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Abstract

In this paper, we consider the following Kirchhoff-Schrédinger system with
weakly attractive potentials:

—(a + bJ‘RN [V, |2 dx) Auy +Viuy = Ay + v, [y 2w +ag, |u |qlf2 w fuy |

—(a +bJ‘RN |Vu2|2 dx)Au2 +Vu, = Lu, +v, |u2|pr2 u, +aq, |u, |q' |u2|qr2 u,,
having prescribed mass .[RN |ul.|2 dx=m,, where a>0, b,a,v,>0,q, >1,
N=2,3, 2 eR are Lagrange multiplier and ¥, e C' (RN ) are potential
functions for i=1,2. When 2+%< ¢,+q, <2 and (pi.py)€ R*, we

prove the existence of multiple solutions, which are positive radial vectors.
2" =2N / (N - 2) is the Sobolev critical exponent. The proof is based on var-

iational techniques and constrained minimization arguments.

Keywords

Schrédinger Systems, Normalized Solutions, Weakly Attractive Potentials,
Variational Method, PohoZaev Manifold

1. Introduction and Main Results
The focus of this paper is on the nonlocal Schrodinger system with weakly attrac-
tive potentials in H' (RN)X H' (]RN ) :

_(a +bJ-RN |Vu1|2 dx) Aty + Vit = Aoty + v, |u1|p]72 u +aq |ul|ql N u, |142|q2 ’ (1.1)
1.1
_(a +bJ‘]RN |Vu2|2 dx)Au2 + Vzu2 = 2,21,42 +v, |u2|172-2 u, +aq, |”1|ql |u2|q2—2 4,
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with the normalization constraint
_[ |u|2dx=m >0 and_[ |u |2dx——m >0 (1.2)
RN 1 1 RN 2 2 > .

where a,b,a,v, >0 for i=1,2. Assume ¢,,q, >1 and
2<p,pysq +9,<2 . A, €R are Lagrange multipliers. V;,V, e C' (]RN)
are potential functions satisfying

(17) lim Vi (x)= sup__v V; (x)=0=V¥,(x) and there exists ®, € [0, 1/2)

x>0 T i

such that |Vl| < .S , where

N/2

g - ...]RN |Vu|2 dx
= in —

wen'2(rN . 2/2*
D (IR )\{0}(.[RN|u|2 dx)

(V) set VK(X) = (VVI.(x)~x)/2,Wi eC' (RN),lim‘ /4 (x):O and there ex-

X‘A)w 1
ists p, € [0,1) such that |Wi|N/2 <pS.
(V) set Y,(x):=7,qW,(x)+Z (x), where Z (x):=VW,(x)-x and

i

Z el (]RN) for some s€[N/2,%], there exists o, such that |Yl.’+ i SO
where ¥, = max{Yl.,O} .
An example satisfying the conditions (V1)-(Vs) is V, (x) =—ﬁ,x eRY
x| +1

with constant ¢ >2 and suitable small constant ¢. Obviously, V' =0 also sat-
isfies the conditions (V1) (V3).

For the study of Kirchhoff, Li, Luo and Yang [1] studied a Kirchhoff equation
with a combined nonlinearity given by:

—(a +bIRN |Vu|2 dx) Au+ Au = |u|pi2 u +v|u|{r2 u, xeR",
(1.3)
IR”' |u|2 drx=c,

where a,b,c,v > 0. They demonstrated the existence of multiple solutions when

10 14
2<g< ? and ? < p <6, as well as ground states for the cases

2<g< ? <p=6 and % <q < p<6. Additionally, their work provided in-

sights into the asymptotic behavior of the obtained solutions. In contrast, when
v <0, Carrido, Miyagaki and Vicente [2] investigated the scenario. They estab-

lished the existence of ground states for the equation when 2<g¢g< 2’=p or
2<qg<p= % < p<?2", offering complementary results to those of Li et al.
Ye [3] studied the nonautonomous Kirchhoff-type problem:
_(a -4—inIR3 |Vu|2 dx)Au +Au= |1,t|p_2 u+ V(x)|u|q_2 u, xeRY,

(1.4)
J.RN |u|2 dx=c,

DOI: 10.4236/jamp.2025.1312244 4445 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1312244

W.H.Tuetal.

14
where p= 509 4,and Vel (R3) satisfies

V(x) >0, \}-EBQV(X) =0.

Using the concentration compactness principle, Ye demonstrated the existence
of a minimizer under certain conditions. Specifically, the author established that
there exist constants a,,b,,c, >0 such that for a<a,, b<b,,and c<c,, the
problem (1.4) admits a minimizer. This result highlights the role of the compact-
ness argument in proving the existence of solutions in the presence of nonauton-
omous potentials.

Over the past two decades, systems, which similar to (1.1), have garnered sig-
nificant attention due to their important physical background. When 5 >0, the
(bJ.RN |Vu|2 dx)Au , leading to its classification as a Kirchhoff-Schrédinger system,

is nonlocal term of system (1.1). This nonlocal nature is associated with the fol-

2 2
dx]a—1:20
ox

lowing equation

ou

@2_“_[130 Lo
Ox

T —_—
or’ h 2L-°

which was proposed by Kirchhoff in 1883 [4]. This equation not only serves as an
extension of the classical D’Alembert’s wave equation but also relevant in biolog-
ical contexts. Over the last few decades, Kirchhoff-type problems have drawn con-
siderable attention, beginning with Lions’ foundational work [5], which estab-
lished abstract framework for such problems. Since then, numerous important
results have been developed, evidenced by works in [6]-[10]. For a more detailed
discussion on the physical implications of systems such as (1.1), as well as addi-
tional physical and mathematical interpretations, we refer the reader to [11]-[13],
along with the references cited in these works.

Building on this foundation, there has been growing interest in exploring the
existence of normalized solutions. For example, the existence and multiplicity of
normalized solutions for Schrédinger systems have garnered significant attention
in recent years, as explored in studies such as [14]-[16] and related references. A

notable example is the system

-2

2 a2 q . N
wt g |u]” urag " up® inRY,

—Au+Au=v, ul”

(1.5)

—Av+ Ly =v, |v|p_2 v+ i, |v|p2_2 v+ag, |ul" qu—z v inRY,

which has been analyzed under various parameter settings. For N >3, when

u=u=0, p=4,and ¢, =¢q, =2, the existence and multiplicity of normal-
ized solutions were established in [17]-[19]. For N =3,4,when v, =v, =0,

4.9, >1, p.q,+q, € (2, 2*) and p, € (2, 2*] ,Liand Zou [20] investigated the
associated PohoZaev manifold and proved the existence of a normalized solution.
When N=4, p=3, p,p, 6(2,4) and ¢, =¢q, =2, Luo et al [21] analyzed
the existence, nonexistence, and asymptotic properties of normalized solutions,

particularly in the Sobolev critical case. More recently, Liu and Fang [15] studied
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the system for N=3,4,¢,,9,>1 and p,,p,,q,+q, € (2+4/N,2*J , proving
both the existence and nonexistence of normalized solutions. These studies illus-
trate the breadth of research on Schrédinger systems, addressing various nonlin-
earities, couplings, dimensions, and parameter regimes.

Furthermore, Hu and Mao [22] considered the following Kirchhoff-Schré-
dinger system

—(a +b.[RN |Vvl|2 dx) Av, = A, + 1 |v1|p1—2 v, +agq, |vl|q‘_2 v, |uz|q2 , 6
_(a +b_[RN |sz|2 dx) Av, = 4, + 1, |u2|pr2 v, +ag, |v|" |V2|qu2 vy, .

having prescribed mass J‘RN |v,.|2 dx=c¢, >0, where ¢, >1, a,b,a,u, >0 for

i=12, 2<p,py»q,+q, <2 and N =2,3. They established multiple positive
radial vector solutions using variational methods combined with a constrained
minimization approach.

Building on the results discussed earlier, a natural question emerges: does sys-
tem (1.1) admit multiple normalized solutions? In this paper, we confirm this with
a positive answer. Notably, when 7 =0, the existing literature offers limited in-
sights into system (1.1). Our objective is to address this gap by extending the find-
ings of [22] to the Kirchhoff-Schrodinger system with potentials, thereby broad-
ening the understanding of such systems.

Recently, growing attention has been directed toward the Kirchhoff-Schro-
dinger system, which is exemplified by (1.1). Similar to the case of the equation,
where A is considered an unknown Lagrange multiplier, the problem (1.1) can
be viewed as a characteristic value issue. Within this framework, solving (1.1)-
(1.2) involves analyzing constrained variational problems. Normalized solutions
are then obtained by identifying the critical points of the energy functional
1:H'(RY)xH'(RY) > R, defined by

1 (w,u,) =%ZZ:|V”1'|§ +§ZZ:|V”1'|2 +%Zz: o Vg e
i:l y i=1 i=1 (1'7)
_;?J.RN |ui|p' dx—a_[]RN |u1 |ql |u2|q2 dx

on S(m)xS(m,), where S(m):= {u eH' (RN ) : |u|§ = m} for all positive con-
stant m.
To address compactness issues, we restrict our analysis to a radial framework.
Specifically, we seek critical points of the functional [ restricted on
S, (m)xS, (m, ) , where
S, (m):= {u eH!, (]RN) : .[RN u = m,IRN Vu® < +oo}

and H!

rad

restriction allows us to invoke compact embedding theorems, which are essential

(RN ) represents the space of radial H'-functions on R" . The radial

for the variational arguments. By invoking the principle of symmetric criticality,

we ensure that critical points of / constrained to S, (ml)xSr (m2) are also
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critical points of / when constrained on the broader set S (m1 )>< S (m2 ) . Set

_N(r-2)
I2 2p

Clearly, critical points of 7 | 5, (m <5, (m3) lie within the PohoZaev manifold
A1 X0, (1

M ={(w,uy) €S, (m)xS, (m,): J (u,,u,) =0},

where

J (wy,1) = ailv%li +bé|V“i|§ _%Zzl RY Wi”izdx_zzlviypf o,
= i=1 i=1 =]
~ Yy, (40 )JRN oy [ o, [ b,
which is the PohoZaev identity.
To present our results, we define the set
B(z):= {(ul,u2 )eS, (m)xS, (m,): |Vu1|§ +|Vu2|§ < T} for all 7>0 and as-
sume the following condition:

4 8 .
(M) 2<p1,p2<2+ﬁ, 2+N<ql+q2<2 .

The mathematical role of these constraints, such as ensuring the nonlinearities
are well-behaved and avoiding compactness loss.

Now, the main result can be stated as follows.

Theorem 1.1. Given that condition (M,) is satisfied. Subsequently, there exist
three positive constants

4 max 2max {p,, p, } +max{o,,0,} cmax (ol

2—max{}/p]p1,7pzpz}

, Ty =7y (my,m,)>0,
max{plnpz}(z;vi +‘ZQ)

X vi(1=7,)

a, =a, (ml,mz) ensuring that, for a € (O, ao) and a>ad,

,max {w, o, }

(i) System (1.1)-(1.2) admits a solution (u1 U, ) , which is positive radjal vector,
for some A,,A, <0. Additionally, I(ul,u2) >0;

(ii) System (1.1)-(1.2) admits a solution (vl A ) , which is positive radial vector,
for some A,,A, <0. Additionally, (vl,v2 ) € B(TO) and ](vl,v2 ) <0.

We now proceed to present the proof of Theorem 1.1. To prove Theoreml.1
(i), we begin by demonstrating that under the condition (M,), the following ine-
quality holds:

}Slzf)l(ul,uz)<0 for any 7 > 0. (1.8)

Additionally, we show the existence of constants 7, =7, (m1 ,mz) >0,

a, =a, (ml,m2)>0 such that forany 0<a <¢,, we have

inf)[(ul,u2)>0. (1.9)

oB(ry

With these results in hand, a min-max structure of the mountain pass type can
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be introduced. Specifically, there exists 7 € (0, 7, ) , ensuing that for all
0 < a < g, the desired conclusions follow that

7 (my,m,) = infmaxE(n(t)) > max{E(n(O)),E(n(l))}, (1.10)

ner ic[0.1]
where

ri={ne(S, (m)xs, (m),C[0.1]):n(0)e B(F).n(1) e B(z, ) E(n(1) <0)}.
This approach allows us to search for a mountain pass solution. There are two

primary challenges in the proof. One is to show the boundedness of (PS)

7(my.my)
sequence {(ul”,u;’ )} in S (ml)XS, (mz) By employing the method described

in [23], we geta (PS) sequence, along with the property that

7(mymy)
J (“1" Uy ) — 0. Utilizing this property, we can show that the functional is coer-
cive, leading to the (ul” Uy ) converges weakly to (ul ,u2) in

H}, (RN )x H}, (RN ) . The other is proving the compactness of (PS )y( se-

ml-mz)
quence. Establishing (ul,u2 ) es, (ml)x S, (mz) is the crucial step. To address

this requirement, we must excluding both the semi-trivial solutions and the trivial
solutions of the problem (1.1), which introduces a complication not present in the
case of Kirchhoff equation. In order to tackle this challenge, we employ the tech-
nique outlined in [[24], Lemma A.2] and integrating the uniqueness of positive
solutions to Equation (2.1) with energy estimations.

In order to prove Theorem (1.1) (ii), we naturally introduce the following min-
imization problem for all 0 <« < ¢, derived from Equation (1.8) and Equation
(1.9),

c(my,m,) = lis?f)l(ul,uz)<0. (1.11)
70
Moreover, we define
Y(u]’uz)(ﬁ);I(B*ul,ﬁ*uz)
_azez 2 b 4y s 13 -0 2
=S¢ §|Vui|2+ze §|Vui|2+5; RNVi(e x)ul.dx (1.12)

2
Vi yppif)| \pi 0 q q
=N Ly |7 — e’ w|" |u, | dx
ilp; RV 1 2 >
i=1 P

N
where @*u, = e?gui (egx) for i=1,2, g=gq, +q,.Itfollows from
(Y(ul,uz) ), (0)=J(u;,u,) thatwe divide M into
M= () e Mi(X, ) )(0) > 0},

My = () € M (Y., ) (0) =0,
M= {(m) e M: (Y., )(0) <0},

where
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2 2 1 2
(Y(ul’uz))(o) = za§|w,.|j +4b§|Vui|: +5; [y Zuldx

2
. 2
2 Pi q1 q2
_Zvi;/px_pi|ul.|p[—a(;/qq) J.ij|ul| |u2| dx.
i=1

1
In this paper, we define the L’ -norm as |u|p = (IRN Jue|” dx)p and the H'-

1
norm as ||u|| = (IRN |Vu|2 dx+IRN |u|2 dx)i. The symbols — and — represent

weak and strong convergence in the corresponding function spaces, respectively.
The notation = and = is used to indicate definitions, and
C,C.,C,,K,,K,,--- denote positive constants.

The structure of the paper is as follows: Section 2 introduces preliminary re-
sults. In Section 3, we prove the existence of mountain pass solutions, specifically
addressing Theorem 1.1 (i). Section 4 explores the connection between the func-
tional’s structure and the PohoZaev manifold, concluding the proof of Theorem
1.1 (ii).

2. Preliminarie Results

In this segment, we introduce foundational outcomes that are slated for recurrent
application in the subsequent sections of the manuscript. Initially, we summarize
some key inequalities.

Lemma 2.1. ([25] Gagliardo-Nirenberg inequality): For any ve H' (]RN ) ,

there exists a constant C , >0 such that

7, 1=y
< Cy, W A,
M,;‘CN,pVVz Vb o

-2
where y, = %) .
P

By Lemma 2.1, we get

q 92 9
J.]RN|“1| |”2| dxg|”1|,- |”2

a2
r

(=7g)a (-74)a

2 2 xil Y492
<Cy,m m, |Vu1|2 |Vu2 5

744

<C(Vaf; +[vly) *

where ¢:=¢,+q,.
We shall require certain findings about the Kirchhoff equation in the following

proof:
_(a +bIRN |Vu|2 dx)Au +Vu=u +v|u|p_2 u inRY,

, (2.1)
IRN|u| dx=m inR",

where N=2,3 and a,b>0,2<p< 2". We define the energy functional of Equa-
tion (2.1) as
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v

b 1
E (u) = %|Vu|§ +Z|Vu|; +E . Vuzdx—%|u|§ .

The corresponding minimization energy is
I(m,v):=inf E,(u), (2.2)

uesS(m)

4
Lemma 2.2, [26]-[28] If 2<p< 2+F and m,v >0. Subsequently, Equa-

tion (2.1) possesses an exclusive positive radial solution u, (up to translations)
for certain values of 2, <0, and E,(uy)=1(m,v)<0.

Lemma 2.3. Assume V,, W, aredefinedin(V,),(V,) and (V). If {(ul“,u;’ )}
is bounded in H], (RN)XHI (RN), then we have

rad

@ [ (u )2 dx - [ Vuidr, (i=12)

(i) [ W (u)) de s [ Wulds, (i=12)

Proof. Since {(ul” Uy )} isboundedin H_, (RN )>< H, (RN ) , We may assume
that
(ul",u;’) - (ul,uz) in H., (RN)xHr'ad (RN),
(ul”,u;) — (u,u,) in I (RN)XLfOC (RN) for s e [1,2*).
By lim, 7V, (x) =0, there exists two constant M >0 and R>0 such that

where 7 is large enough. Similarly, the result of J.RN W, (u;“ )2 dx > .[RN Wuldx
can be obtained by the above proof.
Lemma 2.4. [[29], Lemma 2.4] Assume that q,,q, >1,2<gq,+q, < 2 If
(ul”,u;’)é(ul,uz) in H' (RN)le (RN),
then up to a subsequence

q a n|d
IRN|u]| |u2| dx + o

?dx = v [t ”qzdx—i-o(l).

Uy

n q n
U _”1| |”2 —U,

Lemma 2.5. Suppose that the condition (M,) Is satisfied and = >0, then
infy ) I (u,1,)<0.

N
2

Proof. Set u'(x)=1t>u(rx), through simple calculations, we obtain

I]RN (ul )2 dx = RY udx, I}RN (Vu’ )2 de=1* I}RN (Vu)z dx,

folb =
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where pe(2,2"). Assume that ¢ is sufficiently small, then (u{,u;)eB (7),
where (1, u, ) es, (ml)x S.(m,). Since

2 b ;& 13 _
I(uf,u;):%t2;|Vui|z +Zt4;|vui |; +5,Z:]:J.RN |4 (t ]x)uizdx

2
Vi vupi|, |Pi q q
_Z_tt piPi |”i|pl, _mqu‘RN|ul| I |u2| 2 dx,
i=1 pi !

it can be readily verified that 7/ (ul’ Uy ) <0 when ¢ is sufficiently small if (M)

holds.
Lemma 2.6. Suppose the condition (M,) is satisfied, then there exist

y =7, (m,m,) >0, a,=a,(m,m,)>0 such that forany 0<a<a,,

pie | (012) > 0

Furthermore, there exists &, >0, ensuring that
c(ml,m2)< inf I (u,u,).

B(z9)\B(r0~¢0)

Proof. Set 7 = |Vul|§ +|Vu2|z ,thus, for all (u,,u,) €S, (m)xS, (m, ) , we have

a b PR 2 2 V; Pi q 0
)= 2o e 250V A0 Va3 -af o a
i=1 i=1 i=1 D; !

a-max(w,,w b 2 . Al
2 M) DS K [ - ke
i=1
b 2 Tpili 7949
Zgrz—ZKl.z’ 2 —aKr? o= f(7),
i=1
(1=74, ) (1=r)ar (1-74)a2

V. .
where a>a , K,=—L Cy,m * (i=12) and K;=Cym 2 m,
i :

i

According to (M), we know that 0<y, p, <2, 4<y g< 2", Select a sufficiently

large value for 7, >0 ensuring that

Moreover, we can take ¢, >0 sufficiently small ensuring that

7444

a,K; (270) 2 < ETR

Hence, for any 0<a <e, and (u,u,)eB(27,)\B(7,), ie, 7,<7<27,,

we have
) Vi Pi 7q4

I(ul,uz)zgrz -> K 2 —aK,r?

i=1

h 2 Vp Pi—4 7q9—4

2

=7 g—ZK,.T 2 —aK,r ?
i1

>b12(l_i_ij—ifz
S8 32 32) 16 ™
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According to the continuity of f (T ) and the fact that [ ( T, ) >0, we can find
an extremely small number &, >0 such that f (T) 20 when 7€ [2'0 —6‘0,1'0].
Thus

I(u,uy) 2 f(7) 20> c(my,m,)
forany (u;,u,)eB(7,)\B(7,-¢,).

Lemma 2.7. Assume that 2< p,, p,,q,+q, <2 . Suppose that the (PS) se-
quence {(“1" Uy )} restricted on S, (ml )x S (mz) is bounded, then we can find
a (u,u,) e Hy (RN)X H!, (]RN) and a sequence {(ﬂq”,ﬂz” )} cR® such that up
to a sub-sequence

(i) (ufa”;) = (u,u,) in HL, (R )><Hr1ad (RN ), (ul",u;') = (uy,u,), in
(R )xzr (RY) for pe(2,2'),

@) (4"4)=>(4.4) in R

i) 7' (uf,u) )= A (7,0)= 45 (0,15 ) >0 in Hj (RY)x Hy (RY).

(iv) problem (1.1) admits a solution (ul ,uz) forsome A,4, <0 if (“1 ,uz) sat-
isfies the additional property J (ul” U ) — 0, where (4,4,) isdefined by (ii).

Proof. (i) is clear. By the fact of (1 I ()5, (e )) (ul",u;’ ) — 0 and Proposition

5.12 in [30], we can take two sequences of real numbers {/11” } ,{22”} so that

2 2 2

ay [ VuVedc+bd [ IVodi+ Y [Vl pdx
i=1 i=1 i=1

R N T N G R (2.3)
i=1

_a‘hj uy /[ Uy . 2¢7de ZJ Ju; . dx 1)"(‘?17?’2 )",

where 0(1) — 0 as n— +oo. For further information, it is advisable to consult
[[23], Lemma 3.2]. Testing Equation (2.3) with (ul , ) and (0, u;’) , we get

n de_ np‘_ M| n
N\ Vi |t " aq Jon || |42

V() dev,

1

2
a |Vu1"
2

|Vu1" z - dx—o(1)=A"m,,

n|® —o(1)=A'm,.

2 4
a|Vu;’|2 +b|Vu; ,

P2
¥, _anJ.RN u
By the boundedness of u/,u; in L’ (]RN) and H., (]RN) for pe (2,2*),
it can be deduced that the sequences {ﬂq” } ,{12”} are bounded. Consequently, it
is reasonable to presume that A’ converges strongly to 4, (i = 1,2). Based on
(ii) and (iii), the proof of (iv) is achievable through the method described in [[31],
Proposition 2.10]. As the verification process is identical, we do not proof it here.
O
Lemma 2.8. Suppose that tbe Lemma 2.6 are satisfied, it follows that u con-
verges strongly to u, in H!, (RN ) when A, <0. In this similar way, we can
get the sequence u, converges stronglyto u, in H., (]RN ) when A, <0.
Proof. Set
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lim

2
n—>+0 2

Vu;

=B (i=12). (2.4)

By Lemmas 2.3 and 2.6, we can get

aQ
n
U

92 q] q
uy [ dx = [ fony | | dx
R

2 n
2
&Y 4 (”1'1) dx — -[]RN Vi dx’|”1n| > |”1| 7_[]RN
»

P
P
and
<I'(u1”,u;’)—ﬂ{’ (ul”,O),(ul”,O»

—0= (a+bBl)|Vu1|z +J.]RN Vg dx —v, [u,|” —arJRN ety |" |1, | dx =2, |”1|§

n
Hence
vl +b|vi | =2l = alVu[* + 5B Vi [ 2
a| u||2+ | u] |2_/11 u, 2_)a| u||2+ 1| u1|2—ﬂ1|u1|2.
Since
2 . a2 2 . nl?
|Vu1| < lim Vul| , |u1| < lim u1| ,
27 posteo 2 N 2
2 2 2 2
we get |Vu1”|2—>|Vu12,u1"|2 =, O

3. Proof of Theorem 1.1 (i)

Lemma 3.1. Suppose that (M) is satisfied, then for a € (0, ao) , we can take a

(PS) sequence {(uf’,u; )} for 1|S (s, at the level y(m],mz), which sat-

)
isfies (ul" )_ -0, (u;’ )_ —0 and J(u{’,ué’)—) 0.

Proof. Our proof approach will adhere to the methodological framework delin-
eated in [[23], Lemma 5.5]. Let [ : IE{X(H:ad (RN )><Hr1ad (RN )) — R defined by

1(0,(w,u,)) = I(0%u,,0%u,),
where 9*u=eg9u(egx).8et 0% (u,u,) = (01,6 *u, ) . Thus,
0 (uy,uy) €S, (m)xS, (m,) when (u,,u,)€S,(m)xS,(m,). We set
Fi={i€(S, (m ), (m,).C[0.1]):7(1) = (0.0(1)).77(0) £ (0.1 (0).

n(1)2B(,).1(n(1)) < 0.n(0) € B()|

and

7(my,m,)=1inf max I (77(t)).

fel 1€[0,1]

Pay attention to the fact that 7 (m1 L1, ) = }/(m1 L1, ) . Indeed, by the definitions
of 7 (m1 , 1, ) and }/(m1 ,m, ) , this equation is directly inferred from the premise
that the mapps

w:T>T, n-w(n)=(0,17)
and

C:ToThH=(9n)- ¢ (7)=9*n with (9%7)(t)=9(¢)*n(t)
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satisfy
Iy (m)=1(n):1(¢ () =1(7)-

It is observed that 7 (|u,|.|u,|) =1 (u,,u,) holds when

(u] ,uz) es, (m1 )>< S (m2 ) . Then, we can assume the existence of a minimization

n

sequence v, (¢),v5(¢)>0, where 0<r<1. According to [[32], Theorem 4.1],

wecanfinda (PS), - sequence |(6,,(uful))} for

(3= (o127

(') —0,(u5) >0 and direct calculation
1(0,(uy11,)) = T(0,0% (1,u5)),(0,1 ) (0 (1,1, )) = (8,1 ) (0,0 (1))

for u=(u,u,),0=(0.0,), we have (8,7)(0,u)[¢]=(8,1)(0,0%u)[0+p] .

Hence, {(O,Q,*(u;’,u;))} is also a (PS),

1], %(s, (m)xS, (m,)) and |

— 0. By

sequence for /

(my.my)

Rx(S, (m )<, (my)) *
Let

n ny._ n _n
(Wl 3W2)~_ 0, *(”1 5”2)’

then {(wl”,wz”)}cSr(ml)xS,(mz) isa (PS)y(ml’mz) sequence for /| (<5, ()

and then (691~)<0,(w1",w;’ )) — 0 implies J(wl",w;) —0. U
According to Equation (2.4), we rewrite Equation (1.1) as

92
s

—(a+bB)Au, +Viu, = Au, +v, |ul|pl_2 u, +agq, |u1|q1—2 1, Juy

(3.1)
—(a +bB, )Au2 +Vu, = Au, +v, |uz|pz_2 u, +agq, |ul |q1 |u2|qz_2 U,.
Its corresponding PohoZaev identity as following:
2 2 2
Iy (uyuy) = aZ|Vu[.|§ +bY B, |Vui|§ —%Z o Wudx
i=1 i=1 i=1
(3.2)

2
_Z‘/i7p,. |”1|2 Y444, (% +‘12)LRN|”1|q1 |"‘2|q2 dx.
in1

Lemma 3.2. Suppose the condition (M) is satisfied and 0< a < &, then we
can find a positive radial solution (ul U, ) to the system (1.1) for some (21 A, )
and I(u,uy)=y(m,m,).

Proof By Lemma 3.1, it is possible to find a Palais-Smale sequence {(ul“ Uy )}

for I|S (s, () 3 the level 7(m1,m2). We first prove that {(uln,ug' )} is

bounded in H., (RN )x H!

rad

(RN ) Since J(ul",u;' ) — 0, we have

1 ( i|
—| ay |Vu/
yqq i=1

_ o
- aJ‘RN h |

2 2
n
Lt bZI|Vu[
P

2 2 )
RIS A

n® d.x+0(1).

Uy
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}/(m1 m2)+0(1)

=—Z|Vu| +=2 Z|Vu| o ZRNV( dx z_| |

n|N

Mz ”2
o oL e A )
__iz:l:_[RNVK(u;’)zdx—;Vf?’p [71 b _ﬁ} |
1
>cz|w i +b{——ZJZ|Vu i —ZKV;/p [U_EJW 7P
N " b1 :
> &{fvurf + vt )+ 2£Z_EJ(|WI [ fouf)
VpiPi
S K | e (v +asf)
= U s A\ ’ ’

(177,,,- )m

~ max{w,®,{ max{p, LG

where C=|2-2 _ xlo 2}— Xipioa) Ki=Cype 20
2 7.4 2 7,49 "

4<y,q<2" and 0<y,p, <2.Therefore, {(uf,u; )} is bounded in

H),,(R")xH,,(R") Consequently, it can be inferred that
(w713 ) = (1, ) in Hyyy (R )x Hyy (RY),
(13 ) = (w.u,) in L' (RM)x L' (RY) for s €(2,27).

According to Lemma 2.7, we can take a sequence {(2122 )} cR? such that
(4. 45) > (4.4) in R?,(u,u,) is the solution of the system (3.1) and
Jy(,u,) =0 Since () —>0, («5) —0,then u,u, >0,

Now, we prove I(u,u,)=y(m,,m,). The condition ., (u},u;)—0 implies

2 2
2 4
n n
ay |Vui |2 +bY |Vul. |2
i=1 i=1

(3.3)

ul"|q1 |u£’ ” dx+jzl'|.RN W, (ul" )2 dx+o(1).

2 n|Pi
_Sva, il varal,
i=l1 !
By Equation (2.4), we have

2 2
2 2
n n
ay |Vu,. |2 +bY B, |Vu,. |2
i=1 i=1

@
n
U | |”2

" dx+ZzljRN W, (ul”)z dx+o(1)
i=1

As the sequence (u]”,ug’) convergesto (u,u,) in L’ (RN )xL” (RN) for

2 i

— |t

=Yo7, | +argaf,
i=1 !

pe (2, 2" ), then it can be inferred that

n|N

Z;Viypl_ |u,"|: +ay,q) v|u| |1 qzdx+z _[ W( ) dx+o(1) of Equation

(3.3) converges to
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2 2
2viz il +erya ol ool v 2 () d
i=l i=1

Combining Jj (u] U,y ) =0, we have

. 2 ) 2 ) 2 5 2
lim ay’| Ve[ 53 B |[Vu! | =a |Vu, | +b3 B,
noEe g i=1 i=1 i=1
Hence, I(ul”,ug) —> I (u,u,),and then, I(u,u,)=y(m,m,). O

Proof of Theorem 1.1. By Lemma 3.2, we only need to show
(u,uy) €S, (m)xS, (m,). Since (u,,u,) satisfies Equation (1.1), it follows that

2 2 2
2 2 2 4 5
A |u1|2 +4 |u2|2 - a2|vui|z +bZ|Vui|2 +z RY Viu; dx
i=1 i=1 i=1
2 Di g q
=S |u|” —arj oo™ Juy | .
Pi R’
i=1
— 2 Pi @ 92 .
Let F(u;,u,)=max {Zi:1|ui |p[ ’IRN |u1| |u2| dx} , since

2 2
(a—pi)|Vui|z < a;WuiE —;IRN Wuldx

i=l1
2 2 2
< aZ|Vui|§ +bZ|Vui|2 = o Wit dx,
i=1 i=1 i=1
combining J(ul,u2 ) =0, we have

2 , | 5 ,,
;'VM[L < (a—max{pl,pz})( IV,«fo |”f|ii +tay,q RN|”1|qI Ju, | dx)

i=

- 2(21-2:1‘/1'7171- +a7/qq)F(”1’”2)
h (a—max{p],pz})

and then,

2 2 2
Al + Aol = 2 [ Vartde+ 2 [ Watds+ 3 v, (7, =1)
+ar(7/q _I)IRN|”1 |q1 |uz|q2 dx
2 2
<p, |Vu,.|z +V, (7/1),- —1)|u,|1;:: +ar(7q —I)IRN|u1 |ql |142|q2 dx
iml im1
< CZF(ul,u2)+ar(7q —I)ZZ:IRN |ul|q1 |u2|q2 dx <0,
i1

max {p,, p, | (Z;Tvij/pi + aj/ﬂ)

where 2<p,r<2’, C,= (a-max{p;, p.})
1° /2

+Vi(7p,- —1)<0

when a>a’.
Consequently, it follows that at least one of the A, or 4, is negative. For the

sake of argument, let us assume 4 <0. According to Lemma 2.8, we have

w €S, (m) and w' >u, in H] (RN).If A, >0, we have

rad

_(a +bJ-RN |Vu2|2 dx) Au, = Lu, +v, |u2|pr2 u, +aq, fu,|" |u2|qr2 u, —Vyu, 2 0.
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From [[24], lemma A.2], we can know that u, =0. Therefore,

[(ul,uz) = I(ul,O) and u, €8S, (ml) is the solution of the following equation
—(a +b] |V dx)Aul = Ay +v, ||y Vi, (3.4)

By lemma 2.2, u, is unique and I(ul,O) =l(m1,vl)< 0, which contradicts
1 (”1 ,0) = }/(m1 ,m2) > 0. Consequently, it follows that 1, is negative, which im-
plies that u, €S, (mz) . In the end, using the maximum principle, it can be infer

that wu,,u, >0 in R". O

4. Proof of Theorem 1.1(ii)

Let 7 =|Vuy|, +|Vu, |, , then for each (uy,u,)€S(m)xS(m,)

2 b 2 1 2 2 Vi )i
I(ul,u2):%§|Vui|z +Z§|Vui|z +E§J'RN Vlulzdx—z;|u,|;

i=l Vi
qa 9
—aIRN |u1| |u2| dx

2 (l’ym )p,- 7949

Sa. b —max{a)l,a)z}r—ziCN)p[c, Vi, ["" — K, 2 (4.1)

2 4 i=1 P;
Yo 1 Yo P2 2
2
2K, -Kr 2 -K,v ? —aK;r?

=g(7),

b v (=75 )i
where a>a’, KOZZ’ K,=—"Cy,c * (i=12),

i

K,=Cy,m * my, > , 0<y,p <2 and 4<y,g< 2". One can easily ver-
ify that lim_,,, g(7)—> - and lim . g(z)—>0".

Lemma 4.1. Suppose the condition (M,) is satisfied, then we can find a constant
o, >0, ensuring that g(T) possesses a global maximum point at the positive
level and a local minimum at the negative level, which are unige when 0<a <q,.
Furthermore, it is observed that 0<t, <1, dependingon o such that
g(7,)=g(7)=0 and g(r)>0 ifandonlyif 7€ (7,,7,).

Proof. Without loss of generality, we may assume that p, < p, . We only show
the proof for p, = p,, the proof for case p, < p, is similar. Let p=p, =p,,

for 7 >0, we have

7P 794
g(r)=K,7" = (K, +K,)r > —aK,r?
7pP 4=rpp 7q4~YpP
=t | Ky ? —aKys 2 —(K +K,)|
4-ypr Y47 pP

Let y(r)=K,c > -aK,c * ,then g(r)>0 ifandonlyif

;((T) > K, +K, . Clearly, )((T) possesses a maximum point which is unique
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K,(4-7,p) ﬁ

"7l axk, (r,a-7,p)
and

_Arpp

2(7)=Ca ",

where 0<y, p, <2,4<y,q< 2" and C > 0. Therefore, we are able to make «
as small as necessary, ensuring that ¥ (F) > K, + K, . Then, we can find a constant
a, >0, ensuring that g(r) >0 on 7€ (TO,TI) when 0<a <g,. Since

g(r) —0 as 7—0",itis evident that g(T) can find a local minimum on

(0, 7, ) Therefore, g(T) must possess a minimum of two critical points. Set

4=rpp 7q4~YpP
7.4 Ais

h(r)=2K, *? —T(ZK3T 2, then

ypp—2 7442
7,9

K +K,)r ? —TaKST 2

g'(r)=2K,r —%(

5 [h(z')— PPk, K, )J.

_ WP

So g'(r)=0 if and only if A(r) 5 (K, +K,). As the presence of a sole

global maximum for # (T) ,itleadsto h(7)= )/’;p (K, +K,) possesses no more

than two solutions, e, g (T) possesses no more than two points. O
Remark 4.1. If p, < p,, we have

7o 21 Yoo P2 7qd

g(r)=K,-Kr ? Ko * -aK;?

Ip Pl 4=y p 1 Yo P27 p P 7q4~Vp Pt
=r 2 | Kyt * -K,o 2 -aK;r 2 =K,

Through computational analysis, it is easy to know that ¥ (r) exists a global

2
— Cl qa=4 ~
T> =7,
C,a

where € — Ko(4—7p11r);)(4—y,,2p2)’C2 K, (m—nlp;)(nq—ypzpz) |

maximum point 7 with

Moreover,

Yo P2~ py P

2(@)>x()>7 >
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when « issufficiently small. Therefore, we are able to make & assmall as nec-

essary, ensuring that ;(( ) > K, . The case of p, > p, issimilar.
Lemma 4.2, Suppose the condition (M,) is satisfied, then we can find a constant
a, >0, ensuring that My =0 when 0<a <a,.The M isasubmanifold of

C' with a codimension of three in H., (RN )x H!, (RN ) .

Proof, Assume that there exists (u1 ,uz) € M,, then

(Y () ) aZ|Vu | +bZ|Vu | Wuzdx
(4.2)
~Sv, ]}, +ar,a],» |u1|q' | i,
i1
and
(Yul ) ) 2aZ|Vu| +4bZ|Vu N +ZIR~ Zu dx
(4.3)
= ZV,.;/;pi |u,|: +a(;/qq) IRN|”1 |ql |u2 ” dx.
i=1
Combine (4.2) and (4.3), we have
2 2
(]/qq - 2)aZ|Vul. |z + (}/qq —4)bZ|Vul.|:
i=1 i=1
2 2
=i, (rea =7, 0 Il + 2 [ Yl
i i=1
and then
b 2 22 4 4 (7q ) 2
E('V%'z +|Vu2|2) < b(|Vu1|2 +|Vu2|2) T('V 1|2 +|Vu2|2)
q
— 1 S 2
e 42 70 (700=7, 0 )l +m_4§ v Yauddx

VpiPi
<q (|w1| Vi [} ) e (|w1| Vi [} ),
max {c,,0,}
7,9—4
that |Vul|2 +|Vu2|z < C;. By (4.2) and (4.3), we can get

where C, = . Hence, there exists C; >0, independent of & such

Svit, (21 )l <3NVl + 3, (227, 2)lul;
=ay,q(r,9-2)[ v w]" [w]" dx—ZfRN (2, - Z, )udx
i=1

2
<ar,q(7,4-2) [l | de+ 3 (25, +0,)[Vu [
iml

q q . .
Suppose .[R‘V|u1| : |u2| *dx =0, we can infer that u, =u, =0. There is a con-

flict. So j]RN i, |" |u1,|"* dx # 0, then
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a(Vufy + (Vi) ) < (Ve s +[Va [} )+ a([Vau ) (Ve )

2 2
=27 ) + g o] | der 3 Wt da
i=1 i=1

< £ o eyl o] e+, V]
2—max{}/plp1,7,,zpz} -

1
+
2-max{y, p,.7,, P,

}JZ(Z/JI +0,)|Vy, |

<aC,y (Vi + |V, )2 +C, (Vs +[vis ),

2max pl,,o2 +max{0'1,0'2}

2-max{y, p.7,,p |

where C; >0, [ }+ max{p,,p,} and then,

-G,

|Vu1|§+|Vu2|z ( quq where a>a" . Hence

2

~C, Va2
[“ac67j <|Vu, [} +|Va, |} < .

There is unachievable when « is sufficiently small.
Next, we verify that M is a submanifold of C' with a codimension of three
in H., (IRN)XH1 (RN).Note that

ad
M= {(ul,uz) e Hly (R )x HLy (RY )2 J (t,u,) = 0.D, (1) = 0. D, (1,) = 0},
where D, (u,)=|u,[; —m,, D, (u,) =|u, |, —m, . We just have to attest this map
d(J.D.D,): Hy (RY)x HLy (RV) > R?
is a surjective. Otherwise, by the independence of dD, (1) and dD, (u, ),

dJ(ul,uz) must be a linear combination of dD, (”1) and dD, (u2 ) , Le., there
existn v,,v, € R such that

dJ (uy,u,) =v,dD, (”1 )+Vv,dD, (u2 ),
that is, (ul ,uz) satisfies the following system

+ aql?/qq |ul|q]—2

Vi¥p P
—(a + 2b.[]RN |Vu1|2 dx) Au, +Wu, =vu, +%|u

|P1 -2

@
1 U Uy

VoV p, P2

_(a +2bJRN |VL12|2 dx)Au2 + Wy, = vyu, + u |p2—2 N aq,y,9 |u |q1 |u2 |q2—2

| 2 U Uy.

According to the PohoZaev identity, we can get
2 2 2 2
2aZ|Vui|z +4bZ|Vul. |: + ZI}RN Zuldx = Zviy;_pi |ui|z +a(7q6])2 J‘]RN |ul|ql |u2|q2 dx
i=1 i=1 i=1 i=1

and then (u,,u,) € M,, there is a conflict. O
Remark 4.2. We can observe that M =M, UM _, where M, "M_ =0
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and a€(0,a,).
We define «, =min{al,az},

Vo= {(“n”z) eH., (RN)xHrlad (RN):JRN ey [+ Juay | dx > 0} and

Y = {(ul,uz)e H., (]RN)XH:‘id (RN ) : .[RN o |" |u, | = O} . Next, we begin to in-
vestigate the properties of Y, (s).

Lemma 4.3. Suppose the condition (M,) is satistied. For all
(uy,u,) (S, (m)xS, (my)) "V, , we can infer that the function Y () (0) POS-

sesses two zeros S, ., < and two critical points ¢, < d (uay) SALISIYING

up iz

the inequality ¢ < Suay) < d where 0< a < a,. Additionally

up i) ity

(.02 <)

i) 9*(u1,u2)e/\/1 0=
(ii) |V 9* ul,uz))

I(c(um) *(ul,uz))=mln{l(ﬁ*(ul,uz)):96R,|V(H*(ul,u2))|z <TO} <0.

and 0*(u,u,)e M. = 0=d,
<1, forevery 49<S way) and

)

ul uy)

(iii) I(a’(u1 ) ¥ (st )) =max g 1(6*(u,u,)).
(iv) The maps (u,,u,) ¢, .\ and (u,u,)>d,, ., belongsto C'.

Proof. Clearly, we can get
2 2 2
T S S A e

Vp; Pif 7490 q )
Vit € ) - ey, g€ [ " fo | dx

MN

I|
MN T

ay |V (0, N +bz|v(e*u ). ZI W, (6xu,)" dx
i=1

FMm&

vy 0eul! ~az,af Josu " josu]" ax

(9*u,,¢9*u2) V(u,,uz)e(Sr(ml)xS, (my))V..

Thus, 0*(u1,u2)e./\/l<:>( )(9) 0. According to Equation (4.1)
Y(ul,uz)(g): (H*ul,é’*uz)Zg(ezgr),
where =Y |Vu| . Hence, if ¢’ Te(‘ro,fl) e, Qe(llnr—o —ln—j we
2 2 7t

get Y (+oo) =—o0, we can infer

uu

(i )(0)>0. By Y, uz)(—w)zof and T

that T, uz)(H) possesses two critical points. Here ¢, ., represents the local

<d

uy Uy

minimum, d(ul ) denotes the global maximum and < In addi-

(w7 *

n ,'42)
tion, they satisfy the following

c <llnr—°<d <llni.
(u112) 2 T (w15u2) 2 T

As with Lemma 4.1, we can prove that Y, (9) possesses no more than two

uy,uy

critical points. Hence, Yim) (6) possesses precisely two points of criticality.
Observe the fact that 6+ (u,,u,)e M < (Y(ul’uz) )(9) =0, then
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0+ (uy,u,) e M < He{c )} - As we know that ¢, ., is a local mini-

(w.uz)? d(”l st Uy sty
mum point, so

”n

(Yc(ul,uz)*m.uz) ) (0) =¥y ) (e )20

Since M, =, so (YC(,W)*(ul,uz)) (0)>0,and then ¢, *(u,u,)eM,.
Similarly, d(ul’uz) * (ul ,uz) e M'. Furthermore, due to the monotonic nature and

considering the asymptotic behavior, Yiin) (6) possesses precisely two zeros

¢ <d ) and they satisfy ¢ <d

up ity ) (1 up ity ) < S(“l 1) (m sz) < t(“l Jtz) '

It remains to show that the maps (u,,u,) ¢, ., and (u,u,)>d are

up,uy Uy uy )

of class C'. Utilizing the theorem of implicit function on
T(0,u,u,)= (Y(ul ,uz)) (6), and using facts that

T(c(“h"z)’ul’u? ): T(d(ul,uz)nuwuz ) =0,

(%T(c(ulguz),btl,u2 ) = (Y(ulguz))(c(ul’uz)) >0,

agT(d(“l )2t t ) - (Y(“le)) (d(“l»uz)) <0
and the reality that a continuous transition from M, to M is impossible.
Thus, the analysis shows that (u;,u,) ¢, and (u,u,)>d,, ., belongto
the C' class. ([l
Lemma 4.4. Suppose the condition (M,) is satisfied. For all
(u,u,) (S, (m,)x S, (m,))"Y,, we have Y ) (S(u]’uz)) =0 and

!

(Y(ul ’uz)) (C(ul.uz)) =0 such that Sy r) < Cluyiy) - Additionally

stp
(i) M=M, and O*(u,u,)e M. =0=5, .
(ii) I(c(ul,uz) *(Zul U, )) = mingER 1(6%(uy,uy ).
(iii) [V(0*u, ), +|V(0*u,)[, <7, where §<s, .
Proof. We can suppose that p, < p, which is without generality loss. Clearly,

() >+ as & —+o and r(ul,uz)(e)—m* as 6 — —o where

(11112

(u,u,) (S, (m,)x S, (m,)) "V, . Hence, the function Y(, . (@) attainsits

global minimum at the point ¢, ,,, which is below the zero level. In order to

113)

prove the critical point of Y(ul’uz) (6) isunique, we can see that (Y(ul’uz)) (6)=0
is equivalent to

2 2

a7 S v bl T S v
i=1 i=1
2

_ e( ymm)HZJ']RN W (ef'gx)uizdx V.7, e(ypzpz YpP1 )9 |u2|:
i=1

_ | |I’l
=17y, [l -
Through some calculation analysis, it becomes evident that the equation possesses

a single solution. Therefore, 6*(u,,u,)e M < 0= S(uyur) * BY minimality

uy Uy

"

(Y(ul ,uz)) (S(u, ) ) >0, and since M, =, we deduce that
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(YCWZ)*(L‘1 !uz)) (0)>0,andthen ¢, ,*(u,u,) e M,. Furthermore, due to the

monotonic nature and considering the asymptotic behavior, the function

Y(, . (@) possesses a sole zero point s, . and satisfying ¢, . <S(,.,) - A
Yy (0)2 g(e” (1ve: +|vu2|j)) sthen Y, (6)2g(z)=0 at

- %mm ‘Hence, ¢, < %m m Tt follows that
|V(¢9*u1)|§+|V(t9*u2)|§<ro where 6 <c(u,u,). O

Remark 4.3. By Lemma 4.3 and 4.4, we can get 6*(u;,u,)e M, < 0= 5
and s, .\ *(u.u,) € B(z,) where (u,uy) €8, (m)xS, (m,).

According to Equation (1.11), we have c(m,,m,)=infy, )1 (,u,)<0, we

uy )

will study the properties of c(m1 , m2) as follows.
Lemma 4.5. Suppose the condition (M:) is satistied. When 0<a <a,, we
have

c(ml,mz):i%fl(ul,uz):iﬁfl(ul,uz),

and there is a positive ¢, sufficiently small, ensuring that

. __inf I(u,, .
C(ml m2)<B(T0)%2(T0-€0) (ul ”2)

Proof. We first prove c¢(m,,m,)= inf, I(u,,u,). Forevery (u;,u,)e M

S}

Cluan) = 0. It follows from Lemma 4.3 and Lemma 4.4 that
0< lln% , namely, |Vu,[}+|Vu [, <7,. Thus, M, =B(z,), and
2 Vu, + |V,

then ¢(m,m,)<inf, I(u,u,).Forevery (u,u,)eB(z,),there existsaunique
Cluyn) € R, such that

Uy ,u
Cuy ) ¥ (th510,) €M, < B(z,).
According to Lemma 4.3 (ii) and Lemma 4.4, it can infer that

I(c(ul’uz) *(ul,uz)) = min{l(@*(ul,uz)):s € R,|V(6’*(u1,uz))|z < TO}
< I(ul,uz).

Thus, inf,, I (u,,u,)< c(m,m,). To sum up, we have
c(my,my)= infMI(ul,u2 ). By 4.3 (iii) and Lemma 4.4, we get that
ir/\l/tfl(ul,uz) = %I\}‘f[(ul,uz).
Next, we have to proof c¢(m,m,)< inf@w(%#ﬁ)[(ul,uz) . As g(z’o)z 0,

considering the function g is continuous, there is a positive &, sufficiently

c(my,my)

small, ensuring that g(7)> where 7 €[r,—¢,,7,]. Therefore,

c(ml,mz)

I(uy,uy)>g(7)2 5

>c(my,my)
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for every (u,,u,)eB(z,)\B(7,—¢,). O
Lemma 4.6. Suppose the condition (M,) is satisfied. When 0<a <q,, we
have c(my,m,)<min{l(m,v,),I(my,v,)}.
Proof. We only prove c(ml,m2 ) < l(ml,v1 ) For every (ul,u2 ) € B(TO)
I(ul,uz) =E, (ul)-i-Ev2 (u2)—a o |ul|q1 |u2|q2
<E, (u, )+ E, (u2 )

Thus, c(ml,mz)sinfs(ro)(E (u)+E, (4, )) For all u; €S, (m,) satisfying

!

2 .
|Vu1 |2 =1,, as defined in Lemma 4.1, we have

b 1
E, (1) =2 Va4 Va4 ] Vlufdx—;—ll|u1|2

i

Yo P

ZKOTg -K7,? Zg(z’o) =0,

where K,K, are given by equation (4.1). Thus
inf £, = inf E, <O,

Sp(m) ' B(m.ro)

where B(c,7): 4{24 es,( |Vu| < r} In addition, because
t> Ko -Kr 2 s contmuous, by using the proof from Lemma 4.5 to show

that we can find a sufficiently small constant &, >0, ensuring that

I(m,v,)<____inf E, (),

B(my,70)\B(m; ;79 —£0 )
and one can easily confirm that inf,,  E, (u,)<0.Let
U ={(uy,uy):u, € B(my,7,— &, ).u, € B(my, &)},
then Uc B(z,). Hence

inf (EVl (”1 )+ E, (u2 )) < inf(Ev (u1)+ E, (u2 ))

B(zo)
= st B () B, ()
<t B (1)
=1(m,.v,).
Therefore, ¢(m,,m,)<I(m,v,). Similarly, c(m,m,)<I(m,,v,). O

Lemma 4.7. Take the sequence {(ul",u;’ )} S, (m)xS, (m,) asa

(PS) (o) SEqUEnce for I| and J(uf,u;’)—)O as n— +oo. Then,

my )8, (m3)
(uf’,uS)—)(ul,uz) in H, (RN)xHrlad (RN).

) I(M1 ,uz) we might as well assume u/ ,u, >0.

Proof. Because [ (|u1 uy

To begin with, we demonstrate that the sequence {(u{’ Uy )} is bounded in
H, (RN )xHrlad (RN )1 . As {(ul",u;’ )} is a (PS)L_(m]’mz) sequence for [ re-
stricted on S, (m,)xS, (m, ), we conclude that

I(u{',uf)—)c(ml,mz), (4.4)
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-0, (4.5)

I ) Rz

J(u]15) = 0,n — +o0. (4.6)

By Equations (4.4) and (4.6), we get

c(my,my)+o(1)
1 1 | 2 1 1 12 4 12
=a| ———— | Y|V [ +b| ———— |2 |Vu!| += | Vidx
[2 7,,61};| ) [4 yquiz_” iy 2; R
12 . RN T
Tt yWuidx) vy, —— ||/
qu;RV Z,: ”’[7,,,19; 7qq]| |p,,
N a-max{m,w,} a-min{p,p,} IR
2 Ve 2(4 Vq
2 1 1 (1=7p, ) .
> Cy, V| —— e 2 vV ("
]
[azmatone) a-minipp}) b1 1)L o
2 744 204 r4) &

where 7=3" |Vu |, 0<y,p <2, 4<y,4<2", C;>0(i=12).Thus,
(ul” ,u;’) isbounded in H] (RN )x H}, (RN ) , and we may assume that

(ul",u;)é (uy,u,) in Hy, (RN)xHrlad (RN),
(u{',uf)—)(ul,uz) in I’ (RN)XU(RN),S 6(2,2*).

According to Equation (4.5), we can find two real-valued sequences

{21” } ,{ﬁz”} , such that

o)1)= Z [, Vurvods +b§ [ovar[ dx], varvgdr
+ i [ Vul pdx —iv,. [
—;ql (o " pdv—aq, [ fur|" ] i p,dy
S o

where 0(1) >0 as n—>+00.ByLemma27, 4' >4 for i=12 and

(ul,u2 ) is a solution to the system (1.1). Since

I(uy,uy)<lim, I(ul",u;') =c(m,,m,)<0, then (u,u,)#(0,0). According
to the argument of Theorem 1.1 (i), at least one of A,,A, is less than zero. If
4 <0, based on the information provided in Lemma 2.6, we can deduce that
u' >u, in H., (RN). Subsequently, we show that A, <0.If 4, is not less

than zero, then

(a +bJRN |Vu2|2 dx) Au, +Vyu, = Au, +v, |u2|p2—2 Uy +aq, |u,|" |uz|q2_2 u, >0
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and u, satisfies the following equation
_(a +bIRv V| dx)Au1 Vi, = 2wy +v]u | u, inRY,
jRN |”1|2 dx = m, in R,
4 S
where 2<p, <2 +N .By Lemma 2.1, u, isunique and then,
E, (u,)=1(m,v,). Thus
c(my,my)= liml<u1",u;)

LA ;
:hmE;|Vui

n—»00

2 b2 ;
5 +Z§|V1/l'

qa

2
ERACIES

Vi a2

2
Sl alpi

-X ]} -af

i N 2
i=1 P; Pi R

2 b2 4 2 2 V.
n n n 1
2 +_Z|Vu" 2 +ZIRNI/i (ul' ) dr——
43 i=1 Dy

b 1%
> %|V”1|2 +Z|Vul|;t +J.]RN Vlulzdx—?'1|u1 2

n

dx

n
U

2l

U

n—m P

.oag ;
=11mEIZ:1:|Vu,.

=1(m,v,).
This results in a conflict with the conclusions of Lemma 4.6. Consequently, we

can infer that 4, <0 which implies that u, —>u, in H! (RN ) O

rad

Proof of Theorem 1.1. (ii). Let {(u,",u;’ )} c B(z,) be a minimizing sequence
for c(ml,m2 ), that is

I(ul”,u;)—>c(m1,m2).
By Lemmas 4.3 and 4.4, s( i) *(uf’,u;)e M, forevery n,
Uy ,uy

(s

2
<71, and

[[S(ul”‘ug) *(ul”,ug' )J < I(Ltl",u;’)

Let (wl”,w;):: S ) *(ul”,u;‘), then {(wl”,wf )} < B(7,) serves as a mini-

2

mizing sequence for C(ml,mz) and (wl", Wy ) € M, . By Lemma 4.5,
{(wl” W )} < A(7,—&,) . Thus, Ekeland’s variational principle yields the exist-
ence of a new minimizing sequence {(vl" V5 )} , which is also a Palais-Smale se-

— 0. Hence,

quence for 1|S,4(m| s, (ny) @nd “(wl” W, ) —(vl",v; )
{(vl" vy )} cB (TO) and J(vl” WV ) — 0. It follows from Lemma 4.7 that there ex-
ists v,,v, >0 such that (v,",v;’ ) = (v,v,) in Hy (RN )xH:ad (RN), and

then, [ | A(ro) attains a local minimum at (v1 ,v2) . Accordingly, (vl,vz) is a so-

lution for Equations (1.1)-(1.2) for some A,,4, <0, which is positive and radially.
O
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