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Abstract

This paper is concerned with the long-time behavior of solutions for a class of
stochastic semilinear degenerate equations with memory driven by nonlinear
noise on R". We primarily provide sufficient conditions for studying such
problems, including the degenerate term div{a(X)Vu} , nonlinear drift, and

diffusion terms. Based on these conditions, we establish the existence of
weakly compact pullback absorbing sets and further obtain the existence and
uniqueness of weak ~/ -pullback mean random attractors.

Keywords

Semilinear Degenerate Equation, Weak Pullback Mean Random Attractor,
Nonlinear Noise, Memory

1. Introduction

In this paper, we study the asymptotic behavior of solutions for the following de-
generate semilinear parabolic equations with memory driven by nonlinear multi-

plicative noise on unbounded domain R"(n>2):

ou—div{a(x)Vu}—["k(s)Au(t—s)ds+Au+ f (x,u)

(1)
—g(xt)+eo(tu) W
dt
with the initial data
u(x,7=r)=uy(x), r=0,xeR",7eR, ()

where the variable nonnegative weighted coefficient a(-) denotes the diffusivity,
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the forcing term ¢ (t) =g (X,t) c|?

e (R, (R")) and the initial data
u, e’ (R”) are given, A>0 isa constant, £e[0,&] (¢ >0) denotes the in-
tensity of noise, W 1is a two-sided U -valued cylindrical Wiener process de-

fined on the complete filtered probability space (Q, SAREANN ,IP’) .

This class of equations, exemplified by (1) with a(x)=1, models delayed re-
action-diffusion processes where the reaction term depends on the historical state
of the temperature field [1]-[4]. Its applicability extends to physical systems like
polymers and high-viscosity liquids [5]-[7]. A critical distinction arises in the gen-
eral form of (1): a spatially variable coefficient a(x) enables the model to repre-
sent media with potentially “perfect” insulating properties in certain subdomains,
as noted in [8].

The study of well-posedness and attractors for deterministic degenerate para-
bolic equations, both with and without memory terms, has been extensively con-
ducted, see e.g., [9]-[20] and the references therein. However, research on stochas-
tic semilinear degenerate parabolic equations is relatively scarce, see [21]-[23]. In
these published works, the authors have exclusively investigated systems on
bounded domains, primarily examining the existence and stability of random at-
tractors for the corresponding stochastic systems under additive and multiplica-
tive noise conditions. A natural question arises: can the existence of random at-
tractors be considered for semilinear degenerate equations driven by nonlinear
noise?

To the best of the author’s knowledge, several studies have addressed stochastic
evolution equations driven by nonlinear noise, see e.g., [24]-[29]. In these studies,
the scholars mainly focus on the existence of weak mean random attractors for the
corresponding stochastic systems. This is because, for stochastic evolution equa-
tions driven by nonlinear noise, we cannot use the Ornstein-Uhlenbeck transform
to convert them into pathwise random differential equations, as can be done for
equations driven by additive or linear multiplicative noise.

In particular, the authors in [26] investigated the existence of weak pullback ran-
dom attractor for the stochastic degenerate semilinear parabolic equations driven
by nonlinear noise. It is worth noting that this equation does not include a memory
term. For the reaction-diffusion equation with memory term and nonlinear noise,
the authors in [29] recently established the existence of weak mean random at-
tractor for the corresponding stochastic system, though the equation in question
is non-degenerate. Additionally, it should be emphasized that all the aforemen-
tioned studies are confined to bounded domains. Building on this, we may con-
sider the existence of weak mean random attractor for the stochastic semilinear
parabolic equation driven by nonlinear noise, which incorporates both degener-
acy and a memory term, in an unbounded domain.

In studying the weak “/ -pullback mean random attractors for problem (1)-
(2), we encounter several difficulties. The primary challenges include establishing

suitable conditions on the degenerate variable diffusivity a(x) and the nonlin-
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ear drift and diffusion terms. Moreover, the presence of the memory term intro-
duces additional complexity: it obstructs the direct derivation of long-time uni-
form estimates of the solution. Instead, the uniform boundedness of 7 must be
inferred from that of u. To address these challenges, we fully leverage existing
results on weak pullback mean random attractors for degenerate parabolic equa-
tions in unbounded domains and reaction-diffusion equations with memory
driven by nonlinear noise.

The structure of this paper is as follows. In Section 2, we introduce notations,
recall the abstract theory of weak mean random attractors, and establish sufficient
conditions on the variable diffusivity a(x) and the nonlinear drift and diffusion
terms. We also address the well-posedness of problem (16)-(17). In Section 3, we
derive long-time uniform estimates of solutions for (16)-(17) and prove the exist-

ence of a weak  -pullback mean random attractor.

2. Preliminaries

We begin this section by introducing the necessary notations, proceed to recall
the abstract theory of mean random dynamical systems and the existence of weak
“/ -pullback mean random attractors, and conclude by stating the main assump-
tions on the nonnegative variable diffusivity, memory kernel, as well as nonlinear

drift and diffusion terms, all of which are essential for the analysis to follow.

2.1. Notations

Let C be a generic constant, which is allowed to vary and may depend on the

context, even within a single line. Denote R* =[0,00) and R® =[r,). Let

ul, :(J'Rn u(x)" dx)‘l’

be the norm of L° (R”) with 2< p <. We denote the norms of L' (]R") and

L”(R") by || and ||, respectively. Moreover, let H =L*(R") and
H*(R") be endowed with the following inner products:
(uv)= [ u(x)v(x)dx Vu,ve L*(R"),
(u,v)Hl(Rn):J'Rnu(x)v(x)dx+jRnVu(x)Vv(x)dx, vu,ve H'(R").

To formulate our problem, we work in the Hilbert space " (R” , a) equipped

with the norm

u (x)|2 dx+ [, a(x)|Vu (x)|2 dx.

s = e
Denote the weight spaces ) = Li (R+; L2 (R”)) and 1) = Lit (R*; H1<Rn)) as

well as their inner products and norms are defined as
o 2 0 2
<§’77>16 :Io ,u(s)(f,ly)ds, "ﬂt"y,o :.[0 ,u(S)|77t(S)|Z ds,

and
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(b, = Iy (S oy 0. '] = [ o) () +vrt (5)f s,

respectively. With the help of the aforementioned notations, the phase space of
the problem (16)-(17) can be represented as

M:=HxY,

it is endowed the following norm
e =1+
2.2. Abstract Theory on Weak Pullback Attractors

This subsection recalls the basic theory of mean random dynamical systems. We
consider a complete filtered probability space (Q, T, { /}teR ,IP’) , where { /f}‘em
is an increasing, right continuous the family of sub-o-algebras of JF that con-
tains all P -null sets. We then introduce the necessary definitions and lemmas
concerning the existence of weak / -pullback mean random attractors, follow-
ing the framework in [27] [28] [30].

Let (X ||||>< ) be a complete and separable metric space with Borel sigma-al-
gebra, and denote by L° (Q,. 72N X) (for p>1) the Banach space of all equiva-

lence classes of Bochner integrable functions ¢:Q — X satisfying

||¢||Lp(£2, X)) T (IQ"¢"§ )B < o0,

The space L"(Q,./;X) isdefined similarly for any 7 eR . Furthermore, for
any given teR and p>1,thespace L°(Q,. /;X) issubspace of
L"(€,./7; X); precisely, it comprises all strongly . -measurable functions ¢
in L°(Q, /;X)

Definition 1. Let X,Y be two metric spaces, 7 +> D(7z) be a set-valued
mapping of the family of sets consisting of all nonempty bounded subsets form

X to Y .Then afamily of sets D is called universal set of Y, if
7 :{D:{D(ﬂ)cY :D(7)# @ is bounded, 7 € X }:

D satisfies some conditions}.

Following Definition 1, we work with a universal set in L" (€;X) defined by

 ={D={D(r)= LP(2;X): D () # & bounded, e R}: .
3
D satisfies some conditions}.

Definition 2. For D = {D(r)}zeR € and D= {lj(r)} ,if

reR
f)(r) c D(a)), VrelR
implies De/ ,then 7/ is called inclusion-closed.
Definition 3. A family ¥ = {‘P(t,r) teR',re ]R} of mappings is said to be

a mean random dynamical system on L°(Q,./; X) over (Q,. 7,{. /T}te]R ,IP’)
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iffor 7eR,

1) ¥(0,7)=id (Identity operator on L°(Q,. /;X));

2) o(t+s,7)=p(t,z+s)op(s,7) (cocycle property), Vs,teR";

3) o(t,7):LP(Q. 3 X)) LP(Q, 45 X).

As shown in [24] [27] [28], the mean random dynamical system ¥ from Defi-
nition 3 corresponds to a non-autonomous deterministic dynamical system on
LP(Q,./;X) over (Q,, 7, { /f}teR ,]P’) .

Definition 4. A family K ={K(r):7eR}e " is said to be a */ -pullback
absorbing set for ¥ over L"(Q,./;X) ifforany 7eR and De’/ ,thereex-
ists T:=T(7z,D) suchthatforall t>T

p(t,z—t)D(r-t) = K(7),

where T is called the absorption time. In particular, the family
K= {K (r):ire R} is called a weakly 7 -pullback absorbing set for ¥ over
L (Q,. 75 X),if K(r)#@ isweakly compactsubsetof LP(Q,./;X) forany
reR.

Definition 5. A family K = {K (r):ire R} €/ 1is said to be a =/ -pullback
weakly attracting set for ¥'in L°(Q,./7; X ) over (Q,, 7, { /f}teR ,]P’) if for any
reR, De’ and each weak neighborhood N"(K(z)) of K(z) in

L°(Q,. /3 X), there exists T::T(T,D,NW<K(T))) such that
¢7(t,r—t)D(r—t)gNW(K(z’))

holds true forall t>T ,where T is called the attracting time.

In particular, the family K = {K (r):ze R} is said to be a weakly 7/ -pull-
back weakly compact and weakly attracting set for ¥ over L°(Q,./";X), if
K(z)#Q isweakly compact subset of LP(Q,./;X) forany reR.

Definition 6. Let .~/ ={./(r)} _ e .Then ./ issaidtobea < -pull-
back mean random attractor of ¥ in L°(€Q,./"; X) over (Q,. 7, { /f}te]R ,}P’) if
he following conditions hold:

1) - '/(z’) is a weakly compact subset of LP (Q, X ) forevery 7€RR;

(ii) { o (T)}TER isa 7 -pullback weakly attracting set for ¥;

(iii) .~/ is the minimal element of 7/ satisfying (i) and (ii), that is to say, if
7= { 2 (r)}reR €’ isa © -pullback weakly compact and weakly attracting
set for ¥, then .~/ (r)e. ~(r) forany reR.

The following theorem establishes the existence and uniqueness of a weak =~

-pullback mean random attractor for the dynamical system ¥ on LP (Q, X )
over (Q,./‘,{. /?}tER ,IP’) .
Theorem 7. Assume that X is a reflexive Banach space and pe(0,0). Let

©/ bean inclusion-closed collection of some families of nonempty bounded sub-

setsof L°(Q,./;X) asgivenby (3) and ¥ be a mean random dynamical system

DOI: 10.4236/jamp.2025.1311210

3769 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1311210

X. M. Liu

on L°(Q, /;X) over (Q,.f,{./}teR,IP’). If ¥ has a weakly compact * -
pullback absorbing set Ke” on L°(Q, /;X) over (Q,Af,{/f}tek,ﬁ”) R

then ¥ possesses a unique weak /' -pullback mean random attractors .7/ € &
on L° (Q, X ) over (Q, T, { /?}tER ,IP’) which is given by the set as follows:

(0)=NU¥tz-)K(z-t)

s>0t>s

where the closure represents the weak topology of L°(Q,. /;X).

2.3.Some Assumptions and Precise Model

To establish the well-posedness and investigate the asymptotic behavior of solu-
tions to Equation (1) subject to the initial condition (2), we make the following
assumptions on the nonnegative variable diffusivity a(-), the nonlinearity f,
and the memory K(s).

(A) The weight function a(x) is nonnegative and locally integrableon R".
Furthermore, it satisfies the following conditions: there exists 0<a <2, such
that forall zeR",

liminf |x—z]“a(x)>0, (4)

X—Z

and is bounded on the annular domains {X 'k S|X| sﬁk} for all sufficiently
large K.
(A,) The memory kernel k(s) isa nonnegative integrable function of total

mass I:k (s)ds=1.Let u(s)=-k'(s),and we suppose that
peC (R )NL(R), u(s)=0, u/(s)<0, VseR", (5)
and there exists a constant 6 >0, such that
u'(s)+0u(s)<0, VseR", (6)
Combining (5) and (6) yields
() =lim () =0 ?
For simplicity, we suppress non-essential constants by setting
[ w(s)ds=1. (8)
(A;) The nonlinearity f e Cl(R” XR,R) fulfills f(x,0)=0, along with
the dissipation condition
0
—f(x,8)>- , 9
= f(x8)2-4(x) 9)
and the arbitrary order polynomial growth restriction
f(s)s2as|” —@ (%) and [f(s)<als]” +p,(x), p=2, (10)

where ¢;(i=12) are the positive constants, ¢ (x)eL” (]R") with ¢ (x)>0

P
RS Ll(R") , @, elP? (R”) are the nonnegative functions. Furthermore, we as-
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sume that f(x,s) is locally Lipschitz continuous with s, more precisely, for

any compact subset | € R, there exists <, >0 such that
[T(%8)-f(x5,)|< A[s,—5,], VxeR",s,5, €], (11)

(A;) Let o:RxH —L,(U,H) satisfy that there exists the constants
B(i=1,2)>0 suchthatforall s,;s,s,eH and teR, thereare

"O_(t’ Sl)_a(t’ S )";(U,H) < ﬂ1|51 _SZE )
and
”O-(t‘ S)||2|_2(U,H) <p |S|§ + h(t)

where h(t)e Ly, (R).

In particular, we assume that
[T (J9 () +[n(s)])ds <o (12)
Remark. We provide an example that satisfies condition (A1). For a(x), it can
take the following form:
a(x)= |x|ﬁ for g [0,2),
It is not difficult to verify that a(x) satisfies all the conditions of (Al).

Following Dafermos [31], we characterize the past historyof U by introducing

a new variable 7', defined as

n'(x,s):= j (x,t-&)dg, VseR". (13)

Setting 7 = %77t , = %77t , then we easily obtain

t

7 =-1.+U. (14)
The historical variable uy(-,7—r) of u satisfies the integrability condition
J7e ™ uo (7~ || ds <R, (15)

where R >0 isaconstantand x<J,with & givenin (6).

Therefore, the original problem (1)-(2) can be recast as follows:

. . t dW
atu—dlv{a(x)Vu}—j0 p(s)An' (s)ds+Au+ f (x,u)=g(xt)+eo(t, u) ' (16)
=1+,

with the initial data
u(x,7)=u,(x), no(x,s):f:uo(x,r—f)df. (17)
From (15), we deduce the following estimate

ds <R.

$)|n° (s

HY(R")
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2.4. Well-Posedness and Mean Random Dynamical System

The objective of this subsection is to demonstrate that problem (16)-(17) gener-
ates a mean random dynamical system. To this end, we first introduce the solution
concept and establish the well-posedness of the problem.

Definition 8. Let 7eR and z,= (uO : 770) e M.An M -valued

./~ -adapted stochastic process {z(t)| . is called a solution of the equation (16)
with initial data (17), if
UeC(RGH) AL ((z,%); H (R",a)) AL ((7,00);L°(R")), 7' eC(R731),
and for every t>7, (¢,¢)e(H'(R",a)nLP(R"))x) and P-as.
(u(t),c;)+j‘(a(x)Vu,Vg,“)o|r+j:<77f,g>vi dr+4['(u,¢)ds
T () €)= () + (00, €)ar o (C.or(r0)aw (1),
J +ﬂs’¢’>qdf=L<u’¢>de-

Using the argument of [32] (Theorem 1), we can obtain the following theorem.

For the reader’s convenience, we state only the final result.
Theorem 9. Suppose (A )-(A;) hold,andlet 7R,

z, = (uo,no) e L?(Q,./;,IP; M) . The problem (16)-(17) possesses a unique solu-
tion z (t) = (u (t) " ) under the sense of Definition 8. In addition, forany T >0,
it holds

ol g0 [, <

which implies that zeC ([T, t+T], M) P-as.
An application of Lebesgue’s dominated convergence theorem to (18) shows
that z(t)eC([r,z+T],L*(Q,M)).
Now, we define the mapping ¥ by
YR xRxL* (M) L* (M), (19)
(t,7.2,) > ¥ (t,7) 2z, =2(t+7,7,2,),

where z is the solution of the problem (16)-(17) with initial value
z,el?(Q, ,M).

IR}

Proof. We mainly prove the estimate (19).

Using Ito’s formula to the process |U (I)E +||V 77t "Z ,» We can obtain from (16)

that
d(ju(o)f +[v || )+2/1|u(t)|2dt

(2] a( |Vu |dx+5||V77||

+

o f (x,u(t))udx)dt (20)

11,0

2(g(t).u(t))dt+eo(tu(t)) ZLZ(UvH)dt+25(u(t),a(t,u(t))dw ().
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and we can also obtain

2

d||,71|| +%",7t "io dt £§|u(t)|z dt. (21)

11,0

By Holder’s inequality, Young’s inequality, (A;) and (A,) we have

(TG N W W R A AR IO O I

(22)
e +|va, +o[], Jat+2s(u(). o (tu()aw (b))
Taking supremum and expectation of (22), we deduce
s s oo, )
il VL, Lo LAl loE b
23

2

#Yo)ds
J':(u(s),a(s,u(s))dw (s))U

For the last term on the right-hand side of (23), by (A,) and the Burkholder-
Davis-Gundy (BDG) inequality we have

["(u(s).o(s.u(s))aw (s))D
< ZgoE(ssEl[Jre]|u(s)|2 (J':"a(s,u(s)) ;U'H) dS)M] (24)

< %E[SS?FMU (S)E]Jr 285[:(& lu (S)|z +|h(5)|)ds'

S

+CJjE(|u(s)|§ +||V77s n

2
+
.0

+ ZSE[ sup

re[r,t]

ZEE( sup

re[r,t]

Combining with (23) and (24), we get
o sl
<oB(lll ) [ (shlale 2o sosihisl)es @
el s 2o, Jor
Using Gronwall’s lemma yields that for all te[r,z+T],

E( sup "Z(S)";J <CeT,
]

sefz.t

where C = 2E(||ZO";)+LHT (4/31||(p1||L1 +2|g(s)|z +65§|h(s)|)ds, and by (12) we

know that C is well-defined. This proof is finished. U
By the uniqueness of solutions, it follows that ¥ = {‘P (tr):iteR" ze R} de-
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fines a mean random dynamical system on L*(Q,./; M) over
(Q, St /?}té]R ,IP’) . Suppose D= {D(r) cl Q. M)ire R} is a family of

nonempty bounded sets such that

lim e”

T—>—0

D(T)||i2(g, M) =0, (26)

where y shall be given later, and ||D(T)||L2(Q, ) = SUPco(r) u||L2(Q’ )

Furthermore, we use “/ to denote the collection of all families of nonempty
bounded sets satisfying (26), that is,

“ ={D={D(r)c’(2,./;;M): D(r) # @ bounded, r & R} : D fulfills (26)}

3. Weak 2 -Pullback Mean Random Attractors

In this section, we shall investigate the existence and uniqueness of weak -
pullback mean random attractors for problem (16)-(17). For this purpose, we as-

sume that

Ier|

Hereafter, unless otherwise specified, the solution of problem (16)-(17) is de-

g(r)|§+|h(r)|)dr<oo, vreR. (27)

noted by z(t)= (u (t).n' ) . In what follows, we first establish uniform priori esti-
mates of solutions of the problem (16)-(17).
Lemma 10. Let (A)-(A,) and (27) hold. Then, there exists &, >0 such

that for all £e(0,¢,], as well as for any 7eR and D= {D(t)}teR e, there
exists T=T(z,D)>0 such thatforall t>T, the following estimate

g(r)f; +[n(r)Jar

holds for any z,eD(z—t), where Q:Q(ﬁ,l,ﬂl,||¢1||L1)>0 is a constant

which is not related to 7 and D.

E(”Z (r.7-t,2, )”;) <0 +Qe—nj;e,(r (

Proof. Applying Ito’s formula to the process |u (I)E , then by the first equation
of (16) we can obtain that

d
LB(uof +[v [,

+ E(Z.[Rn a(x)|vu (t)|2 dx + 5||V 7' "io + ZIRH f(xu (t))udx) (28)

= -275(j (t)|j)+2E((g(t),u(t)))+gZE(||a(t,u(t)) ;

LZ(U,H))'

Now, we deal with the equality (28). By Holder’s and Young’s inequalities we
have

ZE((g,u(t)))S%E“u (t)|z)+%|g(t)|§. (29)

By (10)in (A,) we have
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2B([., f (xu(t))u(t)dx) = 20:1]E(|u (t)|z)_ YA (30)
From (A,),we can deduce
ng("o-(t, u (t))||i2(UYH)) < e (0 )+ (0). (31)
Substituting (29)-(31) into (28), we obtain
B o] )+ B2, a0vu(of axs v +futo)])

(32)
< (—2/1+32,82)E(|u(t)|§)+%|9 (O +26.]e,. -

Let 0<g<50=min{1, /%},thenwe get from (32) that forany r=rz-t,
2

2
1,0

+ E(ijn a(x)|Vu(r,r—t,uo)|2 dx+5||V77r

%E“u(r,r—t,uo)ﬁ +||V77’

;0+|u(r,r—t,uo)|z) (33)
< —/IE(|U (r,r—t,u0)|z)+%|g (t)E +28 |+ (t)]-

Taking x=min {ﬂ,g} in (32), one has

%E“u(r,r—t,uo)ﬁ +||V77’

2
4,0

;0)+/<E(|u(r,r—t,uo)|z +||V77r
2 2 (34)
<2lo 1)} + 2 + (0]

Multiplying (34) by e*', and then integrating it from z-t (t>0)to 7, it
yields

E(|u (r,7-t,u, )E +||V77T

 Jseretrnlufoforl)
T 2 2 (35)
ce e (Za(nf +fnir) Jor+ 21l

Moreover, using 7' to multiply the second equation of (16) in )}, we have

d 2 2 o

B rom (], )= 25([; (o) (u(t)n')os). (36)
By Holder’s inequality, Young’s inequality and (8), it is easy to get that

o 2 2\ O 2
25([[ (s)(u(0)n')os) < 2Bl ) ) + S (Jr o))
which together with (36) can infer
d 2 2 2| 2 oll2
Sl ) e #Yo)gg[e B (w2 |77

e (Hote =) or-2slol. |

n n

(37)

where we used (35). Applying Gronwall’s inequality on (z—t,7) to(37), we have
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2
T

1,0

E( n ) < Ce’”‘]E("z0 I, ) +Ce[" e (

Combining with (35) and (37), we obtain
2
uvl)

< Ce e "V ([z,[f, )+ ce™ [ e (|a ()} +[n(r)])dr+Cla,.

g(r); +[n(r))dr+Cllal. G8)

T

E(|u(r,r—t,uo)|§ +|n

Thanksto z,eD(z-t) and D= {D (t)}teR €/, thereby we have

lim e‘K’e”("‘)]E("z0 I, ) <lime e D (z-t)] =0.

t—owo t—o0 Lz(Qv SetiM)
So, there exists T:=T(z,D) such that

e e B |z [}, ) <1 vi=T.

In conclusion, by choosing appropriate Q we can conclude the desired con-
clusion. The proof is completed. U

According to Lemma 10, we can give the existence of weakly compact ~ -pull-
back bounded absorbing set.

Lemma 11. Let (A)-(A) and (27) hold. Then, there exists &, >0 such that
for all £€(0,¢,], the mean random dynamical system ¥ associated with the
problem (16)-(17) possesses a weakly compact / -pullback bounded absorbing
set K= {IC(T) Te R} €/, where, forany reR, K(z) isgiven by

K(r) ={u el? (Q,./j;M):E(|z|§)sQ+Qe*’“j;e”( a(r)f +|h(r)|)dr},

where Q can be found in Lemma 10.
Proof. First, from (27), it is straightforward to verify that the integral

I; ort ( g (r)E +|h(r)|)dr is well-defined. Moreover, since K(7) isa bounded,

closed, and convex subset of the reflexive Banach space L*(Q,./; M), it follows

that KC(z) is weakly compact in this space. In particular, by Lemma 10, for any

7R and any family D={D(t)}teR,there exists T=T(T,D)>O such that
‘P(t,r—t,D(z’—t))zu(r,r—t,D(r—t))g K(7)

holds for any t>T and &€(0, 50] . Lastly, it remains to prove that K e/,
ie,that K satisfies condition (26). From (27), we obtain
0< lime*”

> ,C(T)"iz(g, JeM)

. - _ T
< lim eQ + lim (e’“Qe ’“J' e”(
T—>—0 —%

T—>—0

a(r)} +p(r))er) =0
from which we can obtain

lime*

T—>—00

K(T)HZLZ(Q, M) =0.

This completes the proof. U

Combining Theorem 7 and Lemma 11, we now establish the following theorem

DOI: 10.4236/jamp.2025.1311210 3776 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1311210

X. M. Liu

on the existence and uniqueness of the weak “ -pullback mean random attractor
for the mean random dynamical system V.
Theorem 12. Let assumptions (A )-(A,) and (27) hold. Then the mean ran-

dom dynamical system ¥ = {‘I’ (t, r):iteR,7e R} generated by problem (16)-
(17) has a unique weak  -pullback mean random attractors .7/ = { 7/ (T)}TE]R
belonging to ~ on L*(Q, / ;M) over (Q, St /'t‘}teR ,IP’) , and the attrac-

tors .~/ can be given, for every 7€R, .7/ (7) is given as follows:

() =NUY(tr-t)K(z-t) ,

s>0t>s

where the closure is taken as weak topology of L*(Q, /;M).
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