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Abstract

In this paper, we study the Lyapunov stability of traveling wave solutions for
degenerating Fisher type equations with fractional Laplacian. First, we give the
asymptotic behavior of the derivative of the traveling wave solutions at nega-
tive infinity by using the maximum principle. Second, we construct the sub-
solution and supersolution of the initial value problem in a moving coordinate
frame. Finally, we use the sub-super solution method to prove the Lyapunov
stability of traveling wave solutions in the polynomially weighted space.
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1. Introduction

It is well known that the most important mathematical model in chemical

reaction, biological spreading and population genetics is the following equation

ut(x,t)—Au(x,t)zf(u(x,t)), t>0,xeR", (1)

where A is the traditional diffusion operator and f eC (R) (see [1]-[3]).

The model (1) was proposed in 1930s (see [2] [3]). Subsequently, its traveling
wave solutions have been widely investigated by many authors. In one dimension
space, Kametaka [4] studied the existence of the traveling wave. Fife and McLeod
[5] gave the global exponential stability of the traveling wave. The existence and
the stability of V-shaped traveling fronts have been proved by Ninomiya and
Taniguchi [6] in two dimension space. In three dimension space, Taniguchi [7]

[8] studied the uniqueness and asymptotic stability of pyramidal traveling fronts.
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Matano and Nara [9] [10] studied the larger time behavior and stability of planar
waves for the Allen-Cahn equations in higher dimension space.

Recently, many researchers paid their attention to the traveling waves for
reaction-diffusion equations with an anomalous diffusion such as super diffusion,
which plays important roles in various physical, biological and geological processes
(see [11]). From the mathematical point of view, such a super diffusion is related
to Lévy process and may be modeled by a fractional Laplacian operator (—A)S u
with 5€(0,1). The Fourier transformation of (-A) u is (2n|§|)2x @i , which is
the key to modeling the super diffusion processes (see [12]). The fractional
Laplacian operator can be defined in many ways (see [13] [14]). In this paper, we

use the following definition

u(x)-u(y)

(-A) u(x)=C,,(PV)| , ———>dy
=y
_C i u(x)-u(y)
=C,, lim J-‘x_},‘hﬁd ,
225 ¢ (n—i—Zsj
where P.V. denotes the Cauchy principle value and C, =ﬂ—2 isa
nEF(l —s)

normalized constant. The above integral definition can be used for more general
functions, in particular, for u e C> (R") :
In [14], Gui and Zhao have established that the existence and uniqueness of the

traveling wave solution to the following equation
u, (,x)+(-A) u(t,x) = f~(u (t,x)), Vi>0,xeR, (2)

where se€(0,1) and the bistable nonlinearity f satisfies some conditions. Ma,
Niu, and Wang [15] and Cheng and Yuan [16] have obtained that the traveling
wave to (2) is asymptotic stable by using the sub-super solution method and the
spectral analysis method, respectively. When f is combustive, it is shown in

[13] [17] that there exists a unique traveling wave solution to (2) if and only if

s€ (%, lj . Cabré and Roque in [18] have already proved that there is no traveling

wave for the Fisher-KPP model corresponding to (2). But, Huan and Gui [13] have
established the existence of traveling wave solution to the degenerate Fisher type

model (2) for s e[ P ,1).
2 ( p- l)
In 2017, He, Wu and Wu [19] prove the Lyapunov stability of traveling wave
front to equation (1) with 17 =u’ (1 —u) and p >1.In this paper, we investigate
the Lyapunov stability of the traveling wave of the following fractional reaction

diffusion equation
u, (x,0)+(=A) u(x,t)= f(u(x,t)), Vi>0,xeR, (3)

where 0<s<1,and
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f(u):u”g(u) for p>1; g(u)eC' (R);

g(u)>0,Vue[0,l); g(l)zO; g'(l)<0. @

Since f'(0)=0, we say that the nonlinearity / of (3) is degenerate.
We say that u e C’ (Rz) is a traveling wave solution of (3) if » has the form

u(x,t)=¢(x-ct), V(t,x)eR?,

where ¢ is called the speed of the traveling wave, and the function ¢ is called
the profile of the traveling wave. It is easy to check that ¢ satisfies

(—A)S #(z)—cd'(z)= f(¢(z)), VzeR,

lim ¢(2)=0, limg(z)=1. ®

From [13], we obtain the existence of traveling wave solution of Fisher type

model (2) for se [2 ( P ) ,1J and the asymptotic behavior of the derivative of
p-
the traveling wave solutions to Fisher type model (2) when z — 4o . Similar
results were also obtained for the degenerate Fisher type equation (3).
For convenience, we state the results on traveling wave front solutions to (3)
obtained in [13].

Lemma 1.1. [13] Assume that se{ ,lj and f satisfies (4). Then

p
2 ( p- 1)
(5)
has a solution (c,¢) with ¢<0 and ¢'>0. That is, @(x—ct) is an
increasing traveling wave solution to (3).

Lemma 1.2. [13] Assume that f satisfies (4), let (c,$) be a solution to (5)
with ¢ <0. Then there exists a constant C >0 such that

1 C
WSﬁ(Z)SW’ Vx>1. (6)

In order to investigate the Lyapunov stability of the traveling wave solutions to
(3), we consider the Cauchy problem for (3). Namely,

{u,(x,t)+(—A)Su(x,t):f(u(x,t)), Vi>0,xeR,
u(x,O)zuo (x), VxeR.

(7)

Let (c,$) isasolution to (5) with ¢ <0 obtained in Lemma 1.1 and

z =x—ct, then, by (7), we have the following Cauchy problem

{u, (z,0)+ (=AY u(z,0)—cu, (z,0) = £ (u(z.1)),
u (z,O) =u, (z)

Remark 1.1. It is easy to see that u(x,7) is a solution of (7) if and only if

(8)

u(z,t) isasolution of (8) with z=x-ct.
The organization of this paper as follows. In section 2, we construct the
polynomially weighted space and present some properties for the inverse of the

weight function. In section 3, we show the asymptotic behavior of the derivative
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of the traveling wave solutions as z — —oo which is very important for the proof
of Lyapunov stability of the traveling wave solution. In section 4, we first establish
the subsolution and supersolution for (8), then state and prove the Lyapunov
stability result for equation (3) in the polynomially weighted space by applying
sub-super solution method. Conclusions are provided in section 5.

2. Preliminaries

In this section, we construct the polynomially weighted space and present some
properties for the inverse of the weight function.

Define a space

X ={u:R — R is uniformly continuous and bounded}.
It is easy to see that X is a Banach space with the norm
Ju, = esssuplu ()]
Define the weighted space
X, ={ueX|uw, e X},
with the norm
e, =l

where the weight function w,(z) is defined by

2s

2|z , z<-1,
Wo(z): 1+|Z|4S, -1<z<0,
1, z2>0.

We can check that X, isa Banach space with the X norm.

From Lemma 1.2 and Lemma 3.1, we know that the derivative of the traveling
wave solutions to (3) decay algebraically at infinity. So, we choose the algebraic
weight function which matches the decay rate of the traveling wave solutions to (3).

Defining the inverse function as W(Z) =w,' (Z) , we find that w(z) satisfies

1
s 0 S_L
2|Z|2.x z
W(Z): ;, -1<z<0,
1—|—|z4‘v
1, z>0.

By direct computation, we obtain the derivative of w(z)

|Z fs-H 2 Z__l’
4s5—1
W(Z): (;‘S||Z—4s)2’ -1<z<0,
+|z
0, z2>0.
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It is easy to be computed that w'(z)<4sw(z).
Lemma 2.1. [13] Let pB>1, we consider the function

Lﬂ, Vz< -1,
vy (2)=1l
0, Vz>-1.

Then we have the following estimate

C

s 1
(13_11)’ Z|1+2S +0[|Z|1+zs \], as z —> —oo.

Lemma 2.2. [13] Consider the function

(=8) v, (2) =~

3 1, Vz<-1,
v(2)= 0, Vz>-1.

Then we have the following estimate

C

(-A) p(z)=—"+0 % , as z —> —o0,
2s|z ‘ |z ‘

Lemma 2.3. For w(z), we have

D) (-A) w(z)=-C | *", Vze[0,40);

i) (-A) w(2)2-G,le| ™, Vze(—0,-1];

ii) Forany M >1, (—A)S w(z) >-C;, Vze [—M,M] .

Where C;, C,, C, are positive constants.

Proof.i) For z >0, we have w(z) =1. Consider the fractional Laplacian

w@)=wlr),

|1+2x

(-A) w(z)=C,,PV [

|-y
=C, PV |1 _ W|(1y2) d
z—y
WL TR
e d d
Ls J._w |Z _ y|1+2s -+ I_] | _ y|l+2s
> 0.

Therefore, there exists C, >0 such that

(=AY w(z)>-C |,

1
——- . Consider the fractional Laplacian

ii) For z<-1,wehave w(z)=
2|Z
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1 1
. _ T 2 2s 2 " 2s
‘(—A) w(z)|=|c. PV _[R%dy =lc.,py. IR%#@
| 1 | 1 |
a2l 2z+y2S =2l 1+z+y4S s 22
:CI,S J.m l%dy-}-.[z] | | | 1+2s | dy+,[,z ||y 1+2s dy
1 1 1 2 1

S 2 —© |y 1+2s -z-1 |y 1+2s _, |y +2s

C
=S 1 ).
Let us begin by approximating /. By changing of variables y =zx, we know
that
1
S | 1+x°
=] : 1|Z—45 |1—2
1 ‘[%’l;dx + j%%;dx
|Z 4s —© |x|1+2s —© |1 T 2s ¥ 1+2s
N R S P
- 2S|Z lz " |Z * '[_w 1 > |x 1425
z

111 1
2s |ZZS z+1[° |Z+12S '

For I,, we can obtain that

= 1 1 -z 1 2
INE - dy- -~ 4
| 2| .[7:71 y1+25 Zzs 3 j,z,l y1+2s 1+|Z+y|4s y‘

P (1 1
_2s|zzx 2 |Z+12S

= 1 1
2 ——d
+ .[—z—||y|l+2s 1+|Z+y4S y‘
_z 1
J.,Z,1 ¥

1+2s dy

o,
_2s|zzs 2 |z+125

Lyt ot
2S|Z|2S N |22S |z+125.

For I,, we have
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+0 1 o]
L=l ——dy-2[ ——d
|3| I_Z Zzs y|l+2s v _[_Z y1+Zs 34
L L
|22s s 2S|22s :

Finally, from the estimates of /,, I, and I,, we obtain

C

‘(‘A)SW(Z)‘S 21,s(11|+|12|+|13|)
Cls 1 1 1 1
<— e —
4s (|22S z-+-1|2'y +|z-+-l|2'y +|z4s |225 z+12s

A N S
|Z 2s |Z+125 |Z 2s |Z 4s

_Gap 41
4s |Z|2X |z+12x

C
<

|2

I,s
2s °

It follows that there exists C, >0 such that

—2s

(—A)S w(z)2-C, |z

iii) For xe(-1,0), we have w(z)= . Consider the fractional Laplacian

1+|z|4s
1
w(z)—w(z+ ) 1+|24S _W(Z+y)
‘(—A)S w(z)‘ =lc, PV IR+dy =lc..PV.], _ dy
|y |y
| 1 | 1 |
e T2 2z+y2S o1+l 1+Z+y4s o 14"
=G, ,[,00 l | | 1+2s | dy + i | | 1+2s| | ,[jz | s Y
| | v
| 1 | 1 1 1
oL+t 2|z S Tl P P P
< Cl,S I—w 1 | | l+2|s dy + I_ -1 | | l+2s| J‘: | 1+2s dy
7] v v
=C,, (|1]+]L|+]4])-
For L,, by changing of variables y=zx, we can get
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—z-1 1 1 —z-1 1 1
L|= - _dv- . |
| 1| ,Lo 1+|Z4S y1+2s y o 2|Z+y2s 1+2s y
1 =11 121 1
- 1+|Z 4s .[—co |y|1+25 2 +E .[—w |Z 45 1+x2.v ¥ 1+2s dx‘

< 1 " 1 I—;—l 1
2S|Z +1° ( z|4s + 1) 2|Z M 1 >

1425

U
1 1
= 2s 45 + 2s °
2s|z+1 (z +1) 4s|z+1
For L,,we have

-z 1 1 -z 1 1
L|= —_——d . d
| 2| L41+|24S y1+2s y+J.72711+|Z+y4S y1+2s 3

ot gt 1
as(ief") 28 T 1)

For L, we can directly compute to obtain the estimate

|L3|=

+o 1 1 +wo 1
I W'F‘WL Y

= ! 1+ !
2s|z2x 1+|Z4S '

Finally, using the above inequality L, L, and L,, we obtain

(=) w(z)

< C],S(

AR

S U NS SR
T 25|41t aslz 1 28] 147"
S DS SRS SR
25|z 41" 1" 25| 2s]z+1

2s

N 1 . 1 N 1
2s|zzY 1+|Z|4S 2s|z2‘v

_C 1 ) 1 N 1 N 1
b s|zzs 1+|z4s s|22s 4|z+12s

<Cl,x(z+l)

_|22S ST )

1
Forany M >1,the function f(z)= |T is bounded on the closed interval
z

[-M, M ]. By combining (ii) and (iii), we know that there exists C, >0 such that
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(—A)S w(z)2-C,.

3. Asymptotic Rate at —o

In this section, we give the asymptotic behavior of the derivative of the traveling

wave solutions to (3) when z — —oo.

Lemma 3.1. Let p-1 <s<l,let (c,¢) bea solution to (5) with ¢<0.
2(p - 2)
Then there exists some constant C >0 such that
1
———<¢'(z) s%, Vz< 1.
C|z |z

Proof From Theorem 1.3 in [13], we have

1
———<¢'(z), Vz<-1. 9
C|Z2s ¢(Z) z ( )

Consider the function W¥(z)=¢(-z—-2)+y,,(z) for all zeR, we know
that

W(z)= W)= et (10)

2s+1 2
|z

By Lemma 2.1 and Lemma 2.2, we have

C 1 C ., 1
“A)Y ¥ (z)=—2 40| — |- Ly +0
( ) ( ) 2S|Z2s {|ZZSJ (2S—1)22s+l (|22s+1J

Cls 1
= —=+0| — |, as z > —o0.
K 2s
2S|Z |z

s , C, 1 2cs
(-A) ¥ (2)+c¥'(2)=—=5 +0[|TJ+F

Hence we get

2s|z Z|

__ G 1
2S|ZZS +0{|22s]

> Cl’sz , a8z —» —o0,
4s|z :

Therefore there exists some large R>0 such that
(-A) ¥(z)+c¥'(2)20, z<-R.
Let v(z)=¢'(z)>0 forall zeRR,then it satisfies
(-A) v(z)+ov'(2) = 1'(8(2))- ¢ ().

From (4), it is easy to obtain that there exists 6 (0,1) such that f'(¢)>0
forall ¢e[0,0].So we get
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(—A)S v(z)+ cv'(z) >0, z<-R.

Since v(z)=¢'(z) isbounded, there exists some C, >0 such that |v(z)|< C
for all zeR . Since f(¢)=¢”g(¢), there exist some C,>0, M,>0 and
M, >0 such that

I(6(x))=pe""'g(4)+9"g'(4)
< pM¢"™ + Mg

1 1
< C2 [|Z (2s-1)(p-1) + |Z (2s-1)p J

<s<1,wehave

where y 1isa positive constant.
Let w(z)=C¥(z)-v(z),we can obtain

(-A) @(z)+el(z)>

—1'(4(2))-¢(2)

_r
4s C
>0, Vz<-R.

Forall zeR,wehave W¥(z)>0. So there exists some constant C >0 such
that

||v(x)||C(R)<C and " || <C inf ‘I’( ).

ze[Rl

Since ‘{’(z) ¢(-z-2)=1 forall z>-1,weknow that
CY¥(z)=C= "v " forall z>-1.In summary, we obtain

‘P(z) > v(z), Vz2>-R.
Then we have

(-A) @(z)+co'(2)20, z<-R,
1i131 a)(z) =0,

w(z)ZO, Vz>-R.

By the maximum principle (see Lemma 4.4 in [13]) and (10), we know that

@(z)=0 in R, which implies

#'(z)=v(z)<

, Vz<-1. (11)

|2

By (9) and (11), we have
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1
C|z

- s¢'(z)sL <-1.

o> Vz <
|2

4. Lyapunov Stability of Traveling Wave Solutions

In this section, we first construct the subsolution and supersolution for (8), then
study the Lyapunov stability of traveling wave solutions with f (u) =u’g (u) .

Theorem 4.1. Assume f satisfies (4). Let ¢(z) be the traveling wave solution
of (3) with wave speed ¢ <0, there exists € >0 such thatforall ee (0,€ ) , if the
initial condition u,(z)e[0,1] with u,(z)e X, and "u0 (z)- ¢(z)||XO <e, then
the global solution u(z,7) of (8) satisfies

u(z,t)<u(z,t)<u(zt), forallt>0,zeR. (12)

where
u(z,t)=¢(z)—e4 (1-¢ 7" )=cc"w' (2), (13)
(z,0)=g(z)+ed (1-e7")+ee 7wy (2), (14)

where 4, (i = 1,2) and y are positive constants independent of ¢ .
Proof-Forall t>0 and zeR, we define the functions

u(z,t)=¢(z)—e4, (1 —e’”)—ee’”w&' (2),

u(z,t)=¢(z)+ed, (1 —-e” ) +ee 7wy (2),

where 4, >0, 4,>0 and y>0.

By the initial condition, we have
§(2)-on7' (2) <1y (2) < 9(2) - o' (2). 15)
Setting =0 in (13) and (14), we obtain
u(z,0)=4(z)-ew;' (2), #(2,0)=¢(z)+ew (). (16)

By (15) and (16), we have u(z,0)<u,(z)<u(z,0).

We next prove (12) holds.

1)Forall 1>0 and zeR,weprove u(zt)>u(z,t). Let
i =z—€4, (l—e’”). By (5), we obtain

Nu(z,t)=u,+(-A) u—cu, ~ f (u)
=—yede ¢ (¢)) +eye " w(z)+(-A) 4(S))
—ee 7 (—A) w(z) =g (&) +cee W (2)— f (u)
=—yede "¢ ({))+eye " w(z)—ee (-A) w(z)
eee W (2) 4/ (9(6)) =S (4(6) - ee7w(z)).

By ¢(-©)=0, f'(0)=0 and Lemma 3.1, we know that there exist some
constants y, >0, M, >0, >0 and €¢>0 such that
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f(¢(2))—f(¢(Z)—€€7WW(Z)) <yee”'w(z)=yee” ﬁ, z<-M,,
(17)

By ¢(+x)=1, f'(1)<0 and Lemma 1.2, we know that there exist some
constants y €(0,7,), M,>0, B,>0 and €>0 such that
f(¢(z))—f(¢(z)—ee”’w(z)) <—yee'w(z)=—yee”, z>M,,
18
#(2)z L o

- 1+2s °
g

Let M =max{M,,M,+12}. Since ¢'(z)>0, zeR, we know that there
exists ¢, >0 such that

zg[me,i{‘Mﬂ]qy(Z )=6,>0. (19)
Let
K=o
Al:max{71+2C2+2CS+7/,&,7+C3+4CS+K1}, (20)
2B, By 75,

. 1 .
and ee(0,¢) with ¢ = e There are three cases to consider.
1

Casel. z<-M.
In case 1, we have ¢ :z—eAl(l—e”’)<—]\7[—@41(1—6’7’)<—M for any

S
—s W)=

1> 0. By the definition of w(z), we know that w(z)= 2| |
z z

Using (17) and Lemma 2.3, we have
Nu(z,t)=—yede™¢' (&) +eye "' w(z)—ee” (=AY w(z)+cee 7' (z2)
+£(8(¢))= 1 (#(5)—ec7w(2))

-2 25+1)

<—yAepe™” |z|_2s +%eye"’ |2 + Cyee™ |z|_23 +csee™”! |z|_(

—2s

1
+—y,ee|z
271 |

-2 25

s - 25 -
+Cee” |2| 7 +esee |z

<—yAefe™” |z|_2S +%eye"’ |2
1 |2
+571€e v |z| ?

25 1 1
=ee™” |Z| x (—}/Alﬂl +E7+C2 +CS+571J
<0.

Case2. z>M .
In case 2, we have ¢ :z—eAl(l—e’”)>1\;1—eAl(l—e’y’)>]\;I—1 for any
1>0.By w(z)=1, w'(z)=0, (18) and Lemma 2.3, we have
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Nu(z,t)=-yede ¢ ({)+eye " w(z)—ee” (-=A) w(z)+cee "' w'(z)
+/(#(€))- 1 (#(6) e 7w(2)
<—yed foe " |
= |Z|7(2M) e (C =By 4 )
<0.

|Z|—(2s+l)

i 7t =7t
+eye” +Cee —yee

Case 3. z e[—M,M].
In case 3, we have w(z)<1, w'(z)<4sw(z)<4s and
=z —€4, (l—e”’) e[—M—l,M] for any ¢>0. From (19), (20) and Lemma
2.3, we have
Nu(z,t)=-yede "¢ (&) +eye " w(z)—ee” (=A) w(z)+cee "' w'(z)
H1(#(6)) =7 (#(6)—ee7w(2))
<—Syyede” +eye” +eeV'Cy +4scee” + Kee " 'w(z)
<ee” (=8yy A +y+C,+4sc+K,)
<0.
Therefore, we have proved that for all e¢e(0,¢), u(z,t) isa subsolution of

(8). By the comparison principle, we obtain

u(z,t)>¢(z)—e4, (l—e’”)—ee’”w(z),t >0,zeR. (21)

2) In this part, it suffices to prove that Niz(z,1)>0.Let ¢, =z+e4, (1 - e’y’) .
By (5), we obtain

N (1) = +(-a) —ci— 1 (1)
=rede "¢ (¢))—ere T w(z)+(-A) 4()
e (A) W) - () e " (2) - £ (1)
=yede ' (&) —eye w(z)+ee " (-A) w(z)
—eee”W(2)+ £ (9(£)) = (4(62) +ee”w(2)).
Forall €>0, thereexist y,, £ >0, M,>0 such that

yee”

2s
2|z

z<-M,,

f(¢(z)) —f(¢(z)+ee’”w(z)) >—yeew(z) =
Ji] .
K

|2

(22)

#(z)=

Forall €>0,thereexist ye(0,7,), £,>0 and M, >0 such that

f(¢(z))—f(¢(z)+ee’“w(z)) >yee'w(z)=yee”, z>M,,
, (23)
#()2
|2
Let M =max{M, M;+1,2} . Since ¢'(z)>0 for all zeR, there exists
0, >0 such that
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min  #'(z)>6,>0. (24)

ze[-M-1,M +1]

Let

(25)

>

4 zmax{yl+2C2+20s+7’i )/+C3+4cs+K1}’
2yp, By 79,

and ee(0,¢,) with eZ:L.

2
Similarly, we consider the following three cases.

Casel. z<—-M.

By the definition of w(z), we know that w(z)= 2 1|2S and w'(z)= ||2%
z

we have {, =z+ed, (1—e’“)<—M+eA2 (1—e”’)<—M3 for all +>0. By (22)
and Lemma 2.3, we have

Nt (z,t)=yedye 7' $' (&, ) —eye "w(z)+ee " (—A) w(z)—cee "W (z)
+1(#(6))- £ (#(¢2) +ee7w(z2))

_ 25 1 _ 25 — (25+1)
>yed, fe”" || —ere "2 = Cree™ |z| —csee”™"! |z|
1 — =25
——rnee|z
2
— -2s 1 _ — -2s
>yed, e |z - S |z —Cyee™” |z| —csee |2
1 _ -2s
——rnee’'|z
2

:ee"’|z|_2 [714 B - ;/ C,- s—%}/ljzo.

Case2. z>M.
We know that ¢, =z+ed,(1-¢ 7 )>M+ed, (1-¢7)>M, for all >0,
w(z)=1 and w'(z)=0. Useing (23) and Lemma 2.3, we obtain

Nt (z,t) = yedye "' P (£, ) —ere " w(z)+ee” (-A) w(z)—cee "'w'(z)
F1(#(62) =S (#(&) +eew(z))

25+1

>yed, Bre |z | —eye”" —Clee” ”|z| +7/ee x4
=|z| @s+1) ot (B4, —C))
>0.

Case3. ze[-M,M].

In this case, we have w(z)<1, w'(z)<4sw(z)<4s and
& =z+ed, (l—e’”)e [-M,M +1] for all +>0. Using (24), (25) and Lemma
2.3, we have
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Nit (z,t) = yedye "¢ (¢,) —eye w(z)+ee” (-A) w(z)—cee "' w'(2)
+/(9(6))= S (#()+ e (2))
> yede —eye —ee"'Cy —4scee” — Kee " w(z)
>ee” (874, —y—Cy—4sc—K,)
>0.

Therefore, we have proved that forall e e (0,¢,), #(z,) isasupersolution of

(8). By the comparison principle, we obtain

u(z,t) < ¢(z)+ed, (l—e’”)+ee’”w(2),t >0,zeR. (26)

In summary, let € =min{e,ec,}. Then, forall €e(0,¢), we have

u(z,t)<u(z,t)<u(zt), forallzeR,t>0.

Theorem 4.2. (Lyapunov stability of traveling wave solution) Assume that

T P 3 <s<1 and f satisfies (4). Then the traveling wave solution ¢(x—ct)
-
established in Lemma 1.1 is Lyapunov stable. That is, there exists a positive constant
€ such that for all e¢e(0,¢), if the initial condition u,(x)e[0,1] with
u,(x)e X, and "uO (x)- ¢(x)||X <e, then the solution u(x,7) of (7) exists

0

uniquely for all >0 and satisfies

||u(x,t)—¢(x—cl)"X0 <Ke, Vi>0,

where K >0 isindependenton ¢ and u,(x).

Proof. From [18], Cabré and Roque have proved that (7) admits a unique global
solution u(x,7) by using semigroup theory. From Remark 1.1, we know that
u(z,t) isa unique global solution of (8) with z=x—ct.

Let u(z,t) be the unique global solution for (8). By Theorem 4.1, for all

e€(0,¢), we have

u(z,t)<u(z,t)<u(zt), forallzeR,t>0.

Subtracting ¢(z) on both sides in (21) and using the mean value theorem, we

can get

u(z.0)-¢(2)2 p(z-ed (1-7)) —ce "w(z) - 4(2)
=—¢'(6,)e4, (1 —e’”)—ee’”w(z)
>—¢'(6,)e4, (l—e’“)—ew(z)
>—¢'(6,) 4 —ew(z)
= _€[¢’(‘91)A1 +W(Z)]’

where €4, (l—e’y’) <ed, and 6 € (z—eA1 (l—e’”),z) .
For (26), by the same method, we obtain
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u(z,1)- ¢(z)<i¢(z-+eA (1=e7))+ec7w(z)-g(2)
=¢/(6,)ed, (1-e7" )+ ec”w(z)
<¢'(6,) 4, +ew(z)
=c[¢'(6)) 4 +w(z)].

where e4, (l—e’“) <ed, and 06, ¢ (z,z—i—eA2 (l —e"’)) .
Therefore, we have

—e[¢ )4 +w(z ]<u z,t)-¢(z <e[¢ )4, +w z)] (27)

Since w,(z)>0 forall zeR, multiplying w,(z) on both sidesin (27), we
obtain

{(u(z,t)—gﬁ(z)) )>—e[¢'(c9 Aw, z)+1], (28)
(u(z,t)—¢(z)) Z)<e[¢ ) A,w, (z )+1].

By Lemma 1.2 and Lemma 3.1, we have

#(z)< P vos,

|Z|€32s <¢( ) | |1+25’ z21

Next, using the definition of w,(z), it follows that

i) Forall z>0, w,(z)=1;as z—>+0, ¢'(z)—>0,hence ¢'(z)w,(z)—>0.
|:izls , hence 0<¢'(z)w,(z)<28,.
iii) For any M >0, it is evident that w,(z) and ¢§'(z) are bounded for all
e[-M,M], so there exists B>0 such that |§'(z)w, (z)| <B.

Let K =max{B,24 +1,24,5,+1} . By (28), we have

i) Forall z<—1, wy(z)=2|", ¢(z)<

|u(z.0)-¢(=)|,, <Ke. forallz>o.

Let z=x—ct,byRemark 1.1, we have

"u(x,t) —¢(x- ct)"X <Ke, forall¢>0.
0
The proof is complete.

5. Conclusion

In this study, we investigate the Lyapunov stability of traveling wave solutions for
degenerate Fisher type equations with fractional Laplacian. Firstly, we use the
maximum principle to prove the asymptotic behavior of the derivative of the
traveling wave solutions to (3) when x— —oo, which provides an important
foundation for the stability analysis of traveling wave solutions. Secondly, we
construct the subsolution and supersolution of the Cauchy problem (8). Finally,
the Lyapunov stability of traveling wave solutions in polynomially weighted spaces

is proved by sub-super solution method. This research develops the stability theory
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of traveling wave solutions for degenerate fractional reaction-diffusion equations.

We can further investigate the Lyapunov stability of traveling wave solutions for

degenerate bistable equations with fractional Laplacian.
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