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Abstract

This paper investigates a class of classical reaction-diffusion equations with a
time-dependent memory kernel, where the nonlinear term satisfies a super-
critical growth condition. Under a new theoretical framework, we avoid the
use of Sobolev embeddings in the treatment of the supercritical nonlinearity.
Since the Sobolev control fails in the supercritical case, we establish the well-
posedness of solutions by means of integral-type energy estimates combined
with the intrinsic structure of the system. Furthermore, by employing a refined
solution decomposition technique, we prove the existence and regularity of a
time-dependent global attractor. Our results extend the existing conclusions
for reaction-diffusion equations with subcritical or critical nonlinearities.
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1. Introduction

Let Qc R’ beabounded domain with smooth boundary Q. The asymptotic
dynamics of the following classical reaction-diffusion equation with time-

dependent memory kernel
6tu—Au—I:hr (S)Au(t—s)ds+f(u) =g, er,te(r,+oo),

u(x,t) =0,
u(x,t)=u,(x,t),

xedQ, te(r,+0), (1L.1)

er,te(—oo,T],

are investigated in this article.
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Suppose that the time-dependent memory kernel function 4, (S) is nonnegative,

convex, and summable, with £, (s)= _Lw u,(r)dr, VseR", teR. Assuming

#,(8)=-0,h,(s) , the mapping (£,5)> 4 (s):RxR" —>R" is supposed to
satisfy the following structural conditions:
(H)) For every fixed teR , the function st ,ut(s) is nonincreasing,

absolutely continuous, and summable. Moreover,
k(1)= I: 4, (s)ds, ilIEngK'(t) >0.

(H,) Forany 7 eR, there exists a continuous function K, :[7,0) >R" such
that

w1 (s)<K (1) (s), Vi=7, ae seR",

(H;) For each fixed s >0, the mapping > 4, (s) is differentiable, and for

any compact set L < RxR", we have
(1.5) > 1 (5) £ L (K). (1.5) > 8,8 (s) € L (K).
(H,) There exists 6 >0 such that
0,1, (5)+ 0., (5)+ 3 (1) 1, (5) <0, V1 €R", ae. seR".

Assumptions (H1) - (H4) characterize the fundamental properties of time-
dependent memory kernels arising from aging materials. Conditions (H1) - (H2)
guarantee the integrability and boundedness of the memory effect, (H3) describes
the smooth temporal variation of the memory intensity, while (H4) models the
decay mechanism of memory and plays a crucial role in the derivation of the
dissipative estimates.

Assume that gel’(Q) is the external forcing term, and f(u) is the

nonlinear term, satisfying the following supercritical growth condition

7l|s|p—ﬂlSf(s)sS72|s|p+ﬂ2, p=2, (1.2)
where y,,7,,5,,5, >0 are constants, and the dissipation condition
f(s)=-, (1.3)

where [ are all positive constants. Let F(s)= J: f(v)dv. By assumption (1.2),
there exist positive constants ¢, ﬁ~l >0 (i=1,2) such that

as|" - B <F(s)<a,ls|" + B, (1.4)

In recent years, many scholars and experts are engaged in studying the
asymptotic behavior of the solution of the classical reaction-diffusion equation see
the literature [1]-[3]

6tu—Au+f(u):g. (1.5)

This equation describes the evolution behavior of the system under the joint
action of diffusion and nonlinear reaction. It is found that the conduction properties
also have an impact on the reaction-diffusion process, in actual materials, such as

rubber, high molecular polymers, there are often “aging” phenomena, the elasticity
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will become weaker and weaker with the passage of time, the traditional memoryless
model can not accurately describe such behavior. To this end, researchers have
introduced the time-dependent memory term to describe the system’s dependence
on its historical states, see [4]-[7], and the existence of a time-dependent global
attractor means that, despite the continuous degradation of memory caused by
aging, the system still evolves towards a stable long-time regime, which provides a
rigorous mathematical description of the asymptotic behavior of aging materials
with time-varying memory effects.

When the equation contains a time independent memory kernel, the system is
called a classical diffusion equation with fading memory. Under this framework,
many scholars have conducted in-depth research on the long-time behavior of the
system solution. For example, literature [8] studies the long-time dynamic behavior
of the classical reaction-diffusion equation with fading memory when the nonlinear
term satisfies the polynomial growth of any order, and proves the existence of the
global attractor by using the abstract function theory and the semigroup method.
Literature [9] proves the existence of the orbital attractor of the nonclassical diffusion
equation when the nonlinear term satisfies the critical exponential growth. Reference
[10] studied the well posedness of weak solutions of a nonlocal partial differential
equation with long memory, and proved the existence of attractors.

In the past two decades, increasing attention has been paid to diffusion models
with time-dependent memory kernels 4 (s), since they are capable of describing
more complex phenomena such as material aging, variations of memory intensity
induced by environmental changes, and the evolution of dielectric properties over
time. Representative works [11] have shown that such systems still possess
dissipativity under time-dependent memory effects and, by constructing suitable
families of time-dependent processes and establishing asymptotic compactness,
have proved the existence of time-dependent global attractors. However, most of
the available results are restricted to subcritical or critical reaction terms, see [12].
The main reason is that, in the supercritical case, the Sobolev embedding structure
that is usually employed to control the nonlinear term is no longer applicable,
which destroys many key a priori estimates and makes it impossible to obtain the
dissipative and compactness properties of the solution process by standard
methods.

Inspired by the above research, this paper studies a class of classical diffusion
equations with time-dependent memory kernel for the first time, whose nonlinear
term satisfies the supercritical growth condition. By combining integral estimation
and solution decomposition techniques, the essential difficulties caused by the
supercritical growth of nonlinear terms and time-dependent memory kernel are
overcome, the well posedness, dissipative estimation and the existence and regularity
of time-dependent global attractors are proved. The results in this paper generalize
the conclusions in the literature on subcritical or critical cases, and thus systematically
study the long-time dynamic behavior of such systems for the first time.

The structure of this paper is as follows: Section 2 recalls the function spaces
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and preliminary results; Section 3 discusses the well-posedness of solutions; Section

4 proves the existence and regularity of the time-dependent global attractor.

2. Notations and Preliminaries

2.1. Function Space and Memory Kernel Hypothesis

Let Qc R’ beabounded domain with smooth boundary. Define 4=-A with
domain D(A4)=H?(Q)NH,(Q). For any keR, define the family of Hilbert
spaces D (Ak/ 2) , whose inner products and norms are respectively given by

(ol 3] = (a3

where () and |-| denote the inner product and norm in L*(Q).

k
A%u

E

In particular, for 0<k <3, denote
K
v, :D(AZJ, H=0['(Q), V,=Hy(Q), V, =H*(Q)nHy (Q).

For 0<k <3 and under the conditions on the memory kernel, define the

memory space

Mg (55

LR AN

g (s as< oo},
with inner product and norm

(r.8), ¢ =I; () (9.8 (5)), .

2
ds.

&

;f, = [ (s)]¢ (s)

2.2. History Variable and Equation Transformation
Following the discussion in reference [13], we introduce the history variable

j;u(t—r)dr, 0<s<t-r,
n'(s)= (2.1)
nr(s—t+r)+j0 u(t—r)dr, s>t—1,

with the corresponding initial-boundary conditions
u(x,t)zO, xedQ, t>r,
n'(x,5)=0, (x,5)€0QxR", 1>,
u(x,t)=ur(x,t), xeQ, t<1,
n’(x,s):nr(x,s), (x,s)eQx]R*.

(2.2)

Here, u(-) satisfies the following condition: there exist two positive constants
R and p<J such that

Vu(—s)"2 ds<R,

e
0

where the constant ¢ is defined in assumption (H,), and |||| denotes the norm
in I}(Q).
Let oeR, T>reR, ueC([r,T];VJ> , 1, €M’ , where [I,T]ER .

Moreover,
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omn' (s)=-0,n"(s)+u(). (2.3)
Then, the original equation can be transformed into the following system:
ou —Au—I:y, (s)An'(s)ds+ f(u)=g,
on' =—on' +u(t),

t (2.4)
u|8Q =0, 7 |aQ =0,
u(x,t) =u, (x,t), n' (x,s) =7, (x,s).
From (H,), we obtain
||77’|;;r <K, (t)||77’|i/t;r , Vit (2.5)

Furthermore, there is a continuous embedding
M2 c M7, Ytz
Consider the linear operator
T:D(T)c M7 > M7, Ty =-d1,
which represents the weak derivative. Its domain in H? is
D(T)={n' e M7 20,1 € M limif (5)=0}.

As in reference [14], T is the infinitesimal generator of the right-translation
contraction semigroup on M/, and thus is a dissipative operator. More precisely,

the following estimate holds:

<’JI‘J7’,77’>MU =%I:65,ut (s) I]t(s)"i ds, Vn' e D(T,), (2.6)

Then, by condition (H;), we have
<’11‘tn’,77’>MJ <0, Vn' e D(T,)).
From (2.3), it follows that
T cT, Vt>r. (2.7)
Define the time-dependent space
H =V, M,

with norm

2 2
et

Il = (')

2.3. The Solution Process and Attractor Definitions

Definition 2.1 ([6]). For every teR,let X, be afamily of normed spaces. We

consider a two-parameter family of operators
U(t,r): X, > X,

depending on ¢2>7 R, and satisfying the following properties:
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6)) U(r,r) is the identity map on X _;
(ii) Forany oceR andany t2>7 20, itholds that U(t,r)U(z',O') = U(t,a) .
The family U(#,7) will still be called a process.

Definition 2.2. A family of sets B={B,} _ is called uniformly bounded if

teR

sup||Bt|| x, = supsup ||§|| x, <,
teR teR £eB,

and if for every R >0, there exists a constant 7, =7,(R)>0 such that

U(t,7)B,(R)c B, Vi-t>1,

teR

where B, (R)= {§ eX. |4, SR}. In this case, B={B,} _ is called a time-

dependent absorbing set.
Definition 2.3. A family C={C}

uniformly bounded if for each ¢ € R, there exists a constant R >0 such that

of bounded sets C, c X,

, is said to be

C,c{zeXt |l SR}:IB%t(R), vieR.

Definition 2.4. A family A ={4, }teR is called a time-dependent global attractor
for the process U (Z, Z') if it satisfies the following properties:

(i) For each teR,theset 4, iscompactin X,;

(ii) A is pullback attracting, that is, it is uniformly bounded, and for every

uniformly bounded family C={C,} __,we have
lim dist, (U (2,7)C,,4,)=0;

t

holds for every uniformly bounded family € ={C,} . andevery reR.
Definition 2.5. A function ¢—> Z(¢)€ X, is a complete bounded trajectory
(CBT) of the process U (t,7), if and only if
(i) sup,.z |Z(t)||X1 <03

(ii) Z(Z):U(I,I)Z(r) forall z<t, reR.
Definition 2.6. A time-dependent attractor A ={4,}
t27,

R is invariant, if for all

U(t,)A4, =4, Vt>r.

2.4. Fundamental Lemmas

Lemma 2.1 ([15]). Let X,Y,Z be three Banach spaces. For 7>0,if X SoY
S Z ,and

14

{u e’ ([0.7];X)|duel ([o,T];Z)}

n

{wer([0.1);x)0ueL ([0,T];2)},
where r>1, 1< p<ow,then
Voo I ([0,T];Y), V00 C([0.T];Y).

Lemma 2.2 ([5]).(Gronwall-type Lemma in Integral Form) Let A: [r,oo) —-R
be a continuous function. Suppose that for some e¢>0 and any b>a27, the
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following integral inequality holds:
A(b)+2¢[ A(y)dy < Aa)+[ g, (»)A(r)dy+[ g () d,

where ¢,,q,>0 and g, €L, [r,0)(i=12) satisfy: there exist ¢,,c, >0 such
that

jbql (y)dy Se(b—a)+cl, sup.[tmq2 (y)dy <c,,
2T

a

then

€

A(t)<e® {|A(T)| ey 1026 Vixz.

— |?

Lemma 2.3 ([3]). Assume that e C' (]R+ ) ~L (R) is a nonnegative function
and satisfies: if there exists s, € R* such that x(s,)=0,then u(s)=0 forall
s>s,. Moreover, let Bj,B,,B, be Banach spaces, where Bj,B, are reflexive
and satisfy B, o< B < B,.If Cc L, (R*;BI) satisfies

1) €cL,(R%:B,)nH,(R":B,);
77(s)|21 < h(s) forall seR", where h(s)e LI# (R*) ,

B

2) sup,,

then QCLi,(R+§B1) is relatively compact.

Lemma 2.4 ([16]). Let (M,d) be a metric space, and let U(t,r) be a
Lipschitz continuous process on M , i.e., there exist constants C and X,
independent of m,, 7,and ¢, such that

d(U(t,7)m, U (t,7)m,) < Ce*"d (m,,m,).
Assume further that there exist subsets M,,M,,M, c M such that
dist,, (U (t,7) M, U (t,t)M,) < Le "™, v, L >0,
dist,, (U (t,7) M, U (t,7) M, ) < Le ™), v, L, >0,
then
dist,, (U (t,7)M,,U (t,7)M;) < Le™",

vy,
K+v +v,

Lemma 2.5 ([6]). Let Z(¢) be a complete bounded trajectory (CBT) of the
process U (t,z'). If the time-dependent global attractor A :{A(t)}teR of the
process U(#,7) isinvariant, then A= {Z |t—>Z(t)e X,} .

where v= and L=CL +L,.

3. Well-Posedness and Regularity of Solutions

In order to obtain the well-posedness of solutions and perform dissipative
estimates, we need to rely on the following results.

Lemma 3.1. Let

q)(u,nr) = (2 - T)|:(t _T)K(T)"u”i”([r,r];ﬁf’)}+ 2|, j\,i;r
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and assume 7' € M7 < M7, where

"77’ jwé’ <®(u,n,), Vte[r,T], (3.1)

and

||’7 <®(u,n, )K, (1) L ([7.T]). (3.2)

Lemma 3.2. Assume 77, € D(T,).Thenforany z€[7,T],wehave n' € D(T,),
and the equality
o' =T.n'+u(r) (3.3)

holds in the space M’ .
Remark 3.3. Due to the embedding M & M and from formula (2.12), we
know that for any fixed ¢, the equality

omn' =Ty +u(t)

holds in the space M’ .
Remark 3.4. When 77’ € D(T,), it follows from (2.10) and (3.3) that

¥ (u.n,)K, (1), Vie[r,T], (3.4)

where W (u,n,)=x(7)

||u||L°°([T,T];VU) +
Lemma 3.5. Let [ =[7,T]. Assume ueC(I;V,) and
_e(' (R+ )ﬂD(T ) Then, for any 7<a<b<T, the following inequality
holds.

<

e~ 1 o ()0, (s) ]| (s)]] ds
2

e +2L <u(t),77'>/\/1;r de.

Lemma 3.6 ([11]). Forall 7<a<b<T, the following estimate holds:
| 7' (s)
- j [ (2, (5)+ 0, (5)) ()] dsc (3.5)

2
e +2L <u(t)”7t>M," de.

Definition 3.7. Let ge’(Q) andalsolet 7 >7eR. A binary
z(t)= (u(t),n’) is said to be a

« strong solution of the problem (2.4) on the interval [T,T ] ,if

6) (u,r]’)eL‘)O ([T,T];Hf);

(ii) The function 7' satisfies the formula (2.1);

a

7

2 2
b dt

M

+§Ib/< t

a

<

n

(iii) For every ¢e¥, and almost every 7€[7,T],
(@ g)+ () + [} 1 (5)(' (5).9), ds+(/ (u).9) =(2.9).  (36)

« weak solution of the problem (2.4) on an interval [r,T ] R

(i) if there exists a sequence of regular data (uz'_' N7 ) €M’ such that
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(uf,r]f)—)(ur,nr) in M, (u,n’)eL”([r,T];H,l),and
u" >u in C([r,T];Vl),

where, (u: 7" ) is the sequence of the strong solution of the problem (2.4) with
initial data z! = (uf,?];’) eM’;
(ii) The function 7' satisfies the formula (2.1);
(iii) For every ¢ eV, and almost every ¢e [T,T] , Eq. (2.4) satisfies (3.6).
Theorem 3.8. (Well-posedness and Regularity) Let /=[7,T] forany T>7.
Assume that (1.3), (1.2) and conditions (H,) - (H,) hold, and ge I’ (Q) Then,
(i) For any (u, 77, ) € HT1 , problem (2.7) admits a unique weak solution (u, 77’) ,
satisfying

o,u (r)||2 dr<0,

21+ L’K(r)",]r"; [ dr+ [} ar+ [

where Q= max{Ql,QS} . In addition, if there exists a sequence of regular initial
data (u;’ ,77:) €H’ such that

sup
|24

(uf,l]f)—)(u,,nf) in H,,

then u" > u in C([Z’,T];V]).
(ii) For any (ur,nf)er , problem (2.7) admits a unique strong solution
(u,f]t ) , satisfying

suplz()f + .

2

u(r)"i dr+JjK(r)

(iii) Moreover, the solutions of problem (2.7) depend continuously on the

| ,dr<0,.

M?

initial data, that is,

2

"21 (t) -2z, (t)"Hl < CeC(R,/Il)(,,T)

2

z(7)-2, (r)"Hl ,

!
where z, ,z, €H,, t€ [T,T] ,and

|2 (6) =2 (o) < ce 4

2

z(7)-z, (T)”H,Z ,

where z(¢), z,(¢) are two weak solutions of problem (2.7) corresponding to

the initial data z,_ = (”1, S, ) I = (”2f 3, ) , respectively.
Proof. Taking the inner product of equation (2.7) with u, we obtain

Sl 20 =2, (5} (A (5) s +2(f () )= 2(gs). )
From (1.2), we have
( (w)su) 2 7l = 1}
Furthermore, by Young’s inequality and Poincaré’s inequality, it holds that
2(gu) <Ol + 55 e
where 6€(0,1) and 4 isa constant.

d 1
'+ @0l +2(er'), 27,0l < el +28 10
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Therefore, integrating the above inequality over [z,¢], we get

"u(;)"2 +(2—49)Jt||u(r)||l2 dr+2v|.:<u(r),77’>Mr] dr+2y, Lt "u(r)"; dr

< "u(r)"2 +0, (t—z'), Vt>r,

1
where O, = E"g”z +2519).

Define
Ey(0) = (O +'[.,-
Applying Lemma 3.6, we obtain
Ey(6)+(2-0) [ u(r) dr+5] x(r)
<E,(r)+0,(t-1),

r

2 t
A dr+2y, L

that is,

20y + [l () s [ () [ e ()

where O, =C(R,T,5,2-0,04.2,|g|.5]2)).
Taking the inner product of equation (2.7) with Au , we obtain

o) 2+ 2 +2(f (). =)= ) 0.

sup
(224

From (1.3), we know that
2 (u).~Au) =2 1" ()| Vuf dx <21 ()]} -
Obviously, we have
2(g,—u) < ulf + g
Thus we obtain
SO +1ull 2 o <200+l
Integrating (3.13) over [r,¢] yields
e + [ e () a2 (u(r)7)
<Ju( ) 21 Ju ()] @+l (1),
Applying Lemma 3.6, we have for any ¢>7,
(o <[ WG4

<[t + u()f dr+lelf (1-7).

u(r)"z dr+

772‘

j\43+21£

2
M}dr

’71'

Define

nt

E, (1) =[u (1) +

2
M

then we have

u (r)”fp dr

V4
" dr<9Q,.

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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0 <5< (Hﬂ"z(t)”;z . (.16)

Therefore, for any ¢2>7, we have

t 2 t 2
E (t)+| [u(r)[ dr+S| x(r)|n"| ,dr
e toareof 2>|| r 1
<E (r) u(r)"1 dr+||g|| (t—r).
Applying Gronwall’s inequality, we deduce
sup”z(t)”2 r
ar (3.18)

<C ([N, Tl 08,8810 = 0,
Taking the inner product of equation (2.7) with d,u , we obtain
[oudf + 35Sl = [} a1 (5) (a0 (5). 00} s+ (). 00) = (. 006), 319
From (1.4), we have
(f ().ouy=S ] F
By Hélder’s inequality, it holds that

(:0m)<[g[low]:

and from condition (H,), we obtain

:yt (s)<A77’ (s),@,u>ds < ||6,u||_f;c 4, (s)"An’ (s)”ds

<o ([ s (s)as ([ )
<ol K- (@ ],

From (3.20), it follows that
ST, () o
< ||a,u||(||g||+¢1<—, ()

) ds)g (3.20)

M,z)

| 1 ) (3.21)
<gloaf +3{lel+ K. )
2
1
<glouf +3(2lef +2x. (). )
Rearranging gives
2
(|| P F j Loulf <lef +&. (), G2

Define the energy functional
1
E(0)= ol + [, P ()

then we have
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d

B t)+—||8 u <|g + K. (e (o) ][, (3.23)
Integrating (3.23) over [r,l] , we get
1 ¢ o
w2 Nou(r)ff as < £()+elf (1) + [ W lear 329
hence,
supE J"au )” dr<Q.. (3.25)

Let {W/}; be an orthonormal basis of [ (Q) which is also orthonormal in

V,,and satisfies —Aw; =w,, j=1,2,---.Let {y,}” beanorthonormal basis
of Li,{( . ) and satisfies —Ay, = Aj;(j, j=12,---. For each neN, define
the finite-dimensional subspaces

Hn :Span{wla"'awn} - Vl7 Mn :Span{)ﬁa""ln} CL; (R+7Vl)

Denote by P, :V, — H, the orthogonal projection onto H,, and by
0,: Li, (R*;Vl) — M, the orthogonal projection onto M, . Approximate the
initial datum =z, =(u,,7,) with a sequence {Zm = (um Mo )} c M, such that

u, =Pu, >u €V, n,=0n, > eM,. (3.26)
Foreach neN,let z, = (“,15772) be the approximation solutions, where
u, = Z}T/” ()w;, 7, :Z;A; (1) x>
Jj= J=
with 77,47 eC ! ([T,T ]) . Then, for every test function yw e H,6 and every
te[r,T], z,= (un,n;) satisfies
(6,un,l//>+<un,ly>l +J:y, (s)<77,’, (s),!//>1 ds+<f(un),1//> =(g.w), (327
and
Lj u, (t—r)dr, 0<s<t-r,
m,(s)= - (3.28)
n, (s—t+r)+_|‘0 u,(t=r)dr, s>t-t.

Assume that y e H, is fixed. Then for every n>m, equation (4.1) holds.
Multiplying (4.1) by an arbitrary ¢ € C;/ ([T, T]) and integrating over [T, T ] , we

obtain
["o(ou,(r).w)dr+[ olu,(r).w), dr
[Tl w (5) (i (5).w), dsdr+ [ (£ (u, )0 )dr (3.29)
= [T o(g.w)dr.
Hence, we have the following results:
0,u, is bounded in I [z, 7]: I (Q)),

u, is bounded in L* ([r,T];Hé (Q)),
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u, is bounded in I’ ([T,T];H(; (Q)),
1! is bounded in L” ([r, T];.Mf),
v v
/ (u,)is bounded in L' [[r,T];L”1 (Q)}

Using the Galerkin approximation method, we know that there exists
z= (u,n’) el” ([T,T];H,z) such that

ou, — 0u weaklyin I’ ([T,T];L2 (Q)), (3.30)

u, —>u weakly*in L* ([r T];H, (Q)), (3.31)

u, —u weakly in I’ ([r Tl; ) (3.32)

n. —q' weakly*in L~ ( ) (3.33)
f(u,) > f(u) weaklyin L' [[T,T];L’”(Q)J. (3.34)

By Lemma 2.1, we have
u, —u strongly in C([z’,T];L2 (Q)),
and u, >u almosteverywherein [7,7]xQ.Dueto the continuityof /" ,we obtain
f(u,)— f (u) almost everywhere in [z,T]x Q.
Let
My =1, =15 Uy =, =ty 7 =1, =1, U, =, U,

From condition (H,) and Lemma 3.1, we obtain

<K Ol

sC(T)((2+T—T) r—7)la,|

j—>o

hence 7! — 7' stronglyin M . By the uniqueness of the limit, we have ¢' =7'.

Z([I,T];HO) ( )+2 7.
Since
[V, (t=r)dr, O<s<i-t,
7 (s) - |
ﬁr(s—t+z')+LL7n (r)dr, s>t—7,

then

[ 1, (5) (7, (5), ), ds

= _[(:Jﬂt (S)L;<L7n (t—r),¢7>l drds +I:y, (s +t—r)<ﬁm (s),(p>l ds

] ()] (7, (r). ), drds.
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Furthermore, by (H,), for Vte [T,T ] , we have almost everywhere

;4 4, (s)j: (17” (t - r),l//>l drds < J‘:T 4, (s)

)WL (T =2)' K, (1) () >0,

: U, (t - r)"l "‘/’"1 drds

(@, (r)w), drds < [ ()] [, ()] ], drds
ey W, (T-7) K, (f)’f(f) -0,
Therefore,
j:ﬂ,(s+t—f)<77,n (s),l//>lds£||l//||1 K, (1){x(7) i, 2 -0,
limJ‘wyt(s)<77n’ (s),l//> ds =0,
INABICATY? &\jM ) (s Mm
<l V& () ()], € £ ([=.7])

By the Dominated Convergence Theorem, we obtain

lim LT(PJ.: i (s)<77,f (s),(//>1 dsdz =0.

H—>0

Finally, we obtain the weak solution z = (u 77’) of equation (2.4).
Now, we prove the uniqueness of the solution. Assume z, = (ul( )s7 ) and
z, —( ) (1 ),772) are two weak solutions. Then Z(¢)=z(7)—z,(¢ )=( (1).7 )

satisfies
ojr— AT~ [ g1, (s)ATT' (s)ds+ f ()= f () =0, (3.37)
where
J.(;E(t—r)dr, 0<s<t-r,
7' (s)=
77T(s—t+r)+.[0 u(r)dr, s>t-r.

Taking the inner product of equation (3.35) with # , we obtain

d 2 o _
A +2f ] () {7 ()7 (6))ds = =2} =2( 1 ()= £ ()7 (1))
<=2z [l =21 ()|l
R)ffel
Integrating the above inequality over [T,t] , we get

e +2f @ (r).77),, ar <[ +C (4R,

By Lemma 3.6, we know

7L ol )l ]

a(r)[ dr, te[n.T]. (3.36)

]+2j <u i7 > dr. (3.37)

/\/ll d}" 771
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set F(t)=[al} +|7, » we have

[ (@), <F ()<l (o),
Then, from the above results, we get
F()<F(r)+C(4.R)[ [a(r)[ dr.
Applying Lemma 2.2, we obtain
[0, st

z (T)"; , te [T,T],

< R . This completes the proof.

— 2
where |z, W

According to Theorem 3.8, we can define the solution process for problem (2.4)
on H' as

U(t,r):H > H, U(t,r)z, =z(t),Vz, e ., t 21, (3.38)

and {U (t,r)} is a family of processes acting on {H,l}

teR ’
4. Time-Dependent Attractors

4.1. Existence of Time-Dependent Absorbing Sets

Theorem 4.1. (Dissipativity) Assume that conditions (2.6), (2.7) and conditions
(H) - (Hy) hold, and geL’(Q). Let U(t,7), t>7, reR be the solution
process defined by formula (3.38). For any initial value z(7)eB,(R)c &, there
exist €>0 and R,>0 such that the process U(t,r) possesses a time-

dependent absorbing set, namely, the family
%[ = {Bl (RO)}teR :

Proof. Using Poincaré’s inequality and from formula (3.9), we obtain

e T e ST U
+ 27, [ e (r ||pdrg||u || n +Q0 (t-71),
Define
E0)=lu(f +
that is,
E(t)+2¢[ E(r)dr <E(z)+e[ E(r)dr+Q,(t-7),
where &=min{(2-0)2,8inf, K(r)} . Applying Lemma 2.2, we get
E(t)<E(r)e” 1Q0e
Furthermore,
O, <2< 1l e, @
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. . 2[1+IJR
2Q—Oef.Forevery R >0, there exist tozto(R)z—ln—ﬂqSt
l-e™* g R,

and R, >0 such that

T<t-1, 3U(t,z')IB%r(R)cIB%t(RO).

where R, =

The proof is complete.

4.2. Existence of Time-Dependent Attractors
To prove the asymptotic compactness of the solution process U (t, z’) , we employ
the solution decomposition technique, decomposing the solution into two parts
U(t,r)zT =U, (t,r)zf-i-Ul(t,r)zr, (4.3)
where U, (t,7)z, = (v(t),rf’) and U, (1,7)z, = (w(t),(;t) .
By (1.3),let f(u)=f(u)+Iu,where >0 ischosen such that f;(u)>0.
Define U,(t,7)z, = (v(t),g“) and U, (1,7)z, = (w(t),/,‘") as satisfying the
following systems respectively:
v, —AV—I:,U, (S)Aé" (s)ds+f0 (u)—f0 (w) =0,
& =-0,"+v, (4.4)

(V(T)’éﬂ):(ur’nr)’

where,
l I:v(t—r)dr, 0<s<t-r,
& (s—t+r)+j(;7rv(t—r)dr, s>t—1,

and

W, —AW—I:yt ()AL (s)ds+ fo(w)—lu=g,

$H=-0,L"+w, (4.5)

(w(r),(’)=(0,0),
where,

_[;w(t—r)dr, 0<s<t-r,

¢'(s)=1"s

. w(t=r)dr, s>t-t.

Lemma 4.2. If there exists a sequence of regular data (u;’ N7 ) €H? such that
(uf,n;’) —(u,,n,)eB, (R)cH,,

and (H,) - (H4) hold, then the solutions of (4.4) satisfy the estimate:

|z (6)], < c(R)e™ . (4.9)

Proof. Taking the inner product of the first equation in (4.5) with v in
I’ (Q), and the second equation with &' in M, , we obtain
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d, 2 p
a"v" +2||v||l +2<v,77 >M} +2<f0 (u)—fo(w),v>=0. (4.8)

(6:67),y =(E.8), + (),
where
(£ ()= £ (w)v) = (s () = (W)= w)
= [ (/o ()= (w () () = () e
= Jo Ji (0w (x)+ (1= 0)u (x)) (1 (x) = w(x)) de 2 0.
That is,

%"v"z 2} +2(ng),, <0 (4.9)

Integrating (4.9) over [r,l] yields
"v(t)"2 + 2J‘: v(r)"l2 dr+ 2]: <v(r),§’>Ml dr< "v(‘r)”2 .

By Lemma 3.6, for any ¢>z, we have

ML +2[ o) @+, +oT x () G, ar <@ e, - @0
Define
£, ()= +[ef,
Clearly,
O, <50 ey <144 O,
Therefore, for any >, we have
E,(0)«2[ o (r)f ar+ o[ k(r)e ()], ar < B (). (4.11)

That is,

t

E; (t) + 25‘1JtE3 (r) dr<E, (z’) + glL E; (r)dr,
where & = min{l,&,& infre[w] K‘(}”)} . Applying Lemma 2.2, we obtain
E, (1)< Ce ),

Furthermore,
(0, < (1)< (Hﬂ"z(f)”; S <R, (415)

where "Z(T)" .o <R This completes the proof.

Lemma 4.3. Assume that the nonlinearity f satisfy (1.2) - (1.4).If geL’(Q)
and (H;) - (Hy) hold, and there exists a sequence of regular data (u: 7. ) € 'HT2 such
that
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(w.7!) > (u,.m,) € B, (R) = H.,

then for each time T >0, there exists a positive constant
I = I(”g", ! T, 4 ) , such that the solutions of (4.8) satisfy:

ZT
V2 (7+7.2) 2 () = (T + ) <1 (4.12)

Proof. Taking the inner product of the first equation in (4.5) with —Aw in
H,(€), and the second equation with ¢* in M, we obtain

d, p 2 ‘
5"“’"1 +2|w, +2<w,§ >M2 +2<f0 (w)—lu,—Aw)—Z(g,—Aw) =0. (4.13)

(€¢),0 =608 o+ (Wl ) o (4.14)
where
2(f, (w). =) = 2(¥, (w), V) = 2] fi (o) [V f* x>0,
2(g. o) <[l + 2l
21y~ < | + 20
That is,

d :
$||w||]2 +[wifs + 2<w,§ >M2 <2|g|” +22]jul- (4.15)
Integrating over [7,7+7] yields
P+ )+ [ P are2f 7 () £7) o

e u(r)"2 dr.

< "w(r)"l2 +2||g||2 T+ 2lf

T

By Lemma 3.6, for any ¢>z, we have

oo + e 0ol o o O O
(ol + 22 o o
Define
£, ()= +|¢ ],
Therefore, we have
N 0 (O G I

T+t

<E,(z)+2g| T+2if

T

u (r)"2 dr.

That is,
E,(T+7)+25 [ "E,(r)dr<C+g[ " E,(r)dr,

where 81:min{l,/ll,é'inf,e[r,t]K(r)}, and C:E4(z')+2||g||2T. Applying

¥

Lemma 2.2, we obtain
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E(T+7)<Ce™™.

Similarly,
2

SE,(T+7)<I:

S
Hisr

"22 (T + r)|

The proof is complete.
Forany ¢, € Lir (]R*; Vl) , the Cauchy problem

{a,:;' =00 +w, t>1, (4.19)
é/ = é’T

admits a unique solution ¢’ eC ([r, +0)); L, (R*; |4 )) , with the explicit expression

Swt—y dy, 0<s<t-r,
Jyw(e=) (4.20)

é” (S) = -7
jo w(t—y)dy, s>t—1.
Denote by B, the obtained time-dependent absorbing set. Let

K, =TU,(T,7)B,,
where TIT1:H'x L, (R*;H] ) -L, (]R*;H') is a projection operator. This
completes the proof.

Lemma 4.4. Let z,(¢)= (w(t),g“’) be the solution of problem (4.5). Assume
that (1.2), (1.3) and conditions (H,) - (H,) hold, and ge I’ (Q) For any given

T > 7, there exists a positive constant B =F, ("%, ” ) such that
(i) K, isbounded in Lilr (IR*;Vz)ﬁHLr (R*;Vl) ;
2
(ii) sup "é’r (S)"l <P.
0 eKr
Proof. From expression (4.5), we have

asg”(s)={

By Lemma 4.3, (i) holds.

Next, it is easy to see that
[l av<”

ITfr
0

Therefore, it follows from (4.12) that (ii) holds. The proof is complete.

w(t—s), 0<s<t-r,

0, S>1—T.

w(T—y)"] dy, 0<s<T-r,

O

W(T—y)"1 dy, s>T-1.

Lemma 4.5. Assume Lemma 4.4 holds. Then for any given 7 >7,
U,(T,7)B, isrelatively compactin H, .

Proof. Indeed, applying Lemma 2.3, we know that K, isrelatively compact in

L, (R+; Vl) . Using condition (H,) once again, we obtain that K, is relatively
compactin L, (Rf; Vl) . Furthermore, from the compact embedding V, -/,
we conclude that U, (7,7)B

complete.

is relatively compact in H; . The proof is

T
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Theorem 4.6. Assume that (1.2), (1.3) and conditions (H;)-(H,) hold,
gel’(Q), and z, =(u,,n,)eH, , satisfying
U (l, T) possesses a time-dependent global attractor A = {A,}teR . Moreover, the
attractor is invariant, i.e., U(t,7)4,=4,, Vi>t.

z

T

i <R . Then the process

Proof. Theorem 3.8 shows that U (t, ’[) possesses a time-dependent absorbing
set B, = {IB%, (RO)}t .- Lemma 4.3 indicates that, for a sufficiently large positive
constant R, the family B, = {IB% (R, )}t . is pullback attracting, where

B,(R)={¢1[¢] <k.}.

Combining (4.7) and (4.12), we have
dist,, (U(,7)B,.B8,) <dist,, (U, (,7)B, +U, (1.7)B..5,)
= dist,, (Uy(t.7)B,,B,)

I ) o-i(1-7)
H! >

B,

sC(|

where ¢ :min{l,ﬂq,ﬁ inf K(y)}.

ye[‘r,t]
For any bounded set B, ={B, (R)} N

in 'H, there exists 7,=1,(R) such
that

r<t—t,=>U(t,7)B, (R)<= B, (R,).
Therefore,

diStH,l (U(t’T)Br’%z) < wealtoefcl(t—f)’

where @ = sup

0<t—-7<t,

U(t,7)B,

H
Applying Lemma 2.4, we obtain

BZ'

T2t

dist,, (U(,7)B,.B,)<C|

w)e

We know that the solution process U (Z,T) of problem (2.7) is asymptotically

compactin H'.Consequently, there exists a time-dependent attractor A = {At }te]R

in H',and A isinvariant,ie.,
U(t,r) A4, = 4,

and

A= {Z |t > Z(t)eH, and Z(t)is a CBT of the process U(t,r)}.
The proof is complete.

4.3. Regularity of the Attractors
For any fixed reR and z, €4, ,decompose U(t,7)z, as
U(t,7)z, =U,(1,7)z, +U,(1,7)z, :(p(t),g’)+(q(t),g'),

From (1.3),let f,(u)=f(u)+lu,where />0 ischosensuch that f;(u)>0.
U,(1,7)z, satisfies

T
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6p+Ap+J. y,(s () =0,
0,0 +0,0 = ()

P60, =02 () =u, (x), (4.21)
o (x5), =0 ¢ (x.5) =, (x.5).
and
p(t—r)dr, 0<s<t-r,
U,(t,7)z, satisfies
0,q+Aq+ |, 1, (s)4s' (s)ds+ £, (u)~lu=g,
‘oo
jt(gx,:)f g—OqE]()xtr) 0, (4.22)
¢ (%5)], =0 ¢ (x.5)=0,
and
(o) J‘Oiq(t—r)dr, 0<s<t-r,
[Ta(t-r)dr, s>t-z.
Here, ¢ =0, +¢, .
Multiplying equation (4.21) by p, we obtain
Lok +20pl; +2{p.'), . 0.
Integrating the above over [z,t], we have
O +2[ o () or+2] {p.0') & <[p(e ez
By Lemma 3.6, we get
o <o F, +2L o) o () (9, o
<|p(e) +le.l, vez<
Clearly,
0 =)=l o +Jelf, =143 s O
Therefore,
(r)ff ar+ o] x(r)e" ()], ar < Es ().
That is,
E,(t)+25 [ E,(r)dr <E,(r)+& [ E(r)dr
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where & =min {1, ll,éinfre[”] K(r)} . Applying Lemma 2.2, we obtain

E (1)< Es(z)e .
Furthermore,

"U0 (t,r)zr

RS Ce 1), (4.23)

Theorem 4.7 Assume that (1.2) - (1.3) and conditions (H;) - (H,) hold,
gel’(Q).Let z,(¢) be the solution of equation (3.43) with initial value
z,(7) € 4, . Then the time-dependent global attractor A ={4,} _ is bounded

teR
in the space ., and the bound is independent of ¢.

Proof Multiplying equation (4.22) by Agq , we obtain
d ‘
el + 2g () +2(a:6"), . =2(e. 4a)-2(/, (u) -l 4q). ~ (4.29)

Since —fo’(u) <0<, wehave
[2{4 (). Aq)| = [-2{¥, (u). V)
< ‘—2.[9 fo'(u)Vqudx‘

2
h

<38°|uff +5]q
214, Aq)| = 30 Juf’ + ]
2(g. 4g) =3l +]al:-
Substituting the above into (4.24), we have
%Ilqlli ta(@Of +2{a.s),. < (36> 32 )l +3]e.  (425)

Integrating (4.25) over [r,¢] yields

la ()} + [ la () ar+2] (5" a (), . dr <[ (=) +C(1=2). @26

Let

E,()=[a (o) << [,

By Lemma 3.6, we know
E, (t)+§j:/<(r) ¢ (s)

That is,

g(r)fdr<E (r)+C(t-7),  (427)

2 t
,dr +J-
M T

Ey(1)+26,[ E,(r)dr < E(z)+&[ E,(r)dr+C(t-7),
where &, =min{l,£,5 inf K(I’)} .
2°2 refz.t]
Applying Lemma 2.2, we obtain
Ce™
+—’
1—e™®
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Then, "U1 (t,7)z,
From (4.23) and (4.28), we get

Furthermore,

0, 2.0 <15l O

Thus,

G A e e L

2 is uniformly bounded with respectto .

lim dist , (U (t,7)4,,K)=0,VteR.

1
T——00 H

By the invariance of the time-dependent attractor, we know

dist,, (4.K7)=0,vteR.

Therefore, A K’ =K”. The proof is complete.
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