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Abstract 
This paper considers the long-time behavior of solutions for the Cahn-Hilli-
ard-Stokes model on a bounded domain with a smooth boundary. The results 
show that when the initial data ( )0 0,φ u  belong to ( )2H Ω , the solution of 
the model exists globally in time, and u  converges to 0 as time tends to in-
finity.   
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1. Introduction 

In this paper, we consider the following 2D Cahn-Hilliard-Stokes model 
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where model (1) is subject to the following initial and boundary conditions 
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Here 2∈Ω ⊂x   is a bounded domain with smooth boundary ∂Ω . The un-
known function φ  represents the concentration field, µ  represents the chem-
ical potential, and the positive parameter ε  is the interface thickness parameter. 
The phase equilibria are represented by the pure phases 1φ = ± . The unknown 
function u  denotes the advective velocity, P  is the pressure, and the positive 
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parameter γ  model the surface tension. Besides, n  is the unit normal vector. 
The phase separation and interface evolution problems of multiphase fluids are 

of great significance in materials science, fluid mechanics, and biophysics. The 
Cahn-Hilliard equation was initially proposed by Cahn J. W. and Hilliard J. E. [1] 
[2] in 1958 to describe the dynamic behavior of phase separation in binary mix-
tures. Its core idea is to characterize the spatiotemporal evolution of the concen-
tration field through the gradient flow structure of the free energy functional. 

With the continuous deepening of research, the single Cahn-Hilliard equation 
has become insufficient to fully describe the physical mechanisms in complex sys-
tems. Therefore, scholars have coupled it with other fluid mechanics equations or 
physical models, forming a series of representative extended models. For instance, 
the Cahn-Hilliard-Navier-Stokes model is used to describe the phase separation 
dynamics of compressible or incompressible two-phase fluids [3]-[11], the Cahn-
Hilliard-Brinkman model is often employed to depict the phase flow evolution in 
porous media with viscous damping effects [12]-[14], and the Cahn-Hilliard-
Hele-Shaw model is suitable for studying thin-layer fluids or interface-driven 
seepage problems [15]-[17]. These coupled models have made significant progress 
in both theoretical analysis and numerical simulation, providing new ideas and 
research frameworks for further studying the dynamic behavior and mathematical 
properties of coupled Cahn-Hilliard systems. 

In [18], ubomír Baňas et al. considered a strongly coupled transient Stokes-
Cahn-Hilliard system 
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Here, ω  denotes the fluid viscosity, and λ  is a parameter characterizing the 
interface width. The variables u  and µ  represent the velocity field and the 
chemical potential, respectively. The order parameter φ , which serves as the mi-
croscopic concentration (or volume fraction), approaches values near −1 and 1 
within the pure fluid phases. In the thin interfacial layer separating the two phases, 
it satisfies 1φ < . The nonlinear term in the model, defined as ( ) ( )f Fφ φ′= , is 
derived from the homogeneous free energy functional F . This term acts to pe-
nalize deviations from the physical constraint 1φ ≤ . A standard and frequently 
used form for F  is the quadratic double-well free energy 

 ( ) ( )221 1 .
2

F φ φ= −  

ubomír Baňas et al. conducted a rigorous homogenization analysis of this 
equation using the two-scale convergence theory and obtained an effective mac-
roscopic model for two-phase flow in porous media. 

In [19], Kelong Cheng et al. used the Galerkin method to study the global well-
posedness of model (1), where ( ,φ u ) satisfy conditions 0

∂Ω
⋅ =u n  and  
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Δ 0φ φ
∂Ω ∂Ω

∇ ⋅ = ∇ ⋅ =n n . Model (1) can be regarded as introducing a damping  

term 1β −u u  into the Stokes equation of model (3), with 1β = . This damping  

term can be physically understood as the frictional resistance that a fluid experi-
ences when moving in a porous medium or a highly viscous environment. It is 
also often used in mathematics to enhance the dissipative structure of the system, 
thereby improving the decay properties of the velocity field and the overall dy-
namic behavior. However, although there is a certain foundation for the research 
on the well-posedness of model (1), there is still a lack of systematic analysis of 
the long-time behavior of its solutions. 

Therefore, based on the global well-posedness results obtained in [19], this pa-
per considers the long-time behavior of the model under the conditions 0

∂Ω
=u  

and Δ 0φ φ
∂Ω ∂Ω

∇ ⋅ = ∇ ⋅ =n n . In the proof, we will require that the diffuse inter-
face parameter ε  satisfies 3 0 0F cε − > , and the constant 3 0F >  is chosen 
such that ( ) 3F F′′ ⋅ ≥ − , and 0c  denotes the constant appearing in the Poincare 
inequality on the domain Ω , which can be explicitly computed for given F  
and Ω . This condition plays a crucial role in our estimate of 2

2

H
φ φ− . 

Throughout the paper, we denote by pL⋅ , L∞⋅ , and ,s pW⋅  the norms of 
the standard Lebesgue spaces pL  (for 1 p≤ < ∞ ), L∞ , and Sobolev spaces  

,s pW , respectively. When 2p = , we simplify the notation by writing ⋅  for 
2L⋅  and sH⋅  for ,2sW⋅ . 

The principal function spaces considered in this work are 

 ( ) ( )( ) ( ) ( )( )20, ; and 0, ; ,r sL t H L t H∞ Ω Ω  

which are equipped with the norms 

 ( ) ( )( )1 22

00
esssup , and , d ,r s

T

H Ht
t τ τ

>
Ψ ⋅ Ψ ⋅∫  

respectively, where r  and s  are positive integers. 
Unless otherwise stated, the letter C  denotes a generic positive constant which 

may depend on Ω , the initial data, but is independent of the unknown functions 
φ  and u . 

Our main result can be stated in the following theorem. 
Theorem 1. Let Ω  be a bounded domain with smooth boundary. Consider 

the initial-boundary value problem (1)-(2). Assume that the initial data  
( ) ( )2

0 0, Hφ ∈ Ωu  are compatible with the boundary condition. And the constant 

3 0 0F cα ε= − > , where 0c  is the constant in the Poincaré inequality on the do-
main. 

Furthermore, assume that ( )F ⋅  satisfy the following conditions 
1) ( )F ⋅  is of 3C  class and ( ) 0F ⋅ ≥ . 
2) There exist constants 1 2, 0F F >  such that ( ) ( ) 1 2

p nnF F Fφ φ −≤ + ,  
1,2,3n = ,  3 p∀ ≤ < ∞  and φ ∈ . 

3) There exist a constant 3 0F ≥  such that 3F F′′ ≥ − . 
Then there exists a unique and global-in-time solution ( ),φ u  to (1)-(2), such 

that ( ) ( )( ) ( ) ( )( )2 2 40, ; 0, ;L t H L t Hφ ∞∈ Ω ∩ Ω ,  
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( ) ( )( ) ( ) ( )( )2 2 30, ; 0, ;L t H L t H∞∈ Ω ∩ Ωu  for any 0t > . Moreover, the func-
tion u  obeys the long-time behavior as t →∞  

 ( ) ( )2, 0, , 0.tH
t t⋅ → ∂ ⋅ →u u  (4) 

This paper is organized as follows. In Section 2, we provide the key lemmas 
necessary for the subsequent analysis. Then, we complete the proof of Theorem 1 
by using energy estimates to study the regularity and long-time behavior of the 
solutions in Section 3. 

2. Preliminaries  

In this section, in order to study the the theorem 1, we present the following lem-
mas. The first lemma concerns some inequalities of Sobolev and Ladyzhenskaya 
type, while the second one summarizes classical results for elliptic equations. 

Lemma 2. [20]-[22] Let 2Ω ⊂   be any bounded domain with smooth bound-
ary. Then 

(i) 2
2 2

L Hf C f∞ ≤ ; 

(ii) 2
2

L Hf C f f∞ ≤ ; 

(iii) 1
2 2

pL Hf C f≤ , 1 p∀ ≤ < ∞ ; 

(iv) ( )4
2 2

Lf C f f f≤ ∇ + ; 

(v) 
2 2

0f f c f− ≤ ∇ , where 1 df f
Ω

=
Ω ∫ x . 

Lemma 3. [23] Let 2Ω ⊂   be any bounded domain with smooth boundary 
∂Ω . Then, for any function ( ) :sH fΩ Ω→   satisfying 0f

∂Ω
∇ ⋅ =n , it fol-

lows that 

 2

2 2Δ ,ss HH
f f C f −− ≤  

where 1 df f
Ω

=
Ω ∫ x , ( ),C C s= Ω  and integer 2s ≥ . 

3. Proof of the Theorem 1  

In this section, we will systematically prove Theorem 1. The proof of Theorem 1 
mainly consists of the results of the following lemmas. 

Lemma 4. Under the assumptions of Theorem 1, it follows that 

 ( ) ( ) ( )( )2 2 2 2 2

0
, , d .

t
t t Cφ µ τ τ∇ ⋅ + ⋅ + ∇ + + ∇ ≤∫u u u  

Proof. In the section, we prove the theorem 1. For the reader’s convenience, we 
recall the system of equations 
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Firstly, we take the 2L  inner product of (5)1 with µ , we have 

 ( )( ) ( )2 21 d 2 d d .
2 d

F
t
ε φ φ µ µ φ

Ω Ω
∇ + + ∇ = − ⋅∇∫ ∫x u x  (6) 

Taking the 2L  inner product of (5)3 with u , we can get 

 ( )2 2 21 d d .
2 dt

γ µ φ
Ω

+ + ∇ = ⋅∇∫u u u u x  (7) 

Multiply (6) by γ  and together with (7), which yields 

 ( )( )2 2 2 2 21 d 2 d 0.
2 d

F
t
εγ φ γ φ γ µ

Ω
∇ + + + ∇ + + ∇ =∫ x u u u  (8) 

Integrating (8) over t , we obtain 

 ( ) ( )( )2 2 2 2 2

0

1d d .
2 2

t
F Cεγ φ γ φ γ µ τ τ

Ω
∇ + + + ∇ + + ∇ ≤∫ ∫x u u u  

Therefore, we can get 

 ( ) ( ) ( )( )2 2 2 2 2

0
, , d .

t
t t Cφ µ τ τ∇ ⋅ + ⋅ + ∇ + + ∇ ≤∫u u u  (9) 

This completes the proof of the Lemma 4. 
We now proceed with a more detailed estimate of (φ , u ). For the sake of esti-

mation convenience, we write φ φ φ= − , then is equivalent to 
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 
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

 (10) 

where φ  is defined as 

 ( ) ( )0
1 1, d d .tφ φ φ

Ω Ω
= =
Ω Ω∫ ∫x x x x  

Lemma 5. Under the assumptions of Theorem 1, it follows that 

 ( ) ( )2 4

2 2

0
, d .

t

H H
t Cφ φ τ τ⋅ + ≤∫   

Proof. Taking the 2L  inner product of (10)1 with φ , we have 

 ( )
2 2 21 d Δ d .

2 d
F

t
φ ε φ φ φ

Ω
′′+ = − ∇∫ x    

Using the Cauchy-Schwarz inequality and Lemma 2 (v), which implies that 

 
2 2 2 2

3 0 3
1 d Δ Δ .
2 d

F c F
t
φ ε φ φ φ+ ≤ ∇ ≤     (11) 

It follows that 

 ( )
2 2

0 3
1 d Δ 0, where 0 .
2 d

c F
t
φ α φ α ε+ ≤ = − >   (12) 

Thus, by integrating (12) over t , we get 
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 ( ) ( )
2 2

0
, Δ d .

t
t Cφ φ τ τ⋅ + ≤∫   (13) 

Using (9) and Lemma 3, which implies that 

 ( ) ( )1 2

2 2

0
, d .
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H H
t Cφ φ τ τ⋅ + ≤∫   (14) 

Since ( )Δ Fµ ε φ φ′= − + , we have 

 ( )( )3

2 2 22Δ ,
H

C C Fφ φ µ φ φ′′≤ ∇ ≤ ∇ + ∇    

where 
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2 2 22 2
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φ φ φ φ φ
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−

−

′′ ∇ ≤ ∇ + ∇

≤ ∇ ∇ + ∇ + ∇

≤

  

   



 

Using (9) and (13), we deduce that 

 ( ) ( ) ( )( )3

2 22

0 0
d Δ d .

t t

H
C Cφ τ τ µ τ φ τ τ≤ ∇ + ≤∫ ∫   (15) 

Then, multiply (10)1 by 2Δ φ  and integrate over the domain, and applying the 
Cauchy-Schwarz and Young’s inequalities, we obtain 

 
( ) ( )

( )( )

2 22 2 2

2 2 22

1 d Δ Δ Δ d Δ Δ d
2 d

Δ Δ .
2

F
t

C F

φ ε φ φ φ φ φ

ε φ φ φ

Ω Ω
′+ = − ⋅∇ +

′≤ + ⋅∇ +

∫ ∫u x x

u

    
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By employing Lemma 2 (ii), Lemma 3 and (9), we can derive 

 

( ) ( ) ( )( )
( )

4 4

2 4

2 4 2 22 2 2 2

2 2 22

2

Δ Δ

Δ Δ

Δ .

LL L L

H L

F C F F
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φ φ φ φ φ φ φ

φ φ φ φ
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∞ ∞
′ ′′′ ′′⋅∇ + ≤ ∇ + + ∇

≤ ∇ + ∇ ∇ +

≤ ∇
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which gives 

 
2 2 22d Δ Δ Δ .

d
C

t
φ ε φ φ+ ≤ ∇    (16) 

Integrating (16) over t , and using (15), we have 

 ( )
2 22

0
Δ Δ d .

t
Cφ ε φ τ τ+ ≤∫   

Namely, 

 ( ) ( )2 4

2 2

0
, d .

t

H H
t Cφ φ τ τ⋅ + ≤∫   (17) 

Hence, which implies that 

 ( ) ( )( ) ( ) ( )( )2 2 40, ; 0, ; .L t H L t Hφ ∞∈ Ω ∩ Ω  

This completes the proof of the Lemma 5. 
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Lemma 6. Under the assumptions of Theorem 1, it follows that 

 ( ) ( )( )21

2 2 2

0
, d .

t
t HH

t Cτ τ⋅ + ∂ + ≤∫u u u  

Proof. Taking the 2L  inner product of (10)2 with t∂ u , we have 

 ( ) ( )22 21 d d .
2 d t tt

γ φ φ µ
Ω

+ ∇ + ∂ = − + ∇ ⋅∂∫u u u u x  (18) 

For the right hand side(RHS) of (18), using Young’s inequality and (14), we can 
arrive that 

 

( ) ( )

2

22 2

22 2

2 2

d d

1
2
1
2
1 .
2

t t

t L

t H

t

C

C

C

γ φ φ µ γ φ φ µ

φ φ µ

φ φ µ

µ

∞

Ω Ω
− + ∇ ⋅∂ ≤ + ∇ ⋅∂

≤ ∂ + + ∇

≤ ∂ + + ∇

≤ ∂ + ∇

∫ ∫u x u x

u

u

u

 





 

So we can update as 

 ( ) 22 2 2d .
d t C

t
µ+ ∇ + ∂ ≤ ∇u u u  

It is readily verified that 

 ( ) ( )1

2 2

0
, d .

t
tH

t Cτ τ⋅ + ∂ ≤∫u u  (19) 

From (10)3, an application of the triangle inequality, Lemma 2 (i) and (17) 
yields 

 

( )

( )
( )

2

222 2

22 2 2

2 2 2 .

tH

t L

t

C

C

C

φ φ µ

φ φ µ

µ

∞

 ≤ ∂ + + + ∇ 
 

≤ ∂ + + + ∇

≤ ∂ + + ∇

u u u

u u

u u



  (20) 

Using (9) and (19), we have 

 ( ) ( )( )2

2 2 2 2

0 0
d d .

t t
tH

C Cτ τ µ τ τ≤ ∂ + + ∇ ≤∫ ∫u u u  (21) 

This completes the proof of the Lemma 6. 
Lemma 7. Under the assumptions of Theorem 1, it follows that 

 ( )( )
22

0
Δ d .

t
t Cµ φ τ τ+ ∂ ≤∫   

Proof. Next, taking Δ  on both sides of (10), and then by applying the triangle 
inequality, we can calculate 

 

( )( )
( ) ( )

( )
4 4

22

2 2 42 22

2 22

Δ Δ Δ

Δ Δ

Δ Δ .

L L L

F

F F

C

µ ε φ φ

ε φ φ φ φ φ

φ φ

∞

′≤ − +

′′ ′′′≤ + ∇
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

  

 
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Using (15) and (17), we have 

 ( ) 2

0
Δ d .

t
Cµ τ τ ≤∫  (22) 

From (10), together with Lemma 3 and (9) we have 

 ( )
( )

2 2

22 2

2 2

Δ

Δ

Δ Δ .

t

L
C

C

φ φ µ

φ µ

φ µ

∞

∂ ≤ − ⋅∇ +

≤ ∇ +

≤ ∇ +

u

u

 





 

Then we have 

 ( )
2

0
d .

t
t Cφ τ τ∂ ≤∫   (23) 

This completes the proof of the Lemma 7. 
Lemma 8. Under the assumptions of Theorem 1, it follows that 

 ( ) ( ) ( )( )
2 2 22

0
, , Δ d .

t
t t tt t Cφ µ φ φ τ τ∂ ⋅ + ∇ ⋅ + ∂ + ∇∂ ≤∫    

Proof. Taking 2L  inner product of (10)1 with tµ∂  and applying Hölder’s 
and Young’s inequalities, we can get 

 

( ) ( )

( )

( ) ( )
( )

2 22

2

2 2 2

2 2 2

1 d d d
2 d

1 Δ Δ
8

Δ Δ ,
4

t t t

t tLL

t t t

t t

F
t

F

F C

C

µ ε φ φ µ φ φ

φ µ φ φ

φ φ ε φ φ φ

ε φ φ φ

∞∞

Ω Ω
′′∇ + ∇∂ = − ⋅∇ ∂ − ∂

′′≤ ∇ ∂ + ∂

′′≤ ∂ − ∂ + ∇ + ∂

≤ ∂ + ∇ + ∂

∫ ∫u x x

u

  

 

   

  

 

which implies that 

 ( )2 2 2 221 d Δ Δ .
2 d 4t t tC

t
εµ ε φ φ φ φ∇ + ∇∂ ≤ ∂ + ∇ + ∂     (24) 

To further improve the estimate of tφ∂  , we differentiate both sides of (10)1 
with respect to t , that 

 Δ .tt t t tφ φ φ µ∂ + ∂ ⋅∇ + ⋅∇∂ = ∂u u    (25) 

Taking 2L  inner product of (25) with tφ∂   and applying the divergence the-
orem, we have 

 ( ) ( )

( ) ( )

2 21 d Δ
2 d

d Δ d

d Δ d .

t t

t t t t

t t t t

t
F

F

φ ε φ

φ φ φ φ φ

φ φ φ φ φ
Ω Ω

Ω Ω

∂ + ∂

′′= − ∂ ∂ ⋅∇

=

+ ∂ ∂

′′∇∂ ⋅∂ + ∂ ∂

∫ ∫
∫ ∫

u x x

u x x

 

   

   

 (26) 

For the first term on the RHS of (26), by using (17) we obtain 

 
( ) 2 2 2

2 2

d
2

.
2

t t t tL

t t

C

C

εφ φ φ φ

ε φ

∞Ω
∇∂ ⋅∂ ≤ ∇∂ + ∂

≤ ∇∂ + ∂

∫ u x u

u

   



 (27) 
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Similarly, for the second term on the RHS of (26), we can show that 

 
( ) ( )

2 22

2 2

Δ d Δ
4

Δ .
4

t t t tL

t t

F F

C

εφ φ φ φ φ φ

ε φ φ

∞Ω
′′ ′′∂ ∂ ≤ ∂ + ∂

≤ ∂ + ∂

∫ x   

 

 (28) 

Substituting (27) and (28) into (26) yields 

 ( )2 2 2 2 21 d 3 Δ .
2 d 4 2t t t t tC

t
ε εφ φ φ φ∂ + ∂ ≤ ∇∂ + ∂ + ∂ u     (29) 

Combining (24) and (29), we obtain 

 
( ) ( )
( )

2 2 22

2 22

d Δ
d

Δ .

t t

t t

t

C

φ µ ε φ φ

φ φ

∂ + ∇ + ∂ + ∇∂

≤ ∂ + ∂ + ∇u

  

 

 

Integrating both sides of the above equation with respect to time t  we find 
that 

 ( ) ( ) ( )( )
2 2 22

0
, , Δ d ,

t
t t tt t Cφ µ φ φ τ τ∂ ⋅ + ∇ ⋅ + ∂ + ∇∂ ≤∫    (30) 

where we have applied (15), (19) and (23). 
This completes the proof of the Lemma 8. 
Lemma 9. Under the assumptions of Theorem 1, it follows that 

 ( ) ( )
2 2

0
, d .

t
t tt Cφ µ τ τ∇∂ ⋅ + ∇∂ ≤∫  

Proof. Taking 2L  inner product of (25) with tµ∂ , we have 

 
( )( )

( ) ( )

2 2 2

3

1 d d
2 d

1d d .
2

t t t

t t t t

F
t

F

ε φ φ φ µ

φ φ µ φ φ

Ω

Ω Ω

′′∇∂ + ∂ + ∇∂

′′′∂ + ∂ ⋅∇∂ += ∂

∫

∫ ∫

x

u u x x

 

  

 (31) 

For the first term on the RHS of (31), using Lemma 2 (i) and (30) we calculate 
that 

 

( )

( )
( )
( )

22

2

2 22 2 2

22 2 2

2 2 2

d

1
2
1
2
1 .
2

t t t

t t tLL

t t HH

t t H

C

C

C

φ φ µ

µ φ φ

µ φ

µ

∞∞

Ω
∂ + ∂ ⋅∇∂

≤ ∇∂ + ∂ + ∂

≤ ∇∂ + ∂ +

≤ ∇∂ + ∂ +

∫ u u x

u u

u u

u u

 

 



 (32) 

We can estimate the second term on the RHS of (31) as 

 

( ) ( ) 3

2

3 3

2

2

2

1 d
2

Δ .

t tL L

t tL

t H

t

F x F

C

C

C

φ φ φ φ

φ φ

φ

φ

∞

∞

Ω
′′′ ′′′∂ ≤ ∂

≤ ∂ ∂

≤ ∂

≤ ∂

∫  

 





 (33) 
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Plugging (32) and (33) into (31), we can show that 

 
( )( )

( )2

2 2 2

2 2 2

d d
d

Δ .

t t t

t t H

F
t

C

ε φ φ φ µ

φ

Ω
′′∇∂ + ∂ + ∇∂

≤ ∂ + ∂ +

∫ x

u u

 



 (34) 

Then we can get 

 ( ) ( )
2 2

0
, d .

t
t tt Cφ µ τ τ∇∂ ⋅ + ∇∂ ≤∫  (35) 

This completes the proof of the Lemma 9. 
Lemma 10. Under the assumptions of Theorem 1, it follows that 

 ( ) ( ) ( ) ( )2 1 1

2 2 2 2

0
, , d and lim , 0.

t
t tH H Ht

t t C tτ τ
→∞

∂ ⋅ + ⋅ + ∂ ≤ ⋅ =∫u u u u  

Proof. We now continue to improve the estimate for u . Firstly, differentiating 
(10)3 with t  to get 

 ( )Δ .tt t t t t tP γ φ µ γ φ φ µ∂ − ∂ + ∂ +∇∂ = − ∂ ∇ − + ∇∂u u u    (36) 

Firstly, taking the 2L  inner product of (36) with t∂ u , we have 

 
( )

2 2 21 d
2 d

d d .

t t t

t t t t

t
γ φ µ γ φ φ µ

Ω Ω

∂ + ∂ + ∇∂

= − ∂ ∇ ⋅∂ − + ∇∂ ⋅∂∫ ∫

u u u

u x u x 

 (37) 

For the first term on the RHS of (37), using Lemma 2 (iii), (iv) and (30) we have 

 

( )

44

1 1
2 2

22 2

d d

1 1 .
4 2

t t t t

t t LL

t t t t

t t t

t t t

C

C

C

γ φ µ γ φ µ

γ φ µ

φ

φ

φ

Ω Ω
− ∂ ∇ ⋅∂ ≤ ∂ ∇ ⋅∂

≤ ∂ ∇ ∂

 ≤ ∇∂ ∂ ∇∂ + ∂ 
 

≤ ∇∂ ∂ + ∇∂

≤ ∂ + ∇∂ + ∇∂

∫ ∫u x u x

u

u u u

u u

u u

 









 (38) 

By applying Lemma 2 (i) and (17), the second term on the RHS of (37) can be 
estimated that 

 

( ) ( )

2

2 2

d d

1 .
4

t t t t

t tL

t tH

t t

t t

C

C

C

γ φ φ µ γ φ φ µ

γ φ φ µ

φ φ µ

µ

µ

∞

Ω Ω
− + ∇∂ ⋅∂ ≤ + ∇∂ ⋅∂

≤ + ∇∂ ∂

≤ + ∇∂ ∂

≤ ∇∂ ∂

≤ ∂ + ∇∂

∫ ∫u x u x

u

u

u

u

 



  (39) 

Together (38) and (39), the Equation (37) can be updated that 
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 ( )22 2 2 2d .
d t t t t tC

t
φ µ∂ + ∂ + ∇∂ ≤ ∇∂ + ∇∂u u u   (40) 

Using (30) and (35), we get 

 ( )( )2 2 2

0
d .

t
t t t Cτ τ∂ + ∂ + ∇∂ ≤∫u u u  (41) 

Since 

 

( ) ( ) ( )

( ) ( )( )
1 1 1

1 1

2 2 2

0 0

2 2

0

d , d 2 , , d
d

, , d

.

t t
tH H H

t
tH H

C

τ τ τ τ τ
τ

τ τ τ

⋅ ≤ ⋅ ∂ ⋅

≤ ⋅ + ∂ ⋅

≤

∫ ∫

∫

u u u

u u  

So we derive that 

 ( ) ( )1

2 1,1, 0, .
H

t W⋅ ∈ ∞u  (42) 

Thus, we can show that 

 ( ) 1

2
lim , 0.

Ht
t

→∞
⋅ =u  (43) 

Besides, from (20), we get 

 ( )2
22 2 2 .tH C Cµ≤ ∂ + + ∇ ≤u u u  (44) 

Thus, we can get 

 ( ) ( ) ( )2 1

2 2 2

0
, , d .

t
t tH H

t t Cτ τ∂ ⋅ + ⋅ + ∂ ≤∫u u u  (45) 

This completes the proof of the Lemma 10. 
Lemma 11. Under the assumptions of Theorem 1, it follows that 

 ( ) ( )2 3

2 2 2

0
, d and lim 0.

t
tH H t

t Cτ τ
→∞

⋅ + ≤ ∂ =∫u u u  

Proof. Taking 2L  inner product of (35) with Δ t∂ u , we can have 

 
( )

( )
( )

2 2 2

2 22 22

22 2

1 d Δ
2 d

Δ d Δ d

1 Δ
2
1 Δ Δ .
2

t t t

t t t t

t t tL L

t t t

t

C

C

γ φ µ γ φ φ µ

φ µ φ φ µ

φ µ

∞ ∞

Ω Ω

∇∂ + ∂ + ∇∂

= ∂ ∇ ⋅ ∂ + + ∇∂ ⋅ ∂

≤ ∂ + ∂ ∇ + + ∇∂

≤ ∂ + ∂ + ∇∂

∫ ∫

u u u

u x u x

u

u

 

 



 (46) 

Then, we can update as 

 ( )22 2 2 2d Δ 2 Δ .
d t t t t tC
t

φ µ∇∂ + ∂ + ∇∂ ≤ ∂ + ∇∂u u u   (47) 

We now integrate both sides of (47) with respect to t . This gives 

 ( )( )2 2 2

0
Δ d .

t
t t t Cτ τ∇∂ + ∂ + ∇∂ ≤∫u u u  (48) 

From the triangle inequality, Lemma 2 (i), Lemma 3 and (30), it follows that 
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( )
( )
( )

2 2

2 22 2 2 22

2 22 2 2

22 2 2

Δ

Δ

Δ Δ .

tt t t t tL L

t t t tH H

t t t t

C

C

C

φ µ φ φ µ

φ φ φ µ

φ µ

∞ ∞∂ ≤ ∂ + ∂ + ∂ ∇ + + ∇∂

≤ ∂ + ∂ + ∂ + + ∇∂

≤ ∂ + ∂ + ∂ + ∇∂

u u u

u u

u u

 

 



 

Using (30), (35), (41) and (48), we have 

 ( ) 2

0
d .

t
tt Cτ τ∂ ≤∫ u  (49) 

Since 

 

( ) ( ) ( )

( ) ( )( )

2 2 2

0 0

2 2

0

d , d 2 , , d
d

, , d

.

t t
t t tt

t
t tt

t
t

C

τ τ τ τ

τ τ τ

∂ ⋅ ≤ ∂ ⋅ ∂ ⋅

≤ ∂ ⋅ + ∂ ⋅

≤

∫ ∫

∫

u u u

u u  

We can get 

 ( ) ( )2 1,1, 0, .t t W∂ ⋅ ∈ ∞u  (50) 

Therefore, we can show that 

 2lim 0.tt→∞
∂ =u  (51) 

Next, we can arrive that 

 

( )

( )
( )2

22 22 2 2

2 2 2 22 2 2

2 22 2

Δ

Δ ,

t

tL L

tH

C

C

C

φ µ φ φ µ

φ µ φ φ µ

φ µ

∞ ∞

 ∇ ≤ ∇ + ∇ ⋅∇ + + ∇ + ∇∂ 
 

≤ ∇ + ∇ ∇ + + ∇ + ∇∂

≤ ∇ + ∇ + + ∇∂

u u u

u u

u u

 

 



 

which implies that 

 ( ) ( )3

2 2

0 0
d Δ d .

t t

H
C Cτ τ τ τ≤ ∇ ≤∫ ∫u u  

Thus, we can get 

 ( ) ( )2 3

2 2

0
, d .

t

H H
t Cτ τ⋅ + ≤∫u u  (52) 

Hence, which yeilds 

 ( ) ( )( ) ( ) ( )( )2 2 30, ; 0, ; .L t H L t H∞∈ Ω ∩ Ωu  

This completes the proof of the Lemma 11. 
Hence, the proof of Theorem 1.1 is completed by applying Lemma 4-Lemma 

11. 

4. Conclusion  

This paper investigates the long-time behavior of 2D Cahn-Hiliiard-Stokes model 
by using energy method. This result enriches the theoretical research on the cou-
pled Cahn-Hilliard model, which physically indicates that as time goes to infinity, 
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the system approaches a stable equilibrium state. In future research, we could ex-
tend the study to examine the well-posedness, regularity, and long-time behavior 
of solutions under different external force conditions and initial-boundary value 
conditions. 
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