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Abstract

This paper establishes the boundedness of fractional integral operators asso-
ciated with Schrddinger operators and their commutators with  BMO, (p)
functions on generalized fractional mixed Morrey spaces. This is achieved by
employing function decomposition and stratification techniques in these
spaces, while drawing on known boundedness results in the context of mixed
Lebesgue spaces.
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1. Introduction

The Schrodinger operator holds significant importance in harmonic analysis and
partial differential equations. In 1983, Fefferman [1] studied the eigenvalues of the
Schrodinger operator L, highlighted the limitations of the volume counting
method, and provided more precise eigenvalue estimates via the Sobolev,
Aronszajn, and K.T. Smith (SAK) principle. In 1995, Shen [2] investigated the [
boundedness of the Schrodinger operator L with specific potentials. Later, in
1999, Zhong [3] studied estimates for solutions of the Schrédinger operator L.
In 2009, Yang et al [4], while investigating the endpoint estimates for Riesz
transforms, maximal operators, and fractional integrals related to the Schrodinger

operator L, established a characterization of local Hardy spaces. In recent years,
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the mapping properties of integrals associated with the Schrodinger operator on
various function spaces have attracted widespread attention. In 2024, Guliyev et
al. [5] studied the boundedness of fractional integrals related to the Schrédinger
operator on generalized mixed Morrey spaces. In 2025, Xue ef al [6] studied the
boundedness of Marcinkiewicz integrals related to the Schrodinger operator on
Campanato-type spaces.

From a broader perspective, establishing the boundedness of operators on
various function spaces within the framework of Schrédinger operator with
perturbed potentials is a central issue in harmonic analysis and PDE theory.
Generalized fractional mixed Morrey spaces, as an extension of mixed-norm
spaces and classical Morrey spaces, provide a suitable functional framework for
studying the regularity of solutions to partial differential equations with anisotropic
or non-standard growth conditions. This paper aims to extend the boundedness
results of fractional integral operators and their commutators associated with
Schrédinger operator from classical Lebesgue spaces, Morrey spaces, and their
mixed-norm variants to generalized fractional mixed Morrey spaces. Such results
are of significant importance for studying the regularity, uniqueness of solutions
to Schrodinger equations, and the well-posedness of related variational problems,
particularly when dealing with potential functions V' exhibiting critical growth
or solutions with localized anisotropic behaviors.

This paper studies second-order Schrédinger differential operators defined on
R"(n>3):

L=-A+V,

where —A isthe Laplace operator,and V' is a non-negative function belonging to

the reverse Holder class RH, with g2 z. Specifically, let /' be a non-negative,
2

locally L, -integrable function on R”". If there exists a constant C >0 such that

the reverse Holder inequality

! T(x é<£ X
[t <l

holds for every ball B, then V' issaid to belongto V e RH, (1< p<o). pical
examples include non-negative polynomials ¥ € RH_, particularly |x| €RH,.

For a potential function V e RH, with g2 5 the critical radius function is
defined as

1 1 n
pl) = (x>:S“p{"r"_zfsu,o”y)dyS‘}’ re

>0

It can be observed that: when V' #0, 0<m, (x)<co;when V=1, m,(x)=1;
and when V (x)= |x|2 , my (x)~1 +|x| .
Based on the heat diffusion semigroup e, for a sufficiently regular function
-8
/. the negative power integral operator L? (£>0) associated with the

Schrodinger operator L can be expressed as
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I f (x) j e (f t2 'dr, 0< B <n.
According to existing research results [7], for sufficiently regular functions f
I;f(x)z ]R”Kﬁ(x,y)f(y)dy, 0<fB<n, (1.1)

where the integral kernel K, (x,y) satisfies the estimate:

C 1
K (x.7)] < o]
X-y
1+
[ p(X)]
In particular, for 0< fB<n, |K (x y)| C

The commutator operator [5] is defined as
025 ] £ (%) =b(x) L5 f ()15 (bf ) ().

It is noteworthy that when L=-A, Ié and [b,l/ﬂ reduce to the classical
Riesz potential and its commutator, respectively:

In f( I”b(x)—b(y)

Lo [0, 17(2)

In 1961, Benedek and Panzone [8] first introduced the definition of mixed-
norm Lebesgue spaces. Mixed Lebesgue spaces play a crucial role in mathematics
and have garnered widespread attention from researchers; see [9]-[11]. In 1938,
to study the regularity of second-order elliptic partial differential equations,
Morrey introduced the definition of Morrey spaces [7]. In 2019, Nogayama [12]
introduced the definition of mixed Morrey spaces and proved the boundedness of
some operators on these spaces, In 2021, Nogayama et al. [13] established new
norm estimates for mixed Morrey spaces. In 2022, Wei [14] proposed the
definition of generalized mixed Morrey spaces. In 2023, the concept of generalized
fractional mixed Morrey spaces was defined in [15] and the properties of these
spaces, as well as the boundedness of various operators on them, have been
thoroughly studied; see [15].

Although the techniques used in the proofs—such as ball decompositions,
truncations, and the known boundedness in Lebesgue spaces—are standard in
harmonic analysis, extending the fractional integral operators for Schrodinger
operators to the generalized fractional mixed Morrey spaces L (R") presents
several nontrivial challenges. First, the mixed norms cause t%le norm of the
characteristic function y, of a ball to no longer be simply |B|; (Lemma 2.3),
which complicates the scaling analysis. Second, the introduction of the generalized
function ¢ makes the geometric structure of the space depend on the growth of
the scale r, and its doubling condition (1.3) must be precisely controlled in the
summation estimates throughout the proof to ensure the convergence of the series.
Third, the Schrédinger potential V' introduces a new “metric” through the

critical radius function p(x) , which interacts with the Euclidean metric. This
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k

- J and the growth

p(x)

factor of BMO, ( p) functions in pointwise estimates and commutator estimates.

requires simultaneously handling the decay factor [1 +

Managing the interplay among these three elements and deriving the precise
constant condition C, to ensure the convergence of the series constitute the core
difficulties of this work.

Inspired by the above results, this paper will study the boundedness of
fractional integrals associated with the Schrédinger operator on generalized
fractional mixed Morrey spaces. To this end, it is necessary to recall some concepts
and notations.

Definition 1.1 [8] The Lebesgue space with mixed norm I’ (]R") was

introduced by Benedek and Panzone, as follows
r(R")= {f e l(R"): 10,5y < oo},

where [’ (]R") denotes the set of all Lebesgue measurable functions on R”,
p= (pl,- D, ) € (0,00]n and the definition of the mixed Lebesgue norm

[ sy s

10 =10
” L
% P2 (1-2)
=/ [ j(”f(xl,xz,...,xﬂ)rl dx'j Cdx, | edy,
R R\R

Definition 1.2 Let ¢ be a positive, increasing function defined on (0,00)
and there exists a positive constant C, such that

9(2t)<C,p(t), forany>0. (1.3)

The best possible constant C, in (1.3) is called the doubling constant for the

Q.
Let ne[0,n) and p=(p,, -, p,)e(0,] satisfy
o1

> —>,

j=1P;
and >0, VeRH, , q=>1,then the generalized fractional mixed Morrey space

norm ”'"Lﬁ”;ﬂ’(m”) is defined by

n 121

"f"L[’"W’ gr) = SUp [w(r)]zizzlpi/ (1.4)
@« ( ) R” >0

fZB(x,r) B
for fel (R") . We define the generalized fractional mixed Morrey space
e (R") to be the set of all f e’ (R") with ||f||L§,},¢(Rn) <o,

Remark 1.3 If we set p ;=D ( j=1--, n) ,in (1.4), then the generalized fractional
mixed Morrey space L (R") coincides with the generalized fractional Morrey
space L}}” (R”) .
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Definition 1.4 [16] (BMOB (p)(R” )) For 6> 0, this space is defined as the
set of all locally integrable functions b satisfying

1

WIB(X,I‘)

b(y)—b3|dysc[l+p(rx)j€

forall xeR" and >0, where b, denotes the average of b over the ball
B .Thenorm of beBMO,(p) isdenoted by [b],. Clearly,
BMO(R") < BMO, (p)(R").

Throughout this paper, the letter p denotes # -tuples of the number in
(0,00], nx1, ﬁ:(pl,pz,w-,pn) , 1<p<o means 1< p, <o for each i,
For 1< p<o,wedenote p'=(p|,ps,,p.),where p! satisfies
Ip+1/pi=1.

2. Preliminaries

Before proving the main results, we need to recall the following lemmas.

Lemma 2.1 [8] (Holder’s inequality on mixed Lebesgue spaces) Let 1< p <oo

and %+é =1.Then forany fel, and gelL,,wehave
p P

Joo /(W) g (x)ax<| 1], [ell,,

Lemma 2.2 [8] (Minkowski’s inequality on mixed Lebesgue spaces) Let
1<p<o,If f,gel;,then

|+l <I71,, +lel., -
Lemma 2.3 [12] Let 0< p<w,and B beaballin R”.Then
Ton 1
151, =Nzl =18l

Lemma 2.4 [2] Let ¥V eRH, . For the associated function p, there exist
constants C and k; 21, such that forall x,yeR",

ko
_Y" — ke
C'p(x 1+MJ <p(y)<Cp(x (1+MJ .
= R CRE T
Lemma 2.5 [17] Let x € B(x,,r). Thenfor keZ,

L _<c L

kY S
[1+ 2%r J - Zkl" ko+1
p(x) (%)
Lemma 2.6 [16] Let 1<s<o.If be BMO, (p)(R") , then for any ball
B=B(x,r) withcenter xeR" andradius r>0,

(l_flgluza(y)—bﬁdxjs S"""BMW(R”)(”ﬁj |

where 6'=(k,+1)0,and £, isthe constant from Lemma 2.4.
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Lemma 2.7 [16] Let 1<s<o.If be BMO, (p)(]R”), and B=B(x,r), then

forall keN
] .
,
o] et {10235

1
o

where 6'=(k,+1)0.

B|b(y)_b3 S

3. Main Results

n

i u]
Theorem 3.1.Let VeRH,, a>0, 0<f<n<n, 0<C,<2 /[""zlp" ,

0

1< p<g<w, and satisfy lezi—ﬂ. Assume that Ij is defined as in

j=14; =1 P;

(1.1), and Z— >77. Then there exists a positive constant C such that for all
Jj=1 p/

feLI”H/’( )

5.1

L'Z;yrlz;ﬁw(Rn) < C||f||L§1'I’,'”’(R”) :

Proof of Theorem 3.1 Let B=B(x,,r) be an open ball centered at x, eR",

with radius 7 >0. We can decompose the function f as
f=h+h=lts+/x "(28)’

By Lemma 2.2, we have
15 ()

)<k

=D +D,.

qui ﬂw Lqrz ﬁw(Rn +||1L fZ)

1R

By (1.3), (1.4) and the boundedness of Iﬂ from Lp(R”) to L( ) [8], we

have

= s [t o) )

xoe]R",r>0 Lq(Rn)

<C sup (1+ ][(p L Ellfnglllp

xgeR" >0

xOER",r>0

<C sup [1 +%:O)Ja [go(r)]%ii;ﬂ% [(p(Zr)];él?f;

USRS
xLo(2r) ] e | 2ol e

Ly 1B 11 n

1
gC”f"Lg’V’(R) Supr I:CD :' " "/ 11’/ [(0 2]" :| Elﬁi n

xpeR

121 5

Cp(r) Jriins
xoeR" 1

< Cllpgoper)-
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To estimate D,, we first consider |I§ (fz)(y)| for yeB(x,r). By (1.1),

(1.4), and Lemma 2.1, we have
5 (£) ()]

NG i If(Z)Iﬁ
le\zk |y Z|

dz

<C
=
2]

<CYy j |f(z)|dz

-2
k=1 |2kB| n 2

szﬂ

< Ci |1_ﬁ “fﬂ(zk I ( ) B Lf"(JR”)

k=t |2 B

w [yl 7 (A 12

e L G| R L e

[ -

fZZkHB

LP'(R")

* Z2k+] Bll/P (wn

L‘”;R ) [¢<2k+1 r)};fél;_%

|2"B|'7

k:l

® 2k+1
SC"f"LpﬂW Z( (xo)]
Furthermore, by (1.3), (1.4) and Lemma 2.3, we have

D, = sup O(H J [o(r }

xgeR",r>

103 .

n-p 11

r ‘ Ly
< C"f"LZ’}’(”(R") ?Rg}i>0£1+ p(XO)J [(p(r):| nj=149j

Xp€

Z8(x9.)

o(e)

®© o ZZHIB 5 12

ok P (R . ;ZL.*%
XZ(Hp(xor)] :é )[(”(2/ )]

= 2B

n=p_ 121

w) SUP [qo(r)]sz,qu
xpeR",r>0

<l

n
< C||f||L§1'{,~<"(n§") Sﬂgp)()[(P(i’)]” '1,-2=ij

xpeR",r

o 2k+2 a B (x , 2k+1 r) ;FUT/' ) | i L
X;(l+p(x03j 0| . |1,£ |:¢7(2k 17"):|"J:11’/ n
= S gl

e Eaal ¥
Sup i:|B(x0,r)| Py (HP(XO)J (p(2k+1 ) ,217,7
>0 %=1 isL2 o(r)

< Ul
‘B(xo 2k+1 )‘ op;on
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<Clflypoey s 3

© k+2 e CkJrl ;2:27,7;
<C||f|| pw ) Z 1+ 2 r [ 0 :' j=1P.
e R k:l p(xo ) |:2(k+1)n :|1%L_€

C 510 (o 1
< Wlggepe 2|1 205

<Clr ||Lgv;,w(Rn) ’

YEARLEE

where the series

k=1 p(xo)

o o C(ab -2_“)
~ —ak _(k+1)b _ b H-a\" _
~kZ:;C ? kZ:;‘C(a : ) 1—(ab-2’“ ’

k+2 k+2
2
when &k — o, (1+—FJ z(—r] =C-27".
p(x) p(x)
Explanation on the convergence condition: The series convergence requires

C n
a”-27 <1, where a= Z—Z’ ,and b= lz ;=1L —% > 0. Taking logarithms yields:

n=—'"p,
b(lnCw —nln2)—aln2 <0,
Rearranging gives:

InC, <nln2+gln2,
b

which is equivalent to:
ol
C <2 b=p [\ ?
Y .

Combining the estimates for D,, Theorem 3.1 is proved.
Theorem 3.2. LetV e RH,, a>0, beBMOB(p)(R"), 0<pB<n<n,

)

PR
n+a, ;Z——;J n n
0<C,<2 /[ APt 1< p<g <o, and satisfy zizzi—ﬁ. Assume
=14

i AP

that 7% 5 isdefinedasin(1.1),and Z— > 77. Then there exists a positive constant
Jj=1 p/

C, such that forall f e L)%’ (]R ),

[o.7:1()

Proof of Theorem 3.2 Let B =B(x,,r) be an open ball centered at x, € R"

<Clo|

L) BMOp(p)(R" f"LP"'P(R“)'

DOI: 10.4236/jamp.2026.141013

265 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.141013

Z.X.Cheng, Y. Q. Yang

with radius 7 >0. We can decompose the function [ as
F=F+ o= L an* f ey
Using Lemma 2.2, we have

[e.257(1)

L‘”f’ HbI f)

=E1+E2.

LLhe ” b I fz)

qv ﬁw( )

By (1.3), (1.4) and the boundedness of [b,lﬂ form L; (}R") to L; (]R”)
[18], we have

E = sup (l+ J[go ]" "/nm

XOE]R",r>0

[b IL](f)

Iz (]R”)

1 n

<l 20 (19| Lol 5l

xoe]R".r>0
2 Y ATEE 151
<C||b||BMO ( ”)XOESEEPDO(l-’-p(XO)J [(D(r):l n "/ 14/ |:§0 27" :| =1Pj "
7.1g 1
<o (2r)] 50 | Zaall e
np Ll 1P Iyt n
—C"b"wog )”f"ngw(Rn) S];P 0[(0(r)} " ",Eﬂ’f " [q)(Zr)]n,ap, n
xpeR”,r>
1 1 7
Cp(r)Jrmm
< Pl Il ||L<:;z>w<w)m;‘?i>i o0) }

< C"b"BMOg(p)(]R") ”f"Lg:'],’”(R”)
Forany ye B(x,,r),since

[5.251(5) ()|l (B(r) =25 )

|75 (1)) ((0=2) £) ()

we have
E,= sup |1+—b a[gp(r)}%fléq, [b IL](f)
xpeR" >0 p(x()) F : Lé(B(XO’r))
< sup |1+ r ) I:¢(r):|#7%§jlqi ||(b(~)—b )[L (£)
B xpeR" >0 p(xo) '/7/ 2877 BN 2N (B(x.r)
7 “ n-p_1
+ s 1+ n w15 (B()—b
xoeﬂ:;’p»o[ p(xo)J [(P(”)] /3( () 23)(1{2) o)
=E,+E;
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&

By (1.4), Lemma 2.3, Lemma 2.6, the estimate for |I/L, (fz)(y)| in D,, and
taking N >(k,+1)6, we have
AR AT L
:xoes]];g)o l+m [q)(r):l noonjg; (b(')_bZB)Iﬁ' (fz) Lq(B(xo,r))
P ) U REY
SC||f||L§1',§’“’(R")X0:§3>O l+m |:go(r):| LR ||b(.)_b23||L‘i(B(x0,r))
B okt Y Aohri g v (w) » Il n
1+ 2 nj= Py
P
1p 131
< Il pgofery sup [50 ] v [B()=as g
XOE r
w gk+2,, - ‘szﬂg Lf"(nza”) il L R
x 1+ 25 ) (rimpi
;[ p(xo)j |2kB|17€ |:¢( I")j| J
o B 11
r ko+1 L**i*
<C ||b||BMog n)||f ||ng;«¢(w)xojﬂ;ﬁ)ﬂ[”m} [(P(r )] "R X By ) (=)

121 7
Ei) "

nipjon

2k+2r - le”B

|
P (xo )J |2k B
) Lz

Y
)

p(xo

X

0 p(2r)]

n

Z(l

<Clol

BMOy(p

141 7

ZB(XOJ) Lq(R") (D(szrl ) 12127;
i o(r)

Zzlwl B

©

X sup Z(1+

xoeR”" ,r>0 k=1

2k+2

7' (r")

|2"B

<Clo]

BMOy(p

() 1 Lo

2k+2r ) k+1 n = ” )
B (1+p(xo)J ‘B(xO,Z r) =125 | B (%, 7 )| 519 £+1¢(r) %/:lp%_%
X sup Y
xoeR",r>0 k=1 |2kB : (D(I")
[ k 1:|l o

o 2k+2 e C +1 5 Py

< C“b"BMOg )”f"Lg,w )kz;[l+ p(xor)] |: ((ﬂ | :|1 —
- k1) T

< Clloy n

<Clol

() [ Lo

BMOy(p

(=) I ||Lg;vy~w(m~)

. 2 .
To estimate E;, we first consider

I; ((b(.)—bw)fz)(y)‘ , for yeB(x,,r).
By (1.1), (1.4), Lemma 2.1, Lemma 2.5, and Lemma 2.7, we obtain
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klkl(k) |y z|N |x—z|7
= ip\(2" B - 0
[H p(y)J
scg lll lk § kj |b6(2)~by, | f () dz
_|2kB| [14_2;’) 2#+lp
p(»)
gcg ll_ﬁ L [ ) bu]s(2)|e
= |2kB| n (1+ 2k Ykt 218
p(x)
SC% ! 7 ! L||(b(')_b23)/l/2k+13||ﬁ,||f/1/2k+18||i7
k I|2kB n (1 2k Yot
+
P(xo)
=1 1 201, Y
<C b A (k+1)[1 . .
;|2"Blf (1+ 2("r)]k‘jv” Plavossier )( +p(xo)J bl bz,
P\ X
L Z + —r
< C||b||BM09 (=) ; (k+1) |||2:kBI|T||5 ” r sz+lg||,~,

0 2k+l r —a ‘
= C”b"BMOH )”f"Lg:'lﬂJﬂ(]Rn) Z(k+l)[1+ )j
Furthermore, by (1.3), (1.4), and Lemma 2.3, we have

E3= sup (uﬁf [o(r)]

X0 eR”,r>0

n-p

v |1 (6() =02y ) (1)

(B(x0.r))

77,511

o

1n17;

¢ ol

n-p 1241

SC"b"BMOg(p)(R”)||f||Lg:¢”/’w(R") S];p 0[(p(r):| rotad
xpeR",r>

< Pl V)0 12 1.

o K+,
><Z(k+1)(1+2 F)J |
k=1

p(xo

(r)

p(xo)
Ayt g

= 1-*

2¥B
25

X 8(x9.r)

I (R”)
Ig L

g2t ) 2

n

-a
sz B

S

|2kBl’
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_C"b"BMOg (o)(®") f"L‘“W(R”)
ok+2,, ] -
(1+ ”Z w7 X8| 4 k+1 z*l
- X" n 2 pj n
s Sk 2) 7 el )
YoeR" >0 k=1 |2kB - (0(”)
121
o) T
< Cleluio, ey 1/ ||pr(Rn){‘;T

n

RTINS L LCRE
xoeR",r>0 k=1 p(xo) |2kB I—g
—a sl 2
il 2k+2 [C;HJ”_/:W "
<Ml ey S0 1425 =

|:2(k+1)n ]an] o n

@ k2, o C (k“){% éi*%}
< C"b"BMOg R” f"L‘”W R" Z(k"'l){ )] {z—f} »

k:l

<Clol

/ ||mw(w)

BMO,(p ]R”)

The estimate for the convergence of the series here is similar to Theorem 3.1.

Combining the estimates for £, and Ej), Theorem 3.2. is proved.

In this paper, we have established the boundedness of fractional integral
associated with the Schrédinger operator and its commutator on the generalized
fractional mixed Morrey spaces. The main results are stated in Theorems 3.1 and
3.2. Our results provide a unified framework that recovers several known results
as special cases. For instance, by setting p, =p , we obtain boundedness on

A
and

generalized fractional Morrey spaces [15]. By further setting ¢(r)=
a =0, we recover results on classical mixed Morrey spaces [13]. When L=-A,
the results pertain to the classical Riesz potential and its commutator on these
generalized spaces.

Future research directions naturally suggested by this work include: investigating
the boundedness of other operators related to L on these and similar spaces,
exploring the compactness properties of these operators on generalized fractional
mixed Morrey spaces, considering more general potentials / or replacing the
Laplacian —A with other elliptic operators, applying these boundedness results
to study the regularity of solutions to non-linear partial differential equations,
particularly of Schrédinger type, in the context of mixed-norm and Morrey-scale
spaces, the estimates proven here could serve as crucial tools in establishing a

priori estimates for such problems.
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