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Abstract 
The study focuses on the modeling of nonlinear shallow water equatorial free 
boundary waves. It has been demonstrated that there exists at least one solu-
tion, at least two nonnegative solutions, and at least three nonnegative solu-
tions within the time scales considered. To achieve this, the original nonlinear 
model is transformed into a linear system using the hodograph method. Sub-
sequently, the mapped system is represented through a new integral formula-
tion that involves two operators. These operators are designed to ensure that 
any fixed point of their sum corresponds to a solution of the problem at hand. 
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1. Introduction 

Planetary waves are large-scale atmospheric disturbances that circulate around 
entire longitude circles. Equatorial waves, including Kelvin waves and Rossby-
gravity modes, play a vital role in linking the ocean-atmosphere system and shap-
ing tropical climate dynamics. These waves are affected by the Coriolis parameter, 
which changes sign at the equator. They significantly contribute to long-term av-
erage upwelling at the tropical tropopause. Recently, interpretations of tempera-
ture variations in the tropical lower stratosphere have emphasized the role of 
upwelling related to the breakdown of planetary waves in the extratropical strato-
sphere [1] [2]. 

The oscillation of equatorial planetary waves offers a different perspective on 
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how tropical circulation responds to climate phenomena, particularly during var-
ious phases of the El Niño-Southern Oscillation and Madden-Julian Oscillation. 
These waves also influence the variability of the tropical belt’s width, though their 
exact role in tropical upwelling remains uncertain. Equatorial waves are intriguing 
components of meteorology, acting as geophysical fluid waves confined near the 
Equator. They propagate both horizontally and vertically, affecting pressure, tem-
perature, and winds, which can alter large-scale weather patterns. Additionally, 
these waves can be triggered by dynamic weather events, such as latent heating 
from tropical convection or cold air influx from the extratropics. Their energy 
transmission can impact localized regions in the tropical atmosphere or ocean, 
sometimes affecting a significant portion of the Earth’s equator. 

One notable example of circulating equatorial waves is the atmospheric stream 
that follows a hexagonal path at Saturn’s north pole [3] [4], as shown in Figure 1. 
The path was first identified by Voyager in the 1980s, and then this hexagon was 
also revealed by Cassini during Saturn’s August 2009 equinox after being obscured 
for years. While observed in infrared by Cassini’s VIMS since 2006, the waves 
along the hexagon remain unexplained (see also [3]). Scientists believe it is a me-
andering jet stream at 77 degrees north latitude, but the controlling mechanisms 
are still unknown. 
 

 

Figure 1. Image from Cassini shows the Saturn’s north pole revealing a jet stream that 
follows a hexagon-shaped path and has long puzzled scientists. Image credit: NASA/JPL. 
 

Recent lab studies involving [5] indicate that the North Polar Hexagon of Sat-
urn may be formed by the stabilization of a standing wave due to angular velocity 
differences. Nevertheless, due to Saturn’s intricate atmospheric composition, the 
experiments conducted do not yield definitive answers, and the nature of these 
waves along with the hexagonal shape of the jet stream continues to be an enigma. 

Equatorial waves can also be associated with eastward-moving warm water 
waves known as Kelvin waves, which travel along the equator, particularly in the 
central and eastern equatorial Pacific, as shown in Figure 2. 
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Figure 2. Sea-level height data from November 2009 shows the dynamics of warm water 
known as Kelvin equatorial waves that can be visualized as traveling eastward along the 
equator. Image credit: NASA/JPL. 
 

Simulation of Kelvin waves using linearized shallow-water equations for the 
equatorial plane was done in [6]. This unique solution features zero meridional 
velocity and a pressure gradient balanced by the Coriolis force. This modeling is 
essential for understanding significant tropical phenomena, such as the El Niño-
Southern Oscillation (ENSO) and the Madden-Julian Oscillation (MJO) (see e.g. 
[7] [8]). 

In essence, equatorial waves are weather-producing waves characterized by de-
creasing amplitudes at higher latitudes and include both Kelvin waves and 
Rossby-gravity waves, capable of transmitting energy and momentum in multiple 
directions. 

The present paper is devoted to modeling equatorial waves as a shallow water 
free boundary problem describing nonstationary motion of a perfect incompress-
ible fluid circulating around a solid circular boundary. In this paper, we will in-
vestigate the existence of at least one solution, at least two nonnegative and at least 
three nonnegative solutions for mathematical model describing equatorial shal-
low water waves. For this aim, firstly it is given a new integral representation of 
the solutions of the considered problem and then two operators are constructed 
so that any fixed point of their sum is a solution to the considered problem. To 
the best of our knowledge, there are not any results in this direction in the existing 
references. 

The paper is organized as follows. In Section 3.1, we provide some preliminary 
results on time scales analysis. In Section 3.2, we give some auxiliary results. In 
Section 4, we prove existence of at least one classical solution for the shallow water 
model. In Section 5, we prove existence of at least two nonnegative classical solu-
tions. In Section 6, we prove existence of at least three nonnegative classical solu-
tions. In Section 7, we give an example to illustrate our main result. 

2. Free Boundary Model 

We consider a two dimensional motion of an incompressible perfect fluid which 
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has a free boundary µ  and has a solid bottom represented a circle of radius R . 
So the fluid is circulating around a solid circle and bounded by a free boundary. 
For the sake of simplicity, the motion of the fluid is supposed to be irrotational 
and the pressure on a free boundary is constant. It is postulated that that the fluid 
depth is small compared to the radius of the circle, as shown schematically in Fig-
ure 3. 
 

 

Figure 3. Schematic showing an equatorial motion with unknown free boundary ( )xµ . 

 
We introduce polar coordinates, in which x  is a polar angle, r  is the dis-

tance from the origin, and we denote ( )0z z xµ= + , where 0z  is undisturbed 
level of the atmospheric level above the radius R  of the planet, and ( )xµ  is 
the unknown perturbation level of disturbance of the atmospheric equatorial layer. 
This means so that the atmospheric layer is contained within annular domain 

( )0,r R R x xµ∈ + +   , which is also shown in Figure 3. We assume that the mo-
tion is irrotational and pressure on a free boundary ( ),r R z x t= +  is constant, 
where we denote ( )0z x xµ= + . We also assume that the unperturbed level of 
atmospheric layer 0x  is much smaller than R  and the radial component of the 
gravity g  is directed toward the center of the planet. The dimension of the prob-
lem is decreased if we introduce the stream function ( ), ,t r xψ  by formulae  

 1 and ,rv v
r x rθ

ϕ ϕ∂ ∂
= − =

∂ ∂
 (2.1) 

in which rv  and vθ  are the radial and the angular components of the velocity 
vector. 

Finally, we introduce the average velocity ( ),y x t  by the integral relation  

 ( ) ( )1, , , d .
R z

R

y x t v r x t r
z θ

+

= ∫  (2.2) 

In fact, as follows from the definition of the average velocity (2.2), it follows that 
( ) ( )1, , ,y x t z R z x tϕ−= + . 
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Then the mathematical model describing planetary equatorial waves is the 
equatorial plane is described by the Laplace equation in the domain  

( )( )R r R z x< < +  

 
2 2

2
2 2 0r r

x r r
ϕ ϕ ϕ∂ ∂ ∂
+ + =

∂ ∂ ∂
 (2.3) 

subject to the boundary condition at the solid bottom r R= : 

 0,ϕ =  (2.4) 

also the boundary condition at the unknown free boundary: ( ),r z x t=  

 ( ), ,y x t zϕ =  (2.5) 

and the dynamic condition at the unknown boundary ( ),r z x t=  

 
2 22 2

2 2
1 1 1 0,

2
z g z

t r x t x r x x r r xr r
ϕ ϕ ϕ ϕ ∂ ∂ ∂ ∂ ∂ ∂ ∂   − + + + =    ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     

 (2.6) 

supplemented by the kinematic condition at the unknown boundary ( ),r z x t=  

 ( ) 0.zr yz
t x
∂ ∂

+ =
∂ ∂

 (2.7) 

The model (2.3) - (2.7) can be simplified further if we write it in the nondimen-
sional variables: 

 

/
/ / /

0 0
0

/ /
0 0 0

, , , ,

, .

Rtx x r R x r z z z t
gz

z gz y gz yϕ ϕ

= = + = =

= =

 (2.8) 

Since we assumed that the unperturbed level of atmospheric layer 0x  is much 
smaller than ,R  introducing a small parameter ε  by the relation  

 0 ,z
R

ε =  (2.9) 

allows to represent the stream function by the series expansion:  
( ).nn

n
ϕ ε ϕ= ∑  

Then we can reduce the model (2.3) - (2.7) to the nondimensional system of 
nonlinear shallow water equations, which represents a higher-order of the Su-
Gardner equations [9]: 

 

23 2 0,
2

0.

y y z y z z zy z y y z
t x x t t x x
z z y zy z z
t x x t

ε

ε

∂ ∂ ∂ ∂ ∂ ∂ ∂ + + + − − + = ∂ ∂ ∂ ∂ ∂ ∂ ∂ 
∂ ∂ ∂ ∂

+ + + =
∂ ∂ ∂ ∂

 (2.10) 

The system (2.10) can be simplified further if we eliminate y
t

∂
∂

 and z
t
∂
∂

 from 

the terms of Equation (2.10) with ε  by substituting there  

1 2, ,y y z z z yy y z
t x x t x x

εξ εξ∂ ∂ ∂ ∂ ∂ ∂
= − − − = − − −

∂ ∂ ∂ ∂ ∂ ∂
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where we denote  

2
1 2

1 3 2 and .
2

y z z z zz y y z h z
t t x x t

ξ ξ∂ ∂ ∂ ∂ ∂ = − − + = ∂ ∂ ∂ ∂ ∂ 
 

Ignoring terms with ε  and 2ε , the system (2.10) becomes  

 

1 0,
2

0.

y y z y hy z y
t x x x x
z h y z yy z z y z
t x x x x

ε

ε

∂ ∂ ∂ ∂ ∂ + + − + = ∂ ∂ ∂ ∂ ∂ 
∂ ∂ ∂ ∂ ∂ + + − + = ∂ ∂ ∂ ∂ ∂ 

 (2.11) 

In this paper, we are interested in proving the existence of classical solutions of 
the shallow water model (2.11) in the case 0ε = . So, our main focus is the un-
perturbed system:  

 0, 0.y y z z z yy y z
t x x t x x

∂ ∂ ∂ ∂ ∂ ∂
+ + = + + =

∂ ∂ ∂ ∂ ∂ ∂
 (2.12) 

Reduction to a Linear System 

We apply the hodograph transformation ( ) ( ), ,t x z y⇔  for the system (2.12) by 
introducing new independent variables ˆ ˆ,t x  and new dependent variables ˆˆ,z y  
as follows:  

 ˆ ˆ, ;t z x y= =  (2.13) 

 ˆˆ , .z t y x= =  (2.14) 

A hodograph transformation is a mathematical method that is used to linearize 
nonlinear partial differential equations by exchanging the dependent and inde-
pendent variables. This technique is frequently applied in fluid dynamics to make 
problems easier by transforming physical coordinates into a “hodograph plane,” 
where the new coordinates correspond to physical quantities such as velocity com-
ponents (see e.g. [10]). 

We next introduce two differential operators D
Dt

 and D
Dx

 by the rule 

 
,

ˆ ˆ
ˆ ˆ

ˆ ˆ
ˆ ˆ

D Dt D Dx D
Dt Dt Dt Dt Dx
D Dt D Dx D
Dx Dx Dt Dx Dx

= +

= +
 (2.15) 

Whence, using the expressions for t̂  and ˆ,x  we obtain 

 
,

.

D z D y D
Dt t Dz t Dy
D z D y D
Dx x Dz x Dy

∂ ∂
= +
∂ ∂
∂ ∂

= +
∂ ∂

 (2.16) 

We next act on Equation (2.12) by the operators (2.15) to we obtain  

 1 and
ˆ ˆˆ ˆˆ ˆ ˆ ˆ

ˆ ˆ
.

ˆ
0ˆ

Dt z Dx z Dt z Dx z
Dt t Dt x Dx t Dx x

∂ ∂ ∂ ∂
+ = + =

∂ ∂ ∂ ∂
 (2.17) 

Also,  
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 0 and
ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ
.

ˆ
1ˆ

Dt y Dx y Dt y Dx y
Dt t Dt x Dx t Dx x

∂ ∂ ∂ ∂
+ = + =

∂ ∂ ∂ ∂
 (2.18) 

Alternatively, using the the notation (2.13) - (2.14), we can rewrite Equations 
(2.17) - (2.18) as  

   1, 0,z t y t z t y t
t z t y x y x y
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

+ = + =
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

 (2.19) 

   0, 1.z x y x z x y x
t z t y x z x y
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

+ = + =
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

 (2.20) 

The Equations (2.19) - (2.20) can be solved now for , ,t t x
z y z
∂ ∂ ∂
∂ ∂ ∂

, and 
x
y
∂
∂

 to 

get the change under the hodograph transformation as follows: 

 
1 1,t y t z

y z z y y z z yz x y x
t x t x t x t x

∂ ∂ ∂ ∂
= − =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂∂ ∂ ∂ ∂− −
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

 (2.21) 

In a way similar to the above, Equations (2.19) - (2.20) can be solved now for 

, ,z z y
z x zt
∂ ∂ ∂
∂ ∂ ∂

, and y
x
∂
∂

 to get the change under the hodograph transformation as 

follows: 

 1 1,z x z t
t x t x t x t xt y x y
y z z y y z z y

∂ ∂ ∂ ∂
= − =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂∂ ∂ ∂ ∂− −
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

 (2.22) 

Thus the change of the derivatives (2.22) transforms the original nonlinear 
model (2.12) to the linear system of equations  

 0, 0.x t t x t ty z y
z z y y z y
∂ ∂ ∂ ∂ ∂ ∂

− + = + − =
∂ ∂ ∂ ∂ ∂ ∂

 (2.23) 

3. Existence of Solutions 

Here we will investigate the existence of classical solutions for the shallow water 
model (2.23) in the time scales introduced via: 

(A1)   and 1  are time scales with forward jump operators and delta dif-
ferentiation operators σ , 1σ  and Δ , 1Δ , respectively, 10 ,∈  ,  

( )1
0 0 1, rdu θ ∈  , 00 u B≤ ≤ , 00 Bθ< ≤  on 1 , p  is a nonnegative constant.  
We rewrite the model (2.23) in the time scales as follows:  

 ( ) [ )
( ) ( ) ( ) ( )

1 1

1 1

Δ ΔΔ

Δ ΔΔ
1

0 0 1

0, , 0,sup ,

0, , 0, ,

0

,

t x x

t x x

y yy z

z yz zy t x

y x y x z x z x x

+ +

+ + ∈ ×

= =

=

=

∈

 


 (3.1) 

In this paper, under the conditions (A1) we will investigate Equations (3.1) for 
existence of at least one solution, at least two nonnegative and at least three 
nonnegative solutions. For this aim, firstly it is given a new integral representation 
of the solutions of the considered problem and then they are constructed two op-
erators so that any fixed point of their sum is a solution to the considered problem. 
To the best of our knowledge, there are not any results in this direction in the 
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existing references. 

3.1. Preliminary Results 

Throughout this paper, we assume that the reader is familiar with the basics of the 
time scale calculus. A detailed introduction to the time scale calculus is given in 
[11]. Here, we collect the definitions and theorems that are most useful in this 
paper. 

Definition 3.1. A time scale, denoted by  , is a nonempty, closed subset of 
 . For ,a b∈ , we let [ ],a b  denote the set [ ],a b ∩ .  

Definition 3.2. Let   be a time scale. For t∈ , we define the forward jump 
operator :σ →   by ( ) { }inf :t s s tσ = ∈ > , and the backward jump oper-
ator :ρ →   is given by ( ) { }sup :t s s tρ = ∈ < .  

By convention, we take inf sup∅ =  , sup inf∅ =  . For a function :f →  , 
we use the notation ( )f tσ  for the composition ( )( )f tσ . 

Definition 3.3. The graininess function [ ): 0,µ → ∞  is defined by  
( ) ( )t t tµ σ= − , t∈ .  
Definition 3.4. Let t∈ . If ( )t tσ =  and supt <  , then t  is right-dense. 

If ( )t tσ > , then t  is right-scattered. Similarly, if ( )t tρ =  and inft >  , 
then t  is left-dense. If ( )t tρ < , then t  is left-scattered.  

Definition 3.5. If sup m=  such that m  is left-scattered, then define 
{ }\ mκ =  , otherwise, define κ =  .  

Definition 3.6. A function :f →   is rd-continuous provided it is contin-
uous at right-dense points in   and its left-sided limits exist and are finite at all 
left-dense points in  . A function :p →   is regressive provided  

( ) ( )1 0t p tµ+ ≠ , t κ∈ . The set of all regressive and rd-continuous functions 
on a time scale   is denoted by ( )=   . We use the notation +  to de-
note the subgroup of those p∈  for which ( ) ( )1 0t p tµ+ >  for all t κ∈ .  

Definition 3.7. The delta derivative of :f →   at t κ∈ , is defined to 
be  

( ) ( )( ) ( )
( )

Δ lim
s t

f t f s
f t

t s
σ
σ→

−
=

−
 

provided this limit exists.  
Definition 3.8. For p∈ , the generalized exponential function :pe × →    

is defined by  

( ) ( ) ( )( )( ), exp Δ ,
t

p s
e t s pµ τξ τ τ= ∫  

for ,s t∈ , where the cylinder transformation, ( )h zξ , is defined by  

( ) ( )1 Log 1 , 0,

, 0.
h

zh h
z h

z h
ξ

 + >= 
 =

 

Definition 3.9. For ,p q∈ , we define the operation ⊕  and   as follows  
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

, .
1

p t
p q t p t q t t p t q t p t

t p t
µ

µ
⊕ = + + = −

+
  

The proof of the next theorem is given in [11]. 
Theorem 3.1. If ,p q∈  and , ,t s r∈ , then 
1) ( )0 , 1e t s = , ( ), 1pe t t = . 
2) ( ) ( ) ( )( ) ( ), 1 ,p pe t s t p t e t sσ µ= + . 

3) ( ) ( ) ( )1, ,
,p p

p

e s t e t s
e t s

= =  . 

4) ( ) ( ) ( ), , ,p p pe t s e s r e t r= . 
5) ( ) ( ) ( ), , ,p q p qe t s e t s e t s⊕= . 
6) ( ),0 0pe t >  for any 0, t∈  if p∈  and ( ) ( )1 0t p tµ+ >  for any 

t κ∈ .  
Definition 3.10. For 0h > , the Hilger complex plane is defined by  

1\h h
 = − 
 

   and we take 0 =   and { }\ 0∞ =  .  

Definition 3.11. For given [ )0,h∈ ∞ , the Hilger real part of a number z∈  
is given by the formula  

( )

( )Re , 0,

1 1
Re , 0 ,

, .

h

z h

hz
z h

h
z h

=

+ −
= < < ∞




=



∞







 

It is known, see [12], that for a fixed z  and 0 h< < ∞ , ( )Reh z  is a nonde-
creasing function of h . This relationship extends to h = ∞  because for any 
0 h< < ∞ ,  

( ) ( )1 1 1 1
Re Re .h

hz h z
z z z

h h ∞

+ − + −
= ≤ = =  

3.2. Auxiliary Results 

Below, assume that X  is a real Banach space. Now, we recall the definition for a 
completely continuous operator in a Banach space. 

Definition 3.12. Let :K M X X⊂ →  be a map. We say that K  is compact 
if ( )K M  is contained in a compact subset of X . K  is called a completely 
continuous map if it is continuous and it maps any bounded set into a relatively 
compact set.  

The concept for k -set contraction is related to that of the Kuratowski measure 
of noncompactness which we recall for completeness. 

Definition 3.13. Let XΩ  be the class of all bounded sets of X . The Ku-
ratowski measure of noncompactness [ ): 0,Xα Ω → ∞  is defined by  

( ) ( ) { }
1

inf 0 : , 1, , ,
m

j j
j

Y Y Y and diam Y j mα δ δ
=

 
= > = ≤ ∈ 

 




 

where ( ) { }sup : ,j jXdiam Y x y x y Y= − ∈  is the diameter of jY , { }1, ,j m∈  .  
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For the main properties of measure of noncompactness we refer the reader to 
[13]. 

Definition 3.14. A mapping :K X X→  is said to be k -set contraction if 
there exists a constant 0k ≥  such that  

( )( ) ( )K Y k Yα α≤  

for any bounded set Y X⊂ .  
Obviously, if :K X X→  is a completely continuous mapping, then K  is 0-

set contraction (see [14]). 
To prove our first existence result we will use the following fixed point theorem. 

For its proof, we refer the reader to [15] or [16]. 
Theorem 3.2. Let E  be a Banach space, Y  a closed, convex subset of E , 

U  be any open subset of Y  with 0 U∈ . Consider two operators T  and S , 
where  

, ,Tx x x Uε= ∈  

for 1ε >  and :S U E→  be such that 
1) :I S U Y− →  continuous, compact and 

2) ( ){ }:x U x I S xλ∈∂ = − = ∅ , for any 10,λ
ε

 ∈ 
 

. 

Then there exists *x U∈  such that  
* * *.Tx Sx x+ =  

Definition 3.15. Let X  and Y  be real Banach spaces. A map :K X Y→  is 
called expansive if there exists a constant 1h >  for which one has the following 
inequality  

Y XKx Ky h x y− ≥ −  

for any ,x y X∈ .  
Now, we will recall the definition for a cone in a Banach space. 
Definition 3.16. A closed, convex set   in X  is said to be cone if 
1) xα ∈  for any 0α ≥  and for any x∈ , 
2) ,x x− ∈  implies 0x = .  
Denote { }* \ 0=  . The next result is a fixed point theorem which we will use 

to prove existence of at least two nonnegative global classical solutions of the IVP 
(3.1). For its proof, we refer the reader to [17] and [18]. 

Theorem 3.3. Let   be a cone of a Banach space E ; Ω  a subset of   and 

1 2,U U  and 3U  three open bounded subsets of   such that 1 2 3U U U⊂ ⊂  
and 10 U∈ . Assume that :T Ω→   is an expansive mapping, 3:S U E→  is a 
completely continuous map and ( ) ( ) ( )3S U I T⊂ − Ω . Suppose that  
( )2 1\U U ∩Ω ≠∅ , ( )3 2\U U ∩Ω ≠∅ , and there exists *

0u ∈  such that the 
following conditions hold: 

1) ( ) ( )0Sx I T x uλ≠ − − , for all 0λ >  and ( )1 0x U uλ∈∂ ∩ Ω+ ; 
2) There exists 0ε ≥  such that ( ) ( )Sx I T xλ≠ − , for all 1λ ε≥ + , 2x U∈∂  

and xλ ∈Ω ; 
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3) ( ) ( )0Sx I T x uλ≠ − − , for all 0λ >  and ( )3 0x U uλ∈∂ ∩ Ω+ . 
Then T S+  has at least two non-zero fixed points 1 2,x x ∈  such that  

1 2x U∈∂ ∩Ω  and ( )2 3 2\x U U∈ ∩Ω  

or  

( )1 2 1\x U U∈ ∩Ω  and ( )2 3 2\x U U∈ ∩Ω . 

The following result will be used to prove the existence of three nonnegative 
solutions of our problem. For the proof, we use the same arguments used in [17]. 

Theorem 3.4. Let   be a cone of a Banach space E ; Ω  a subset of   and 

1 2,U U  and 3U  three open bounded subsets of   such that 1 2 3U U U⊂ ⊂  
and 10 U∈ . Assume that :T EΩ→  is an expansive mapping, 3:S U E→  is a 
completely continuous one and ( ) ( ) ( )3S U I T⊂ − Ω . Suppose that  
( )2 1\U U ∩Ω ≠∅ , ( )3 2\U U ∩Ω ≠∅ , and there exist *

0w ∈  and 0ε >  
small enough such that the following conditions hold: 

1) ( ) ( )Sx I T xλ≠ − , for all 1λ ε≥ + , 1x U∈∂  and xλ ∈Ω ; 
2) ( ) ( )0Sx I T x wλ≠ − − , for all 0λ ≥  and ( )2 0Ωx U wλ∈∂ ∩ + ; 
3) ( ) ( )Sx I T xλ≠ − , for all 1λ ε≥ + , 3x U∈∂  and xλ ∈Ω . 
Then T S+  has at least three non trivial fixed points 1 2 3, ,x x x ∈  such that  

1 1x U∈ ∩Ω  and ( )2 2 1\x U U∈ ∩Ω  and ( )3 3 2\ )x U U∈ ∩Ω . 

In [ )( )1
1 10,suprdX = ×   we introduce the norm  

( ) [ )
( )

( ) [ )
( )

( ) [ )
( )1

1 1 1

Δ Δ
1

, 0,sup , 0,sup , 0,sup
max sup , , sup , , sup , ,x t

t x t x t x
u u t x u t x u t x

× × ∈ × ∈ ×

 
=  

      
 

provided it exists. Let 2
1X X=  be endowed with the norm. 

{ } ( )1 2 1 21 1max , , , .u u u u u u= =  

For u X∈ , ( )1 2,u u u= , and C∈ , when we write ( )u C≥ ≤  we have in 
mind ( )1 2,u u C≥ ≤ . 

4. Existence of at Least One Solution 

In this section, we will prove that the problem (3.1) has at least one solution. Let 

10∈  be arbitrarily chosen and fixed. For u X∈ , define the operators  

( ) ( ) ( ) ( ) ( ) ( ) ( )( )1 1Δ Δ1
1 1 0 1 1 2

0

, , , , , Δ ,
t

x xS u t x u t x y x u x u x u xτ τ τ τ= − + +∫  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )1 1Δ Δ2
1 2 0 1 2 2 1

0

, , , , , , Δ ,
t

x xS u t x u t x z x u x u x u x u xτ τ τ τ τ= − + +∫  

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) [ )1 2
1 1 1 1, , , , , , 0,sup .S u t x S u t x S u t x t x= ∈ ×   

Lemma 4.1. If u X∈  satisfies the equation  

( ) ( ) ( ) [ )1 1, 0, , 0,sup ,S u t x t x= ∈ ×   

then u  is a solution to the problem (3.1).  
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Proof. We have  

( ) ( ) ( ) ( ) ( )( )1 1Δ Δ
1 0 1 1 2

0

, , , , Δ 0,
t

x xu t x y x u x u x u xτ τ τ τ− + + =∫  

( ) ( ) ( ) ( ) ( ) ( )( )1 1Δ Δ
2 0 1 2 2 1

0

, , , , , Δ 0,
t

x xu t x z x u x u x u x u xτ τ τ τ τ− + + =∫  

( ) [ ) 1, 0,supt x ∈ ×  . We differentiate the last system with respect to t and we 
find the first two equations of (3.1). We put 0t =  and we arrive at  

( ) ( )1 00, 0,u x y x− =  

( ) ( )2 0 10, 0, .u x z x x− = ∈  

Therefore ( )1 2,u u  is a solution to the problem (3.1). This completes the 
proof.  

Let  

{ }2 2
1 max 2 ,2 , .B B B B B= +  

Lemma 4.2. Suppose (A1). If u X∈ , u B≤ , then  

( ) ( ) ( ) ( ) ( ) [ ) { }1 1 1, 1 1 , , 0,sup , 1,2 .jS u t x B t x t x j≤ + + ∈ × ∈   

Proof. We have  

( ) ( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( )( )
( )

( )
( ) ( ) ( ) [ )

1 1

1 1

1
1 1 0 1 1 2

0

1 0 1 1 2
0

2

1

1 1

, , , , ,

, , , ,

2

1

1 1 , , 0,sup ,

t

x x

t

x x

S u t x u t x y x u x u x u x

u t x y x u x u x u x

B B B t

B t

B t x t x

τ τ τ τ

τ τ τ τ

∆ ∆

∆ ∆

= − + + ∆

≤ + + + ∆

≤ + +

≤ +

≤ + + ∈ ×

∫

∫

 

 

and  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( )( )

( )
( ) ( ) ( ) [ )

1 1

1 1

2
1 2 0 1 2 2 1

0

2 0 1 2 2 1
0

2

1

1 1

, , , , , , ,

, , , , ,

2 2
1

1 1 , , 0,sup .

t

x x

t

x x

S u t x u t x z x u x u x u x u x

u t x z x u x u x u x u x

B B t
B t

B t x t x

τ τ τ τ τ

τ τ τ τ τ

∆ ∆

∆ ∆

= − + + ∆

≤ + + + ∆

≤ +

≤ +

≤ + + ∈ ×

∫

∫

 

 

This completes the proof.  
In addition, we suppose: 
(A2) There exist a nonnegative function [ )( )10,suprdg∈ ×   and a 

nonnegative constant A  such that 
1) 0g >  on [ ) { }( )10,sup \ 0×  . 

https://doi.org/10.4236/jamp.2026.142032


R. N. Ibragimov et al. 
 

 

DOI: 10.4236/jamp.2026.142032 599 Journal of Applied Mathematics and Physics 
 

2) if 10∈  is right-dense, then  

( ) [ ),0 0, 0,sup .g t t= ∈   

3) if 10∈  is right-scattered, then  

( ) [ ),0 0, 0,sup .g t t> ∈   

4)  

( ) ( ) ( ) 1
0 0

1 1 , Δ Δ ,
t x

s g s s Aτ τ τ+ + ≤∫∫  

( ) ( ) ( )
0

1 1 , Δ ,
t

x g x Aτ τ τ+ + ≤∫  

( ) ( ) ( ) ( ) [ )1 1
0

1 1 , Δ , , 0,sup .
x

t s g t s s A t x+ + ≤ ∈ ×∫    

In the last section, we will give an example for a function g  and a constant 
A  that satisfy (A2). For u X∈ , define the operator  

( ) ( ) ( ) ( ) ( )2 1 1
0 0

, , , Δ Δ , 1,2,
t x

j jS u t x g s y S u s y y s j= =∫∫  

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) [ )1 2
2 2 2 1, , , , , , 0,sup .S u t x S u t x S u t x t x= ∈ ×   

Lemma 4.3. Suppose (A1) and (A2). If u X∈  and u B≤ , then  

2 1.S u AB≤  

Proof. We have  

( )( ) ( ) ( )( )

( ) ( )( )

( )( ) ( )

( ) [ )

2 1 1
0 0

1 1
0 0

1 1
0 0

1 1

, , , Δ Δ

, , Δ Δ

1 1 , Δ Δ

, 1, 2, , 0,sup ,

t x
j j

t x
j

t x

S u t x g s y S u s y y s

g s y S u s y y s

B s y g s y y s

AB j t x

=

≤

≤ + +

≤ = ∈ ×

∫∫

∫∫

∫∫

 

 

and  

( )( ) ( ) ( )( )

( ) ( )( )

( )( ) ( )

( ) [ )

1Δ
2 1

0

1
0 0

1
0

1 1

, , , Δ

, , Δ

1 1 , Δ

, 1, 2, , 0,sup ,

t
j j
x

t x
j

t

S u t x g s x S u s x s

g s x S u s x s

B s x g s x s

AB j t x

=

≤

≤ + +

≤ = ∈ ×

∫

∫∫

∫

 

 

and  
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) [ )

Δ
2 1 1

0

1 1
0

1 1
0

1 1

, , , Δ

, , Δ

1 1 , Δ

, 1,2, , 0,sup ,

x
j j
t

x
j

x

S u t x g t y S u t y y

g t y S u t y y

B t y g t y y

AB j t x

=

≤

≤ + +

≤ = ∈ ×

∫

∫

∫

 

 

whereupon we get the desired result. This completes the proof.  
Lemma 4.4. Suppose (A1) and (A2). If u X∈  satisfies the equation  

 ( ) ( ) ( ) [ )2 1, , , 0,sup ,S u t x C t x= ∈ ×   (4.1) 

for some constant C , then u  is a solution to the problem (3.1).  
Proof. We differentiate with respect to t  and x  Equation (4.1) and we 

find  

( ) ( ) ( ) ( ) [ )1 1, , 0, , 0,sup ,g t x S u t x t x= ∈ ×   

whereupon  

( ) ( ) ( ) [ ) { }( )1 1, 0, , 0,sup \ 0 .S u t x t x= ∈ ×   

If 10∈  is right-scattered, then  

( ) ( ) ( ) [ )1 1, 0, , 0,sup .S u t x t x= ∈ ×   

If 10∈  is right-dense, using that ( )1S u  is a continuous function on  
[ ) 10,sup ×  , we get  

( ) ( ) ( ) ( ) [ )1 10
,0 lim , 0, 0,sup .

x
S u t S u t x t

→
= = ∈   

Therefore  

( ) ( ) ( ) [ )1 1, 0 , 0,sup .S u t x t x= ∈ ×   

Hence, we conclude that u  is a solution to the problem (3.1). This completes 
the proof.  

Below, suppose: 
(A3) 1ε > .  
In the last section, we will give an example for the constants ε , A , B  and 

1B . Our main result in this section is as follows. 
Theorem 4.1. Suppose (A1) - (A3). Then Equation (3.1) has at least one solu-

tion in X .  
Proof. Let Y  denote the set of all equi-continuous families in X  with respect 

to the norm ⋅ . Let also,  

( ) ( ) [ ) 1: , , , 0,sup
2
u

Y u Y u t x t x
 

= ∈ ≥ ∈ × 
 



     

and Y Y=   be the closure of Y ,  

{ }: .U u Y u B= ∈ <  
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For u U∈  and 0ε > , define the operators  

( ) ( ), , ,Tu t x u t xε=  

( ) ( ) ( ) ( ) ( ) ( ) [ )2 1, , , , , , 0,sup .Su t x u t x u t x S u t x t xε ε= − − ∈ ×   

For u U∈ , we have  

( ) ( )
( )

2

2

1.

I S u u S u

u S u

B AB

ε ε

ε ε

ε ε

− = +

≤ +

≤ +

 

Thus, :S U X→  is continuous and ( )( )I S U−  resides in a compact subset 
of Y . Now, suppose that there is a u U∈  so that u B=  and  

( )u I S uλ= −  

or  

 ( )( )2  ,u u S uλε= +  (4.2) 

for some 10,λ
ε

 ∈ 
 

. Then, using that 
2
Bu ≥ , we get ( )0,

2
Bu x > , 1x∈ , 

and  

( ) ( ) 10, 0, , ,u x u x xλε= ∈  

whereupon 1λε = , which is a contradiction. Consequently  

( ){ }1: ,u U u I S u u Bλ∈ = − = = ∅  

for any 1
10,λ
ε

 ∈ 
 

. Then, from Theorem 3.2, it follows that the operator T S+  

has a fixed point *u Y∈ . Therefore  

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) [ )

* * *

* * * *
2 1

, , ,

, , , , , , 0,sup ,

u t x Tu t x Su t x

u t x u t x u t x S u t x t xε ε ε

= +

= + − − ∈ × 
 

whereupon  

( ) ( ) ( ) [ )*
2 1, 0, , 0,sup .S u t x t x= ∈ ×   

From here, *u  is a solution to the problem (3.1) and from Lemma 4.4, it fol-
lows that u  is a solution to Equation (3.1). This completes the proof.  

5. Existence of at Least Two Solutions 

Let X  be the space used in the previous section. Suppose: 
(A4) Let m , r , L , 1R  be positive constants that satisfy the following con-

ditions  

1 .r L R B< < ≤  

Our main result in this section is as follows. 
Theorem 5.1. Suppose that (A1), (A2) and (A4) hold. Then Equation (3.1) has 

at least two nonnegative solutions in X .  
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Proof. Let  

[ ){ }1: 0 on 0,sup .P u X u= ∈ ≥ ×    

With   we will denote the set of all equi-continuous families in P . For 
v X∈ , define the operators  

( ) ( ) ( )1 , 1 , ,T v t x m v t xε= +  

( ) ( )( ) ( )3 2, , , ,S v t x S v t x m v t xε ε= − −  

( ) [ ) 1, 0,supt x ∈ ×  . Note that any fixed point v X∈  of the operator 1 3T S+  
is a solution to Equation (3.1). Define  

,PΩ =  

{ }1 : ,rU v v r= = ∈ <   

{ }2 : ,LU v v L= = ∈ <   

{ }13 1: .RU v v R= = ∈ <   

1) For 1 2,v v ∈Ω , we have  

( )1 1 1 2 1 21 ,T v T v m v vε− = + −  

whereupon 1 :ΩT X→  is an expansive operator with a constant 1 1h mε= + > .  
2) For 

1Rv∈ , we get  

( ) ( )3 2 1 1 .S v S v m v AB mRε ε ε≤ + ≤ +  

Therefore ( )13 RS   is uniformly bounded. Since 
13 : RS X→  is continuous, 

we have that ( )13 RS   is equi-continuous. Consequently 
13 : RS X→  is a 0-set 

contraction.  
3) Let 

11 Rv ∈ . Set  

( )2 1 2 1
1 .v v S v
m

= +  

We have 2 0v ≥  on [ ) 10,sup ×  . Therefore 2v ∈Ω  and  

( )2 1 2 1mv mv S vε ε ε− = − −  

or  

( )1 2 2 3 1.I T v mv S vε− = − =  

Consequently ( ) ( ) ( )
13 1RS I T⊂ − Ω .  

4) Assume that for any *
0v ∈  there exist 0λ ≥  and ( )0rv vλ∈∂ ∩ Ω+  

or ( )
1 0Rv vλ∈∂ ∩ Ω+  such that  

( )( )3 1 0 .S v I T v vλ= − −  

Then  

( ) ( )2 0S v m v m v vε ε ε λ− − = − −  

or  

( )2 0.S v mvλ− =  
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This is a contradiction.  

5) Let 1
1

AB
mL

ε = . Suppose that there exist a 1 Lv ∈∂  and 1 11λ ε≥ +  such that  

 ( )( )3 1 1 1 1 .S v I T vλ= −  (5.1) 

Moreover,  

( )2 1 1 1 1,S v m v m vε ε λ ε− − = −  

or  

( )2 1 1 1 1.S v mv mvλ+ =  

From here,  

1 1 1 2 1 1 1mL m v S v m v AB mLλ λ= ≤ + ≤ +  

and  

1
1 1 ,AB

mL
λ ≤ +  

which is a contradiction.  
Therefore, all conditions of Theorem 3.3 hold. Hence, the problem (3.1) has at 

least two solutions 1u  and 2u  so that  

1 2 1u L u R= < <  

or  

1 2 1.r u L u R< < < <  

 

6. Existence of at Least Three Solutions 

Our main results for existence of at least three solutions of the problem (3.1) are 
as follows. 

Theorem 6.1. Under the hypotheses (A1), (A2) and (A4), the problem (3.1) has 
at least three nonnegative solutions 1 2 3, ,u u u X∈ .  

Proof. 

1) Assume that there are 1
1

21 AB
mr

λ ≥ + , 1u U∈∂  and 1uλ ∈Ω  so that  

( ) ( )( )3 1 1 .S u I T uλ= −  

Then  

( )2 1S u m u m uλ− − = −    

or  

( )2 1S u mu m uλ+ =  

Hence,  

( )1 1 2 1 1 ,mr m u S u m u AB mrλ λ λ= ≤ + ≤ +  

https://doi.org/10.4236/jamp.2026.142032


R. N. Ibragimov et al. 
 

 

DOI: 10.4236/jamp.2026.142032 604 Journal of Applied Mathematics and Physics 
 

whereupon  

1
1 1 ,AB

mr
λ ≤ +  

which is a contradiction. Thus, the condition (1) of Theorem 3.4 holds.  

2) Now, assume that there are 1
1

21 AB
mr

λ ≥ + , 3u U∈∂  and 1uλ ∈Ω  so that  

( ) ( )( )3 1 1 .S u I T uλ= −  

As above,  

( )1 1 1 2 1 1 1,mR m u S u m u AB mRλ λ λ= ≤ + ≤ +  

whereupon  

1 1
1

1

1 1 ,AB AB
mR mr

λ ≤ + ≤ +  

which is a contradiction. Hence, the condition (3) of Theorem 3.4 holds.  
3) Assume that for any *

0u ∈  there exist 1 0λ ≥  and ( )1 0Lu uλ∈∂ ∩ Ω+  
such that  

( ) ( )( )3 1 1 0 .S u I T u uλ= − −  

Then  

( ) ( )2 1 0S u m u m u uλ− − = − −    

or  

( )2 1 0.S u muλ− =  

This is a contradiction. Form here, the condition (2) of Theorem 3.4 holds.  
Now, by Theorem 3.4, it follows that the problem (3.1) has at least three classical 

solutions 1u , 2u  and 3u  such that  

( ) ( )1 1 2 2 1 3 3 2and \ and \ )u U u U U u U U∈∂ ∩Ω ∈ ∩Ω ∈ ∩Ω , 

or  

( ) ( )1 1 2 2 1 3 3 2and \ and \ )u U u U U u U U∈ ∩Ω ∈ ∩Ω ∈ ∩Ω . 

 

7. An Example 

Below, we will illustrate our main results. Let  

( )
( ) ( )( )0 2

1 ,
1 1

g t
t tσ

=
+ +

 

( ) ( )
( ) ( )( )( )

1
1 2 22

1

,
1 1

x x
g x

x x

σ

σ

+
=

+ +
 

( ) ( ) ( ) ( ) [ )0 1 1, , , 0,sup ,g t x Ag t g x t x= ∈ ×   
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where the positive constant A  will be determined below. Hence,  

( ) ( ) ( )

( ) ( ) ( )
( ) ( )( ) ( ) ( )( )( )

( ) ( )( )
( )

( ) ( )( )( )

( ) [ )

2
1

0 0

12
12 22 2

0 0 1

1
122

0 0 1

2

1

1 1 , Δ Δ

1 1 Δ Δ
1 1 1 1

1 Δ Δ
1 1 1 1

1 11 1
1 1

, , 0,sup ,

t x

t x

t x

s y g s y y s

y y
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Then 1 2B = , 1
20

A =  and 1> , i.e., (A3) holds. Next,  

10 .r L R B< < < =  

i.e., (A4) holds. Therefore for the Cauchy problem of the considered shallow water 
equations all conditions of Theorem 4.1, Theorem 5.1 and Theorem 6.1 are ful-
filled. 

8. Concluding Remarks 

In order to investigate the behavior of the general solution of the unperturbed 
model, we map the nonlinear system (2.12) to a linear system by the hodograph 
method. The linear system is reduced to a single second-order linear equation by 
an appropriate change of the dependent variables. This paper provides the exist-
ence of at least one solution, at least two nonnegative solutions, and at least three 
nonnegative solutions for the corresponding linear system. 

We remark that the linear system (2.23) can also be reduced to a second-order 
linear equation by introducing the new dependent variables τ  and χ  defined 
by  

 , .zt x ytτ χ= = −  (8.1) 

Then the system (2.23) becomes  

 0, 0y z z yyτ χ τ χ+ = + =  (8.2) 

and can be replaced by the single linear second-order equation  

 0.zz yyzτ τ− =  (8.3) 

In general, Equation (8.3) has a mixed type. It is hyperbolic when 0z >  and 
elliptic when 0z < . But in our case Equation (8.3) is hyperbolic because z  is 
positive due to its physical meaning. The model (8.3) can be integrated by using 
Riemann’s method [19] and the invariance principle. The Riemann integration 
method and the analysis of the perturbed system (2.11) will be considered in the 
forthcoming studies with the goal to study the influence of the perturbation in 
terms of approximate symmetries and approximately invariant solutions of the 
system (2.11). One of the particular focuses will be on using the hodograph 
method to construct the formation of shock waves in the atmospheric motions. 
The shock waves deserve particular attention because singularities in solutions of 
a mathematical model are observable in natural phenomena described by the con-
sidered mathematical model. 
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