4

L Journal of Applied Mathematics and Physics, 2026, 14(1), 139-165
0.0
@Y¢’ Scientific . . .
‘ ’ Research https://www.scirp.org/journal/jamp
94¢% Publishing ISSN Online: 2327-4379
* ISSN Print: 2327-4352

Time-Dependent Global Attractors for
Beam Equation with Time Delay and
Structural Damping

Wenpei Zhao, Xuan Wang*

College of Mathematics and Statistics, Northwest Normal University, Lanzhou, China
Email: zhaowenpei2023@163.com, *wangxuan@nwnu.edu.cn

How to cite this paper: Zhao, W.P. and
Wang, X. (2026) Time-Dependent Global
Attractors for Beam Equation with Time
Delay and Structural Damping. Journal of
Applied Mathematics and Physics, 14, 139-
165.
https://doi.org/10.4236/jamp.2026.141008

Received: November 27, 2025
Accepted: January 12, 2026
Published: January 15, 2026

Copyright © 2026 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

Abstract

In this article, the asymptotic behavior of the solutions to the beam equation
with time delay and structural damping is considered. First of all, when the
growth exponent of nonlinear terms satisfies the optimal growth exponent
1< p < p* = w
N-4
obtained by applying Faedo-Galerkin approximation method and time trans-
lation method; Then, the asymptotic compactness of the solution process is ver-

, with- N 25, the well-posedness of solutions is

ified by using the contraction function method; Finally, the existence of time-

dependent global attractor is established in the time-dependent space CHfz .
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1. Introduction

In this article, we are concerned with the existence of time-dependent global

attractors for the beam equation with time delay and structural damping

e(t)0u+Nu+y(-A) du+f(u)=g(xu,), (x1)eQx[r,+0), (11
”lm = Au o0 =0, (1'2)

u(x,7)=u,(x), Su(x,7)=u(x), (1.3)
u(x,z'+6’):¢0(x,6’), 8,u(x,z'+9):¢l (x,@), xeQ, He[—p,O], (1.4)

where y>0, « e(%,l) is a dissipation index, €2 is a bounded domain of
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QeR" (v =5) with smooth boundary 0Q, and g(x,u,) is a time delay
external force term.

We presume that the time-dependent coefficient ., the nonlinear functions
. and the time delay external force g(u,) term satisfy the following
conditions.

Assumptions:

i) €€ c' (R) is a decreasing bounded function and satisfies

lim &(1)=0. (1.5)

t—+00
In particular, there exists a constant L >0, such that
sup(|5(t)|+|8'(t)|)£L. (1.6)
teR

i) fe CI(R) » £(0)=0, and for any S€R, s satisfies the dissipative

condition

>, (1.7)

and the growth condition
N+2(1+a)

Y (N =5), (1.8)

|f’(s)|SC(l+|s|pil), I<p<p =

where C>0 and 4 >0 is the first eigenvalue of the operator A’ that
satisfies the Dirichlet boundary condition.

Remark 1.1 Formula (1.7) implies that there is a positive constant g, , for

%<ﬂ0 <1, such that
1-5) A4
(> 22 g,

(f ()2 =(1= ) Al ~Cp,, Vue (9,

where F (s) = J; f(r)dr and ¢ , isapositive constant.
iii) Furthermore, for any given T >0, we define a function
u: [—,D,T] >I (Q) .Foreach ;¢ [0,7]>we denoteby u, the delaysegment of
« defined on [-p.0] as:
uy(1)=u(t+0), 6 [—p,0], 0< p<oo.
In general, let X be a separable Banach space, we define the phase space of

delay functions:
C,(X)= {qﬁ e C([—p, 0];X); 91i131p¢(0) exists in X}
which equipped with the norm:
"allcp(x) = j‘;}';()"“ (9)"x :

Assume that the delay external force term g : QX Cp (X) ->r (Q) satisfies:
(H,) For every &ec,(X), the mapping Y€ QB g(X,f) el’ (Q) is
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measurable;

(t,) Forall X€Q, g(x,0)=0;

(H,) There exists a constant C,>0 such thatforall x€Q, ;. ve C,(X)>»
the following inequality holds:

||g(x,§)—g(x,77)|| <C, s _77||cp(x) ’

(H,) There exists a constant C,>0 such that forall x€Q,
u,veC((r+p,T];X),

.Lf g(x,uo)_g(x,vg)"2 ds<C,

Over the past decade, research on the applications of infinite-dimensional

t 2
|u0 - VlJ"x ds.

T+p|

dynamical systems theory has attracted significant attention. Among them,
attractors play a crucial role in characterizing the long-time dynamical behavior
of solutions to the model, and a large number of achievements have emerged; see
[1]-[8] and related literature. Due to its rich and profound application background,
the nonlinear evolution equation with structural damping and time delay have
roused the research interest of many scholars, making the study of asymptotic
behavior of solutions of this problem be a hot topic.

In dynamical systems, damping refers to the dissipation of energy due to
internal mechanisms and external interactions. For instance, reference [9] obtains
several asymptotic profiles of solutions to the Cauchy problem for structurally

damped wave equations:
Su—Au+v(-A) du=0

where 0<o <. The authors investigated the approximation formula of the
solution by a constant multiple of a special function as  — %, which states that
the asymptotic profiles of the solutions are classified into 5 patterns depending on
the values v and o . Reference [10] examined the well-posedness, regularity,
and long-term dynamics of a stretchable beam equation with fractional rotational

inertia and nonlinear structural damping. When the nonlinear growth exponent

N+2(2a-6)

(V-4

behavior of the solutions are like parabolic.

satisfies: 1< p< , the well-posedness, regularity and longtime

Due to the combined effects of signal transmission delay, nonlinear dynamic
characteristics, and the interaction between the system structure and external
disturbances, the dynamic behavior of the solution will exhibit a delay phenomenon.
Mathematical models with time delay are widely used in various fields such as
control systems, economics, and ecology. In describing the asymptotic behavior
of the system, the solution depends not only on the current state but also on its
history. Therefore, incorporating time delay terms into the evolution allows for a
more accurate description of the system’s dynamic behavior, see [11]-[15] and the
references therein. For example, In reference [16], the asymptotic behavior of the

solutions to non-autonomous diffusion equations with delay containing some
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hereditary characteristics and nonlocal diffusion in the time-dependent space
CHI(Q) . When the nonlinear function 7 satisfies the polynomial growth of
arbitrary order p—1 (p=>2) and the external force /€ L. (R;H_1 (Q)) , the
author established the existence and regularity of the time-dependent pullback
attractors. Reference [17] investigated the following model:

u, +Au —M(IQquF dx)Au +ayu, (x,t)+a,ut (x,t—‘r)+¢7(u) =f,

The authors analyzed the long-term dynamics of this nonlocal extensible beam
equation with delay. Under appropriate assumptions, they established the quasi-
stability of the system, thereby obtaining the existence and regularity of a finite-
dimensional compact global attractor, as well as the existence of an exponential
attractor.

The time-dependent coefficient function decreases and approaches zero, which
is consistent with the mathematical analysis of long-term dynamics and also
conforms to the description of the decay of the inertial mass of a beam in physics.
The decreasing and approaching zero indicates that the inertial effect gradually
weakens, allowing the elastic force and damping force to dominate the vibration
decay, ensuring that the long-term behavior of the system converges to a bounded
set. For equation (1.1) with e(r)=C, we refer to [18]-[22]. However, when
£(t) # C, problem (1.1) becomes significantly more complex. Due to the fact that
the energy functional of the system depends on time ¢, the existence of a
bounded absorbing set becomes difficult to obtain. Some classical theories and
methods have limitations in solving such problems. Therefore, Conti et al
proposed the theory of time-dependent attractors, studying the long-time
behavior of solutions in the time-dependent space (see, e.g. [23]-[27]). [28]
established the following model:

2 (1) (1+(=8)")o7u+ A%u+y (=) Qe+ f (u) =g (x),
where >0, fe (%,%} and ¢ €[0,40 —2]. Where the nonlinear term satisfies

N+20

a better subcritical exponent 1< p < , the author studied the well-posedness

and regularity of the solution. Under the theoretical framework of time-dependent
attractors, the existence of time-dependent attractors is investigated by applying the
contraction function method and detailed estimation.

Inspired by the above research results, this paper studied the beam equation
with time delay, structural damping and time-dependent coefficient functions.
To the best of our knowledge, the existence of time-dependent attractors for
problem (1.1) - (1.4) with time delay has not been previously studied. At the same
time, the time delay and nonlinear terms in the equation bring essential difficulties
to the estimation of the dissipation of the solution, the existence of the bounded
absorbing set, and the verification of the asymptotic compactness of the solution
process. We overcome these technical difficulties by employing the methods of

time translation, energy estimation, contraction functions, and the relevant theory
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of time-dependent attractors, and prove the existence of time-dependent

attractors when the optimal growth index of the nonlinear term in (1.1) - (1.4)

. N+2(1+
satisfies 1< p<p =%, N25.

The content and structure of this article are as follows: The second section will
review the preliminary knowledge and some abstract results; the third section will
discuss the well-posedness of the weak solutions; the fourth section will use the
contraction function method to prove the asymptotic compactness of the process,
and ultimately obtain the existence of the time-dependent attractor.

In the following text, each occurrence of C in different equations represents
the corresponding positive constant. Also, C,,ieN is used to denote different
constants, and C(-,-) represents a constant related to the parameters within the

parentheses.

2. Notations and Preliminary Results

In this section, we introduce some function spaces which will be used throughout

this paper:
=1 (Q), wrr=w"(Q), H" =w"*(Q),
V= H)(Q). V, = H (@) H)(9).

with p>1. We denote the norm and the inner product by ||||L2 and <~, ) in
r (Q).Let A=A’ with domain D(4)= H, (Q)K\Hz (Q). For every seR,
we define the Hilbert spaces

V. :D[A‘S‘J, (), :<Aiu,Aiv>, o], =

Applying Sobolev embedding theorem, we can obtain the compact embedding

s
A*u||, u,vel..

V, ooV, ass >s, (2.1)
and the continuous embedding
N
V.o LV=2, 5>0. (2.2)

Therefore, the problem (1.1)(1.4) can be written as follows:

3(t)(7t2u+Au+7/A%6tu+f(u):g(x,ug), t>7, (2.3)
u(r)zuo, 6tu(1)=ul, (2.4)
uy (t)=¢y, Suy(7)=¢, 0[-p,0]. (2.5)

Define the family of Hilbert spaces:
Hrz =V xL* (Q)’ V=V xV,, CH,Z - CV2 XCE(Q)’ Cy,a = CVH XCVa >

and the norm in this family of spaces is defined as follows:

el =lell + 2 @0 e =l + (D)ol
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z u +é&,|[0,u z u +é&,|[0,u .
0 0 0 > ollc,, 0 0
€2 G, olcs g Cya iy, t%olicy,

The following abstract results will be used for the asymptotic estimation of the
solution.

Definition 2.1 [12] Let X, be a family of normed spaces. A two-parameter
family of operators {U(t, r) X, > X,,t<t,7re R} is said to be a process, if for
any 7R,

i) U (r,r) =Id is the identity operator on X_;

ii) U(t,s)U(s,z') = U(t,z’) , Vr<s<t.

Forevery teR,the R -ballof X, isdefined by:

t

B,(R)={ze X, ||, <R}

Definition 2.2 [12] A family €={C,} , of bounded sets C, — X, is called
uniformly bounded, if there exists a constant R>0 such that C,cB,(R),
vVieR.

Definition 2.3 [12] A uniformly bounded family B, = {IBSt (Rl)}teR is called a
time-dependent absorbing set for the process U(z,7), if for any R >0, there
existsa £, =1,(R)<t and R >0 such that

r<t—1,=>U(1,7)B,(R) = B,(R,).
The process U (t,r) is said to be dissipative if it possesses a time-dependent
absorbing set.

Lemma 2.4 [13] Let x, be a bounded sequence and also let y € C(R) be a

monotone function. Then

y/(liminfxn) <liminfy (x,).

n—>0 H—>0

Lemma 2.5 [14] [15] Let X,B and Y be three Banach spaces. For any
T>0,if X B5Y,and

w={uer ([0.7):X)|ou eL’([O,T];Y)}, with 7 >1,1< p <oo,
W, ={uer”([0.7];X)|0ueL ([0,T];Y)}, with r>1.
Then,
W oo ([0,T]:B), W,<C([0.T]:B).
Theorem 2.6 [12] If U (¢,7) is asymptotically compact, that is, the set
K= {R = {Kt}tER | Each K, is compact in X, R is attracting}

is not empty, then the time-dependent attractor 2 exists and coincides with
A ={4,}, . . In particular, it is unique.

Definition 2.7 [13] [16] A time-dependent attractor 2 = {At}
ifforall 7<¢,

is invariant,
teR

U(t,r)A =A4,.

Theorem 2.8 [13] [16] [18] Let U(-,-) be a process on {Xt}teR . Assume that
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U(-,-) possesses a time-dependent absorbing set ‘B, ={IB3, (Rl)}zeR‘ If for any
£>0 there exists a subsequence T(£)<t, @) e@(B,(R)) such that

"U(t,T)x—U(t,T)y”Sg+CD’T (x,), Vx,yeB.(R),

for any fixed €R. Then U(-) isasymptotically compact.
Theorem 2.9 [16]-[18] Let U(-,~) be a process in a family of Banach spaces.
Then U(-,-) has a time-dependent global attractor 2 = {A;}t N satisfying

4 =NUu(67)B.(R)

s<t 7<s

if and only if
i) U(,) hasatime-dependent absorbing set family B, ={B, (R,)}
ii) U(--) isasymptotically compact.
Definition 2.10 [16] [18] Let {Xt}teR be a family of Banach spaces and {Ct}xER
be a family of uniformly bounded subsets of {.X, t}tE]R . We call a function @’ (,)

defined on X, x.X, acontractive functionon C,xC,,ifforanyfixed teR and

teR’

any sequence {x, }:O:l c C, , there exists a subsequence {xnk }Zl c{x, }::1 such that

limlim @’ (xnk . X, ) =0,

k—ow [—>w

where 7<¢.

3. Well-Posedness of Solutions

First, we define the solution of the problems (2.3) - (2.5) as follows.
Definition 3.1 A binary y=(u,,0,u,) is said to be a weak solution of the
problem (2.3) - (2.5) on an interval [z,T],for 7eR,if

u,el” ([T+p,T];CV2)ﬁL2 ([r+p,T];C,,}a),

ouel” ([T+p,T];CL2(Q))mL2([z-+p,T];CVa),

and satisfies

<g(t)6,2u(t),a)>+(Au,a)>+}/<A{;8tu,a}>+<f(u),w>=<g(x,u9),a)>, t>7,

u(x,r)zuo(x), 6tu(x,r)=u1(x),
u, (z’)=¢0 (x,@), O,u, (z’)zqﬁl(x,ﬁ), 96[—,0,0],
forall 7<¢t andany weV,.

Theorem 3.2 If assumptions (i) - (iii) hold, then for every T>7, a € (%,lj ,

0 €[-p,0], there exists a unique weak solution y =(u,,0,u,) of the problem
(@3- @5 with (u,0,)€ I [+ p.T]:C o )AL [+ p.TTC ),
dlu, e’ ([r +p.T];C, ), and
2 2 2 2
o O, +eoloun O+ (o G, +o (), Jas

2 (@)

SC(RT, L,y Bys tigs Ao s -C G ) £2 7.

(3.1)
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Moreover, the solution satisfies the following properties:

i) (Dissipativity) There exists a positive constant R, such that

"(¢0:¢1)"C R <R, Vl‘Zt(R), (3.2)
H

where 7<7—¢(R) and ¢(R) isamoment thatisdependenton R.
ii) (Energy equation) For every 7<s<t, fe [—p, O] , the following energy
identify

E(uy (1), 0uy (1)) + 27 L’*H
t+0 t+0

= ZL g(ug )atu (r)dr + L 8'(t)||8tu(r)"2 dr+ E(¢0,¢1 )
holds, where

u(r) d
wr) o (3.3)

E(up,0u,)= ””5"2% ) ”a’u"||2CLz(Q) + 2<F(”6)’1>'

iii) (Lipschitz stability in weak topological space) The solution
(90,14 ),(v4:0,v,) is Lipschitz continuous on C, xC, , thatis

O, +alozaf, <2, +elon e, )

2

CVcﬁZ CVa—Z

+C(RaT9L35979ﬂ09j1:ﬂ09¢09¢15Cgscﬂo)'

(3.4)

where z=(z,,0,z,)=u,—v,, and (u,,0,u,),(v,,0,v,) are two weak solutions
of the problem (2.3) - (2.5) corresponding to the initial data ¢l.0 ’¢i| (i = 1,2)
respectively.

Proof. i) (existence of the weak solution) Taking the scalar product of (2.4) with

0,u , we have

SLE(u(r).00(0) 270l =2 (v ) o) +2 ()|l

where
E(u (¢),0u (t)) = ||u||z + 8(1‘)"6,14”2 + 2<F(u),1>. (3.5)
Integrating the above equation over the interval [s,7] and replacing ¢ with

1+0, it is easy to see that (3.3) holds. It follows from (H,) and (H,) that
2 (x.10),00)] < 2] (.00 0. < 2€, o, 0.1

2 2 2
< gl +1
<C; |luy ot Ou

B

therefore using (3.6), we obtain

E(u(r).0,0(0))+ 27 [ o (s)[, ds < E(mpot0) + C2[ g, s+ [0, as. 3.7)
Replacing ¢ by ¢+6 in (3.7), we obtain
E(uy,0,u,)+ 27/J:+0||6lu||12 ds
<E(g.4)+C2[" g, s+ [ Nou ds (3.8)
<E(¢h )+ o, ds+ ! a,u€||ch2(m ds,
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where

E(ug, 8tu9) = ””9"2% +¢, ||6‘u9"2CLz(Q) + 2<F (ug ) , 1>.

By remark (1.1), it can be know that
2 F () o= ~(1= 5 gl 2G5, (3.9)
From (1.8) and the compact embedding 7, © L' (Q), we can obtain
2(F (). 1)< € el +hull ) < (s + ™)
Then
E(hsd) =l +20 (Nl | +2(F G (0).1)

<lale, +Llle,,, +Clols, +Clls,

< oIl Mo, )

where s, =max{1+C,L}.

1
Due to (3.9), there exists a constant N, = max {Z, C; + (1 -5, )} , such that

E(uy,0,) <E(¢y, )+ N, L’{gg ||atu9||2cﬁ(m + "ug"ZVz + 2<F(ug),l>}ds +2C, .
Applying the Gronwall inequality, we get
E(uy,0,) < C(R,T, L, By, thys yo$,C, - Cp ) (3.10)

Combining (3.9) with (3.10), we obtain a constant x4, = min{l,ﬂo} , such that
2 2

m ||u9||% +||atu9||CL2(Q) —2C, <E(u,0,,)< C(R,T,L, By, y0,¢0,¢1,cg,cﬂo). (3.11)
Inserting (3.10) into (3.8) gives

J~Tt+9||atu||i ds < C(R,T,L:7>ﬂo>uo’¢oa¢1,cg,cﬂ0 ) (3.12)

Then
t
J.r+p
l-a

Taking the scalar product in r (Q) of (2.4) with A4 2 u, we obtain

l-a a l-a l-a
%<£(t)8tu,A2u>+"u”§a +7<A26,u,A2u>+<f(u),A2u>

I-a 1-a

:<g(x,u5),,4 : u>+€'(l)<a,ua142”>+5(t)"at”"12a'

t

|atug||2% ds <

ouall, 45 < C(RT.Ly: Bootossh,C,Cpy ). (313)

-0

(3.14)

DOI: 10.4236/jamp.2026.141008 147 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.141008

W. P. Zhao, X. Wang

Next, we will handle each item of (3.14),

<g(x,ug>,A"z“u>

la
A?u

< (o)

e
<Cylol, |4 *
<C, |uy o A%u

1 1o,
<3V Ju; +5Cg27 1||“e||;2 ;

1 1.,
< Lloullul,, <5 Lhel;+5 A Lol

l-a
<$( )Ou, A u
i
u’

t
&'(1)

<6t A_zau>
<;/A36tu, Al_zau>
i

N+2(1+a)
2N 2N
sc[jg(|u|+|ulp)w(”“)dXJ (Ig
<l +el? e,

1 1
<, + 5l +l)-

1 1.,
<roullul,, <5 el +> 4" Llou

2
s

1 I
<yloallel, <7 el +5 7 l0al

N-2(1+a)

2N N
N=2(1+a)
dx (3.15)

I-a

A?u

2Np
among them, we have used the continuous embedding V, & LV

and (1.8).
Substituting the above estimate into (3.14) yields

d Le 1
58(t)<6tu,/l 2 u>+5||u||§a

1 1 1 —-a l 1 -
(grseeda iy ab,

1-2a

1 -2 1 -2 1
+[57/11 Tt A L]||6,u||Z+EC||u||zp.

Integrating over [z,¢] and replacing ¢ by 7+6, we obtain
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1-a
{2t 2l 0
1 1 1 .., 1 +0
£(5y+EL+57/11 +5ch; [ ds

1 +
+577'C§Lt g

wlf, ds+g(r)<a,u(r),ﬁu(f)>

2p
" ds

1 +0
0,u ds+ECLt

I B AT
Hgrh oA A L

1 1.1 .., 1 . 1. La
3(57+EL+57/11 +5C+5y lcjj_[;”“@”zcyz ds+8(r)<5tu(r),A 2 u(T)>

I %Lta P g
Hgrh 2 agh A L[ o], ds+2C],

2p
”«9”% ds

and

1 1

Siﬂl L||u(r)||§+5/l1 L”ﬁtu(r)uz
1 1

Lt e e

Then

T

1 1 1 1 1 t
| =y+=L+=p " +=C+=y"'C?
( y SR+ Cry gjj

1.,
wl, s i

2" 2

w2 A L +(§m§ %ﬁ +AI2MLJL’ wll, a3l ! ds.
Therefore
[, < C(RT.L Bt 7 208C,oC )
Then
[\ o (s) ZCVH ds<[" [y (s) ZCVH ds 516

< C(RaToLaﬂO’ﬂO’yaﬂ’la¢0’¢laCgscﬁo )

1+i

From equation (2.3), estimation formula (3.15) and the embedding L (Q)
2N
ooy, LV ooy we can obtain that
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2

Gtzug (t)

2
&g

o,

<2y, + 710l

] )

2 _ 2
1,2
C "” ”
G, j'l g I%elicy,

g

SC@#JMQwMMQW®MQMHVWMQH] an

L P

<C(R ) Il loals, ol +C2ul, |

S C(R,T,ﬂ0,7,ﬂ0,ﬂ1,¢0,¢1,cg,cﬂ0)

and

7o, SC{II%IIE s }

(N+2(1+a) (N+2(1+a)

IA

(o, +lal, 619
<C(R,T, By, ttys 20,01 C»C )
Therefore 0’u, € L” ([T+/J,T],C,,72), f(ug)eLz ([r+p,T],C,,+a ) .

Finally, from (3.5), (3.8), (3.9), (3.10), (3.13) and (3.16), we gain the estimate (3.1).
We next established the existence of solutions to problem (2.3) - (2.5) in the space

C([r+p,T];Cth>mL2 ([r+p,T];CW). Let Y, =(u;,6tu;) be a solution of

(2.3) - (2.5). It is easy to see that the estimate (3.1) holds for the Galerkin

approximation sequence {yZ} . Hence, there exists a binary
(s0,) e L ([e+ p.T):C,p )0 2 [+ 2T C )
Olu,eL” ([r+p,T];CV72),

such that

(u;,a,ug ) — (ug,a,ug) weakly” in L” ([T + p, T];CV2 X CLZ(Q)>’
(u;,ﬁtu;) —> (uy,0,u,) weakly in L* ([r +p.T];C,  xC, ),
Oluj) — 0u, weakly in L” ([r +p.T);Cy )

Applying Lemma 2.6 yields, it can be deduced that

(u;,atu;)%(ug,ﬁtug) in C([z'+p,T];CVH ><CV777) withn:0<np<1,  (3.20)
u, —>u, in I ([r+p,T];CV2) and u, (x,t)—)ue(x,t), a.e.Qx[r+p,T], (3.21)

oy =y in L ([£.71:C, ) (3.22)

£(43)~> £ () weaklyin L 7 [[T-l— pT]L (Q)], (3.23)
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For arbitrary & e C; (Q), we obtain
1
A? (ug (t) —u, (t))

(5 (1), (t))”CV2 |&|, dz —o.

["(Auy— . &)de< ] A%; dt

T
<]
T

and, similarly
I () ().
SGof (el holt” s -l bl

<C(RT,Bys sy 5N, C o C )t

n
Uy

([r+0.7],Cry )

Finally, for the delay term,
J;T<g(ug)—g(ug),cfl>dt < CgLT

Collecting these limits, we conclude that y=(u,,0,u,) is a weak solution of
(2.3) - (2.5) satisfying estimate (3.1).
According to

(up ().0,u,(1)) € C([r +p.T];Cy,  *xCy )mL"’ ([r +,0,T];CHr2 ) , there is

— 0.

Lz([r-+,17,T],C,/2 )

u, —u, "C ||§1||dt <C, ”ug —-u,

72

(ug,atug)ecw([r+p,T];CH;),

"(ug,@lug )”C <liminf "(ua (s),0,u, (S))
H st C

H

Forany fe [T,T] , it follows form (3.3) that
ISILI}E(M (s),@tu (S)) = E(u (t),atu (t)),
replacing ¢ by ¢+86,
{iﬂ?E(“e (5).0.1 (S)) = E(”e (t).0 (t)) (3.24)

By virtue of (3.21), u, (x,s) —>u, (x,t) ae xeQ as s—¢.Applying Lemma

2.4, Remark 1.1 and the Fatou lemma, we obtain

lim2(g (1, (5)).10(5)) = 2( g 1ty (1)) (£)),

(2 (1 (0) 1= A) 2 (1) + €5,
< lir?jprQ(ZF(ug ())+(1=B) A [y (5" +C(ﬁ0))dx

<timinf [ 2F (u, (5))dx+ (1= 5,) 4 Ju, [ +C ()|

st

||(u9 (£).0,u, (1))

;2 < lirfljyf(||(u9 (5).0,(s))

That is,
[, 2F (u, (1)) dr <liminf [ 2F (u, (s))dx.

st
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Based on the above estimation and (3.23), there is

timin &, (s) |4, (s)[, + 1iminf[||u9 () +2(F (uy (s)),lﬂ

s>t s>t CVZ

<tim] o (W (I, +o ()], +2(F (o)1)

2 +2(F (u, (1)).1)
<&, (1), (z)||2CL2 + liminf[

2

=, (Oowy (1)]c, +les (4)
minf]| e, (s, } liminf 2(F (u, (s)).1)

< €g(t)||6,ug(t)";2 +1iminf[||ug(s)”2 +2<F(ug(s)),1>]

s>t Cr,
<liminf 2, (s) 6,1, (s)||;2 + lir?jflf[||ug (s)||2% +2(F (u, (s)),lﬂ.
Therefore

2

g (Do, (. =lime, (s)]o, (s)||CL2

2@ St

(@ ‘

Similarly, it can be concluded that
||u0(t)||2% :1im||u,,(s)||;2. (3.25)

st

According to the consistency and continuity of spatial CH’2 , combined with
(3.24), (3.25) and (u,,a,ut) eC, ([r + p,T];CM2 ), it can be concluded that

(u,,0u,)eC ([r +p,T]; C, ) . Up to now, the proof of the existence of the solution

have been completed.
ii) (Lipschitz stability in weak topological space) Let u,v be the solutions of
problem (2.3) - (2.5) such that (uy,u,),(v,,v,) € H., Then, z=u-v, satisfies

g(t)@fz(t)+Az+;/A%6lz+f(u)—f(v):g(uo)—g(vg), te[r,»), (3.26)
Z(T)=u0—v0 =2 812(7)=u1_v1=21, (3.27)
z2(7) =0, — > 0.2 (7) =0, — . (3.28)

In the following estimation, we choose ¢ as an arbitrarily small positive

number.
a-2

Taking the scalar product of 24 2 8,z+25z with du yields

d
K= 8,2)+ 26z, +2y]0.7|

2
2a-2

_25g(t)||6[z||2 (3.29)

-3 Ol L+ (0){0,2.262),
where

K(z.0,2)=£(e)(0,2.202) + (Ol + I + v L

r, :—2<f(u)—f(v),Aazzatz>,
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T, ==2(f(u)-f(v).6z),
r, =2<g(u9)—g(v9),Aa228tz+5z>.

Since

| <6225z>|<452 ALz || L1 i (1)]e., z||

a-22

we can get

L ("z(t)"i +g(t)||6,z(t)"2 )< K(z,0,z) (" ”Z +g(t)||6,z(t)"i72), (3.30)

where £, =min {%,1+ Sy —452Lﬂ11"’} , M, =max {%,1+ Oy +45° LA™ } .
By the interpolation theorem, we can obtain

It |<2f |F(u)-r () 472 0

6-2a N4

N a7
< c[ I (el b o de ' ( [ e dx] =

N-2(4-2a)
__2N 2N
a2 IN-2(4-2a)
{ [ |40z de
<C(1+full™ + M5 )- (G +loAT ).
|FZ| < 2.[Q|f(u)—f(v)||5z|dx

gc(s[j (1 ol l)p ‘dx] (INE
<50 1+l +

S5C(1+||”||2 ) ol

P ) p+1

L”“ ) +0 "Z

Lp+l

where we have used the Sobolev embedding V, & L7 (Q).

L—Z
|F3|S2||g(u€)—g(vg)" A2 0z

+268g (uy) 2 (v, )]

<Rl vale, 10, 2+ % Cl v, L.
Substituting the above estimates into equation (3.29), we obtain
Gk ((0.0(0)
< (el bl Yl 20 Lfo A (el + 1 ool
(8wl + (1 )

Integrating the above inequality over [T,t] and replacing ¢ by t+6 yields
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K(2(1):0.7(1))
<K (2(c),0,2(2))+ [ (1l + VYl s + 262,

, oAl s (74 C v o ) il ds

+8CJ (1 + P s

t+0

10,2]" ds

t+6

+Cf

(1l +1M

There

K(;9 (t),@tzg (t))

<K(z(r),0,2(r))+C f:(”"%IIZ; - )||ZB||ZV2 ds+25L]’

Cy,

a,zg||sz(Q) ds
wCfl(1+lll ool )Il%lliLZ(m ds +(747C; + 01 CE) [ g vl ds
#8C[ (g [+ s

<K(2(7),0,2(7))+ C(R.T. L8, 7, 4ys Bys o by - C,-Co )-

Consequently, the equation (3.4) holds.
iii) (Dissipativity) Taking the inner product of 20,u+26u with (2.3) yields

K (w0 + 28] + 270} +20¢ ()~ (0o, .
- (t)(@tu, 25u> - 258(t)||6,u||2 = 2<g(u9 ),20,u+ 25u> ,
here K, (u,0u)= ||u||§ +e(t) ||8,u||2 +e(t)(0u,26u)+ 5}/||u||i + 2<F (u), l> .
Moreover, using
1 1
&' (£){26u,0,u)| < 5%, > L|ul}, + 6%, & (¢) |0, (3.34)

together with Remark (1.1), we obtain constants s, 14 , such that

s 2000 =2C, < K (ws0) < w0 )

1 _Za 1
where yS:min{l—(ﬁlz,ﬁo+5y/il > 5, }

2-a
2

1 1
,u6=max{l+5llz,l+5)/ﬂ1 + 04 2L+C}.

From (1.8) and the compact embedding V, < L*'(Q), we can obtain

p+l
N .

2(F (). 1) < C ] +

oo )< €, + e
By Remark (1.1), we have

25 (u).u) 225 (8, ~Dluf} ~25C,,
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Additionally, for the delay forcing term, we estimate
|<g(x,u9), 20,u+ 25u>|
<2|g (o )| 0.1 + 26 g (s )|
<2C, g, lodl+25C, Juol, ]

1 1
<SCA ugll,, +e(e)oul +CoL o, +64 2 ;-
Substituting the above estimates into (3.33), we obtain

d
EKI (u,@tu)+27||8tu||i

1

Bl Bl
<|o4 2 +SLA > —23B,

L
oo vontci Jufl, e
1
- [1 +28+ 5}12J5(z)||a,u||2 +25C,, .
Integrating over [T,t] and replacing ¢ by ¢+6, we deduce
K, (-0, ) 27 o ds

<K, (u(r).0u(r))+ 52{5 +5L,1{% —285|[" “luff ds

N (3.36)
+25C,, (t+9—r)+[u25L+521 QL]L lo.u] ds

1
+(C§L1+5,112C;J_[M||ua||zc ds
T 12}
consequently,
K, (ug,ﬁtu(, +2yjt||6tu9||2

<K, (ugouy ) +|6%, 2 +5Lﬂ12 256,

oMol s

(3.37)

+26C, (1- r)(CzL +5212C2J

1
+(L +25L+ 5/11_2]4]’[:”6[“"2%2(9) ds
SC(RT,L,8,7,7, Ay s sy - Cn C ).

Based on (3.34) and (3.37), it can be demonstrated that the solutions to the
problem (2.3) - (2.5) possess dissipative properties.

Theorem 3.3 Assuming that conditions (1.5) - (1.8) are satisfied and g e I’ (Q) .
If u and v are two solutions of problem (2.3) - (2.5) respectively with initial
values (uo,ul) and (vo,vl) then for any 7 <7, thereis

b, <L, Vel e
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Proof. Let z=u—v,then Zz satisfies

2(1)0]z+ Az y 420,z + f (u) = 1 (v) (3.41)

= g(x,u[,)—g(x,vo), xeQ, te [z',oo),

Z(T) =Uy = Vo = 25 a[Z(T) =U =V =2z, (3.42)
Zg (T) :¢1O _¢205 0,2, (T) :¢11 _¢21' (3.43)

Taking the inner product of 20,z with (3.41) yield
d
L+l )+ 27loc;

:8’(t)||612||2 —2<f(u)—f(v),6,z>+2<g(x,ua)—g(x,vg),6[z>,

N(p-1)
Next, we consider the Sobolev embedding V, © L 2** , we can obtain

|—2<f(u)—f(v),8,z> < 2IQ|f(u)—f(v)|-|8tz|dx

(3.44)

N %Ta N e N et
< ZC{.[Q(I ™+ )T dx] ( [ |23 dxj * ( [NCEEx dxj -
<20 (1l + M el o 2,
<C{Uelll + (Il + AL )

and again

2|<g(x,ug)—g(x,v9),8,z>

<2]g(x.uy) - g(xv, )|lo.]
<2C, |ty =i, 0.7

<y 2l vl + 7oAl
Substituting the above estimate into (3.44) yields

d
Sl e )loF)

Y (3.45)
(vl + M )= 021 )+ 7 A ol vl
Integrating over [T,t] and replacing ¢ by ¢+ 8, we obtain
2 2
20l +¢o 1021
<J=(@) +e @@+l (bl +IvE ™ Ielp as
@
O (vl e ds 7 A g v, s
_ _ (3.46)
e T e Lt g | Y A
=
el (el + ol Worzll, s+ 2 ey, as
<+ (o)l <L, +zlosl,  Jo
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Using the Gronwall inequality, we can obtain

2

<cel™

0

zg(r)";r2 , Vie[e,T]. (3.40)

C
H?

At the same time, we also obtained the uniqueness of the solutions to problem
(2.3) - (2.5) in the space CH,Z .

By Theorem 3.2 and Theorem 3.3, we can define the process

z, (t) = U(t,z')zg (2') : CHE - CHIZ )

associated with problem (2.3) - (2.5), which is continuous from C " to CHr2 .
4. The Existence of Time-Dependent Global Attractor in C%2

Since this article conducts research in a time-dependent space and the time-
dependent function is decreasing, leading to non-uniform energy dissipation, the
method of contraction functions is chosen to prove the asymptotic compactness
of the process. According to Theorem 3.2, the following result can be obtained.

Theorem 4.1 Assuming that the conditions of Theorem 3.2 hold. If for any
initial values (uo,ul),(vo,vl) € {Bf(R)} cH?, then there exists R, >0, such
that the process U (t,T) corresponding to the problem (2.3) - (2.5) possesses a
time-dependent absorbing set, namely, the family sets B, = {]B%, (R, )}tER .

To establish the asymptotic compactness of the process U (t, Z') , we will make
following a priori estimates.

Let u and v be the solutions of problem (2.3)-(2.5) respectively with initial
values  (uy,u,),(vg,v;) € {IB%f (R)} . The difference z=u—v satisfies the

following equation

g(t)@fz(t)+Az+)/A58tz+f(u)—f(v) =g(xuy)-g(xv,), te[r, ), (4.1)
z(7)=uy—v, =2y, 0,z(7)=u,—v, =2z, (4.2)
z,(2) =@, ~ 5 0.2,(7) =0 — - (4.3)

We will conduct the priori estimation in the following four steps.
Step 1. Multiply equation (4.1) by 20,z and then integrate over [s,t]xQ R
which yields

2

H (1)~ (s)+ 27 [ [ [40,2(r)| dxdr+2]' [ (1 () 1 (v))2,2(r) ddr

(4.4)
= I: ‘[Qg’(r)|6tz(r)|2 dxdr + 2[: _[Q(g(x, ug)—g(x,vg))ﬁtz(r)dxdr,

DOI: 10.4236/jamp.2026.141008

157 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.141008

W. P. Zhao, X. Wang

here, H
Due to

"52 ” +|| " ,and T<s<t.

2.[ _[ (x,uy)—g(x, ve))
<2I (.[ x ug x vg
£2L "g x,u,)—g(x,v,) ||||6,z||dr

<[l Gy )-

<C, J-;p”ug - va”z% dr +I: ||atz||2 dr.

( )dxdr

Jarf ([,es() ) o

g(x,v, )"2 dr+ j: ||6tz||2 dr

Then there is

H r)|o,z(r | dxdr

SLH|a,z [ dvdr—['{_&'(r)|o,2(r)[ dvdr
(4.5)

H(T)+C, | |u,— v9||cy dr+_[ ||6z|| dr

- f(v))azz(r)dxdr.

T+p|

+LI£JQ|@Z rff axdr=2f [ ((

Step 2. Multiplying (4.1) by z and integrating over [T ,t] x ), this gives

(O, + [ 1a(f

2
z| dr —I;g(r)nﬁtz(r)”z dr

dx+7|| ))z(r) dxdr

Iﬂg(r)alz(
+I£IQ
T L st

3l () || +I Jag'( r)dsdr.

A2
(4.6)

xvg)) z(r) dxdr+j T)0,z(T)z(T)dx

Due to

(x vg))z(r)dxdr

1 1

j j (x,uy) -

_I (.[ x,uy)—g(x, vg))2 dx)E (J‘Qz(r)2 dx)E dr
< [; e Cos) = g (v ()] dr

<I[||g xuo - xvg ||2dr+ﬂ.l’1.|"||z(r)"§dr

" e - v9||CV dr+ 27 [ |2(r)]; dr.

&dr+p

Combining (4.5) and (4.6)and replacing ¢ by 7+6 in the integral identity,

we obtain
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[ m(ryar =" (e oz () +|=()F o
_H(T)+C ;ii"ug v9||c dr+.[t+9 z(r) " dr
L.[Hg.[ |az | drdr — 2[”9[ ) £(v)),2(r) dxdr

[ )z () dxdr - j £(1)0,z(¢)z(¢)dx
+f*9 ||az|| dr+j 7)0,2(T)z(T) dx+1||z T

+j’ ”j )dxdr+C To o

2
” dr
2

U, — VH"C,, dr+ A I

"612 " +|| " +C, u, —vg"CV2 dr+_[T||(3!z€ ||CL2(Q) r

+LJ.;J.Q|8tzg(r)|2 dxdr—ZITﬂo‘[Q f ug)—f(vg))atzg(r)dxdr
_J;+pfg<f(“e)—f(ve) zp(r)dxdr—[ 2(1)8,2(t)z () dx

+[ ey (r)o.z (r) ||2L( dr+ [ &(T)0,2(T)z (T)dx+1||z(r)||2

+Lt5f9(”)atzo(”)ze(r)dmr*c 4o - vé’"c,, dr+ A .[”ZH ||i dr.

T+p

Step 3. Integrate (4.4) over with [T ,t] respect to s and replacing ¢ by
t+0 in the preceding inequality, this yields

H(t)(t+6-T)
< J‘:HH(s)ds + 2J.:QJ.:+HJ.Q(g(x,u9 ) - g(x, v, ))Qz(r)dxdrds
-2 MI =/ (v))a,2(r) ddrds

< H(T) "”9 VH"cV ds+J ”a Zg ”

+LJ.;J.Q|8’Z‘9 S | dxds - -[T+p.[£2 uﬁ —f(Vg))a,Zg(S)dxds
[T (£ ()= 7 (5)) 2 (s)dxds = [ & (1)0,2(r) 2 (1) v

+ j’gg(r)||a,ze(s)||2LZ( ds+[ £(7)0,2(T)z (T)dx+%||z(T)||i

#1000 (5)0,20 (5)z, (s)dvds + C, 1y =vi [, ds+ 27 [y (s) i
%5 r”fw||ue—vg||@ wis e[ [foz (O ws
=20 fu(r ))8,2, (r) dxdrds.
Step 4. Introduce the compactness functional
c(M)= H(T)+%||Z(T)||i +[ &(7)0,2(T)z(T)dx, (4.7)

and
01 (145 (7), 0,5 (7)), (v (T), 0,9, (T))) = W, + W, + s, (4.8)

where
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2

v T{mazﬁ I asas [ s >||at29<s>||cz()ds
o) a5 e
+I _[ £(5)0,2, (s (s)dxds},

t+60

drds
(Q)

Cz

‘Pz:‘m[ﬁipmﬂm—ﬂvs»z@<s>dxds
ZJ'HPJ' )6 Za( )dXdS

J~t+9..’s+p-[ ( vy))0,2, (7 )dxdrds],
1

t +0
\P3:m[2cg =l as+ € [T o=l ards |

Therefore

1

H, (t) S ————Cy + 0} ((up (T), 0,5 (T))s(v5 (T),0,95(T))).  (49)

t+60-T

Next, we will use the contraction function method to prove the asymptotic
compactness of the solution process for problems (2.3) - (2.5).

Theorem 4.2 If the assumptions hold, for any fixed #€R and any bounded
{r,} =(-».t] (as n—>w, 7,—>-w), and for any sequence {x,}” <™.,
then the sequence {U (t, T, )xn}w

, has a convergent subsequence.
n=

CM
t+0-T
Thanks to Theorem 2.10, we also need to show that @} Q(BT (R)) , for every
fixed ¢.

Let (u;,atug) be the solution of problem (2.3) - (2.5) with the initial value
(¢g .0 ) 7 (R). According to Theorem 3.2, it can be known that

Proof. Forany ¢ >0 and fixed ¢, thereexists 7 <¢ such that <eg.

2
”9

+<9 (<) "6 u9|| - is bounded. For any fixed ¢ andany ¢ €[T,t], based
Q

on (1.6) and the boundedness, we can gain that "QuZ is also bounded.

(@)
According to Alaoglu Theorem, Lemma 2.5 and Theorem 3.2, for any

7 <T <t, without loss of generality (at most by passing subsequence), let

u, —>u, weakly*in L” ([r + p,T];CV2 ), (4.10)
05 D, weakly*in L [+ p.T]:Cp . (4.11)
Otuy — Olu, weakly*in L* ([r+ p,T]:C, ) (4.12)
u, —u, weakly in I ([r + ,0,T];C,,H ), (4.13)
Oy — O, weaklyin I ([z+p,T];C,, ), (4.14)
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uy —>u, in L’ ([r + p,T];CLpH(Q)), (4.15)

u, —u, weakly in 5 ([r+p,T];CV2 ), (4.16)

uy > u, in ’*'(Q) and u (T) > u, (T) in L' (Q), (4.17)
O.u = d,u, weaklyin I2 ([r +p.T;C, (Q)). (4.18)

where we have used the Sobolev embedding V, & L (Q).
According to (3.40)

(1t ()0, (5)) = C([T.]5C, ;) s @ Cauchy sequence  (4.19)
and there exists (i, (5),0,41, (5)) € C([T21]:C, ;). such that
(15 ()05 (5)) = (1 ()0, (5)) in C([T1]:C,p0 ). (4.20)
Next, we analyse each term in the contractive remainder (4.8).

Firstly, estimate of ¥, , using (4.18), we obtain

2

TR T2 T m
lim lim J ||8tu0 —0,u, ds=0,
n—oo m—w v T Ciy(0)

. . t n m 2
tim lim [" £ |6, - 0,5 ds =0,
n—om—09T CLZ(Q)
T 2
,111—{?0 r}ll—l;ll -[T % (S)"alz'g (S) Cry(0) ds
. 3 t n m 2

<lim lim [ L |0,u5 - 0,u; ds=0

n—o m—on T CLZ(Q)

lim lim [ & (0" —0u™)(u" —u")dx

< tim lim Lo -8, " —u”

n—>0 m—>0

<lim lim L[0,u" - 8,u"

N—»00 M—»0

u"—u'”" =0
2

b b t ’ n m n m
lim lim L & <6tu,9 —0,uy ,uy —uy )ds
N—»00 Mm—»0

(4.22)

1 1
< Ltim tim [ [0, ~ 0,05 ds)E ( [ s~ ds)E —0.

n—>00 M—»00

is bounded, hence

! n m
['[ (65 —0,uy ) dxdr
the Lebesgue dominated convergence theorem gives

For every fixed ¢, the integral ¢,

lim lim jTej’ [, (05 — 0,7 ) dxdrds

=" tim i J'1 (06 -0 s 429
= [ 0ds =0.
Combining (4.22) and (4.23), we obtain
i lm ¥, =0 420

Secondly, we estimate ¥, , by virtue of (4.16) and (4.17) we have
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tim tim [ [ (£ () =/ (o)) (ueg 05 ) s

. . t p-1 p-1 2
SChmhmI I (1+|u;| +|u;”| )|u;—u;”| dxds
T+pdQ

N—>00 M—>0

(4.25)
. . t n p-1 m p-1 n m 2
< Clim lim 1+||u,9 +||u9 u, —uy, || ds
n—0 m—ow dT+p Cr, Cy, Cy,
. t n ml|?
<Clim lim "ug —u, | ds=0.
n—wom—wod+p Cy,

It is obvious
Jrop ()= 1 (7)) (0105 = 8. ) s
= [ F (up (0))de— [ F(up(T))de+ [ F(uy (2))de—[ F (a5 (T))dx (4.26)

=Jy Jo 1 ousiaxds = [, [ f ()07 dxds.

By using (1.8) and embedding ¥, % L”*'(Q), we can obtain

Jal(F (4 ()= 1y (1))

< Jol (2t (0)) -8 (w5 () =0 (1)) () =0y (1)

< c[||ug (1) i

’ n
S 0 0
Al )0

(4.27)

yi4

(@)

C

)i C p+l
() ()

Moreover
fm i [, (46)- 00 oo =i (1 (1) .,
= Tt+p<f(u9),6tue>ds
= [ F (u (1)) dx— [ F(u,(T))dx.
Analogously

tim lim [* [ ( (uy), 0005 )ds = [ F (1, (1)) dx— [ F (1, (T) )i

n—>00 m—»0

Consequently

t

im lim [ [ (f(ug )= £ (up)) (0.5 — 05 ) duds =0. (4.28)

o Ja ) =7 () (@05 — 2 v
is bounded, hence the Lebesgue dominated convergence theorem gives
tim lim [ ' ()= £ (u5)) (015 — 00 ) v
= [ tim i 1 [ (7 ()= (1)) (0~ 05 ) dxdrds— (4.29)

- _[:QOds -0.

For every fixed ¢, the integral ¢,

By virtue of (4.25), (4.28) and (4.29), we obtain
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lim lim ¥, = 0. (4.30)

H—>0 M—0

Finally, we estimate ¥,. Using (4.16) and (4.18), we have

tim im [, [, (& (v.5) = g (7)) (0.0 —0.07 ) dxds

. . t 2 t 2
<limlim| C u, —u, ds+.[ 0,u, —0,u, ds
nemom| & dstp Cry s C2a) (4.31)
: . 4 n m 2 . : 4 n m 2
<C, lim lim u, —u, " ds + lim hmj O,u, —0,u, ds
& o mow ISP Cy, n—>0 m—0 9 CLZ(Q)
=0
and
. . t
lim hmj I (g(x,u;)—g(x,u;”))(u;‘ —u;”)dxds
n—m m—n T JIQ
<timlim | C, [\ |y =v | ds+ 27 [/ g [ ds
n—>00 M—»0 8Jr+p Cry T Cy, (432)
<C timtim [ Ju, v, [}, ds+ 4 imtim [ g [ ds
& nooom—wIT+p Cry n—oo m—odT Cr,

=0.

is bounded,

P ) (0 ) (-2 i

hence the Lebesgue dominated convergence theorem gives
tn im [, (& () = (o)) (005 = 07 ) e

= lim lim [ jﬂ( g(xup)-g(xup ))(a,ug ~0up)dxdrds  (433)

For every fixed 7,

= [ 0ds =0.
T
From (4.31), (4.32) and (4.33), we can obtain
lim lim ¥, =0. (4.34)

Therefore, we can conclude that

o ((”r (T).0, (T))’(Va (7).0,% (T))) € Q(BT (R)) :

Theorem 4.3 Assuming that (1.5) - (1.8) holdand ge I’ (Q) , then the process
U (t,z'):CHr2 N CH,Z generated by problem (2.3) - (2.5) has a time-dependent
global attractor A={4,} . .

Proof It follows from Theorem 3.2, Theorem 4.1 and Theorem 4.2, that there
exists a time-dependent global attractor A ={4,} _ .
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