0) and

P
(F1), we have
F(xt)<ellf™ +C (o)™, v (x,) e QxR
From |u]| <1, we get
()= [, —|vau|"" dx+j |VA 2 de— [ F (x,u)dx
A
> —+J.|VAu ne dx+—+.[|VAu 7 g
Py
—gf |up”dx C(e I |u
> L ol ) -ect ur’M—c(e)uun“*
P
> 5 | = e ful " —C (&) u]”
Pu
>SNyl — () |ul”
2y I =€)l

This means that there exist pe(0,1) and §>0 suchthat /(u)>5>0 for
each ue X satisfying ||u|| =p

2) From (F4), there exist two positive constants C,,,C,,, such that

F(x,0)2Cyld’ -C,, vxeQt= M.

11>
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For any fixed we X \{0} and ¢>1, we have

I(tw)zjgp VA" dx + j |VAta)|p2 de—[ F(

I(tw) < t"
( ) ( pl

~Ct” fﬂ|a)|ﬂ dx -G, .

dx+j |VAa)|p2

Dueto S> p,,,we have

I(u)—> —o0, ast—> o,

3) Obviously, 7(0)=0.

x,t@)dx

“

From 1), 2) and 3), we deduce that 7 satisfies the conditions of the Mountain-

Pass Theorem. Therefore, I has at least one nontrivial critical point. The proof is

completed.

3.3. Proof of Theorem 3

Let X be a separable and reflexive Banach space, then there exist {ej} c X and

{e;} c X" such that

X =spanfe;:j=1,2,}, X" =span{e;:j =12},

with

Define

k ES
X, =span{e, |, ¥, =0 X, =0 X,

Lemma 15 (Fountain Theorem). If /< C'(X,R), satisfying:

1(0)=0,/(-u)=1(u),and
1) For ke N, there exists 7, >0 andas

k—+00,b, = inf I(u)—>+ow;

ueZy ,HuH:rk

2) For p, >r, >0, thereis a,:= max I(u)<0;

ueyy ,HuH:pk

3) The functional I satisfies the (C) condition, that is, for any sequence
{u,} = X, from {I(un )} being bounded, (1+||un||)||1'(un )||—>O(n—>+00) , it

implies that {u,} has a convergent subsequence.

Then the functional I has a sequence of critical values tending to +oo .

Proof of Theorem 3

By using Lemma 14 and (F5), it is known that 7 satisfies condition (C),
I(-u)=1(u),and 1(0)=0.To prove that Theorem 3 holds, it is only necessary
to verify the linking conditions (1) and (2) in the Fountain Theorem (Lemma 15)

are satisfied.
First, prove that (1) holds. Denote p, —sup{"u

ueZk,"u"— } Then as

DOI: 10.4236/jamp.2026.142034 643 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.142034

Z. H. Li, Q. Miao

k—o, 5 —0.

For ueZ, with ||u|| =r,>1, from (F0), we have

_ 1 pi(x) 1 pa(x) ¢
I(Ll)_jgp1 (x)|VAu| dx+jﬂp2(x)|mu| de— [ F(xu)dx
1 T 3 alx
e L e o BT A
Pu
> S g, b~ 0
M
Cig ||, ||Pm
—u|[" —c,, —¢,,|u <1
N p;} " 12 15 |a(x)
S =B [l -aiss Uy > 1
M
Cia || |[2m ot |, et
2_+||”|| - U —as
M

1 - + +
P a a
20y (]f "u - B ”" —Cis-
M

1
A\ &
Take ||u|| =7 = (c”a*,B,f’ )Pm‘”‘+ , then,as k — 40, 7 — +oo. thus, we have

l Pm + at
m a
I(u)zec, o ””" —cu b ”" G
M
1 P a*
_ +pat \pr—at _ at +pa \pr—at | _
=C4| ¢ (Cl7a By ) " B \ena B Ci6
M
Pm
1 1 N + P;Fuﬁ
— — a —
=Cy ( n T e By Cg > 0.
Pu @

As k — 400, which shows that (1) holds.
Next, verify that (2) holds. From (F2), (F4), we have

9
F(x,t)2 el —cpo

Since 6> p,, and Y, =k, it is obvious that for ue?,, as ||u|| —> o,
I(u) — —oo . Therefore, (2) is correct, and Theorem 3 is proved.
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