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Considering the most general divided difference derivative [1] [2],
f(t(s+ ID f(t(s—;jj
Df (1(s)) = : (1)
{eo2)o{=-3)
F,

admitting the property that if ()= ( (s )) is a polynomial of degree n in
t(s), then Df((s))=P,_,(¢(s)) isa polynomial in f(s) of degree n—1, one

n

is led to the following most important canonical forms for 7(s) in order of

increasing complexity:

t(s)=ty; (2)
t(s)=s; (3)
t(s)=q"; (4)
t(s)=¢'+q°2, qeC,seZ. (5)

When the function t(s) is given by (2)-(4), the divided difference derivative (1)
leads to the ordinary differential derivative Df (x) :% f (x) , finite difference

DOI: 10.4236/jamp.2026.141017 Jan. 26, 2026 314 Journal of Applied Mathematics and Physics


https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2026.141017
http://www.scirp.org
https://www.scirp.org/
https://orcid.org/0009-0008-0080-5286
https://doi.org/10.4236/jamp.2026.141017
http://creativecommons.org/licenses/by/4.0/

J. P. Ntahomvukiye, G. Bangerezako

d
derivative Af(t) = f(t+l)—f(t) = {edt —I]f(t) and q-difference derivative (or

d
g -1

Jackson derivative [3]) D, f ()= f(qtz _tf(t) £(¢), respectively.
gt —

qt—t
When ¢(s) is given by (5), the corresponding derivative gives

A A-3)

Df (1(s)) =
{H;j_{s_;]

q V+q q Y+gq
/ 2 -/ 2
L L
2 N 2

It is usually referred to as the Askey-Wilson first order divided difference

AP
e

where x(z)= — having in mind that z=g¢".

operator [4] that one can write:

Df (x(2)) = ©)

-1
The Askey-Wilson polynomials [4], P, (x(z)),x(z) =Z +2Z are defined by:

n

b d -n n-1 -1
Pn(x(z)):(a ,ac,ad,q) 4 [q ,abcdq",az,az | ;QJ )

a" ab,ac,ad

where the basic hypergeometric (or g-hypergeometric)series r* read:

0 N +sfrk k
r@[al, ’“’|q;z]:=z—(‘”’ i) e ! l)_z

b,+,b, = (bu,""b.é‘])k (q;q)k
with
(a,-a,39), =(a:q),(a:q),
while
(039), =L(o39), = [T}, (1-0¢').k =1,2,3,--
They satisfy the following second order ¢-difference equation:
£, (+(2)) = A(n) 2, (+(2) ®

where
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is the Askey-Wilson second order g-difference operator and
/l(n) = —(l—q’")(l—abcdq”’l).

The analysis related to (2), (3), (4) and (5) are referred to as the differential,
difference, ¢g-difference and ¢g-nonuniform difference analysis respectively.

Laplace transform of an exponential type function f(x) is given by
F(p) f(x I e f(x)dx, p=a+ibeC, (9)

and plays a major role in pure and applied analysis, especially in solving differential
equations. If we consider /' (x) asafunction of a discrete variablei.e. t€Z,then

the transformation (9) reads
F(z)=z{f(x)} =X f(j)z7, z=¢". (10)

It is referred to as Z transform and plays similar role in difference analysis as
Laplace transform in continuous analysis, especially in solving difference equations
[5].

For a given function f(x) on the lattice (4), we define its g-Laplace transform
as the function [6]

def

F(p)=£Af ()} =], e/ (x)d,x. p=s+ioeC, (11)

where the intégral is the Jackson intégral [3]

I, ()4, 7= (1-0) 34 s (x4 12
and
I:f(x)dqx=(1-Q)iq[f(q"). (13)

It plays similar role in q-difference analysis as Laplace transform in continuous
analysis or Z transform in difference analysis, especially in solving g-difference
equations [6].

In this work, we introduce g-nonuniform Laplace transform defined for
functions f(x(z)) given on the lattice (5), as

F(p)=L,{f(x(2))f

—I E [ D3 X5 X (q_zjjf(x(z))dx(z), (14)
p=s+10'e(C,OSzo,zsoo,O<q<1,x0=x(zo),x(oo)=oo,

where the intégral is defined by [7] [8]

DOI: 10.4236/jamp.2026.141017

316 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.141017

J. P. Ntahomvukiye, G. Bangerezako

def 1

I};(:;))g(x(Z))qu(z) - E(l—q)ZZ:: Z[l—é]g[x(q;zJJ (15)
and
[o&(x(2)d,x(2) =§(1—q)zZioql’ [ﬁ—l}guql*"zn (16)

It is expected to play similar role in g-nonuniform difference analysis as Laplace
transform, Ztransform and g-Laplace transform in differential, difference and g-
difference analysis respectively, especially in solving ¢-nonuniform difference
equations [9].

In the next section, we begin by introducing the concepts of g-nonuniform
exponential and trigonometric functions as solutions of first or second order ¢-

nonuniform difference equations.

2. g-Nonuniform Exponential and Trigonometric Functions

Before introducing the concept of g-non nuniform Laplace Transform, we clearly
first study these of g-non exponential and trigonometric functions.

Consider first the following equation
L
Dy (x(2)=a(x(2)) % qu ZB (17)

Developping it

yo(X(zq;j—yo(x[zq;J 1
T 1 :a(x(z)) ol X N
x(zqz]—x(zq ZJ ’ [ ( JJ

Yo {x(zq;JJ =p(x(2)) %, [){zq;jJ (18)
p(x(z)):1+[x(zqij_x(zq‘ina(x(z))

il (19)
q4-—q°

T(z—z’l)a(x(z)).

we get

where

N | —

=1+

By the recursion

yo(x<z>>={p{x[zqiml 1 (x(20) 20)

we get
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yo<x<z>>:yo<x<zo>>ﬁ{p(x[mim1, a

or

7 (+(2)- HH[qm B —

i=0

Define the g-nonuniform exponential function

-1
N 1
def 7 % ta? >
E (a5z;z)={ L [p[){q D] T (23)
qZ

1, z=12,>0.

Clearly, we have the relation

E | (a;zo;z):lip(x(z(fjﬂ E | (a:z459z). (24)

This means that E , (a;z,;z) is a solution of (20) and consequently, that of

(17). Moreover, a?

E | (a:zy;2) :[p[x(zoq_2JH E | (a;q-lzo;z). (25)

From the definition (23), we can evaluate

Eq,% (a:0;2) = fﬂp [X(q"zq; ]ﬂl , (26)
Eq,% (a:29500) = g{p({qiq%q; ml = ﬁl[ p{x(qizoq; m] L@

Also, one easily verifies that £ N (a;zo;oo) is a solution of (25) for z=o0.
q 2

and

Ifweset z=z,=1 in (26) and (27), we get

Eq,% (a;0;00) = f{j{p(x[q"q; ml : (28)

On the other side, since 0< g <1, then, for a(x(z)) =a=const, z,,z#0,0,

one can verify that

E (a;0;2)=0=E | (a;z,;0). (29)
q2 q2
Indeed,
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1 2o a1
p[x[quD = 1+u(c]22—q 22'1}1
2 (30)

2 z
with
1—2q+2\/q2 —Zan2 +c12q3 + azq
z, = ,
2(aq2 —aq)
1—2q—2\/q2 —2a2q2 + a2q3 + azq
z, = > .
2(aq —aq)
Hence
X -1
E | (a:0;z)= H[p[x(qizqz Jﬂ
. e (31)
2z 1

= .quz()’
0

a(g-1)zz, (zl’lz;q)w (zz’lz;q)w i

def
where (u;q)o0 = Hio(l—uqi) . Similarly, one proves that E | (a;zo;oo) =0.
q 2

Consider now the following equation
1
Dj/(x(z)):Ez(x(z))j/[x[zqzn. (32)

Developping, we get the relation

e

where

(34)

5ot =2 o), o9

we get
o2 < o) T A o o) 60

or

DOI: 10.4236/jamp.2026.141017 319 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.141017

J. P. Ntahomvukiye, G. Bangerezako

i=

7 (¥()) = (N ;{x[qm 5o (x(24")). (37)

Define the other g —nonuniform exponential function

-1 1
def 5l x|t ||, z>z,
B ()2 p( {" J] ’ (38)
72

1, z=12,>0.

Here also, the function £, (&;zo;z) admet representations and properties

qZ
similar to that of E , (a;zy;z). In particular, E , (d;z,;z) verifies the relation
q? a2
1
E  (@zyz)=p x[quJ E  (a;zy:2q). (39)
qE qE

This means that FE i (d; ZO;Z) is a solution of (35) and consequently, that of
(32). Moreover, e

E, (d;zo;z):ﬁ(x(zquDE i (5;q’lzo;z). (40)

q? 9%

Similarly, we evaluate
o 1
El(&;O;Z)=Hp{X(qizq2J], (41)
and

E (& z50)= ﬁﬁ(x(q"zoqzn (42)

Also e
E (d;O;oo): ﬁ ﬁ[x(qizoquj, (43)

and

El(d;O;z):oo:E,(d;zo;oo). (44)

. ﬁ[X(qizquD
K,,=h(0)=E | (a;z;%)-E , (@;z0;0) =] [ 7% (45)

o q2 a2 i=l —i %
Pl X149 zZ,9

Simple computations give

_ca(1-w'2)(1-5'5) (2 %), ('550), (46)

a (l—zg'fl)(l—zglfz) (z(;lzl;q)c0 (z(;lzz;q)oO

a,a
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1 1
where z,,z, and Z,Z, are finite roots of p(qzzJ:O and ﬁ(qzzJ:O,

respectively, knowing that p (x(z)) is obtained from p (x (z)) by replacing «

by —a.
From (19), (23), (34) and (38), we get the following
Theorem 2.1
E (@z02)-E | (—a;zp;2)=1=E | (—a;z;2)-E | (a;2y52). (47)
q? 42 q2 42

More generally, we have the following
Theorem 2.2 If y(x(z)) and j/(x(z)) are respective solutions of the

equations

Dy(x(2)) = a(x()) y[x(zqin,
Dy (x(z)) = —a(x(Z))f(X[zq_;D (48)

satifying the conditions
y(x(20))7(x(z0)) =1 (49)
then

y(x(2)3(x(2)) -1 (50

oo {5 {4 p
Aol o)

=0.
This means that Y = const , which, by (49) gives (50).
Consider next the following definitions
1)
E  (ai;zy;2)+E | (—ai;z;2)
def 2 2

cos | (a;z;z) =1 5 ;

E | (ai;zy;z)-E | (-ai;z:2)

sinq% (a;zo;z) __4 > 92 :
defE (@z0:2)+E | (—a3z32)
cosh , (a;zo,z) - a2 ;
qE 2
GlefE | (a520;2)—E | (—a;:232)
sinh | (a;2y;2) = i > 2 . (51)
qz
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2)
” E (ai;zy;z)+E | (—ai; 2;2)
cos | (a;zy3z)=—~ ’ g ;
q7§ 2
defE N (aiszy;z)—E | (—aiszy;z)
sin | (a;zy;2) = e’ - a2 ;
.2 2i
w E (a;2052)+E B (—a;z2)
cosh , (a;32y;2) =~ 12 ;
q75 2
defE B (a;2052)-E B (-a;z2)
sinh | (a;zy;2) =~ - e’ ) (52)
q7§ 2
3)
w E | (ai;zy;z)+E | (—ai;zy;z)
cos | (a;zy52) = e ¢’ ;
qEq7§ 2
defE . (al,zo;z)—E . ( al,zo,z)
sin |, (a;zo;z) - - : ;
0242 2i
defE . (a;20;2)+E . (—a;zy32)
cosh |  (a3z452) =~ g :
qzq7§ 2
defE%(a;zo;z) E %( a;2y;2)
sinh | | (a;2;2) =2 g . (53)
qzq75 2
We get

1
Dcos | (a;zy;z)=—asin , (a;zo;zqzj;

q2 q2
D cos | (a;zy;z) =—asin | (a;2y;2),
q? 92
1
Dsin | (a;zy;z)=acos | | a;zy;2q° |;
q? q?

D sin | (a;zy3z) =acos | (a:24:2), (54)

where D’f(x(z)) = Df(x(z))

zi=zq
[D’T cos | (a;zy52)=—a’cos | (a;zy;2),
qE qE

[D' ]2 sin | (a;2432) = —a’sin 1 (@52p32). (55)

q? q?
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Similarly
1
Dcosh | (a;zy;z) =asinh | | a;z4529° |;
qE qE
D~ cosh | (a;2y;z) =asinh | (a;zy;z),
q2 92
1
Dsinh l(a;zo;z):acosh | a3zy52q7 |
qE qE
D sinh | (a;zy5z) =acosh | (a;z);2),
qE qz
and consequently
2
_ 2 .
[D ] cosh | (a;zy;z)=a’cosh | (a;24;2),
qE qi
— 2 . 2 .
[D J sinh | (a;zy;z)=a’sinh | (a;2);2).
q? q?
On the other side, we have
1
Dceos | (a;zy;z)=—asin | a;z;2q 2 |;
2 2
+ . . — ; . .
D*cos | (a;zy;z)=—asin | (a;z,;2),

L
q2 2

q
1
Dsin |, (a;z;z)=acos | | a;zy32q 2 |;
q? q?

D'sin | (a;zy;z)=acos , (a;24;2),
q?2 q?

where D+f(x(z)) = Df(x(z))

1 Hence
z:=2q2

[D*T cos (a;zo;z):—a2 cos | (a;zo;z),

q? q?
J2. 2 .
[D J sin | (a;zy;z)=—a’sin , (a;zy;2).
2 2
Similarly
1
Dcosh |, (a;zy;z)=asinh | | a;zy329 ? |;
q? q?
D cosh |, (a;zy;z)=asinh | (a;z,;z),

2 2

q q

1
Dsinh | (a;zy;z)=acosh (a;zo;zq 2);
q? q?

D sinh | (a;zy;z)=acosh | (a;z;z),
2 2

and consequently

(56)

(57)

(58)

(59)
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[D* ]2 cosh (a52032) = a’ cosh 0 (a:232),

q? q?

[D* T sinh | (a;zy;z)=a’sinh | (a;2y;2). (60)

q? q?

From the preceding, one easily verifies that

a)
cos’, | (a;zy;z)+sin’®, | (a;z552) =1, (61)
q2q 2 q2q 2
b)
cosh?, | (a3zy3z)—sinh®, | (@;z5;2) =1, (62)
724 2 q2q 2
c)
cos | (azy;z)cos | (a;zy;z)+sin | (a;zy;2)sin | (a520:2) =1, (63)
qE qiE qE qiE
d)

cosh | (a;zy;z)cosh | (a;zy;z)—sinh | (a;zy;z)sinh | (@3z52)=1.  (64)
qE qiE qf q7§

3. g-Nonuniform Laplace Transform

For a given function f (x(z)) , we define its g-nonuniform Laplace transform or
Laplace transform on the g-nonuniform lattice x(z) = (z +z! ) / 2, z=¢',

0<g<l1l, —0<s<+0, as the function

def

1
:Ix((zoi;,on . [—p;zo;zq sz(x(z))dx(z); p=s+iceC.

q

We denote f(x(z))=, F(p),and we say that f(x(z)) is the original of

1
42

F(p) while F(p) isthe imageof f(x(z)) by the Laplace transform on g-

nonuniform lattices.

3.1. Properties of the g-Nonuniform Laplace Transform

1) Linearity. By the linearity of the integral, it becomes clear that

£ {af (x(2))+Be(x(2)j =aL  { £ (x(2))}+ AL {g(x(2))}-

q? q? q?

2) Transform of derivatives. We have
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L, {Df(x(z))} :J-):E N [—p;zo;zq;JDf(x(z))dx(z)

-5t { f{x(zqin}_ £(x(z0)).

where we used the g-nonuniform integration by parts [8]:
J;(”g[x[zq‘;j}@f(x(z»dx(a
~[e(x(2) £ (x(z))]" —J;“)f[x(zqi]jbg(x@))dx(z),

and (29). Thus

(66)

i)
e ot -t oo st @
and
cq% {Df(x(zq“))} - pﬁq% { f{x[zq‘“;]]}— £(x(a%)) 9
Hence
Df{x(zq_;j} ;\q% PF(p)- f{x[zoq_;B, (69)
and

Df{x(zqin =, L, {f(x(zq))}—f[x(zoqin- (70)

q? q?

Using (67), one easily obtains

if)
£ P (x(2)f = £, (P (+(2)}
] (71)
72 rtoten)) - o a5 || -2 s
Hence
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=p2£q;{f{x(zqzD}—Pf(x(qzo))‘pf(x(q;%n' h
Zl) (D1 (x(2))} = £, {D(D71(x(2)))}
e, {f[x(zqiDszf(mzo))+pof[x(qizoj}DZf<x<z0>>}~ a
n)
.cq% {D"f(x(2))} = p”ﬁq% {f [x(zq; B}
(74)
L N
or equivalently
£ {D"f[x(q;zn} =L, {1 (x(2)}
(75)

{ P f{x(q_;zojj+ p"_zpf(x(q_lzo))+~-+ D! f{x[q_zzoJﬂ.

For example, for n=2, we have

c, {sz(x(zqfl))} -pL, {f(x(z))}_[pf(x(qzZOD+Df(x(qlzo))]. (76)
3) Transform of integrals. In the equation

£ ore(ol) - o2 oo o) - tota)

q q

set
F(x(2) =" g (x(2)) ax(2). 77)
We have
£ {g(x(z))}pﬁ;{f;[zq g(x<z>)dx(z)J- (78)
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Hence
]g(x(z))dx(Z) =y {g(x(2))}- (79)

3.2. g-Nonuniform Laplace Transform for Some Elementary
Functions

1) f(x(z)) =1.We have

oo (80)

1

2) f(x(z))= x(zqzj . We have

q
1
:—ljjx(zqz DE J( p,zo,z)dx(z)
p 72
1 - 1 oo L
__—l:x(z)E B ( p,zo,z)} +—J.V E N (—p,zmq ZZde(Z)
p q 2 p - q

:M_lzjwm  (-piziz)dx(2)

p p q72
_ x(zo) +L.
p P

1
3) f(x(z)) =E [a;zo;qzzj . We calculate

q 2
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1
I1=L,5E ||a;z9°z
a2 q2

1 1
:J-wE . (—p;zo;qzz]E . (a;zo;qzzjdx(z)
X — —

q? q?

q q?

1
— e s o L Coainyac)
pro 2

l el
- _—{E L (@z32)E (—P;Zo;z)}
20

Pl 4> q?

1
+l “E l(—p;zo;q_zzJDEl(a;xo;z)dx(z)

p

q2

1

1
:l+£ “E V| —Pizesq 2z |E | aszy;q%z dx(z)
p P 2
:l_l’_gl
p P
Hence
1
1= (82)
p—a
1 1
. E | [ai;zo;qzzj+E N (—ai;zo;qzzj
4) f(x(z))=cos , (ai;zo;qzzJ: e’ e’ .
q 2
Using the preceding case, we obtain
1
> I 1 1
L 3cos || a;zy;q%z |p=— -+ - |= 2p 5 (83)
2 2 2\ p—ai p+ai) p +a
1 L
. E | (ai;zo;qzzJ—E N (—ai;zo;qzzj
5) f(x(z)):sin N (ai;zo;qzzJ: e’ o .
q 2
Similarly, we get
1
L, 4sin | a;z55q°z =i[ 1 = 1 =" (84)
2 J2 2i\ p—ai p+ai) p +a
1 L
. E | [a;zo;qzzJ+E N (—a;zo;qzzJ
6) f(x(z))zcosh o [a;zo;qzz]: g g . Here
q 2
also, we obtain
1
> 1 1
L Jcosh | |a;zy;q%z |p=— + = 2p 5 (85)
2 02 2\ p—-a p+a) p -a
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1 1
. E [a;zo;qzzJ—E N (—a;zo;qzzJ
7) f(x(z))=sinh 1(a; :q° ]: 2 2 :

2

Similarly,

1
L <sinh || a;z,;q°z =l L S (86)
L L 0 2 2
2 J? 2\ p—a p+a p —a

1
8) f(x(z)) =F, (a;zo;qzzJ . We calculate

q2

1
I=L \E | az:q°z
‘15 qE
. B 1
:I E | -pizy5q *z |E || a;2,5q%z dx(z)
oo 2

1
:—l OOE‘ 1 (G;ZO;qZZJDE ! (_p;ZO;Z)dx(Z)
p 2 q2

1 00
:_—{El (a;2;2) E o (—p;zo;z):l
Pl 2 g2 - )
1 (= 1
+—| E [—p;zo;q 2ZJDE . (a;xo;z)dx(z)
p-r 2

1 1
+4 ooEil [—p;zo;q 2z}El(a;zo;qzz]dx(z).
q 2

q2

1.

q? q? p

=—l{El (a;zo;z)E N (—p;zo;z):| + a
20

Hence

Consequently

1 1 1-K_ .,
E | (=pizg;0)E | (a;zy;0) =—2%, (88)
a p-a 3 2 p—a

I =

D
where K, =E (—p;zo;oo)El (a;29;0) (see (45)).

q

1
2 2 1 1
| E](ai;zo;qzzJ+El[—ai;zo;qzzJ
9) f(x(z))=cos 1( ]: i i

N2
ai;zy;q*z
2

. Using

qZ
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the preceding case, we obtain

l 1 1_K7 ai I_Kf —ai
L, 4cos | a;z;q%z |p=— P24 . (89)
2 2 2\ p-ai p+ai
1 1
| E, (ai;zo;qzz]—El [—ai;zo;q%J
10 x(z))=sin | | ai;z,:q2z |=—L 2 .
) 7(s(2) s [ainio’s .
Similarly, we get
1
: 5 1 I_K— ai 1_K— —ai
L, 3sin || a;zy;q9%z :—,[ L L j (90)
2 2 2i\ p-ai pH+ai
1 1
| E, [a;zo;qzz}rEl [—a;zo;qzz]
11) f(x(z)):cosh 1(a;zo;qzz]: i > a2 . Here
qZ
also, we obtain
1 1(1-K,, 1-K
L, <cosh || a;z;q%z |p=— P2y 22 (91)
2 2 2 p-a p+ta
1 1
' El(a;zo;qzzJ—El [—a;zo;qzz]
12) f(x(z))=sinh1 a;zy;q°z |=—2£ i )
‘15 2
Similarly,
) 1 1 1—K,p,a I—Kfpra
L sinh | | a;z;9%z |p=— - . (92)
2 2 2\ p-a p+a

3.3. Inverse of the g-Nonuniform Laplace Transform

For searching the original function from its image, we have to use, as in other cases
of Laplace transforms, the g-nonuniform Laplace transform properties of the
subsection 3.1 and the g-nonuniform Laplace transform of elementary functions of
the subsection 3.2.

3.4. Applications of g-Nonuniform Laplace Transform on
q-Nonuniform Difference Equations

In the same way that the Laplace transfrom, Z-transform and g¢-Laplace transfrom
are applied respectively in differential, difference [5] and g-difference equations
[6], the g-nonuniform Laplace transform is expected to be applied in g-nonuni-
form difference equations [9].

For question of simplicity, we suppose that the order of the equationis n=2.

So, consider the second order g-nonuniform difference equation

aODZy(x(q—lz)) +a,Dy (x[q_;zn + azy(x(z)) = g(x(z)), (93)
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with the initial conditions

J{X[Q;ZON =y Dy(x(q7'5)) =01 (94)

Applying the g-nonuniform Laplace transform as in the subsection 3.1, we

obtain
, (Dy(x(q7'2))} - pch% (y(x(2))} - py{x{q_;ZOB—Dy(x(qlzo)), (95)

ol oneffe)) o

Applying the g-nonuniform Laplace transform on both sides of the equation
(93) and using (94), (95) and (96), we get

ap’L 1 {y(x(z))} —ayyop —ay, +apL {y(x(z))}
'S 'S

—ay,+a,L 1 {y(x(Z))} = G(p)

q2
e ap’l, {y(x(z))}+a1p£l {y(x(z))}+a2£ . {y(x(z))}

92 92 q2

=G(p)+ay,p+ayy +ay,.

Setting L, {y(x(z))} =Y(p), we obtain
q2

Y(p)(a0p2+a1p+a2)=G(p)+a0y0p+a0y,+a1y0.

G(p)+a0y0p+a0yl +a,y,

> and
ay,p-+a,p+a,

Consequently, Y ( p) =

y(x(2)=L {7 (p)}-

qZ

4. Conclusion

In this work, basic concepts of exponential and trigonometric functions on g-non-
uniform Lattices were introduced and g-nonuniform difference version of the
integral Laplace tranform and also some of its applications were given. Clearly,
more applications of g-nonuniform Laplace Transform for solving g-nonuniform

difference equations are expected.
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