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Abstract 
In this article, the asymptotic behavior of the solutions to the beam equation 
with time delay and structural damping is considered. First of all, when the 
growth exponent of nonlinear terms satisfies the optimal growth exponent 

( )* 2 1
1

4
α+ +

≤ < =
−

N
p p

N
, with 5≥N , the well-posedness of solutions is 

obtained by applying Faedo-Galerkin approximation method and time trans-
lation method; Then, the asymptotic compactness of the solution process is ver-
ified by using the contraction function method; Finally, the existence of time-
dependent global attractor is established in the time-dependent space 2

t
C
 . 
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1. Introduction 

In this article, we are concerned with the existence of time-dependent global 
attractors for the beam equation with time delay and structural damping  

( ) ( ) ( ) ( ) ( ) [ )2 2 , , , , ,t tt u u u f u g x u x tα
θε γ τ∂ + ∆ + −∆ ∂ + = ∈Ω× +∞    (1.1) 

0,u u
∂Ω ∂Ω
= ∆ =                         (1.2) 

( ) ( ) ( ) ( )0 1, , , ,tu x u x u x u xτ τ= ∂ =                   (1.3) 

( ) ( ) ( ) ( ) [ ]0 1, , , , , , , ,0 ,tu x x u x x xτ θ φ θ τ θ φ θ θ ρ+ = ∂ + = ∈Ω ∈ −     (1.4) 

where 0γ > , 1 ,1
2

α  ∈ 
 

 is a dissipation index, Ω  is a bounded domain of  
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NΩ∈ ( )5N ≥  with smooth boundary ∂Ω , and ( ),g x uθ  is a time delay 
external force term. 

We presume that the time-dependent coefficient ε , the nonlinear functions 
,f  and the time delay external force ( )g uθ  term satisfy the following 

conditions. 
Assumptions: 
i) ( )1Cε ∈   is a decreasing bounded function and satisfies  

( )lim 0.
t

tε
→+∞

=                          (1.5) 

In particular, there exists a constant 0L > , such that  

( ) ( )( )sup .
t

t t Lε ε
∈

′+ ≤


                    (1.6) 

ii) ( )1f C∈  , ( )0 0f = , and for any s∈ , f  satisfies the dissipative 
condition  

( )
1liminf ,

s

f s
s

λ
→∞

≥ −                       (1.7) 

and the growth condition  

( ) ( ) ( ) ( )1 * 2 1
1 , 1 5 ,

4
p N

f s C s p p N
N

α− + +
′ ≤ + ≤ < = ≥

−
      (1.8) 

where 0C >  and 1 0λ >  is the first eigenvalue of the operator 2Δ  that 
satisfies the Dirichlet boundary condition. 

Remark 1.1 Formula (1.7) implies that there is a positive constant 0β , for  

0
1 1
2

β< < , such that  

( ) ( )
0

20 11
,1 ,

2
F u u Cβ

β λ−
≥ −  

( ) ( ) ( )
0

2 2
0 1, 1 , ,f u u u C u Lββ λ≥ − − − ∀ ∈ Ω  

where ( ) ( )
0

d
s

F s f r r= ∫  and 
0

Cβ
 is a positive constant. 

iii) Furthermore, for any given 0,T >  we define a function  
[ ] ( )2: ,u T Lρ− → Ω . For each [ ]0,t T∈ , we denote by uθ  the delay segment of 

u  defined on [ ],0ρ−  as: 

( ) ( ) [ ], ,0 , 0 .u t u tθ θ θ ρ ρ= + ∈ − < < ∞  

In general, let X  be a separable Banach space, we define the phase space of 
delay functions:  

( ) [ ]( ) ( ){ }X ,0 ;X ; lim exists in XC Cρ θ ρ
φ ρ φ θ

→−
= ∈ −  

which equipped with the norm: 

( ) ( )X X0
sup .Cρ ρ θ

α α θ
− ≤ ≤

=  

Assume that the delay external force term ( ) ( )2: Xg C LρΩ× → Ω  satisfies: 

( )1H  For every ( )XCρξ ∈ , the mapping ( ) ( )2,x g x Lξ∈Ω ∈ Ω  is 
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measurable; 

( )2H  For all x∈Ω , ( ),0 0g x = ; 

( )3H  There exists a constant 0gC >  such that for all x∈Ω , ( ), Xu v Cρ∈ , 
the following inequality holds:  

( ) ( ) ( )X, , ;g Cg x g x C
ρ

ξ η ξ η− ≤ −  

( )4H There exists a constant 0gC >  such that for all x∈Ω ,  
( ]( ), , ;Xu v C Tτ ρ∈ + ,  

( ) ( ) 2 2

X, , d d .
t t

gg x u g x v s C u v sθ θ θ θτ τ ρ+
− ≤ −∫∫  

Over the past decade, research on the applications of infinite-dimensional 
dynamical systems theory has attracted significant attention. Among them, 
attractors play a crucial role in characterizing the long-time dynamical behavior 
of solutions to the model, and a large number of achievements have emerged; see 
[1]-[8] and related literature. Due to its rich and profound application background, 
the nonlinear evolution equation with structural damping and time delay have 
roused the research interest of many scholars, making the study of asymptotic 
behavior of solutions of this problem be a hot topic. 

In dynamical systems, damping refers to the dissipation of energy due to 
internal mechanisms and external interactions. For instance, reference [9] obtains 
several asymptotic profiles of solutions to the Cauchy problem for structurally 
damped wave equations:  

( )2 Δ Δ 0t tu u uσν∂ − + − ∂ =  

where 0 1σ< ≤ . The authors investigated the approximation formula of the 
solution by a constant multiple of a special function as t →∞ , which states that 
the asymptotic profiles of the solutions are classified into 5 patterns depending on 
the values ν  and σ . Reference [10] examined the well-posedness, regularity, 
and long-term dynamics of a stretchable beam equation with fractional rotational 
inertia and nonlinear structural damping. When the nonlinear growth exponent  

satisfies: 
( )

( )
2 2

1
4

N
p

N
α θ

+

+ −
≤ <

−
, the well-posedness, regularity and longtime  

behavior of the solutions are like parabolic. 
Due to the combined effects of signal transmission delay, nonlinear dynamic 

characteristics, and the interaction between the system structure and external 
disturbances, the dynamic behavior of the solution will exhibit a delay phenomenon. 
Mathematical models with time delay are widely used in various fields such as 
control systems, economics, and ecology. In describing the asymptotic behavior 
of the system, the solution depends not only on the current state but also on its 
history. Therefore, incorporating time delay terms into the evolution allows for a 
more accurate description of the system’s dynamic behavior, see [11]-[15] and the 
references therein. For example, In reference [16], the asymptotic behavior of the 
solutions to non-autonomous diffusion equations with delay containing some 
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hereditary characteristics and nonlocal diffusion in the time-dependent space 

( )t
C Ω . When the nonlinear function f  satisfies the polynomial growth of 
arbitrary order 1p −  ( )2p ≥  and the external force ( )( )2 1;loch L R H −∈ Ω , the 
author established the existence and regularity of the time-dependent pullback 
attractors. Reference [17] investigated the following model:  

( ) ( ) ( ) ( )22
0 1Δ d Δ , , ,tt t tu u M u x u a u x t a u x t u fτ ϕ

Ω
+ − ∇ + + − + =∫  

The authors analyzed the long-term dynamics of this nonlocal extensible beam 
equation with delay. Under appropriate assumptions, they established the quasi-
stability of the system, thereby obtaining the existence and regularity of a finite-
dimensional compact global attractor, as well as the existence of an exponential 
attractor. 

The time-dependent coefficient function decreases and approaches zero, which 
is consistent with the mathematical analysis of long-term dynamics and also 
conforms to the description of the decay of the inertial mass of a beam in physics. 
The decreasing and approaching zero indicates that the inertial effect gradually 
weakens, allowing the elastic force and damping force to dominate the vibration 
decay, ensuring that the long-term behavior of the system converges to a bounded 
set. For equation (1.1) with ( )t Cε ≡ , we refer to [18]-[22]. However, when 

( )t Cε ≡/ , problem (1.1) becomes significantly more complex. Due to the fact that 
the energy functional of the system depends on time t , the existence of a 
bounded absorbing set becomes difficult to obtain. Some classical theories and 
methods have limitations in solving such problems. Therefore, Conti et al. 
proposed the theory of time-dependent attractors, studying the long-time 
behavior of solutions in the time-dependent space (see, e.g. [23]-[27]). [28] 
established the following model:  

( ) ( )( ) ( ) ( ) ( )2 21 ,t tt u u u f u g xα θε γ+ −∆ ∂ + ∆ + −∆ ∂ + =  

where 0γ > , 1 2,
2 3

θ  ∈ 
 

 and [ ]0,4 2α θ∈ − . Where the nonlinear term satisfies 

a better subcritical exponent 
21
4

Np
N

θ+
≤ <

−
, the author studied the well-posedness  

and regularity of the solution. Under the theoretical framework of time-dependent 
attractors, the existence of time-dependent attractors is investigated by applying the 
contraction function method and detailed estimation. 

Inspired by the above research results, this paper studied the beam equation 
with time delay, structural damping and time-dependent coefficient functions. 
To the best of our knowledge, the existence of time-dependent attractors for 
problem (1.1) - (1.4) with time delay has not been previously studied. At the same 
time, the time delay and nonlinear terms in the equation bring essential difficulties 
to the estimation of the dissipation of the solution, the existence of the bounded 
absorbing set, and the verification of the asymptotic compactness of the solution 
process. We overcome these technical difficulties by employing the methods of 
time translation, energy estimation, contraction functions, and the relevant theory 
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of time-dependent attractors, and prove the existence of time-dependent 
attractors when the optimal growth index of the nonlinear term in (1.1) - (1.4)  

satisfies ( )* 2 1
1

4
N

p p
N

α+ +
≤ < =

−
, 5N ≥ . 

The content and structure of this article are as follows: The second section will 
review the preliminary knowledge and some abstract results; the third section will 
discuss the well-posedness of the weak solutions; the fourth section will use the 
contraction function method to prove the asymptotic compactness of the process, 
and ultimately obtain the existence of the time-dependent attractor. 

In the following text, each occurrence of C  in different equations represents 
the corresponding positive constant. Also, ,iC i∈  is used to denote different 
constants, and ( ),C ⋅ ⋅  represents a constant related to the parameters within the 
parentheses. 

2. Notations and Preliminary Results 

In this section, we introduce some function spaces which will be used throughout 
this paper:  

( ) ( ) ( ), , ,2, , ,p p m p m p m mL L W W H W= Ω = Ω = Ω  

( ) ( ) ( )1 2 1
1 0 2 0, .V H V H H= Ω = Ω ∩ Ω  

with 1p ≥ . We denote the norm and the inner product by 2L⋅  and ,⋅ ⋅  in 
( )2L Ω . Let 2ΔA =  with domain ( ) ( ) ( )1 2

0D A H H= Ω ∩ Ω . For every s∈ , 
we define the Hilbert spaces  

4 4 4 4, , , , , , .
s s s s

s ss sV D A u v A u A v u A u u v V
 

= = = ∈  
 

 

Applying Sobolev embedding theorem, we can obtain the compact embedding  

1s
V ↪↪

2 1 2, assV s s>                     (2.1) 

and the continuous embedding  

sV ↪
2

2 , 0.
N

N sL s− >                      (2.2) 

Therefore, the problem (1.1)(1.4) can be written as follows:  

( ) ( ) ( )2 2 , , ,t tt u Au A u f u g x u t
α

θε γ τ∂ + + ∂ + = ≥            (2.3) 

( ) ( )0 1, ,tu u u uτ τ= ∂ =                      (2.4) 

( ) ( ) [ ]0 1, , ,0 .tu uθ θτ φ τ φ θ ρ= ∂ = ∈ −                 (2.5) 

Define the family of Hilbert spaces:  

( ) ( )2 22 3

2 2
2 3, , , ,

t t
t t V V VL

V L V V C C C C C Cα α α

α
α α −− Ω

= × Ω = × = × = ×
 

   

and the norm in this family of spaces is defined as follows:  

( ) ( )2
2 22 2 2 2

2 3, ,
t tt tz u t u z u t uα α α

ε ε
−

= + ∂ = + ∂
 
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( )2 22 3Ω

2 2 2 22 2, .
V V VLt t

t tC CC C C Cz u u z u u
α α α

θ θ θ θ θ θε ε
−

= + ∂ = + ∂
 

 

The following abstract results will be used for the asymptotic estimation of the 
solution. 

Definition 2.1 [12] Let tX  be a family of normed spaces. A two-parameter 
family of operators ( ){ }, : , ,tU t X X tττ τ τ→ ≤ ∈  is said to be a process, if for 
any τ ∈ , 

i) ( ), IdU τ τ =  is the identity operator on Xτ ; 
ii) ( ) ( ) ( ), , ,U t s U s U tτ τ= , s tτ∀ ≤ ≤ .  
For every t∈ , the R -ball of tX  is defined by:  

( ) { }| .
tt t XR z X z R= ∈ ≤  

Definition 2.2 [12] A family { }t t
C

∈
= C  of bounded sets t tC X⊂  is called 

uniformly bounded, if there exists a constant 0R >  such that ( )t tC R⊂  , 
 t∀ ∈ . 
Definition 2.3 [12] A uniformly bounded family ( ){ }1t t t

R
∈

=


B  is called a 
time-dependent absorbing set for the process ( ),U t τ , if for any 0R > , there 
exists a ( )0 0t t R t= ≤  and 1 0R >  such that  

( ) ( ) ( )0 1, .tt t U t R Rττ τ≤ − ⇒ ⊂   

The process ( ),U t τ  is said to be dissipative if it possesses a time-dependent 
absorbing set. 

Lemma 2.4 [13] Let nx  be a bounded sequence and also let ( )Cψ ∈   be a 
monotone function. Then  

( ) ( )liminf liminf .n nn n
x xψ ψ

→∞ →∞
≤  

Lemma 2.5 [14] [15] Let ,X B  and Y  be three Banach spaces. For any 
0T > , if X ↪↪ B ↪Y , and  

[ ]( ) [ ]( ){ }0, ; | 0, ; , with 1,1 ,p r
tW u L T X u L T Y r p= ∈ ∂ ∈ > ≤ < ∞  

[ ]( ) [ ]( ){ }1 0, ; | 0, ; , with 1.r
tW u L T X u L T Y r∞= ∈ ∂ ∈ >  

Then,  

W ↪↪ [ ]( )0, ;pL T B , 1W ↪↪ [ ]( )0, ;C T B . 

Theorem 2.6 [12] If ( ),U t τ  is asymptotically compact, that is, the set  

{ }{ }| Each is compact in , is attractingt t tt
K K X

∈
= =  K K  

is not empty, then the time-dependent attractor A  exists and coincides with 
{ }t t

A
∈

= A . In particular, it is unique. 
Definition 2.7 [13] [16] A time-dependent attractor { }t t

A
∈

= A  is invariant, 
if for all tτ ≤ ,  

( ), .tU t A Aττ =  

Theorem 2.8 [13] [16] [18] Let ( ),U ⋅ ⋅  be a process on { }t t
X

∈ . Assume that 
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( ),U ⋅ ⋅  possesses a time-dependent absorbing set ( ){ }1t t t
R

∈
=


B . If for any 

0ε >  there exists a subsequence ( )T tε ≤ , ( )( )t
T T RΦ ∈ C  such that  

( ) ( ) ( ) ( ), , , , , ,t
T TU t T x U t T y x y x y Rε− ≤ +Φ ∀ ∈  

for any fixed .t∈  Then ( ),U ⋅ ⋅  is asymptotically compact. 
Theorem 2.9 [16]-[18] Let ( ),U ⋅ ⋅  be a process in a family of Banach spaces. 

Then ( ),U ⋅ ⋅  has a time-dependent global attractor { }* *
t t

A
∈

=


A  satisfying  

( ) ( )* ,t
s t s

A U t B Rτ
τ

τ
≤ ≤

=


 

if and only if   
i) ( ),U ⋅ ⋅  has a time-dependent absorbing set family ( ){ }1t t t

R
∈

=


B ;  
ii) ( ),U ⋅ ⋅  is asymptotically compact.  
Definition 2.10 [16] [18] Let { }t t

X
∈  be a family of Banach spaces and { }t t

C
∈  

be a family of uniformly bounded subsets of { }t t
X

∈ . We call a function ( ),t
τΦ ⋅ ⋅  

defined on t tX X×  a contractive function on C Cτ τ× , if for any fixed t∈  and 
any sequence { } 1n n

x Cτ
∞

=
⊂ , there exists a subsequence { } { } 11kn n nk

x x
∞ ∞

==
⊂  such that  

( )lim lim , 0,
k l

t
n nk l

x xτ→∞ →∞
Φ =  

where tτ ≤ . 

3. Well-Posedness of Solutions 

First, we define the solution of the problems (2.3) - (2.5) as follows. 
Definition 3.1 A binary ( ), ty u uθ θ= ∂  is said to be a weak solution of the 

problem (2.3) - (2.5) on an interval [ ],Tτ , for τ ∈ , if  

[ ]( ) [ ]( )
[ ] ( )( ) [ ]( )

2 3

2

2

2

, ; , ; ,

, ; , ; ,

V V

t VL

u L T C L T C

u L T C L T C

α

α

θ τ ρ τ ρ

τ ρ τ ρ

−

∞

∞
Ω

∈ + ∩ +

∂ ∈ + ∩ +
 

and satisfies  

( ) ( ) ( ) ( )2 2, , , , , , , ,t tt u t Au A u f u g x u t
α

θε ω ω γ ω ω ω τ∂ + + ∂ + = ≥  

( ) ( ) ( ) ( )0 1, , , ,tu x u x u x u xτ τ= ∂ =  

( ) ( ) ( ) ( ) [ ]0 1, , , , ,0 ,tu x u xθ θτ φ θ τ φ θ θ ρ= ∂ = ∈ −  

for all tτ ≤  and any 2Vω∈ . 

Theorem 3.2 If assumptions (i) - (iii) hold, then for every T τ> , 1 ,1
2

α  ∈ 
 

,  

[ ],0θ ρ∈ − , there exists a unique weak solution ( ), ty u uθ θ= ∂  of the problem 
(2.3) - (2.5) with ( ) [ ]( ) [ ]( )2

2, , ; , ;
t t

tu u L T C L T C αθ θ τ ρ τ ρ∞∂ ∈ + ∩ +
 

,  
[ ]( )2

2 , ;t Vu L T Cθ τ ρ
−

∞∂ ∈ + , and  

( ) ( )
( )

( ) ( )( )
( )

22 3

0

2 2 2 2

0 0 1 0 1

d

, , , , , , , , , , , .

V V VL

t
t tC C C C

g

u t u t u s u s s

C R T L C C t

α α
θ θ θ θ θτ ρ

β

ε

γ β µ λ φ φ τ

−Ω
+

+ ∂ + ∂ +

≤ ≥

∫
   (3.1) 
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Moreover, the solution satisfies the following properties: 
i) (Dissipativity) There exists a positive constant 1R , such that  

( ) ( )
2

0 1 1, , ,
t

C
R t t Rφ φ ≤ ∀ ≥



                  (3.2) 

where ( )t t Rτ ≤ −  and ( )t R  is a moment that is dependent on R . 
ii) (Energy equation) For every s tτ ≤ ≤ , [ ],0θ ρ∈ − , the following energy 

identify  

( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )

2

2
0 1

, 2 d

2 d d ,

t
t t

t t
t t

E u t u t u r r

g u u r r t u r r E

θ
θ θ ατ

θ θ
θτ τ

γ

ε φ φ

+

+ +

∂ + ∂

′= ∂ + ∂ +

∫

∫ ∫
      (3.3) 

holds, where  

( )
( )

( )
22

2 2, 2 ,1 .
V L

t tC CE u u u u F uθ θ θ θ θ θε
Ω

∂ = + ∂ +  

iii) (Lipschitz stability in weak topological space) The solution  
( ) ( ), , ,t tu u v vθ θ θ θ∂ ∂  is Lipschitz continuous on 

2V VC C
α α −
× , that is  

( ) ( ) ( ) ( ) ( )( )
( )

2 2

0

2 2 2 24

3

0 1 0 0 1, , , , , , , , , , , .

V V V V
t tC C C C

g

z t z t z z

C R T L C C

α α α α
θ θ θ θ θ θ

β

µε τ ε τ τ
µ

δ γ β λ µ φ φ

− −
+ ∂≤+ ∂

+
  (3.4) 

where ( ), tz z z u vθ θ θ θ= ∂ = − , and ( ) ( ), , ,t tu u v vθ θ θ θ∂ ∂  are two weak solutions 
of the problem (2.3) - (2.5) corresponding to the initial data ( )

0 1
, 1, 2i i iφ φ =  

respectively. 
Proof. i) (existence of the weak solution) Taking the scalar product of (2.4) with 

tu∂ , we have  

( ) ( )( ) ( ) ( )2 2d , 2 2 , , ,
d t t t tE u t u t u g x u u t u

t θα
γ ε  ′∂ + ∂ = ∂ + ∂   

where  

( ) ( )( ) ( ) ( )22
2, 2 ,1 .t tE u t u t u t u F uε∂ = + ∂ +           (3.5) 

Integrating the above equation over the interval [ ],s t  and replacing t  with 
t θ+ , it is easy to see that (3.3) holds. It follows from ( )2H  and ( )3H  that  

( ) ( )
2

2

2 22

2 , , 2 , 2

,

V

V

t t g tC

g tC

g x u u g x u u C u u

C u u

θ θ θ

θ

∂ ≤ ∂ ≤ ∂

≤ + ∂
      (3.6) 

therefore using (3.6), we obtain  

( ) ( )( ) ( ) ( )
2

2 2 22
0 1, 2 d , d d .

V

t t t
t t g tCE u t u t u s s E u u C u s u sθατ τ τ

γ∂ + ∂ ≤ + + ∂∫ ∫ ∫   (3.7) 

Replacing t  by t θ+  in (3.7), we obtain 

( )

( )

( )
( )

2

22

2

1

2 22
0 1

2 22
0 1

, 2 d

, d d

, d d ,

V

V L

t
t t

t t
g tC

t t
g tC C

E u u u s

E C u s u s

E C u s u s

θ
θ θ τ

θ θ
θτ τ

θ θτ τ

γ

φ φ

φ φ
Ω

+

+ +

∂ + ∂

≤ + + ∂

≤ + + ∂

∫

∫ ∫

∫ ∫

           (3.8) 
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where  

( )
( )

( )
22

2 2, 2 ,1 .
V L

t tC CE u u u u F uθ θ θ θ θ θε
Ω

∂ = + ∂ +  

By remark (1.1), it can be know that  

( ) ( )
02

2
02 d 1 2

VCF u x u Cθ θ ββ
Ω

≥ − − −∫               (3.9) 

From (1.8) and the compact embedding 2V ↪↪ ( )1pL + Ω , we can obtain  

( ) ( ) ( )1
2 1 2 1

2 22 ,1 .p
p p
LF u C u u C u u+
+ +≤ + ≤ +  

Then  

( ) ( )
( )

( )

( )

( )

22

22 2 2

22

2 2
0 1 0 1

2 2 12
0 1 0 0

1 2
0 0 1

, 2 ( ,1

,

V L

V V VL

V L

CC

p
CC C C

p
CC

E F u

L C C

θ θφ φ φ ε τ φ τ

φ φ φ φ

µ φ φ

Ω

Ω

Ω

+

+

= + +

≤ + + +

 ≤ + 
 

 

where { }0 max 1 ,C Lµ = + . 

Due to (3.9), there exists a constant ( )2
1 0

1max , 1gN C
L

β = + − 
 

, such that  

( ) ( )
( )

( )
02 2

2 2
0 1 1, , 2 ,1 d 2 .

VL

t
t t C CE u u E N u u F u s Cθ θ θ θ θ θ βτ

φ φ ε
Ω

 ∂ ≤ + ∂ + + +  
∫  

Applying the Gronwall inequality, we get  

( ) ( )00 0 0 1, , , , , , , , , .t gE u u C R T L C Cθ θ ββ µ φ φ∂ ≤           (3.10) 

Combining (3.9) with (3.10), we obtain a constant { }1 0min 1,µ β= , such that  

( )
( ) ( )0 022

2 2
1 0 0 0 12 , , , , , , , , , .

V L
t t gC Cu u C E u u C R T L C Cθ θ β θ θ βµ β µ φ φ

Ω

 + ∂ − ∂


≤


≤   (3.11) 

Inserting (3.10) into (3.8) gives  

( )0

2
0 0 0 1d , , , , , , , , , .

t
t gu s C R T L C C

θ
βατ

γ β µ φ φ
+

∂ ≤∫        (3.12) 

Then  

( )0

2 2
0 0 0 1d d , , , , , , , , , .

V V

t t
t t gC Cu s u s C R T L C C

α α
θ θ βτ ρ τ θ

γ β µ φ φ
+ −

∂ ≤ ∂ ≤∫ ∫   (3.13) 

Taking the scalar product in ( )2L Ω  of (2.4) with 
1

2A u
α−

, we obtain  

( ) ( )

( ) ( ) ( )

1 1 1
22 2 2 2
3

1 1
22 2
1

d , , ,
d

, , , .

t t

t t

t u A u u A u A u f u A u
t

g x u A u t u A u t u

α α α α

α

α α

θ α

ε γ

ε ε

− − −

−

− −

−

∂ + + ∂ +

′= + ∂ + ∂

   (3.14) 
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Next, we will handle each item of (3.14),  

( ) ( )

2

2

1 1
2 2

1
2

22 2 1
1 2

, ,

1 1 ,
2 2

V

V

g C

g C

g x u A u g u A u

C u A u

u C u

α α

θ θ

α

θ

α
θγλ γ

− −

−

− −

≤

≤

≤ +

 

( )
1

222
12 2 2

1 1, ,
2 2t t tt u A u L u u L u L u

α
α

α
ε λ

−
−

−
∂ ≤ ∂ ≤ + ∂  

( )
1

222
12 2 2

1 1, ,
2 2t t tt u A u L u u L L uu

α
α

α
ε λ

−
−

−
′ ∂ ≤ ∂ ≤ + ∂  

1
222 2

2 2

1 1, ,
2 2t t tA u A u u u u u

α α

γ γ γ γ
−

∂ ≤ ∂ ≤ + ∂  

( )

( ) ( )

( )
( )

( )

( )
( )

1
2

2 1
2 1 2 22 12 2 1

2 1 2

2 2 3

2 2 2
3 2 2

,

d d

1 1 ,
2 2

N
N N NN N Np N

p

p

f u A u

C u u x A u x

C u u u

u C u u

α

α
α

α α
α

α

α

−

− +
+ +

− − +
+ +

Ω Ω

−

−

    ≤ +         

≤ +

≤ + +

∫ ∫   (3.15) 

among them, we have used the continuous embedding 2V ↪ ( )
2
2 1
Np

NL α+ +  and (1.8). 

Substituting the above estimate into (3.14) yields  

( )

2

1
22
3

22 1 2
1 2

3 1 2
2 22 2 2

1 1 1 2

d 1,
d 2

1 1 1 1 1
2 2 2 2 2

1 1 1 .
2 2 2

V

t

g C

p
t

t u A u u
t

L C u C u

L u C u

α

α

α
θ

α α α

α

ε

γ γλ γ

γλ λ λ

−

−

− −

−
− −

∂ +

 ≤ + + + + 
 
 

+ + + ∂ +  
 

 

Integrating over [ ], tτ  and replacing t  by t θ+ , we obtain  
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( ) ( ) ( )
2

1
22
3

2
1 2

1
21 2 2

3 1 2
2 22 2 2

1 1 1 2

1 2
1

1, d
2

1 1 1 1 d
2 2 2 2

1 d ,
2

1 1 1d d
2 2 2

1 1 1 1 1
2 2 2 2 2

V

t
t

t

t
g tC

t t p
t

g

u A u u s

L C u s

C u s u A u

L u s C u s

L C C u

α
θ

θ θ θ ατ

θα
τ

α
θ

θτ

α α α
θ θ

ατ τ

α

ε

γ γλ

γ ε τ τ τ

γλ λ λ

γ γλ γ

−
+

−

+−

−
+−

−
− − + +

− −

∂ +

 ≤ + + + 
 

+ + ∂

 
+ + + ∂ +  
 

 ≤ + + + + 
 

∫

∫

∫

∫ ∫

( ) ( ) ( )
2

2

1
2 2

3 1 2
2 22 2 2

1 1 1

d ,

1 1 1d d
2 2 2

V

V V

t
tC

t t p
t C C

s u A u

L u s C u s
α

α

θτ

α α α

θ θτ τ

ε τ τ τ

γλ λ λ

−

−
− −

+ ∂

 
+ + + ∂ +  
 

∫

∫ ∫

 

and 

( ) ( ) ( ) ( ) ( )
1

2 22
1 12

2 2
1 0 1 12

1 1,
2 2

1 1 .
2 2

t tu A u L u L u

L u L u

α
α α

α α

ε τ τ τ λ τ λ τ

λ λ

−
− −

− −

∂ ≤ + ∂

= +

 

Then 

2

2

1
22
3

2 21 2
1 1 0 2

3 1 2
2 22 2 2 2

1 1 1 1 1

1, d
2

1 1 1 1 1 1d
2 2 2 2 2 2

1 1 1 1d d .
2 2 2 2

V

V V

t
t

t
g C

t t p
t C C

u A u u s

L C C u s L u

L u L u s C u s
α

α
θ

θ θ θ ατ

α α
θτ

α α α
α

θ θτ τ

ε

γ γλ γ λ

λ γλ λ λ

−
+

−

− − −

−
− −−

∂ +

 ≤ + + + + + 
 

 
+ + + + ∂ +  

 

∫

∫

∫ ∫

 

Therefore  

( ) ( )0

2
0 0 1 0 13

d , , , , , , , , , , .
t

gu s s C R T L C C
θ

βατ
β µ γ λ φ φ

+

−
≤∫  

Then 

( ) ( )

( )
3 3

0

2 2

0 0 1 0 1

d d

, , , , , , , , , , .
V V

t t

C C

g

u s s u s s

C R T L C C
α α

θ θτ ρ τ θ

ββ µ γ λ φ φ
− −+ −

≤

≤

∫ ∫
     (3.16) 

From equation (2.3), estimation formula (3.15) and the embedding ( )
11
pL

+
Ω

↪↪ 2V− , ( )
2
2 1

N
NL α+ + ↪↪ 1V α− − , we can obtain that  
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( )

( )

( )
( )

( )

( )
( )

( )

2

2 2 2 22

2 12 1

22 2 2

0

22 2

22 2 21 2
1

22 2
1

2 2 2 22
1

0 0 1 0 1

2

, , ,

, , ,

, , , , , , , , ,

V

V V VV

V L
pL

V V VL

t C

t gC C CC

g tC C C

p p
g t gC C C C

g

u t

u u f u C u

C R C u u f u

C R C u u u C u

C R T C C

α

θ θ

θ θ θ θ

θ θ θ

θ θ θ θ

β

ε

γ λ

γ λ

γ λ

β γ µ λ φ φ

−

− −

Ω +

Ω

−

∂

≤ + ∂ + +

 
 ≤ + ∂ +
 
 
 ≤ + ∂ + + 
 

≤

   (3.17) 

and 

( )
( ) ( )

( )
( )

2 21
2 1 2 1

2 2

0

2 2 2

2 2

0 0 1 0 1, , , , , , , , .

N NpV
N NL L

V V

p

C CC

p

C C

g

f u C u u

C u u

C R T C C

α
α α

θ θ θ

θ θ

ββ µ λ φ φ

− −
+ + + +

 
 ≤
 
 

+

≤ +

≤

        (3.18) 

Therefore [ ]( )2

2 , ,t Vu L T Cθ τ ρ
−

∞∂ ∈ + , ( ) [ ]( )1

2 , , Vf u L T C
αθ τ ρ

− −
∈ + . 

Finally, from (3.5), (3.8), (3.9), (3.10), (3.13) and (3.16), we gain the estimate (3.1). 
We next established the existence of solutions to problem (2.3) - (2.5) in the space  

[ ]( ) [ ]( )2
2, ; , ;

t t
C T C L T C ατ ρ τ ρ+ ∩ +

 
. Let ( ),n n n

ty u uθ θ θ= ∂  be a solution of  

(2.3) - (2.5). It is easy to see that the estimate (3.1) holds for the Galerkin 
approximation sequence { }nyθ . Hence, there exists a binary  

( ) [ ]( ) [ ]( )2
2, , ; , ;

t t
tu u L T C L T C αθ θ τ ρ τ ρ∞∂ ∈ + ∩ +

 
,  

[ ]( )2

2 , ;t Vu L T Cθ τ ρ
−

∞∂ ∈ + ,  

such that  

( ) ( ) [ ] ( )( )22

*, , weakly in , ; ,n n
t t V L

u u u u L T C Cθ θ θ θ τ ρ∞
Ω

∂ → ∂ + ×  

( ) ( ) [ ]( )3

2, , weakly in , ; ,n n
t t V Vu u u u L T C C

α αθ θ θ θ τ ρ
−

∂ → ∂ + ×  

[ ]( )2

2 2 *weakly in , ; .n
t t Vu u L T Cθ θ τ ρ

−

∞∂ → ∂ +  

Applying Lemma 2.6 yields, it can be deduced that  

( ) ( ) [ ]( )2
, , in , ; with : 0 1,n n

t t V Vu u u u C T C C
η ηθ θ θ θ τ ρ η η
− −

∂ → ∂ + × <     (3.20) 

[ ]( ) ( ) ( ) [ ]2

2in , ; and , , , a.e. , ,n n
Vu u L T C u x t u x t Tθ θ θ θτ ρ τ ρ→ + → Ω× +  (3.21) 

[ ] ( )( )2

2in , ; ,n
t t Lu u L T Cθ θ τ Ω∂ → ∂               (3.22) 

( ) ( ) [ ] ( )
1 11 1

weakly in , ; ,n p pf u f u L T Lθ θ τ ρ
+ + 

→ + Ω  
 

      (3.23) 
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For arbitrary ( )1 0Cξ ∞∈ Ω , we obtain  

( ) ( )( )

( ) ( )( )
2

1 1
2 2

1 1

1 2

, d d

d 0.
V

T Tn

n

C

T

nAu Au t A u t u t A t

u t u t t

θ θ θ θτ τ

θ θτ

ξ ξ

ξ

− ≤ −

≤ − →

∫ ∫

∫
 

and, similarly  

( ) ( )

( )
( ) [ ]( )20

2

1

1 1
2 1 222 2

0 1 0 1 1 , ,

, d

1 d

, , , , , , , , 0.
V

T

T

n

p pn n

n
g L T C

f u f u t

C u u u u t

C R T N C C u u

θ θτ

θ θ θ θτ

β θ θ τ ρ

ξ

ξ

β λ φ φ

− −

+

−

≤ + + −

≤ − →

∫

∫  

Finally, for the delay term,  

( ) ( )
[ ]( )2

2 2
1 1 , ,

, d d 0.
V V

T Tn n n
g gt t C L T C

g u g u t C u u t C u uθ θ θ θ θ θ τ ρ
ξ ξ

+
− ≤ − ≤ − →∫ ∫  

Collecting these limits, we conclude that ( ), ty u uθ θ= ∂  is a weak solution of 
(2.3) - (2.5) satisfying estimate (3.1). 

According to  

( ) ( )( ) [ ]( ) [ ]( )22
, , ; , ;

t
t V Vu t u t C T C C L T C

η ηθ θ τ ρ τ ρ
− −

∞∂ ∈ + × ∩ +


, there is  

( ) [ ]( )2, , ; ,
t

t wu u C T Cθ θ τ ρ∂ ∈ +


 

( ) ( ) ( )( )
2 2

, liminf , .
t t

t tC Cs t
u u u s u sθ θ θ θ→

∂≤∂
 

 

For any [ ],t Tτ∈ , it follows form (3.3) that  

( ) ( )( ) ( ) ( )( )lim , , ,t ts t
E u s u s E u t u t

→
∂ = ∂  

replacing t  by t θ+ ,  

( ) ( )( ) ( ) ( )( )lim , , .t ts t
E u s u s E u t u tθ θ θ θ→

∂ = ∂            (3.24) 

By virtue of (3.21), ( ) ( ), ,u x s u x tθ θ→  a.e. x∈Ω  as s t→ . Applying Lemma 
2.4, Remark 1.1 and the Fatou lemma, we obtain  

( )( ) ( ) ( )( ) ( )lim 2 , 2 , ,
s t

g u s u s g u t u tθ θ→
=  

( ) ( )( ) ( ) ( )( )
2 2

2 2
, liminf , ,

t t
t tC Cs t

u t u t u s u sθ θ θ θ→

 
∂ ∂ 


≤

 

 

( )( ) ( ) ( ) ( )( )
( )( ) ( ) ( ) ( )( )
( )( ) ( ) ( )

2
0 1 0

2
0 1 0

2
0 1 0

2 1 d

liminf 2 1 d

liminf 2 d 1 .

s t

s t

F u t u t C x

F u s u s C x

F u s x u C

θ θ

θ θ

θ θ

β λ β

β λ β

β λ β

Ω

Ω→

Ω→

+ − +

+ − +

+ − +≤ Ω

≤

∫

∫

∫

 

That is,  

( )( ) ( )( )2 d liminf 2 d .
s t

F u t x F u s xθ θΩ Ω→
≤∫ ∫  
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Based on the above estimation and (3.23), there is  

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( )

2 2

2 2

2 2

2 2

2

2 2

2 2

2 2

2 2

2

liminf liminf 2 ,1

lim 2 ,1

2 ,1

liminf liminf 2 ,1

liminf

L V

L V

L V

L V

L

t C Cs t s t

t C Cs t

t C C

t C Cs t s t

t C s t

s u s u s F u s

s u s u s F u s

t u t u t F u t

t u t u s F u s

t u t u

θ θ θ θ

θ θ θ θ

θ θ θ θ

θ θ θ θ

θ θ θ

ε

ε

ε

ε

ε

→ →

→

→ →

→

∂ + +

 ∂ + + 

 



= ∂ + +

 ∂ + +  

∂ +

  

≤

≤

≤ ( ) ( )( )

( ) ( ) ( ) ( )( )
2

2 2

2

2 2

2 ,1

liminf liminf 2 ,1 .

V

L V

C

t C Cs t s t

s F u s

s u s u s F u s

θ

θ θ θ θε
→ →

 +  
 ∂ + +  

≤

 

Therefore 

( ) ( )
( )

( ) ( )
( )2 2

2 2
lim .

L L
t tC Cs t

t u t s u sθ θ θ θε ε
Ω Ω→

∂ = ∂  

Similarly, it can be concluded that  

( ) ( )
2 2

2 2
lim .

V VC Cs t
u t u sθ θ→

=                  (3.25) 

According to the consistency and continuity of spatial 2
t

C


, combined with  

(3.24), (3.25) and ( ) [ ]( )2, , ;
t

t t t wu u C T Cτ ρ∂ ∈ +


, it can be concluded that  

( ) [ ]( )2, , ;
t

t t tu u C T Cτ ρ∂ ∈ +


. Up to now, the proof of the existence of the solution  

have been completed. 
ii) (Lipschitz stability in weak topological space) Let ,u v  be the solutions of 

problem (2.3) - (2.5) such that ( ) ( ) 2
0 1 0 1, , ,u u v v τ∈ , Then, z u v= − , satisfies  

( ) ( ) ( ) ( ) ( ) ( ) [ )2 2 , , ,t tt z t Az A z f u f v g u g v t
α

θ θε γ τ∂ + + ∂ + − = − ∈ ∞   (3.26) 

( ) ( )0 0 0 1 1 1, ,tz u v z z u v zτ τ= − = ∂ = − =            (3.27) 

( ) ( )
0 0 1 11 2 1 2, .tz zθ θτ φ φ τ φ φ= − ∂ = −              (3.28) 

In the following estimation, we choose δ  as an arbitrarily small positive 
number. 

Taking the scalar product of 
2

22 2tA z z
α

δ
−

∂ +  with tu∂  yields  

( ) ( )

( ) ( )

2 22
2 2 2

2
1

3
2

d , 2 2 2
d

,2 ,

t t t

i t ti

K z z z z t z
t

t z t z z

α

α

δ γ δε

ε ε δ

−

= −

∂ + + ∂ − ∂

′ ′= Γ + ∂ + ∂∑
       (3.29) 

where 

( ) ( ) ( ) 2 2 2
2, , 2 ,t t tK z z t z z t z z z

α αα
ε δ ε δγ

−
∂ = ∂ + ∂ + +  

( ) ( )
2

2
1 2 , ,tf u f v A z

α−

Γ = − − ∂  
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( ) ( )2 2 , ,f u f v zδΓ = − −  

( ) ( )
2

2
3 2 , .tg u g v A z z

α

θ θ δ
−

Γ = − ∂ +  

Since  

( ) ( ) 222 1
1 2

1, 2 4 ,
4t tt z z L z t zα

α α
ε δ δ λ ε−

−
∂ ≤ + ∂  

we can get  

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )2 2 2 2
3 42 2

, ,t t tz t t z t K z z z t t z t
α α α α

µ ε µ ε
− −

+ ∂ ≤ ∂ ≤ + ∂  (3.30) 

where 2 1
3 1

3min ,1 4
4

L αµ δγ δ λ − = + − 
 

, 2 1
4 1

5max ,1 4
4

L αµ δγ δ λ − = + + 
 

. 

By the interpolation theorem, we can obtain  

( ) ( )

( )

( )

( )

( ) ( )

2
2

1

6 2 4
2 21 1 6 2 4

2 4 2
2 2

2 2 4 2
2

21 1 2
2 2 2

2 d

1 d d

d

1 ,

t

NN N N Np p
N

N
N N

N

t

p p
t

f u f v A z x

C u v x z x

A z x

C u v z z

α

α

α

α

α α

−

Ω

− −

− − − −
Ω Ω

− −

− − −

Ω

− −

Γ ≤ − ⋅ ∂

   ≤ + + ⋅       

 
 ⋅ ∂ 
 
 

≤ + + ⋅ + ∂

∫

∫ ∫

∫

 

( ) ( )

( ) ( )
( ) ( )( )
( ) ( )( )

1 1 1

2

1
1 21

1 1 11 1

2 1 2 1 2

2 1 2 1 2
2 2 2

2 d

1 d d

1

1 ,

p p p

p
p p

p p pp p

p p
L L L

p p

f u f v z x

C u v x z x

C u v z

C u v z

δ

δ

δ δ

δ δ

+ + +

Ω

−
+ +

− − +− +
Ω Ω

− −

− −

Γ ≤ − ⋅

 
≤ + + ⋅  

 

≤ + + +

≤ + + +

∫

∫ ∫
 

where we have used the Sobolev embedding 2V ↪↪ ( )1pL + Ω .  

( ) ( ) ( ) ( )

2 2

2
2

3

2 2 2 21 1 2 1 2
1 1 22 2

2 2

.
V V

t

g t gC C

g u g v A z g u g v z

C u v z C u v z

α

θ θ θ θ

θ θ θ θα

δ

γ λ γ δλ δ

−

− − −
−

Γ ≤ − ∂ + −

≤ − + ∂ + − +

 

Substituting the above estimates into equation (3.29), we obtain  

( ) ( )( )

( ) ( )
( ) ( ) ( )( )

2

2 21 1 2 1 1
2 2 2 2 2

2 2 1 2 11 1 2 1 2
1 1 2 2

d ,
d

1 2 1

1 .
V

t

p p p p
t t

p p
g g C

K z t z t
t
C u v z L z C u v z

C C u v C u vθ θ

δ

γ λ δλ δ

− − − −

− −− − −

∂

≤ + + + ∂ + + + ∂

+ + − + + +

 

Integrating the above inequality over [ ], tτ  and replacing t  by t θ+  yields  
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( ) ( )( )
( ) ( )( ) ( )
( ) ( )

( ) ( )( )
2

21 1 2
2 2 2

2 21 1 1 1 2 1 2
1 12 2

2 1 2 1
2 2

,

, 1 d 2 d

1 d d

1 d .

V

t

t tp p
t t

t tp p
t g g C

t p p

K z t z t

K z z C u v z s L z s

C u v z s C C u v s

C u v s

θ θ

θ θ

τ τ

θ θ
θ θτ τ

θ

τ

τ τ δ

γ λ δλ

δ

+ +− −

+ +− − − − −

+ − −

∂

≤ ∂ + + + + ∂

+ + + ∂ + + −

+ + +

∫ ∫

∫ ∫

∫

 

There 

( ) ( )( )
( ) ( )( ) ( )

( )

( )
( )

( )
( ) ( )( )

( ) ( )( )

22 2 2

22 2 2

2 2

1 1 2 2

1 1 2 21 1 2 1 2
1 1

2 1 2 1

1 0 0 0

,

, 1 d 2 d

1 d d

1 d

, , , , , , , , , ,

V V V L

V V VL

V V

t

p p
t tC C C C

p p
t g gC C C C

p p

C

t

C

t

t

t t

t

K z t z t

K z z C u v z s L z s

C u v z s C C u v s

C u v s

K z z C R T L

θ θ

θ θ θ θτ τ

θ θ θ θ θτ τ

θ θτ

τ τ δ

γ λ δλ

δ

τ τ δ γ λ β µ φ

Ω

Ω

− −

− − − − −

− −

∂

≤ ∂ + + + + ∂

+ + + ∂ + + −

+ + +

≤ ∂ +

∫ ∫

∫ ∫

∫
( )01, , .gC Cβφ

 

Consequently, the equation (3.4) holds. 
iii) (Dissipativity) Taking the inner product of 2 2tu uδ∂ +  with (2.3) yields  

( ) ( ) ( )

( ) ( ) ( )

2 22
1 2

2

d , 2 2 2 ,
d

,2 2 2 ,2 2 ,

t t t

t t t

K u u u u f u u t u
t

t u u t u g u u u

α

θ

δ γ δ ε

ε δ δε δ

′∂ + + ∂ + 〈 〉 − ∂

′− ∂ − ∂ = ∂ +
    (3.33) 

here ( ) ( ) ( ) ( )22 2
1 2, , 2 2 ,1t t tK u u u t u t u u u F u

α
ε ε δ δγ∂ = + ∂ + ∂ + + .  

Moreover, using  

( ) ( )
1 1

222 2
1 122 , t tt u u L u t uε δ δλ δλ ε
− −

′ ∂ ≤ + ∂           (3.34) 

together with Remark (1.1), we obtain constants 5 6,µ µ , such that  

( ) ( ) ( )2 20

2 2
5 1 6, 2 , , ,

t t
t t tu u C K u u u uβµ µ∂ − ≤ ∂ ≤ ∂

 
 

where 
1 2 1
2 2 2

5 1 0 1 1min 1 , L
α

µ δλ β δγλ δλ
−

− − −  = − + − 
  

,  

1 2 1
2 2 2

6 1 1 1max 1 ,1 L C
α

µ δλ δγλ δλ
−

− − −  = + + + + 
  

.  

From (1.8) and the compact embedding 2V ↪↪ ( )1pL + Ω , we can obtain  

( ) ( ) ( )1
2 1 2 1

2 22 ,1 .p
p p
LF u C u u C u u+
+ +≤ + ≤ +  

By Remark (1.1), we have  

( ) ( )
0

2
0 22 , 2 1 2 .f u u u Cβδ δ β δ≥ − −  
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Additionally, for the delay forcing term, we estimate  

( )
( ) ( )

( )

2 2

2 2

1 1
2 2 2 22 2 12 2

1 1 2

, , 2 2

2 2

2 2

.

V V

V V

t

t

g t gC C

g t gC C

g x u u u

g u u g u u

C u u C u u

C u t u C L u u

θ

θ θ

θ θ

θ θ

δ

δ

δ

δ λ ε δλ
− −−

∂ +

≤ ∂ +

≤ ∂ +

≤ + ∂ + +

 

Substituting the above estimates into (3.33), we obtain  

( )

( )

2

0

2
1

1 1 1
22 2 1 22 2 2

1 1 0 12

1
22

1

d , 2
d

2

1 2 2 .

V

t t

g g C

t

K u u u
t

L u C L C u

t u C

α

θ

β

γ

δλ δ λ δβ δλ

δ δλ ε δ

− − −−

−

∂ + ∂

 
≤ + − + +  

 
 

+ + + ∂ +  
 

      (3.35) 

Integrating over [ ], tτ  and replacing t  by t θ+ , we deduce  

( )

( ) ( )( )

( )
0

2

2
1

1 1
22 2

1 1 1 0 2

1
22

1

1
22 1 22

1

, 2 d

, 2 d

2 2 d

d ,
V

t
t t

t
t

t
t

t
g g C

K u u u s

K u u L u s

C t L L L u s

C L C u s

θ
θ θ ατ

θ

τ

θ
β τ

θ
θτ

γ

τ τ δλ δ λ δβ

δ θ τ δ δλ

δλ

+

− − +

− +

− +−

∂ + ∂

≤ ∂ + + −

 
+ + − + + + ∂  

 
 

+ +  
 

∫

∫

∫

∫

      (3.36) 

consequently,  

( )

( )

( )

( )

( )

2

0 2

2

0

2
1

1 1
22 2

1 0 1 1 1 0

1
22 1 22

1

1
22

1

1 0 0 0 1

, 2 d

, 2 d

2 d

2 d

, , , , , , , , , , , , .

V

V

V

L

t t C

C

g g C

t C

t

g

t

t

t

K u u u s

K u u L u s

C t C L C u s

L L L u s

C R T L C C

α
θ θ θτ

θτ

β θτ

τ

β

γ

δλ δ λ δβ

δ τ δλ

δ δλ

δ γ τ λ µ β φ φ

Ω

− −

−−

−

∂ + ∂

≤ + + −

 
+ − +  

 
 

+ + + ∂  
 

≤

∫

∫

∫

∫

         (3.37) 

Based on (3.34) and (3.37), it can be demonstrated that the solutions to the 
problem (2.3) - (2.5) possess dissipative properties. 

Theorem 3.3 Assuming that conditions (1.5) - (1.8) are satisfied and ( )2g L∈ Ω . 
If u  and v  are two solutions of problem (2.3) - (2.5) respectively with initial 
values ( )0 1,u u  and ( )0 1,v v , then for any Tτ < , there is 

( ) ( ) ( ) [ ]
2 2

2 2
e , , .

t

t
C C

z t C z t T
τ

τ
θ θ τ τ−≤ ∀ ∈

 
          (3.40) 
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Proof. Let z u v= − , then z  satisfies  

( ) ( ) ( )
( ) ( ) [ )

2 2

, , , , , ,
t tt z Az A z f u f v

g x u g x v x t

α

θ θ

ε γ

τ

∂ + + ∂ + −

= − ∈Ω ∈ ∞
             (3.41) 

( ) ( )0 0 0 1 1 1, ,tz u v z z u v zτ τ= − = ∂ = − =              (3.42) 

( ) ( )
0 0 1 11 2 1 2, .tz zθ θτ φ φ τ φ φ= − ∂ = −                (3.43) 

Taking the inner product of 2 t z∂  with (3.41) yield  

( )( )
( ) ( ) ( ) ( ) ( )

2 22
2

2

d 2
d

2 , 2 , , , ,

t t

t t t

z t z z
t

t z f u f v z g x u g x v z

α

θ θ

ε γ

ε

+ ∂ + ∂

′= ∂ − − ∂ + − ∂
   (3.44) 

Next, we consider the Sobolev embedding 2V ↪
( )1
2

N p

L α
−

+ , we can obtain  

( ) ( ) ( ) ( )

( )
( )
( )( )

2 24
22 221 1 2 24

1 1
2 2 2

21 1 2
2 2 2

2 , 2 d

2 1 d d d

2 1

1 ,

t t

NNN N NN NNp p
NN t

p p
t

p p
t

f u f v z f u f v z x

C u v x z x z x

C u v z z

C u v z z

α α

α α

α

α

Ω

+ −−

− − + −−
Ω Ω Ω

− −

− −

− − ∂ ≤ − ⋅ ∂

    ≤ + + ⋅ ⋅ ∂           

≤ + + ∂

≤ + + + ∂

∫

∫ ∫ ∫
 

and again  

( ) ( ) ( ) ( )

2

2

2 21 22
1

2 , , , 2 , ,

2

.

V

V

t t

g tC

g tC

g x u g x v z g x u g x v z

C u v z

C u v z

θ θ θ θ

θ θ

α

θ θ α
γ λ γ

−−

− ∂ ≤ − ∂

≤ − ∂

≤ − + ∂

 

Substituting the above estimate into (3.44) yields  

( )( )
( )( )

2

22
2

2 21 1 2 1 22
12 2 2

d
d

1 .
V

t

p p
t g C

z t z
t

C u v z z C u v
α

θ θα

ε

γ λ
−− − −

+ ∂

≤ + + + ∂ + −

    (3.45) 

Integrating over [ ], tτ  and replacing t  by t θ+ , we obtain  

( ) ( ) ( ) ( )
( )
( ) ( )

( )

2

2

2 2 2

2 2

2 2
0

2 2 1 1 2
2 2 22

2 21 1 1 22
12 2

2 1 1 22
0 12

1 1 2 1 22
1

1 d

1 d d

1 d

1 d

V

V

V V V

V V V

tC

t p p
t

t tp p
t g C

t p p

C C C

t p p
t gC C C

z z

z z C u v z s

C u v z s C u v s

z z C u v z s

C u v z s C u v
α

θ θ

θ

τ

α
θ θ

θ θατ τ

θ θ θτ

α

θ θ θ θτ

ε

τ ε τ τ

γ λ

ε τ

γ λ

+ − −

−+ +− − −

− −

−− − −

+ ∂

+ ∂ + + +

+ + + ∂ + −

≤ + + + +

+ + + −

≤

∂ +

∫

∫ ∫

∫

∫

( )
( )

2

22

2

2 2 22
0 12

d

d .

V

V L

t

C

t
tC C

s

z z C z z s

θτ

θ θ θτ
ε τ ε

Ω

 ≤ + + + ∂ 
 

∫

∫

  (3.46) 
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Using the Gronwall inequality, we can obtain  

( ) ( ) ( ) [ ]
2 2

2 2
e , , .

t

t
C C

z t C z t T
τ

τ
θ θ τ τ−≤ ∀ ∈

 
          (3.40) 

At the same time, we also obtained the uniqueness of the solutions to problem 
(2.3) - (2.5) in the space 2

t
C


. 

By Theorem 3.2 and Theorem 3.3, we can define the process  

( ) ( ) ( ) 2 2, : ,
t

z t U t z C C
τ

θ θτ τ= →
 

 

associated with problem (2.3) - (2.5), which is continuous from 2C
τ

 to 2
t

C


. 

4. The Existence of Time-Dependent Global Attractor in 
t

C 2
 

Since this article conducts research in a time-dependent space and the time-
dependent function is decreasing, leading to non-uniform energy dissipation, the 
method of contraction functions is chosen to prove the asymptotic compactness 
of the process. According to Theorem 3.2, the following result can be obtained. 

Theorem 4.1 Assuming that the conditions of Theorem 3.2 hold. If for any 
initial values ( ) ( ) ( ){ }2 2

0 1 0 1, , ,u u v v Rτ τ∈ ⊂  , then there exists 1 0R > , such 
that the process ( ),U t τ  corresponding to the problem (2.3) - (2.5) possesses a 
time-dependent absorbing set, namely, the family sets ( ){ }1t t t

R
∈

=


B . 
To establish the asymptotic compactness of the process ( ),U t τ , we will make 

following a priori estimates. 
Let u  and v  be the solutions of problem (2.3)-(2.5) respectively with initial 

values ( ) ( ) ( ){ }2
0 1 0 1, , ,u u v v Rτ∈  . The difference z u v= −  satisfies the 

following equation  

( ) ( ) ( ) ( ) ( ) ( ) [ )2 2 , , , , ,t tt z t Az A z f u f v g x u g x v t
α

θ θε γ τ∂ + + ∂ + − = − ∈ ∞   (4.1) 

( ) ( )0 0 0 1 1 1, ,tz u v z z u v zτ τ= − = ∂ = − =               (4.2) 

( ) ( )
0 0 1 11 2 1 2, .tz zθ θτ φ φ τ φ φ= − ∂ = −                 (4.3) 

We will conduct the priori estimation in the following four steps. 
Step 1. Multiply equation (4.1) by 2 t z∂  and then integrate over [ ],s t ×Ω , 

which yields  

( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( ) ( )

2

4

2

2 d d 2 d d

d d 2 , , d d ,

t t

t

t t

ts

t

s s

ts

H t H s A z r x r f u f v z r x r

r z r x r g x u g x v z r x r

α

θ θ

γ

ε

Ω Ω

Ω Ω

− + ∂ + − ∂

′= ∂ + − ∂

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

 (4.4) 
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here, ( ) ( ) ( ) ( )2 2

2tH t t z t z tε= ∂ + , and T s t≤ ≤ . 
Due to  

( ) ( )( ) ( )

( ) ( )( )( ) ( )( )
( ) ( )

( ) ( )

2

1 1
2 22 2

2 2

2 2

2 , , d d

2 , , d d d

2 , , d

, , d d

d d .
V

ts

ts

ts

ts s

g

t

t

t

t t

t t
tCs s

g x u g x v z r x r

g x u g x v x z r x r

g x u g x v z r

g x u g x v r z r

C u v r z r

θ θ

θ θ

θ θ

θ θ

θ θρ

Ω

Ω Ω

+

− ∂

≤ − ∂

≤ − ∂

≤ − + ∂

≤ − + ∂

∫ ∫

∫ ∫ ∫

∫

∫ ∫

∫ ∫

 

Then there is  

( ) ( )

( ) ( ) ( )

( )

( ) ( ) ( )( ) ( )
2

2

2 2

2 2

2

d d

d d d d

d d

d d 2 d d .

V

tT

t tT T

g tCT T

t tT T

t

t t

t t

t t

r z r x r

L z r x r r z r x r

H T C u v r z r

L z r x r f u f v z r x r

θ θρ

ε

ε

Ω

Ω Ω

+

Ω Ω

∂

′≤ ∂ − ∂

≤ + − + ∂

+ ∂ − − ∂

∫ ∫

∫ ∫ ∫ ∫

∫ ∫

∫ ∫ ∫ ∫

      (4.5) 

Step 2. Multiplying (4.1) by z  and integrating over [ ],T t ×Ω , this gives  

( ) ( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2

21
22

2

d d d
2

d d

, , d d d

d d .
2

t T

tT

t

t t

T

tT

tT

t

t

t z t z t x z t f u f v z r x r

A z r r z r r

g x u g x v z r x r T z T z T x

z T r z r z r x r

α

θ θ

α

γε

ε

ε

γ ε

Ω Ω

Ω

Ω Ω

Ω

∂ + + −

+ − ∂

= − + ∂

′+ + ∂

∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫

∫ ∫

    (4.6) 

Due to  

( ) ( )( ) ( )

( ) ( )( )( ) ( )( )
( ) ( ) ( )

( ) ( ) ( )

( )
2

1 1
2 22 2

2 21
1 2

22 1
1 2

, , d d

, , d d d

, , d

, , d d

d d .
V

t

t

T

T

T

T T

g C

t

t t

t t

T T

g x u g x v z r x r

g x u g x v x z r x r

g x u g x v z r r

g x u g x v r z r r

C u v r z r r

θ θ

θ θ

θ θ

θ θ

θ θρ

λ

λ

Ω

Ω Ω

−

−

+

−

≤ −

≤ −

≤ − +

≤ − +

∫ ∫

∫ ∫ ∫

∫

∫ ∫

∫ ∫

 

Combining (4.5) and (4.6)and replacing t  by t θ+  in the integral identity, 
we obtain  
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( ) ( ) ( ) ( )( )
( ) ( )

( ) ( ) ( )( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2

2 2

2

22

2

22

d d

d d

d d 2 d d

d d d

d d
2

d d

V

t t
tT T

t t
g tCT T

t t
t tT T

t
tT

t
t tT

t
t gT

H r r r z r z r r

H T C u v r z r r

L z r x r f u f v z r x r

f u f v z r x r t z t z t x

r z r T z T z T x z T

r z r z r x r C u v

θ θ

θ θ
θ θρ

θ θ

θ

θ

α

θ
θ

ε

ε

γε ε

ε

+ +

+ +

+

+ +

Ω Ω

+

Ω Ω

+

Ω

+

Ω

= ∂ +

≤ + − + ∂

+ ∂ − − ∂

− − − ∂

+ ∂ + ∂ +

′+ ∂ + −

∫ ∫

∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫

∫ ∫

∫ ∫ ( )

( ) ( ) ( )
( )

( ) ( ) ( )( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )

( ) ( )
( )

( ) ( ) ( ) ( )

( )

2

22

2

22 1
1 2

2 2 2 2

2

2

2 2

d d

d d

d d 2 d d

d d d

d d
2

V

V L

L

t t

t t

t

t t

CT T

t g tC CT T

t tT T

tT

t tCT

t

t

r z r r

T z T z T C u v r z r

L z r x r f u f v z r x r

f u f v z r x r t z t z t x

r z r r T z T z T x z T

r

θ θ
θρ

θ θ θρ

θ θ θ θρ

θ θ θρ

θ θ α

θ

λ

ε

ε

γε ε

ε

Ω

Ω

+ +−

+

+

Ω + Ω

+ Ω Ω

Ω

+

≤ ∂ + + − + ∂

+ ∂ − − ∂

− − − ∂

+ ∂ + ∂ +

′+ ∂

∫ ∫

∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫

∫ ∫

( ) ( ) ( )
2 2

22 1
1d d d d .

V V
g C CT T T

t t t
z r z r x r C u v r z r rθ θ θ θ θρ

λ−

+
+ − +∫ ∫ ∫  

Step 3. Integrate (4.4) over with [ ],T t  respect to s  and replacing t  by 
t θ+  in the preceding inequality, this yields  

( )( )
( ) ( ) ( )( ) ( )

( ) ( )( ) ( )

( ) ( )
( )

( ) ( ) ( )( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )

( )

22

22

2

d 2 , , d d d

2 d d d

d d

d d 2 d d

d d d

V L

t t t
tT T s

t t
tT s

g tC CT T

t tT T

t

t t

t t

T

t

H t t T

H s s g x u g x v z r x r s

f u f v z r x r s

H T C u v s z s s

L z s x s f u f v z s x s

f u f v z s x s t z t z t x

r

θ θ θ
θ θ

θ θ

θ θ θρ

θ θ θ θρ

θ θ θρ

θ

θ

ε

ε

Ω

+ + +

Ω

+ +

Ω

+

Ω + Ω

+ Ω Ω

+ −

≤ + − ∂

− − ∂

≤ + − + ∂

+ ∂ − − ∂

− − − ∂

+

∫ ∫ ∫ ∫

∫ ∫ ∫

∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫

( )
( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )
( )

( ) ( )( ) ( )

2

2 2

22

2 2

22 1
1

22

d d
2

d d d d

d d d d

2 d d d .

L

V V

V L

t

t t t

t tCT

t g C CT T T

t t t t
g tC CT s T s

t t
tT s

z s s T z T z T x z T

s z s z s x s C u v s z s s

C u v r s z r r s

f u f v z r x r s

θ α

θ θ θ θ θ θρ

θ θ
θ θ θρ

θ
θ θ θρ

γε

ε λ

Ω

Ω

Ω

−

Ω +

+ +

+

+

+ Ω

∂ + ∂ +

′+ ∂ + − +

+ − + ∂

− − ∂

∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫

 

Step 4. Introduce the compactness functional  

( ) ( ) ( ) ( ) ( ) ( )2
d ,

2 tC M H T z T T z T z T x
α

γ ε
Ω

= + + ∂∫         (4.7) 

and 

( ) ( )( ) ( ) ( )( )( ) 1 2 3, , , ,t
T t tu T u T v T v Tθ θ θ θϕ ∂ ∂ = Ψ +Ψ +Ψ       (4.8) 

where  
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( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( )

2

2

2 2
1

2 2

1 d d d

d d d d

d d ,

L

L

t t CT T

t
t t t CT

t t

t t

t

T s

tT

L z s x s s z s s
t T

z s s t z t z t x z r r s

s z s z s x s

θ θ θ

θ
θ

θ θ θ

ε
θ

ε

ε

Ω

Ω

Ω

+

Ω

Ω


Ψ = ∂ + ∂+ − 

+ ∂ − ∂ + ∂

′+ ∂ 

∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫

 

( ) ( ) ( )( ) ( )

( ) ( )( ) ( )

( ) ( )( ) ( )

2
1 d d

2 d d

2 d d d ,

t

tt

t
tT

t

t

s

t

f u f v z s x s
t T

f u f v z s x s

f u f v z r x r s

θ θ θρ

θ θ θρ

θ
θ θ θρ

θ + Ω

+ Ω

+

+ Ω

Ψ = − −+ −

+ − ∂

+ − ∂ 

∫ ∫

∫ ∫

∫ ∫ ∫

 

( ) 2 2

2 2
3

1 2 d d d .
V V

t
g g

t t

C Ct T s
C u v s C u v r s

t T
θ

θ θ θ θρ ρθ
+

+ +
 Ψ = − + −  + − ∫ ∫ ∫  

Therefore  

( ) ( ) ( )( ) ( ) ( )( )( )1 , , , .t
M T t tH t C u T u T v T v T

t Tθ θ θ θ θϕ
θ

≤ + ∂ ∂
+ −

   (4.9) 

Next, we will use the contraction function method to prove the asymptotic 
compactness of the solution process for problems (2.3) - (2.5). 

Theorem 4.2 If the assumptions hold, for any fixed t∈  and any bounded 
{ } ( ]1

,n n
tτ ∞

=
⊂ −∞  (as n →∞ , nτ → −∞ ), and for any sequence { } 2

1 nn n
x τ

∞

=
⊂ , 

then the sequence ( ){ } 1
, n n n

U t xτ
∞

=
 has a convergent subsequence. 

Proof. For any 0ε >  and fixed t , there exists T t<  such that MC
t T

ε
θ

<
+ −

.  

Thanks to Theorem 2.10, we also need to show that ( )( )t
T T RΦ ∈ C , for every 

fixed t . 
Let ( ),n n

tu uθ θ∂  be the solution of problem (2.3) - (2.5) with the initial value 
( ) ( )0 1,n n

T Rφ φ ∈ . According to Theorem 3.2, it can be known that  

( )
( )22

2 2

1
V L

n n
tC C

u uθ θε ζ
Ω

+ ∂  is bounded. For any fixed t  and any [ ]1 ,T tζ ∈ , based 

on (1.6) and the boundedness, we can gain that 
( )2L

n
t C
uθ

Ω

∂  is also bounded. 

According to Alaoglu Theorem, Lemma 2.5 and Theorem 3.2, for any 
T tτ ≤ ≤ , without loss of generality (at most by passing subsequence), let  

[ ]( )2
weakly* in , ; ,n

Vu u L T Cθ θ τ ρ∞→ +             (4.10) 

[ ] ( )( )2weakly* in , ; ,n
t t L
u u L T Cθ θ τ ρ∞

Ω
∂ → ∂ +          (4.11) 

[ ]( )2

2 2 weakly* in , ;n
t t Vu u L T Cθ θ τ ρ

−

∞∂ → ∂ +           (4.12) 

[ ]( )3

2weakly in , ; ,n
Vu u L T C

αθ θ τ ρ
−

→ +             (4.13) 

[ ]( )2weakly in , ; ,n
t t Vu u L T C

αθ θ τ ρ∂ → ∂ +            (4.14) 
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[ ] ( )( )1
1in , ; ,p

n p
L

u u L T Cθ θ τ ρ +
+

Ω
→ +              (4.15) 

[ ]( )2

2weakly in , ; ,n
Vu u L T Cθ θ τ ρ→ +             (4.16) 

( ) ( ) ( ) ( )1 1in and in ,n p n pu u L u T u T Lθ θ θ θ
+ +→ Ω → Ω       (4.17) 

[ ] ( )( )2
2weakly in , ; .n

t t L
u u L T Cθ θ τ ρ

Ω
∂ → ∂ +          (4.18) 

where we have used the Sobolev embedding 2V ↪↪ ( )1pL + Ω . 
According to (3.40)  

( ) ( )( ) [ ]( )2, , ; is a Cauchy sequence
s

tu s u s C T t Cθ θ∂ ⊂


     (4.19) 

and there exists ( ) ( )( ) [ ]( )2, , ;
s

tu s u s C T t Cθ θ∂ ∈


, such that  

( ) ( )( ) ( ) ( )( ) [ ]( )2, , in , ; .
s

n n
t tu s u s u s u s C T t Cθ θ θ θ∂ → ∂


    (4.20) 

Next, we analyse each term in the contractive remainder (4.8). 
Firstly, estimate of 1Ψ , using (4.18), we obtain  

( )2

2
lim lim d 0,

L

n m
t tT Cn m

t
u u sθ θ

Ω→∞ →∞
∂ − ∂ =∫  

( )2

2
lim lim d 0,

L

n m
t tT Cm

t

n
L u u sθ θ

Ω→∞ →∞
∂ − ∂ =∫  

( ) ( )
( )

( )

2

2

2

2

lim lim d

lim lim d 0

L

L

t CTn m

n m
t tT Cn m

t

t

s z s s

L u u s

θ θ

θ θ

ε
Ω

Ω

→∞ →∞

→∞ →∞

∂

∂ − ∂ =≤

∫

∫
 

( )( )

2

lim lim d

lim lim

lim lim 0

n m n m
t tn m

n m n m
t tn m

n m n m
t tn m

u u u u x

L u u u u

L u u u u

ε
Ω→∞ →∞

→∞ →∞

→∞ →∞

∂ − ∂ −

∂ − ∂ −

∂ − ∂ −

≤

≤ =

∫
 

( ) ( )
1 1

2 22 2

lim lim , d

lim lim d d 0.

n m n m
t tTn m

n m n m
t tT Tn m

t

t t

u u u u s

L u u s u u s

θ θ θ θ θ

θ θ θ θ

ε
→∞ →∞

→∞ →∞

′ ∂ − ∂ −

≤ ∂ − ∂ ⋅ − =

∫

∫ ∫
    (4.22) 

For every fixed t , the integral t , ( )d dn m
t

t
ts

u u x rθ θΩ
∂ − ∂∫ ∫  is bounded, hence 

the Lebesgue dominated convergence theorem gives  

( )
( )

lim lim d d d

lim lim d d d

0d 0.

t n m
t tT sn m

t n m
t tT sn m

t

T

t

t

u u x r s

u u x r s

s

θ
θ θ

θ
θ θ

θ

+

Ω→∞ →∞

+

Ω→∞ →∞

+

∂ − ∂

= ∂ − ∂

= =

∫ ∫ ∫

∫ ∫ ∫

∫

            (4.23) 

Combining (4.22) and (4.23), we obtain  

1lim lim 0.
n m→∞ →∞

Ψ =                     (4.24) 

Secondly, we estimate 2Ψ , by virtue of (4.16) and (4.17) we have  
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( ) ( )( )( )

( )
2 2 2

2

1 1 2

1 1 2

2

lim lim d d

lim lim 1 d d

lim lim 1 d

lim lim d 0.

V V V

V

n m n m
Tn m

p pn m n m
Tn m

p pn

t

m n m
T C C Cn m

n m
T Cn m

t

t

t

f u f u u u x s

C u u u u x s

C u u u u s

C u u s

θ θ θ θρ

θ θ θ θρ

θ θ θ θρ

θ θρ

+ Ω→∞ →∞

− −

+ Ω→∞ →∞

− −

+→∞ →∞

+→∞ →∞

− −

≤ + + −

 ≤ + + − 
 

≤ − =

∫ ∫

∫ ∫

∫

∫

       (4.25) 

It is obvious  

( ) ( )( )( )
( )( ) ( )( ) ( )( ) ( )( )
( ) ( )

d d

d d d d

d d d d .

n m n m
t tT

n n

t

t t

m m

m n n m
t tT T

f u f u u u x s

F u t x F u T x F u t x F u T x

f u u x s f u u x s

θ θ θ θρ

θ θ θ θ

θ θ θ θρ ρ

+ Ω

Ω Ω Ω Ω

+ Ω + Ω

− ∂ − ∂

= − + −

− ∂ − ∂

∫ ∫
∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

 (4.26) 

By using (1.8) and embedding 2V ↪↪ ( )1pL + Ω , we can obtain  

( )( ) ( )( )( )
( )( ) ( ) ( )( ) ( ) ( )

( )
( )

( )
( )

( )
( )

( )
( )

( ) ( )
( )

11 1

1 1

2 2

d

d

.

pp pLL L

p pL L

n

n n

pn n
CC C

p n
C C

F u t F u t x

f u t u t u t u t u t x

C u t u t u t

u t u t u t

C

θ θ

θ θ θ θ θ

θ θ θ

θ θ θ

ϑ

++ +ΩΩ Ω

+ +Ω Ω

Ω

Ω








−

≤ + − −

≤ +

−


+

+

<

∫

∫



        (4.27) 

Moreover  

( ) ( )
( )

( )( ) ( )( )

lim lim , d lim , d

, d

d d .

t t

t

n m n
t tT Tn m n

tT

f u u s f u u s

f u u s

F u t x F u T x

θ θ θ θρ ρ

θ θρ

θ θ

+ +→∞ →∞ →∞

+

Ω Ω

∂ = ∂

= ∂

= −

∫ ∫

∫
∫ ∫

 

Analogously  

( ) ( )( ) ( )( )lim lim , d d d .mt n
tTn m

f u u s F u t x F u T xθ θ θ θρ+ Ω Ω Ω→∞ →∞
∂ = −∫ ∫ ∫ ∫  

Consequently  

( ) ( )( )( )lim lim d d 0.
t n m n m

t tTn m
f u f u u u x sθ θ θ θρ+ Ω→∞ →∞

− ∂ − ∂ =∫ ∫       (4.28) 

For every fixed t , the integral t , ( ) ( )( )( )d dn m n m
t t

t

s
f u f u u u x rθ θ θ θρ+ Ω

− ∂ − ∂∫ ∫   

is bounded, hence the Lebesgue dominated convergence theorem gives  

( ) ( )( )( )
( ) ( )( )( )

lim lim d d d

lim lim d d d

0d 0.

t n m n m
t tT sn m

t n m n m
t tT sn m

T

t

t

t

f u f u u u x r s

f u f u u u x r s

s

θ
θ θ θ θρ

θ
θ θ θ θρ

θ

+

+ Ω→∞ →∞

+

+ Ω→∞ →∞

+

− ∂ − ∂

= − ∂ − ∂

= =

∫ ∫ ∫

∫ ∫ ∫

∫

     (4.29) 

By virtue of (4.25), (4.28) and (4.29), we obtain  
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2lim lim 0.
n m→∞ →∞

Ψ =                     (4.30) 

Finally, we estimate 3Ψ . Using (4.16) and (4.18), we have  

( ) ( )( )( )

( )

( )

22

22

2 2

2 2

lim lim , , d d

lim lim d d

lim lim d lim lim d

0

V L

V L

n m n mt
t tTn m

n m n m
g t ts sC Cn m

n m n m
g t ts sC Cn n

t t

t

m m

t

g x u g x u u u x s

C u u s u u s

C u u s u u s

θ θ θ θ

θ θ θ θρ

θ θ θ θρ

Ω

Ω

Ω→∞ →∞

+→∞ →∞

+→∞ →∞ →∞ →∞

− ∂ − ∂

 
≤ − + ∂ − ∂ 

 

≤ − + ∂ − ∂

=

∫ ∫

∫ ∫

∫ ∫

  (4.31) 

and  

( ) ( )( )( )

2 2

2 2

22 1
1

22 1
1

lim lim , , d d

lim lim d d

lim lim d lim lim d

0.

V V

V V

n m n m
Tn m

n m
g CT T Cn m

n m

t

t t

t
g CT T Cn m n m

t

g x u g x u u u x s

C u v s u u s

C u v s u u s

θ θ θ θ

θ θ θ θρ

θ θ θ θρ

λ

λ

Ω→∞ →∞

−

+→∞ →∞

−

+→∞ →∞ →∞ →∞

− −

 ≤ − + − 
 

≤ − + −

=

∫ ∫

∫ ∫

∫ ∫
   (4.32) 

For every fixed t , ( ) ( )( )( ), , d dn m n m
ts

t
tg x u g x u u u x rθ θ θ θΩ

− ∂ − ∂∫ ∫  is bounded, 
hence the Lebesgue dominated convergence theorem gives  

( ) ( )( )( )
( ) ( )( )( )

lim lim , , d d d

lim lim , , d d d

0d 0.

n m n m
t tT s

t t

t t
n m

n m n m
t tT sn m

T

t

g x u g x u u u x r s

g x u g x u u u x r s

s

θ θ θ θ

θ θ θ θ

Ω→∞ →∞

Ω→∞ →∞

− ∂ − ∂

= − ∂ −∂

= =

∫ ∫ ∫

∫ ∫ ∫

∫

    (4.33) 

From (4.31), (4.32) and (4.33), we can obtain  

3lim lim 0.
n m→∞ →∞

Ψ =                      (4.34) 

Therefore, we can conclude that  
( ) ( )( ) ( ) ( )( )( ) ( )( ), , ,t

T t t Tu T u T v T v T Rτ θ θ θϕ ∂ ∂ ∈ C .  
Theorem 4.3 Assuming that (1.5) - (1.8) hold and ( )2g L∈ Ω , then the process  
( ) 2 2, :

t
U t C C

τ
τ →

 
 generated by problem (2.3) - (2.5) has a time-dependent 

global attractor { }t t
A

∈
=  .  

Proof It follows from Theorem 3.2, Theorem 4.1 and Theorem 4.2, that there 
exists a time-dependent global attractor { }t t

A
∈

=  . 
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