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Abstract 
We will demonstrate that the photon energy density parameter γΩ  of the 
universe can be derived exactly within the 

tHR ct=  cosmology. We find that 

it must be precisely: 51 5.526 10
5760γ

−Ω = ≈ ×
π

, which lies well within the 

95% confidence interval for the photon radiation density reported by the Par-
ticle Data Group (PDG). This exact result implies that there is no uncertainty 
in the radiation density—at least within certain subclasses of the 

tHR ct=  

cosmology—and that such a model is consistent with observations. Further-
more, in the standard model, the number density of CMB photons cannot be 
predicted from the Hubble parameter, but only from the CMB temperature. 
For the first time, we derive a new equation for the number density of CMB 
photons that allows prediction based solely on the Hubble parameter and the 
Planck length. This leads to a predicted number density of CMB photons equal 
to 410.71 0.26nγ = ±  photons per cm3, which is remarkably close to the 
value reported by the PDG when we use the 0H  value recently proposed by 
Haug and Tatum, 0 66.8943 0.0287H = ±  km/s/Mpc. However, when using 
the value 0 73.30 1.04H = ±  km/s/Mpc predicted by Riess et al., the photon 
number density prediction falls far outside even the five-sigma confidence in-
terval reported by the PDG. As we briefly discussed, this discrepancy is related 
to the Hubble tension observed in the ΛCDM model. 
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1. Introduction 

We will study the CMB radiation density, the CMB photon number density, and 
the CMB radiation density parameter within a subclass of the 

tHR ct=  cosmology. 
We will demonstrate that the CMB photon density parameter appears to be exactly  

1
5760cr

γ
γ

ρ
ρ

Ω = =
π

. Furthermore, we show that it is possible to predict both the  

CMB radiation density and the photon number density without knowing the CMB 
temperature—only the Hubble parameter is required. To our knowledge, this is not 
possible in the standard Λ-CDM model. In the standard model, the photon number 
density can only be calculated from the CMB temperature. 

Although the 
tHR ct=  cosmology is much less well-known and less frequently 

discussed than the ΛCDM model, there remains an active debate surrounding it 
among multiple researchers; see [1]-[4]. In the 

tHR ct=  cosmology, the universe 
expands at the speed of light—or, equivalently, no information, including gravity, 
can travel faster than the expansion. Melia [5] has demonstrated that recent 
observations from JWST related to early, well-formed galaxies fit well with 

HR ct=  cosmology, but are more challenging to explain in the Λ-CDM model. 
Melia [6] has also summarized 18 types of observational tests comparing the Λ-
CDM model with HR ct= , pointing out that most of these tests seem to favor 

HR ct= . 
A notable subclass of the 

tHR ct=  cosmology is black hole cosmology. One 
such model, proposed by Haug and Tatum [7], appears to fit the full SN Ia distance 
ladder perfectly. This model is based on a thermodynamic Friedmann-type 
equation [8]. The idea of black hole cosmology dates back at least to 1972 with 
Pathria [9] and continues to be actively explored today [10]-[15], even though the 
Λ-CDM model currently dominates mainstream cosmology. The critical mass 
within the Hubble sphere is given by: 

2

2
H

cr
c RM

G
=                           (1) 

Solving the Schwarzschild radius formula 2
2

s
GMR
c

=  for the mass of a black 

hole yields 
2

2
sc RM

G
= , indicating a striking mathematical correspondence  

between black holes and the universe as a whole. Christillin. [16] points out that 
we in a black hole universe must have 

2
2 1u

u

GMR
c R

= =                         (2) 

and that the Schwarzschild radius is determined by the Hubble constant, see also 
Stuckey [17]. 

Recent findings from JWST have also made black hole cosmology an interesting 
alternative to the Λ-CDM according to Sharmir [18], related to spinning black 
holes (the Kerr [19] and Kerr-Newman [20] metric). We will here not get into 
spinning black hole universes, but stick to non-spinning black holes, but that 
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could be a further extension to look into in relation to the work we will present. 
What we discuss in this paper is consistent with a growing black hole, where 

the radius evolves as 
tHR ct= . However, it is also compatible with a steady-state 

black hole cosmology, where the general relativistic metric implies that the density 
inside the black hole varies with distance from the center, as discussed in [21]. 
Additionally, this holds in the extremal universe scenario, where the density inside 
the black hole’s Hubble sphere is non-uniform, as indicated in [22]. 

2. Deriving the Photon Energy Density Parameter γΩ  

The photon energy density, γρ , is typically calculated via the following integral 
(see, for example, Weinberg [23]): 

( )2 4
,0 00

d bc h n a Tγρ ν ν ν
∞

= =∫                  (3) 

which implies: 
4

0
,0 2

ba T
cγρ =                          (4) 

Here, c  is the speed of light, 0T  is the present-day blackbody temperature 
(i.e., the CMB temperature), and the radiation density constant ba  is given by: 

5 4

3 3
8 4
15

b
b

ka
cc h
σπ

= =                        (5) 

where σ  is the Stefan–Boltzmann constant, 
5 4 2 4

2 3 2 3
2
15 60

b bk k
c h c

σ π π
= =



, and bk  is  

the Boltzmann constant. 
In 1978, Emslie and Green [24] (see also Weinberg [25]) expressed the photon 

energy density relative to the critical Friedmann [26] energy density as: 

,0
,0

,0cr

γ
γ

ρ
ρ

Ω =  

4
0

2

,0 2
03

8

ba T
c
H

G

γΩ =

π

                         (6) 

Haug and Tatum [8] have recently shown that the Friedmann equation can be 
expressed in thermodynamic form, leading to a critical density given by: 

40
,0 0 3

3 23040
8cr

H T
G c

ρ σπ= =
π

                  (7) 

Substituting this into equation (6), we obtain: 
4

0
2

,0
4

0 3
23040

ba T
c

T
c

γ

σ
Ω =

π
 

,0
4

23040γ
σ

σ
Ω =

π
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5
,0

1 5.52621330180192 10
5760γ

−Ω = ≈ ×
π

              (8) 

This value lies well within the 95% confidence interval for the photon radiation 
density reported by the Particle Data Group (PDG)1. They give a 95% confidence 
interval: 5.08 × 10−5 to 5.68 × 10−5 (5.35 ± 0.15 × 10−5 for 1σ , the 68.3% confidence 
interval). Refer to Appendix A for a demonstration that the CMB photon energy 
density parameter remains constant for times other than t0 . 

The Haug and Tatum [7] model appears to potentially also resolve the Hubble 
tension and seems to outperform the Λ-CDM model in several key respects, as 
recently discussed in [27]. While further investigation is certainly warranted, it is 
high time that the astrophysics community more seriously consider alternatives 
to the Λ-CDM model. 

3. Radiation Density from Black Hole Universe 

We will show one more way to arrive at the same result as above, but from a  

different angle. The Schwarzschild radius is given by 2
2

s
GMR
c

= , which solved 

for M  gives 
2

2
sc RM

G
= , and the total energy of the black hole is then: 

4
2

2
sc RE Mc

G
= =                         (9) 

The energy density of a black hole is then given by: 

34
3

BH

s

E

R
ρ =

π
 

4

3

2
4
3

s

BH

s

c R
G
R

ρ =
π

 

2

1
8
3

BH
p

s p

c
l R l

ρ =
π

  

2

1
2

4
3

p

BH

s p

E

R l
ρ =

π
                       (10) 

where 
5

p
p

c cE
G l

= =



 is the Planck energy. It is interesting to see that the 

energy density of the whole black hole 
34

3 s

E

Rπ
 is identical to 

2

1
2

4
3

p

s p

E

R lπ
. 

 
1https://pdg.lbl.gov/2023/reviews/rpp2023-rev-astrophysical-constants.pdf. 
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Next, the Hawking [28] temperature of a black hole is given by: 

4H
b s

cT
k R

=
π
                         (11) 

The smallest possible black hole is considered to be a Planck mass black hole. It 
has a Schwarzschild radius of 

2

2
2p

s p

Gm
R l

c
= =                       (12) 

The Hawking temperature of the Planck mass black hole is therefore 

,max 4 8H
b s b p

c cT
k R k l

= =
π π
                    (13) 

We call this the maximum Hawking temperature, as the Hawking radiation 
increases inversely proportional to the radius, and this is likely the smallest 
possible black hole. The Planck mass black hole has been suggested to be related 
to the most important elementary particle; see Motz and Epstein [29]. They 
assumed this particle existed at the beginning of the universe and then radiated 
into the particles we know today. Haug [30] has discussed how such a Planck mass 
particle could be the building block of today’s particles, despite the Planck mass 
at first glance appearing far too large. Our aim is not to explore in depth why and 
exactly how Planck mass particles are important; we will simply ask the reader to 
assume they could be important. 

In a large black hole, the minimum Hawking radiation will be: 

,min 4H
b s

cT
k R

=
π


                       (14) 

It has been suggested by multiple authors [31]-[35] that black holes could be 
related to Carnot’s [36] heat engine theory. In an ideal Carnot engine operating at 
optimal (most efficient) conditions, there is an equilibrium temperature given by 

max minT T T= . This is the geometric mean temperature of the lowest and highest 
possible temperatures in the engine. The geometric mean Hawking temperature 
is then given by: 

,max ,minHg H HT T T=                       (15) 

We assume that the Hubble sphere is an ideal black-hole Carnot engine; see [36]. 
Next, the radiation energy density is given by the following integral: 

( )
4

2 20

1 d taTh n
c cγρ ν ν ν

∞
= =∫                   (16) 

where 
2 4

3 3
4

15
bka

c c
σ π

= =


 is the radiation constant, σ  is the Stefan–Boltzmann  

constant, ν  is the frequency of the radiation of interest, and the number density 
of photons per unit frequency is given by (as normally derived from Planck’s law): 

( )
2

3
8 1

e 1b

h
k T

n
c ν
νν π

=

−

                     (17) 
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We next apply this to the geometric mean Hawking temperature and obtain: 
4

gaTγρ =  

2

,max ,minH Ha T Tγρ =  

2 2
max minaT Tγρ =  

2 22 4

3 3 8 415
b

b p b s

k c c
k l k Rcγρ

   π
=     π π  

 



 

2 2 215360 s p

c
R lγρ =

π
  

2 2
1

15360p s p

c
l R lγρ =

π
  

2 215360
p

s p

E
R lγρ =

π
                      (18) 

We now calculate the radiation density parameter of a black hole and find that 
it must be given by: 

51 5.5262 10
5760BH

γ
γ

ρ
ρ

−Ω = = ≈ ×
π

               (19) 

This is again the same as the radiation density of the universe as we suggested 
in the sections above. It is also important to note here that the CMB temperature 
is indeed given by the geometric mean temperature of the maximum and 
minimum possible Hawking temperatures within the Hubble sphere (see [37]): 

,0 max min,0 2.725 KcmbT T T= ≈                (20) 

where maxT  is as defined above and min,0T  is as defined before, but now with 

ts HR R= . 
So we have now demonstrated that this seems to support the idea that the 

Hubble sphere could indeed be a black hole universe. Haug [38] has discussed in 
detail how this likely indicates that the Hubble sphere is an extremal black hole 
Carnot engine, related to the extremal solution of the Reissner–Nordström metric. 
As he has demonstrated, this is not in conflict with using the standard Hawking 
temperature. 

4. Consistent with ( )t z 4
, 0 1γρ ρ= +  

It is well known from standard cosmology that we have ( ) ( )4
0 1t zγρ ρ= + , where 

z  is the cosmological redshift. We also have the well-known observationally 
based relation: 

( )0 1tT T z= +                          (21) 

Given 
4

, 2
b t

t
a T
cγρ = , substituting ( )0 1tT T z= +  yields: 
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4

, 2
b t

t
a T
cγρ =  

( )44
0

, 2

1b
t

a T z
cγρ
+

=  

( )4
, 0 1t zγρ ρ= +                        (22) 

which is the well-known result. 
Interestingly, Haug and Tatum [39] have also demonstrated that in their 

tHR ct=  model, one finds: 

( )4
, ,0 1cr t cr zρ ρ= +                     (23) 

where ,
3
8

t
cr t

H
G

ρ =
π

 is the critical Friedmann density at time t . This result is  

inconsistent with the Λ-CDM model but is fully consistent with the 
tHR ct=  

cosmology. Although the photon radiation density changes over time, the critical 
density changes proportionally. This explains why the photon radiation density 
parameter remains exact and constant in our model: both densities vary  

proportionally as 2
1

tHR
∝ . 

Figure 1 shows both the CMB radiation energy density and the critical energy 
density as functions of cosmic time. We see that both decline rapidly and are  

proportional to the inverse square of the Hubble radius: 2
1

t

cr
HRγρ ρ∝ ∝ , with the  

Hubble radius following the 
tHR ct=  principle. Therefore, the CMB radiation 

density parameter in this 
tHR ct=  model remains constant at all times, as 

derived in Appendix A. 
 

 
Figure 1. The figure shows the CMB radiation energy density and the critical density over 
time in our 

tHR ct=  cosmology.  

 
From Figure 1, it looks like the CMB density and the critical density both 

decrease to zero after about 5 billion years and remain there. However, this is not 
correct. In Figure 2, we have separated the data from 5 billion years to 14.5 billion 
years, and we see that the density still continues to fall. The physical intuition 
behind the much faster drop in energy density at the beginning of the universe is 
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simply related to spherical geometry. For example, from 1 billion years to 3 billion 
years, the radius of the sphere increased by 3 times, the volume by 33 27=  times, 
and the mass increased linearly with 

tHR . On the other hand, from 5 billion to 
10 billion years, the radius increased by only 2 times, the volume by 32 8=  times, 
and still, the mass increased linearly. So, this is simply related to the fact that the 
density is proportional to the inverse square of the radius. 
 

 
Figure 2. The figure shows the CMB radiation energy density and the critical density over 
time from 5 billion to 14.5 billion years in our 

tHR ct=  cosmology. This can be seen as a 

zoomed-in view of Figure 1, focusing on the period from 5 to 14.5 billion years.  

5. The Number Density of CMB Photons Can Be Predicted  
from H0  Instead of T0   

In this section, we derive a new equation that predicts the number density of CMB 
photons from the Hubble constant 0H , rather than from the CMB temperature 

0T . We begin with the standard expression for the CMB photon number density 
(see Weinberg [23]): 

( ) 32 2
0

0 40

30 38 d

e 1b

b
h

bk T

a Tn
kγ ν

ζν ν∞ π
= = ×

π
−

∫                (24) 

Here, 
2 4

3 315
b

b
ka

c
π

=


, and in our 
tHR ct=  model variant, we use: 

0

0 4 2b H p

cT
k R l

=
π


                    (25) 

where ( ) 1

1
sns

n
ζ ∞

=
= ∑  is the Riemann zeta function ( ( )3 1.2021ζ ≈ ). Substituting  

into equation (24), we obtain: 

( )

2 4 3 3

3 3 3 3

,0 4

15 128 230 3 t t

b

b H p H p

b

k c
c k R l R l

n
kγ

ζ

π
π

=
π





 

( )
,0 4

30 3 1
1920 2

t tH p H p

n
R l R lγ

ζ
=

π π
               (26) 

This demonstrates that the number density of CMB photons can be predicted 
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without knowing the CMB temperature, as equation (26) depends only on the 
Hubble constant and the Planck length. The dimensional consistency is also 
evident: the denominator contains 2

t tH p H pR l R l , which has the dimension of a 
volume, as expected for number density. 

To evaluate the accuracy of this prediction, we use the value  

( ) 31

4 4

13030 3
0.3702

n nζ
∞

=
= ≈

π π

∑
 and substitute it into equation (26): 

3
,0

0 0

10.3702 410.71 0.26 photons cm
1920 2p p

n
c cl l

H H

γ = × = ±
π ×

   (27) 

when using 0 66.8943 0.0287H = ±  km/s/Mpc, a value determined by matching 
the full SN Ia distance ladder from the UnionPlusSH0ES database, as described by 
Haug and Tatum [7]. This result is remarkably close to and fully consistent with 
the value reported by the Particle Data Group (PDG): 410.73 ± 0.27 photons/cm3. 
(See also Weinberg, who reports 410 photons/cm3 on page 107 using 2.725T =  
K, though without a confidence interval, as his book is primarily pedagogical.) 

However, if we use the Hubble constant from Riess et al. [40], 0 73.30 1.04H = ±  
km/s/Mpc, we obtain a significantly different prediction: 

3
,0

0 0

10.3702 470.40 10 photons cm
1920 2p p

n
c cl l

H H

γ = × = ±
π ×

    (28) 

This value lies far outside even the five-sigma confidence interval reported by 
the PDG (410.73 ± 5 × 0.27 photons/cm3). We can therefore conclude that the 

0H  value reported by Riess et al. is not consistent with the observed number 
density of CMB photons. 

Previously, it was not possible to predict the number density of CMB photons 
from 0H  alone, as no such equation existed—at least not within the ΛCDM 
framework. We argue that this discrepancy is closely related to the Hubble tension 
observed in Λ-CDM, and that this photon density-based prediction is simply a 
new and independent way of detecting that tension. We might call this a CMB 
photon number density tension. 

In contrast, within the 
tHR ct=  model of Haug and Tatum [7], no such 

Hubble tension arises: both CMB and SN Ia data yield the same precise value, 

0 66.8943 0.0287H = ±  km/s/Mpc. We have now also shown that this is consistent 
with the observed CMB photon number density. 

An in-depth analysis of the Hubble tension is beyond the scope of this paper, 
but a good starting point is the recently published paper cited above. Our findings 
here lend additional support to the 

tHR ct=  model variant proposed by Haug 
and Tatum. 

6. Conclusions 

Derivations based on the Haug and Tatum thermodynamic version of the 

https://doi.org/10.4236/jamp.2026.141024


E. G. Haug 
 

 

DOI: 10.4236/jamp.2026.141024 475 Journal of Applied Mathematics and Physics 
 

Friedmann equation demonstrate that the predicted CMB photon radiation density  

in their model is exact and given by 5
,

1Ω 5.52621330180192 10
5760tγ

−= ≈ ×
π

  

across all epochs of the 
tHR ct=  universe. This does not imply that the photon 

radiation energy density itself remains constant over time; rather, the ratio of the 
photon radiation density to the time-varying critical Friedmann density remains 
constant and exact. This prediction lies well within the 95% confidence interval for 
the CMB radiation density reported by the Particle Data Group (PDG), which spans 
from 5.08 × 10−5 to 5.68 × 10−5 (5.35 ± 0.15 × 10−5 for 1σ ). 

As expected, this exact radiation density is not consistent with the predictions 
of the Λ-CDM model at earlier cosmic epochs, since it is rooted in the 

tHR ct=  
cosmology framework. Nonetheless, recent comparative studies [5] [27] suggest 
that 

tHR ct=  cosmology is gaining increasing support. 
In addition, we have derived a new equation for the number density of CMB 

photons that requires only the Hubble parameter and the Planck length as input. 
This equation predicts a CMB photon number density of 410.71 0.26nγ = ±  
photons/cm3, which closely matches the value reported by the PDG. Notably, in 
this framework, one can choose either 0T  or 0H  to calculate the photon 
number density—while the standard model requires the CMB temperature as 
input. We consider this a significant theoretical advancement. 

When using the value of 0H  predicted by Haug and Tatum—obtained by 
calibrating their model to the full SN Ia distance ladder—we recover a photon 
number density fully consistent with PDG data and, by extension, the observed 
CMB temperature. However, using the 0H  value estimated by Riess et al., 

0 73.30 1.04H = ±  km/s/Mpc, yields a predicted CMB photon number density 
that lies more than six standard deviations away from the PDG reported value. 

This provides yet another line of evidence supporting the conclusion that the 
Λ-CDM model suffers from a persistent Hubble tension problem—while the 
recently proposed Haug and Tatum 

tHR ct=  model appears to avoid this issue 
entirely. 
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Appendix A 

This result, given in equation 8: ,0
1

5760γΩ =
π

, is valid at the present time ( 0t ).  

We will here demonstrate that it is valid at any time t . This constancy is 
consistent with at least two types of 

tHR ct=  cosmological models. We use the 
well-known relation [41]-[43]: 

( )0 1tT T z= +                          (29) 

Thus, in 
tHR ct=  black hole cosmology, the photon energy density at earlier 

times in the universe must be: 

( )44 4
0

, 2 2

1b b t
t

a T z a T
c cγρ
+

= =                    (30) 

Furthermore, the critical density, as shown by Haug and Tatum [8], must be: 

( )44 4
, 0 3 3

3 23040 230401
8

t
cr t t

H T z T
G c c

ρ σ σπ π
= = + =

π
         (31) 

Substituting these into the following expression, we get: 

,
,

,

t
t

cr t
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ρ
ρ
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a T
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Ω =

π
 

,
4

23040tγ
σ

σ
Ω =

π
 

5
,

1 5.52621330180192 10
5760tγ

−Ω = ≈ ×
π

              (32) 

In a growing black hole 
tHR ct=  cosmology, the photon radiation density 

ratio remains constant and exact throughout the entire cosmic epoch. This is 
inconsistent with the predictions of the ΛCDM model in earlier epochs, though 
our prediction should still hold for the present epoch in that model. 
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