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Abstract

This note examines the utility of pseudorandom variables (prv) in Global
Search and Optimization (GSO) using Central Force Optimization (CFO)
as an example. Most GSO metaheuristics are stochastic in nature, but not
all. CFO is a completely deterministic GSO metaheuristic, but it neverthe-
less benefits from injecting prv’s, thereby preserving its deterministic na-
ture while improving its decision space (DS) exploration. CFO benefits sub-
stantially from the inclusion of a pseudorandom component, that is, a nu-
merical sequence that is precisely known by specification, or by calculation,
or both, but which is otherwise arbitrary. The essential requirement is that
the sequence be uncorrelated with DS’s topology, so that its effect is to pseu-
dorandomly distribute probes throughout the landscape. While this process
may appear to be similar to the randomness in an inherently stochastic al-
gorithm, it is in fact fundamentally different because CFO remains deter-
ministic at every step. Injecting prv’s is not limited to CFO. It is an approach
that can be used in any metaheuristic, stochastic or not. In this note three
different pseudorandom methods are discussed for CFO (initial probe dis-
tribution, repositioning factor, and decision space adaptation). A sample
benchmark problem is presented in detail, and summary data are included
for a 23-function benchmark suite. In addition, two sample “real world”
problems in electromagnetics are presented. CFO’s performance with prv’s
is quite good compared to other highly developed, state-of-the-art algo-
rithms.
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1. Introduction

The metaheuristics used to solve optimization problems more often than not are
stochastic in nature. They are frequently based on inherently random processes
such as: (i) propagation of species, for example genetic algorithm analogizing sur-
vival of the fittest; (ii) animal foraging behavior, for example ants, bees or fish;
(iii) random physical processes, for example simulated annealing and gravita-
tional search; or (iv) purely mathematical but random approaches, as examples,
differential evolution and tabu search. It is impractical to list all such algorithms
because there are far too many, literally hundreds. Luke’s excellent book [1] pro-
vides an extensive list of random metaheuristics and is highly recommended to
readers looking for an overview and implementations.

But is true randomnessimportant? Why is it an underpinning of almost all me-
taheuristics? The answer to the first question is “no”, and in the author’s opinion
the answer to the second is “precedent”, that is, what was done before that worked
is simply repeated. Over the past three decades or so, there has been an explosion
of stochastic algorithms most of them inspired by biology or sociology, many be-
ing of questionable merit because they are obviously preposterous or they are
based on some bizarre metaphor. Examples range from “Anarchic Societies” to
“Zombies” [2] [3]. Sorensen discusses a particular metaheuristic in detail, and he
makes this point in a compelling and humorous manner [2]. Of course, every pro-
posed algorithm is shown to work at least to some degree. This observation raises
another important question: Why do such disparate metaheuristics work at all?
As bizarre as a metaheuristic may be, the fact that it may provide reasonable solu-
tions makes one wonder, Why? Unfortunately, there is no answer to this question,
which brings us full circle to the theme of this note—Is there some advantage in
avoiding stochastic approaches to optimization? And if so, Why? The answer to
the first question is “yes”, and to the second it is that useful results can be obtained
quickly without the need to do the statistical analysis required by random algo-
rithms. This latter observation is particularly important in “real-world” problems,
the kinds that practicing engineers deal with on a day-to-day basis.

This note examines the role of pseudorandomness in a specific metaheuristic,
Central Force Optimization. CFO is a deterministic Nature-inspired GSO me-
taheuristic for an evolutionary algorithm (EA) based on gravitational kinematics
[4]-[13]. CFO analogizes Newton’s mathematically precise laws of motion and
gravity, so its underlying equations are equally precise. CFO locates the global
maxima (value and location) of an objective function defined on a decision space
Q of dimension N, with a topology (“landscape”) that is unknown or unknow-
able. CFO searches Q by “flying” a group of “probes” whose trajectories are com-
puted from two deterministic equations of motion at a series of discrete “time”
steps (iterations). Details of the CFO metaheuristic are in the Appendix.

Because CFO is deterministic, it is fundamentally different from Nature-in-
spired EAs whose underlying equations are inherently stochastic. Particle Swarm

Optimization (PSO) and Ant Colony Optimization (ACO) are prime examples.
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Their equations are formulated in terms of true random variables (RV’s), and re-
moving randomness causes these algorithms to fail completely. By contrast, CFO’s
equations are inherently deterministic. Every CFO run with the same setup re-
turns precisely the same values step-by-step throughout the entire run. Neverthe-
less, effective CFO implementations can benefit substantially from a “pseudoran-
dom” component that enters the algorithm indirectly, not through its basic equa-
tions. This is a fundamental and important distinction that sets CFO apart from
stochastic algorithms. Although pseudorandomness is not required in CFO, nu-
merical experiments do show that it can be an important feature in improving the
algorithm’s effectiveness.

The Network Working Group suggests the following terminology [14]. “Ran-
dom value—an individual value that is unpredictable; i.e., each value in the total
population of possibilities has equal probability of being selected...Pseudoran-
dom—a sequence of values that appears to be random (Z.e., unpredictable) but is
actually generated by a deterministic algorithm.”

Consistent with this recommendation this note adopts the following terminol-
ogy: A pseudorandom variable (prv) is defined as one whose value is precisely
known but arbitrarily assigned. The value can be specified in advance (for exam-
ple, an arbitrary sequence of numbers) or it can be calculated in a prescribed man-
ner or these two methods can be combined. The variable’s “randomness” derives
from the fact that its value is arbitrary and uncorrelated with (’s topology, not
that it is uncertain in the sense of a true RV. A true RV’s value is calculated from
a probability distribution with successive calculations yielding different values
that cannot be known a priori. Thus true randomness is fundamentally different
from CFQO’s pseudorandomness. Why? Because even when CFO includes pseu-
dorandomness, it remains deterministic, always yielding the same result for runs
with the same setup. Once a pseudorandom variable is specified, either explicitly
or by calculation or otherwise, its value is known with absolute precision, so that
CFO’s trajectory calculations remain deterministic even in the presence of that
pseudorandomness. There are many ways pseudorandomness can be added to
CFO; and three simple methods are described here.

2. CFO Implementation

In this note pseudorandomness is injected into CFO in the following three ways:
1) the initial probe distribution (IPD); 2) the “repositioning factor”; and 3) chang-
ing the decision space boundaries. These are discussed in detail below. As to no-
menclature, the modified algorithm is referred to as CFO-PR.

Method 1: Every CFO run starts with a user-specified IPD, that is, total number
and locations of probes in Q at the beginning of the run, step 0. An arbitrary,
variable initial probe distribution is a convenient way to inject pseudorandom-
ness, the effect of which is to provide better sampling of (0’s topology than a static
distribution. Each IPD in a set of distributions provides different information

about (’s landscape. As the results below show certain ones perform better than

DOI: 10.4236/jamp.2025.1312250

4569 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1312250

R. A. Formato

others, which is expected.

Method 2: The second method of injecting pseudorandomness is the use of a
step-by-step variable repositioning factor AF, <F, <1 where AF, is the
step increment. “Repositioning” refers to the process of retrieving a probe that has
flown outside the decision space, details in the Appendix. A variable £, has
the effect of pseudorandomly distributing probes throughout Q, which provides
better sampling of the decision space’s landscape as the run progresses.

Method 3: The third way pseudorandomness is injected is by shrinking the de-
cision space around the best probe’s location. This process coupled with variable
F,, redistributes probes in the smaller ) in an arbitrary but precise, hence pseu-
dorandom, manner. The effect is to speed CFO’s convergence, but at the risk of
premature convergence [empirically, this issue does not appear to be significant
using the procedures described below]. Another risk using this approach is that
the shrunken DS may actually exclude the global maximum, but as a practical
matter this concern seems to be minimal.

Pseudocode: Pseudocode for CFO-PR appears in Figure 1. A source code listing
is available online [15]. The inner time step loop (“ j ” loop) is common to all CFO
implementations. It is the two outer loops that inject initial probe pseudorandom-
ness. The y loop controls where IPD probes are deployed, and the N, / N,
loop determines their number. These two parameters define the IPD, and the two
loops together create a variable, prv distribution (see Appendix for notation and
equations).

The variable F, , procedure (Method 3) appears in step (f) of the pseudocode.
The pseudorandom decision space adaptation is in step (g). In this case {’s bound-
aries shrink around the then best probe position vector every 20% step as discussed
in detail below. A two-dimensional example is used to illustrate these techniques
because it provides a concrete visualization of the different methods. Of course, in
the actual CFO-PR implementation these techniques are generalized to the N, -
dimensional case as shown in the pseudocode below and in the online source code.

Initial Probes. The manner in which initial probes are deployed using y is
shown schematically in Figure 2(a), which provides a 2-dimensional (2D) sche-
matic representation of a variable IPD comprising an orthogonal array of
N, / N, probes per axis (DS dimension) deployed uniformly on “probe lines”
parallel to the coordinate axes that intersect at a point along ()’s principal diago-
nal. N, is Qs dimensionality (here N, =2),and x™ <x, <x™, 1<i<N,
define ()’s domain. N, is the total number of probes.

For illustrative purposes, Figure 2(a) shows nine probes on each probe line.
The lines, which are parallel to the x, and x, axes, intersect at a point on (s

principal diagonal marked by position vector D =X, . +y ()? =X ) , where
~ Ny ) ~ Ny
X =2.x™é and X, =D x™¢ arethe diagonal’s endpoint vectors. Para-

i=1 i=1
meter 0<y <1 specifies where along the diagonal the orthogonal probe array is

placed by locating the probe lines’ intersection point.
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For Np/Nd=2t08by 2:

For 7 = 7s1art to 7srop by A7

(a.1) Compute initial probe distribution.
(a.2) Compute initial fitness matrix.
(a.3) Assign initial probe accelerations.

(a.4) Set initial F

rep *
For j=0 to N , (or earlier termination criterion):
(b) Compute probe position vectors,

=,

RI, 1< p<N, [eq(2)]

(©) Retrieve errant probes (1< p < NI} ):

P 4 min
If RY-e, <x™ ..

ppP .5 _ min pp .5 _ ,min
R -e,=x" +F,, (R -¢—x"")

rep i i

[7 . A max .
If RJ, e >x

PP .5 _ max max _ pp o5
RV -e =x F, (x R, -¢)

J i i - rep

(d) Compute fitness matrix for current probe
distribution.

(e) Compute accelerations using current probe
distribution and fitnesses [eq. (1)].

) Increment F = by AF, o
ItF, >1.F, =AF,.

®  1f jMOD20=0 ..
Shrink Q around R, ., .

Next j

Next ¥

Next Np/Nd

Figure 1. CFO-PR pseudocode with variable initial probes, variable £, ,and DS adapta-
tion (see Appendix).

While Figure 2(a) shows an equal number of probes on each line, a different
number of probes per axis can be used instead. For example, if equal probe spacing
were desired in a decision space with unequal boundaries, or if overlapping probes
were to be excluded in a symmetrical DS, then unequal numbers would be used.
Unequal numbers also might be appropriate if a priori knowledge of (2’s land-
scape, however obtained, suggests denser sampling in one area. The initial probe
distribution in Figure 2 with variable N, / N, was used for the CFO-PR runs
reported here, but any number of other variable initial probe distributions could
be used instead. A typical three-dimensional “probe line” IPD is shown in Figure

2(b). The key idea is that the initial probe distribution must be pseudorandom,
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IPD, ¥ =0

X,

% .
- — S R |
4

|

Decision Space

(@)

IPD,V;/=0,5 IPD, ¥ = 0.8
(b)

Figure 2. (a) Variable 2-D initial probe distribution used for CFO-PR runs reported here; (b) Typical variable 3-D IPD with 6

Probes/Axis.

that is, arbitrary and consequently uncorrelated with (’s landscape.
Repositioning Factor: A variable value for F,,, also adds pseudorandomness.
F,, starts at some arbitrary initial value that is incremented at each iteration by an
arbitrary amount AF, =~ such that F, remains bounded as AF, <F, <I.
This errant probe retrieval scheme is an example of an arbitrary sequence of cal-
culated numbers deterministically assigned to a CFO parameter. CFO’s ability to
search Q) depends on where errant probes are reinserted. This process is pseu-
dorandom in nature because £, isdeterministic but arbitrary and uncorrelated
with Q’s topology. By placing errant probes pseudorandomly throughout the de-
cision space, more information is developed about its topology as the run pro-

gresses. The scheme used here was determined empirically, and it appears to work
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well across a wide range of objective functions. Of course, there are many other

procedures for setting F,_ ’s value, some no doubt better than others.

.

Decision Space Adapt:tion: CFO-PR also includes adaptive reconfiguration
of the decision space in order to improve convergence speed. This feature also is
pseudorandom in nature because the way Q’s boundaries are changed is arbitrary
and uncorrelated with the landscape. Figure 4 illustrates in 2D how s size is
adaptively reduced, in this case every 20 step around the probe’s location with
the then best fitness throughout the run up to the current iteration, R, . Q’s
boundary coordinates are reduced by one-half the distance from the best probe’s
position to the each boundary on a coordinate-by-coordinate basis, that is,
R, -é —x™" x"™ R, -6,

rmax max best

=X +”’# ,and x/™ =ux; —% , where the primed

coordinate is the new decision space boundary value, and the dot denotes vector

rmin min

inner product. For clarity, Figure 3 shows R,,, as fixed, whereas generally it var-

est
ies throughout a run. Changing ()’s boundary every twenty steps instead of some
other interval was chosen arbitrarily (another, probably better approach, might be
a reactive adaptation based on performance measures such as convergence speed

or fitness saturation).

X b
2 Step 0
Step 20
‘ Step 40
/
Decision Space
X,

Figure 3. Schematic 2-D decision space adaptation (with constant R,,,, ).

3. A Sample Benchmark Problem

The effectiveness of injecting pseudorandomness into CFO-PR will be illustrated
with the 2D Goldstein-Price function (“GP”) plotted in Figure 4. GP is a recog-
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z=F(x1.x2)

0
-1e+018
-2e+018
-3e+018
4e+018
-5e+018
-6e+018
-Te+018
-8e+018
-9e+018

-100

x1

Figure 4. Goldstein-price function.

nized benchmark problem defined as
f(x.x)= —[1+(x1 o, +1) (19~ 143, +3x7 ~14x, +6x,x, +3x} )J
><[3o+(2x1 ~3x, )" (18320 +12x7 +48x, ~36x,x, +27x} )J

where (: —100 < x,,x, <100 Note that in most published reports Q is much
smaller, viz., —2 <x,,x, <2.It has been intentionally increased here to make the
problem more difficult. GP’s known global maximum is —3 at the point (0, —1).
GP is multimodal with few local maxima, and it varies over nearly nineteen orders

of magnitude as shown in Figure 4.

Plot of GP Function

0
-1e+018
-2e+018
-3e+018
4e+018
-5e+018

g -6e+018
i -Te+018

-8e+018
-9e+018

100

" 50

50 ~50

The following parameter values were used for all analytical benchmark runs
reported in this note, that is, functions with known maxima: a=2, g=2,
G =2, At=1, initial acceleration of zero, initial Fmp =0.5, AFrep =0.05,

Yoarr =05 Vaop =1 with Ay =0.1 (eleven runs). Because 0<y <1 the algo-
rithm designer must choose the granularity with which y is specified. A value
of 0.1 has consistently worked well, but of course a different granularity could be
used instead, say 0.05 or even 0.025. The number of individual CFO runs increases
substantially as the granularity decreases, so that the algorithm designer must
make a determination that likely will vary one optimization problem to the next.
For the Goldstein-Price benchmark the number of probes per dimension was
specifiedas N, / N, =4 to 14 by 2 with different ranges of this parameter for the
other test functions as described in Table 1. Just as y is specified based on the

algorithm designer’s experience and understanding of the problem at hand, so too
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is parameter N, / N, . And just as decreasing y results in more function evalu-
ations, increasing N, / N, has the same effect. In all cases for the GP runs re-
ported in Table 1, a run was terminated early if the average best fitness over 50
steps including the current step and the current best fitness differed by less than
107%. The best run pseudorandom IPD’s computed using the procedure illustrated
in Figure 2(a) are plotted in Figure 5.

Table 1 shows a summary of the results for the GP function. A total of sixty-six
optimization runs were made in six groups of eleven runs each with data for “Run
#0” being starting values. The column headings are for the most part self-explan-
atory. Each run began with N, =500, but, as the #Steps column shows, in no
case were 500 iterations actually used because every run terminated early. N,
is the number of function evaluations performed for the shortened run, and the
total number of evaluations over all runs appears at the bottom of this column.

The F,, column lists £, ’s value at the end of the run. “V” denotes that
F, was variable as discussed above. Fitness tabulates the best fitness returned

rep
during the run. The Initial Probes column shows the type of initial probe distri-
bution, in this case probes uniformly spaced along probe lines parallel to (2’s axes
(notated “ll-AXIS”) as described above and shown in Figure 5.

The best fitness ranged from a low of —236.6643... in run 12 to the known global
maximum of -3 at (0,—1) that was returned in run #54 (best results highlighted
in red). Parameters for run #54 were N, /Nd =12, N,=24,and y=09.The
total number of function evaluations over all runs was 180,472 while N,
the best run was 1,464 (60 iterations).

Figure 6 plots the evolution of GP’s best fitness, which in only two steps in-
creases from —2.992268247672 x 107** to GP’s actual global maximum of —3. This

result is quite remarkable in view of the initial probe distribution for y =0.9

for

(Figure 5) in which all probes are far removed from the maximum’s location at
(0,—1). As a general proposition CFO-PR’s exploitation of the decision space
(converging quickly on maxima) appears to be very robust indeed [16].

Figure 7 plots CFO’s “D, . curve” for GP. D, is the normalized average

distance between the probe with the best fitness and all other probes at each time

1 &

V4

Ny L2
Z(xl."” —x ) where p* is the number of
i=1

the probe with the best fitness, and L = Z(x."“”‘ —xm )2 is the length of O’s
principal diagonal (see Appendix for defin tions). D,,, decreases monotonically
through step 10 to 0.0496977, then increases very quickly to a peak of 0.4767301
at step 11, followed by another quasi-monotonic decrease through step 29 to
0.0274355. This cycle repeats through step 48 where D, is0.0169657, followed
by a jump to 0.1194779 at step 49.

After a slight dip through step 53, D, flattens out around a value of 0.11...
The quasi-oscillatory behavior in D,,, usually correlates with local trapping,
which in this case happens to be at the global maximum. Oscillationin D,,, may

be a similar phenomenon to oscillation seen in “AV” curves for gravitationally
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Table 1. Summary results for GP function using CFO-PR.

FUNCTION: GP (Goldstein-Price)

Run # Gamma Nt Nd Np G DelT Alpha Beta #sSteps Neval Frep Fitness Initial Probes
0 0.000 500 2 8 2.0 1.0 2.00 2.00 0 0 0.50000V -9999.00000000 UNIFORM |-AXIS
1 0.000 500 2 8 2.0 1.0 2.00 2.00 78 632 0.60000V -5.48169471 UNIFORM |-AXIS
2 0.100 500 2 8 2.0 1.0 2.00 2.00 134 1080 0.55000V -84.78003234 UNIFORM |-AXIS
3 0.200 500 2 8 2.0 1.0 2.00 2.00 191 1536 0.55000V -3.19822531 UNIFORM I-AXIS
4 0.300 500 2 8 2.0 1.0 2.00 2.00 79 640 0.65000V —-8.62285433 UNIFORM I-AXIS
5 0.400 500 2 8 2.0 1.0 2.00 2.00 403 3232 0.70000V -84.47139703 UNIFORM |-AXIS
6 0.500 500 2 8 2.0 1.0 2.00 2.00 261 2096 0.25000V -10.56054743 UNIFORM |-AXIS
7 0.600 500 2 8 2.0 1.0 2.00 2.00 135 1088 0.60000V -4.98190912 UNIFORM I-AXIS
8 0.700 500 2 8 2.0 1.0 2.00 2.00 229 1840 0.55000V -3.00130536 UNIFORM I-AXIS
9 0.800 500 2 8 2.0 1.0 2.00 2.00 133 1072 0.50000V -89.42718008 UNIFORM |-AXIS

10 0.900 500 2 8 2.0 1.0 2.00 2.00 116 936 0.60000V -8.57642421 UNIFORM |-AXIS
11 1.000 500 2 8 2.0 1.0 2.00 2.00 193 1552 0.65000V -3.08573605 UNIFORM I-AXIS
12 0.000 500 2 12 2.0 1.0 2.00 2.00 78 948 0.60000V ~-236.66437724 UNIFORM |-AXIS
13 0.100 500 2 12 2.0 1.0 2.00 2.00 263 3168 0.35000V -3.00574349 UNIFORM |-AXIS
14 0.200 500 2 12 2.0 1.0 2.00 2.00 78 948 0.60000V -57.61728445 UNIFORM |-AXIS
15 0.300 500 2 12 2.0 1.0 2.00 2.00 304 3660 0.50000v -3.00017384 UNIFORM I|-AXIS
16 0.400 500 2 12 2.0 1.0 2.00 2.00 154 1860 0.60000V -3.55376552 UNIFORM |-AXIS
17 0.500 500 2 12 2.0 1.0 2.00 2.00 196 2364 0.80000V -3.00014046 UNIFORM |-AXIS
18 0.600 500 2 12 2.0 1.0 2.00 2.00 154 1860 0.60000V -6.35080630 UNIFORM |-AXIS
19 0.700 500 2 12 2.0 1.0 2.00 2.00 212 2556 0.65000V -3.03478155 UNIFORM I-AXIS
20 0.800 500 2 12 2.0 1.0 2.00 2.00 78 948 0.60000V -16.66444362 UNIFORM I-AXIS
21 0.900 500 2 12 2.0 1.0 2.00 2.00 99 1200 0.70000V -6.52063755 UNIFORM |-AXIS
22 1.000 500 2 12 2.0 1.0 2.00 2.00 250 3012 0.65000V -3.01375068 UNIFORM I-AXIS
23 0.000 500 2 16 2.0 1.0 2.00 2.00 78 1264 0.60000V -22.18779159 UNIFORM |-AXIS
24 0.100 500 2 16 2.0 1.0 2.00 2.00 60 976 0.65000V -16.89097168 UNIFORM |-AXIS
25 0.200 500 2 16 2.0 1.0 2.00 2.00 173 2784 0.60000V -3.01613943 UNIFORM |-AXIS
26 0.300 500 2 16 2.0 1.0 2.00 2.00 79 1280 0.65000V -76.69765275 UNIFORM |-AXIS
27 0.400 500 2 16 2.0 1.0 2.00 2.00 189 3040 0.45000V -3.00972155 UNIFORM |-AXIS
28 0.500 500 2 16 2.0 1.0 2.00 2.00 191 3072 0.55000V -6.65915188 UNIFORM I-AXIS
29 0.600 500 2 16 2.0 1.0 2.00 2.00 122 1968 0.90000V -15.75050525 UNIFORM |-AXIS
30 0.700 500 2 16 2.0 1.0 2.00 2.00 60 976 0.65000V -31.95935579 UNIFORM |-AXIS
31 0.800 500 2 16 2.0 1.0 2.00 2.00 95 1536 0.50000V -49.88324658 UNIFORM |-AXIS
32 0.900 500 2 16 2.0 1.0 2.00 2.00 304 4880 0.50000v —3.00045306 UNIFORM I|-AXIS
33 1.000 500 2 16 2.0 1.0 2.00 2.00 318 5104 0.25000V -3.00010350 UNIFORM I-AXIS
34 0.000 500 2 20 2.0 1.0 2.00 2.00 78 1580 0.60000V -76.94725945 UNIFORM I-AXIS
35 0.100 500 2 20 2.0 1.0 2.00 2.00 116 2340 0.60000V -3.12194540 UNIFORM |-AXIS
36 0.200 500 2 20 2.0 1.0 2.00 2.00 191 3840 0.55000V -3.03175136 UNIFORM I|-AXIS
37 0.300 500 2 20 2.0 1.0 2.00 2.00 78 1580 0.60000V -182.65850920 UNIFORM I-AXIS
38 0.400 500 2 20 2.0 1.0 2.00 2.00 193 3880 0.65000V —3.14860260 UNIFORM I|-AXIS
39 0.500 500 2 20 2.0 1.0 2.00 2.00 98 1980 0.65000V —-3.62879802 UNIFORM |-AXIS
40 0.600 500 2 20 2.0 1.0 2.00 2.00 192 3860 0.60000V —3.04067143 UNIFORM I-AXIS
a1 0.700 500 2 20 2.0 1.0 2.00 2.00 139 2800 0.80000V —3.54277590 UNIFORM I|-AXIS
42 0.800 500 2 20 2.0 1.0 2.00 2.00 171 3440 0.50000V —-3.00072472 UNIFORM |-AXIS
43 0.900 500 2 20 2.0 1.0 2.00 2.00 101 2040 0.80000V —-4.37891524 UNIFORM |-AXIS
44 1.000 500 2 20 2.0 1.0 2.00 2.00 79 1600 0.65000V —35.88632429 UNIFORM I-AXIS
45 0.000 500 2 24 2.0 1.0 2.00 2.00 226 5448 0.40000V -3.00031923 UNIFORM |-AXIS
46 0.100 500 2 24 2.0 1.0 2.00 2.00 78 1896 0.60000V -9.06529259 UNIFORM |-AXIS
47 0.200 500 2 24 2.0 1.0 2.00 2.00 209 5040 0.50000V -3.03088087 UNIFORM |-AXIS
48 0.300 500 2 24 2.0 1.0 2.00 2.00 79 1920 0.65000V -30.56252660 UNIFORM |-AXIS
49 0.400 500 2 24 2.0 1.0 2.00 2.00 306 7368 0.60000V -3.00075380 UNIFORM I-AXIS
50 0.500 500 2 24 2.0 1.0 2.00 2.00 248 5976 0.55000V -3.00968878 UNIFORM |-AXIS
51 0.600 500 2 24 2.0 1.0 2.00 2.00 97 2352 0.60000V —-3.34890591 UNIFORM |-AXIS
52 0.700 500 2 24 2.0 1.0 2.00 2.00 246 5928 0.45000V -3.01530923 UNIFORM |-AXIS
53 0.800 500 2 24 2.0 1.0 2.00 2.00 78 1896 0.60000V —-31.34561763 UNIFORM |-AXIS
54 0.900 500 2 24 2.0 1.0 2.00 2.00 60 1464 0. 65000V -3.00000000 UNIFORM |I-AXIS
55 1.000 500 2 24 2.0 1.0 2.00 2.00 101 2448 0.80000V —-15.41042957 UNIFORM I-AXIS
56 0.000 500 2 28 2.0 1.0 2.00 2.00 266 7476 0.50000V -3.00178783 UNIFORM |-AXIS
57 0.100 500 2 28 2.0 1.0 2.00 2.00 257 7224 0.05000V -3.02198109 UNIFORM |-AXIS
58 0.200 500 2 28 2.0 1.0 2.00 2.00 60 1708 0.65000V -102.95525789 UNIFORM I-AXIS
59 0.300 500 2 28 2.0 1.0 2.00 2.00 154 4340 0.60000V -3.40567728 UNIFORM I-AXIS
60 0.400 500 2 28 2.0 1.0 2.00 2.00 79 2240 0.65000V -40.28712313 UNIFORM |-AXIS
61 0.500 500 2 28 2.0 1.0 2.00 2.00 210 5908 0.55000V -3.00034670 UNIFORM |-AXIS
62 0.600 500 2 28 2.0 1.0 2.00 2.00 79 2240 0.65000V -32.25789818 UNIFORM I-AXIS
63 0.700 500 2 28 2.0 1.0 2.00 2.00 60 1708 0.65000V —36.68532659 UNIFORM I-AXIS
64 0.800 500 2 28 2.0 1.0 2.00 2.00 60 1708 0.65000V -14.65270155 UNIFORM |-AXIS
65 0.900 500 2 28 2.0 1.0 2.00 2.00 78 2212 0.60000V —-31.47896038 UNIFORM |-AXIS
66 1.000 500 2 28 2.0 1.0 2.00 2.00 282 7924 0.35000V -3.00151179 UNIFORM I-AXIS
Total Function Evaluations: 180472
54 0.900 500 2 24 2.0 1.0 2.00 2.00 60 1464 0.65000V -3.00000000 UNIFORM II-AXIS

trapped Near Earth Objects (NEOs), strongly suggesting that NEO theory may

hold the key to analytical mitigation or elimination of local trapping at local max-

ima and possibly a proof of convergence for CFO (see in particular [16]). As the

data in Table 1 clearly show, some sets of parameters are much better than others.

Without pseudorandom initial probes, one run would be made with, in this ex-

ample, only a 13.6% probability of locating the global maximum with a fractional

accuracy of 0.03% (9 of 66 runs). This statistic highlights the importance of pseu-
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dorandomness in CFO.

Because CFO-PR converges so quickly on GP’s global maximum, the number
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Figure 5. GP best run initial probe distributions.
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Figure 6. Evolution of GP function best fitness.
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Figure 7. Evolution of GP function D, .

of the probe with the best fitness is constant after step #1 as seen in the best probe
plot in Figure 8. The best probe number (#14) is the same for steps 0 and 1, but it
switches to probe #2 at step 2. Neither the number of the best probe nor the fitness
change after step 2. Of course, for most functions the best probe number varies

throughout a run, often quite erratically.
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Best Probe Number vs Time Step
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Figure 8. GP function best probe number.
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Figure 9. GP function trajectories of probes with best fitness.

Figure 9 and Figure 10, respectively, plot the probe trajectories for the probes
with the best ten fitnesses ordered by fitness and for the first sixteen individual

probes ordered by probe number [number of trajectories plotted chosen as a mat-
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ter of convenience]. Both plots are very chaotic with no obvious sign of regularity
in how probes gravitate to the global maximum. Nevertheless, there is some meas-

ure of regularity as reflected in the D,, curve because its appearance is not

vg
nearly as chaotic as the trajectory plots. In fact, in many cases D, exhibits a

mathematically precise oscillation even when the probe trajectories look like Fig-
ure 9 and Figure 10 (see in particular [4] [17]).

2D GP INDIVIDUAL PROBE TRAJECTORIES

(ORDERED BY PROBE #)
100 T
50 1
N0
-50
-100
-100 -50 0 50 100

Figure 10. GP function probe trajectories by probe number.

4. A Benchmark Suite

CFO-PR was tested against the twenty-three function benchmark suite in [18],
and the results compared to those from the other algorithms reported in that
paper. The benchmarks, their decision spaces, and the three other algorithms
(“GSO,” “PSO,” “GA”) are discussed in detail in that paper. GSO (Group Search
Optimizer, not to be confused with “Global Search and Optimization™) is a novel,
highly refined Nature-inspired metaheuristic that mimics animal searching be-
havior based on a “producer-scrounger” model. PSO was implemented using
“PSOt,” a MATLAB-based toolbox that includes standard and variant PSO algo-
rithms. The genetic algorithm in [18] was implemented using the GAOT toolbox
(genetic algorithm optimization toolbox). Recommended default parameter val-
ues were used for the PSOt and GA algorithms as described in [18].

Table 2 summarizes CFO-PR’s results using the same function numbering as
[18] (more detailed data appear in the Appendix that is available online [15]).
Note that the benchmark suite in [18] does not include GP as a test function. In
Table 2 f,__ is the known global maximum (note that the negative of each
benchmark is used because, unlike the other algorithms, CFO locates maxima, not

minima). ( . ) denotes average value. Because GSO, PSO and GA are inherently
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Table 2. CFO-PR comparative results for 23 Benchmark Functions (N, = Function Dimension, f, = Known Global Maxi-

mum).
CFO
Test . <Best Fitness>/
Functionf i S Other Algorithm Best Fitness ” Best Nevar Nevar
! N, / N, Best Run Total
Unimodal Functions (other algorithms: average of 1000 runs)
4 30 0 -3.6927 x 107¥/PSO —4.8438 x 10™* 0.1 4 20,640 507,060
b 30 0 —2.9168 x 107%4/PSO -4 %1078 0.5 2 5040 716,400
5 30 0 —1.1979 x 1073/PSO -6 x107® 0.5 2 10,260 1,534,260
4 30 0 —-0.1078/GSO -4.2 %107 0.5 2 5160 332,340
5 30 0 -37.3582/PSO -1.09289 x 10 0.9 6 34,560 845,640
j 30 0 —1.6000 x 1072/GSO 0 1.0 6 10,980 350,280
5 30 0 —9.9024 x 10%/PSO —4.249 x 10~° 0.1 4 60,120 1,983,960
Multimodal Functions, Many Local Maxima (other algorithms: avg 1000 runs)
5 30 12,569.5 12,569.4882/GSO 12,569.4866 0.5 4 12,720 448,800
5 30 0 —-0.6509/GA -2.05 % 107 0.7 4 16,440 680,640
fio 30 0 —2.6548 x 107°/GSO -1.5x 1077 0.5 2 5100 904,980
3 30 0 —3.0792 x 1072/GSO —9.97293 x 1072 0.1 6 42,660 489,060
JiP) 30 0 -2.7648 x 107'1/GSO -2.067 x 10°° 0.5 2 3660 341,400
£ 30 0 —4.6948 x 107°/GSO -3.2853 x 1073 0.6 6 16,920 679,620
Multimodal Functions, Few Local Maxima (other algorithms: avg 50 runs)
fia 2 -1 —-0.9980/GSO —-0.9980 0.2 12 5952 141,076
fis 4 —-0.0003075 -3.7713 x 107°4/GSO —4.889 x 10™* 0 12 3360 304,664
fis 2 1.0316285 1.031628/GSO 1.031626 0.4 12 6288 124,340
17 2 -0.398 —-0.3979/GSO -0.3979 0 8 1872 108,340
fis 2 -3 -3/GSO -3 0.9 12 1464 180,472
fis 3 3.86 3.8628/GSO 3.8627 0.2 14 3150 200,268
bo 6 3.32 3.2697/GSO 3.32173 0.3 12 18,072 730,212
b 4 10 7.5439/PSO 10.1532 0.4 6 1896 336,712
b 4 10 8.3553/PSO 10.4029 0.8 6 2208 386,176
b3 4 10 8.9439/PSO 10.5363 0.8 6 2256 394,320

*Note: negative of the functions in [11] are computed by CFO because CFO searches for maxima instead of minima.

stochastic, evaluating their performance requires a statistical assessment. Statisti-

cal data for those algorithms in Table 2 are reproduced from [18] where thou-

sands of runs were required. In stark contrast CFO’s results, of course, are repeat-

able over runs with the same parameters because it is deterministic; therefore no
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statistical description is necessary.
The CFO-PR data correspond to the best fitness returned by the single best run
in the set of runs with variable N » / N, and variable y. For functions £ - £3
eleven runs were made with 0<y <1 inincrementsof0.l1and 4<N, /Nd <14
by 2 (66 runs total). For £ - f; the same procedure was used, but with
2<N, / N, <6 by 2 (33 runs total) in order to avoid excessive runtimes. Table
2 shows the y value corresponding to the best fitness, y,,,, and the corre-
sponding best value of N, / N,. N

eval

is the number of function evaluations,
and it is tabulated for the single best run and for the group of runs used to deter-
mine y,,, and the best number of probes per axis.

In the first group of high dimensionality unimodal functions, £ - %, CFO-PR
returned the best fitness on five of the seven functions (£ - £). PSO performed
best on the first two. In the second set of high dimensionality multimodal func-
tions with many local maxima, £ - £3, CFO-PR performed best on two (£, £,) and
essentially the same as the best other algorithm (GSO) on £. In last group of ten
multimodal functions with few local maxima, £, - £3, CFO-PR returned the best
fitness on four (£ - £3), equal fitnesses on three (£, 17, £is), and very slightly lower
fitnesses on the remaining three.

CFO-PR performed very well against three other highly sophisticated algo-
rithms. It returned the best, equal, essentially equal or very slightly lower fitnesses
on eighteen of the twenty three test functions. It is reasonable to conclude that,
overall, CFO-PR performed as well or better than GSO, which in turn performed
better than PSO or GA.

Because GP was not included in [18] a direct comparison with that test function
cannot be made. But in order to provide a thorough comparison Table 2 and
Table 3, respectively, tabulate the number of function evaluations from [18]
compared to CFO-PR’s total number of runs and the number for its best run. The
total number for CFO-PR depends entirely on the choice of parameters N, / N,
and y . Table 4 provides the same information as Table 3 but for CFO-PR’s best
run instead of for all runs. Increasing the number of probes per dimension or

decreasing the granularity of the probe line parameter can dramatically increase

Table 3. # Evals, GSO/CFO-PR all runs.

Fnc # GSO/CFO-PR Fnc # GSO/CFO-PR Fnc # GSO/CFO-PR

1 150000/507060 9 250000/680640 17 5000/108340
2 150000/716400 10 150000/904980 18 10000/180472
3 250000/1534260 11 150000/489060 19 4000/200268
4 150000/332340 12 150000/341400 20 7500/730212
5 150000/845640 13 150000/679620 21 1000/336712
6 150000/350280 14 7500/141076 22 1000/386176
7 150000/1983960 15 250000/304664 23 1000/394320
8 150000/448800 16 1250/124340 -- --
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Table 4. # Evals, GSO/CFO-PR best run.

Fnc # GSO/CFO-PR Fnc # GSO/CFO-PR Fnc # GSO/CFO-PR

1 150000/20640 9 250000/16440 17 5000/1872
2 150000/5040 10 150000/5100 18 10000/1464
3 250000/10260 11 150000/42660 19 4000/3150
4 150000/5160 12 150000/3660 20 7500/18072
5 150000/34560 13 150000/16920 21 1000/1896
6 150000/10980 14 7500/5952 22 1000/2208
7 150000/60120 15 250000/3360 23 1000/2256
8 150000/12720 16 1250/6288 -- --

the number of function evaluations as is evident from these Table 2 and Table 3.
It therefore behooves the algorithm designer to choose these parameters wisely,
and perhaps to employ novel strategies instead of simply looping on many possi-
bilities as is done here. For example, a bisection scheme might work well, but this
approach has not been tested because the very point of this discussion is to demon-
strate how well CFO-PR works with an appropriate choice of run parameters. An
adaptive approach such as discussed in [19] might be useful in CFO-PR.

When appropriate parameters are specified, CFO-PR’s performance is quite
good as demonstrated by the 30-dimensional Schwefel Problem 2.26 (see [19]).
This is an especially difficult benchmark because of its extreme multimodality as

shown in its 2D plot shown in Figure 11.
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Figure 11. Schwefel problem 2.26 in two dimensions (courtesy
http://www.sfu.ca/~ssurjano/schwef.html).
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Run #  Gamma Nt Nd Np
1 0.000 50 30 120
2 0.100 50 30 120
3 0.200 50 30 120
4 0.300 50 30 120
5 0.400 50 30 120
6 0.500 50 30 120
7 0.600 50 30 120
8 0.700 50 30 120
9 0.800 50 30 120
10 0.900 50 30 120
11 1.000 50 30 120
4 0.300 50 30 120

30
The 30D Schwefel is defined as f()?) = le. sin,/|xl.| , =500 <x, £500 with
i=1

a known global maximum value of 12,569.5 [4]. CFO-PR data are as follows:

G pelT  Alpha Beta #steps Neval Frep Fitness Initial Probes
.0 1.0 .00 2.00 50 6120 0.15000v 8797.89702586 UNIFORM ON-AXIS
.0 1.0 2.00 2.00 50 6120 0.15000v 12569.48523412 UNIFORM ON-AXIS
.0 1.0 2.00 2.00 50 6120 0.15000v 12569.45971960 UNIFORM ON-AXIS
.0 1.0 2.00 2.00 50 6120 0.15000v 12569.48636068 UNIFORM ON-AXIS
.0 1.0 2.00 2.00 50 6120 0.15000v 12569.40456356 UNIFORM ON-AXIS
.0 1.0 2.00 2.00 50 6120  0.15000v 12569.45117365 UNIFORM ON-AXIS
.0 1.0 2.00 2.00 50 6120 0.15000v 12569.46774934 UNIFORM ON-AXIS
.0 1.0 2.00 2.00 50 6120 0.15000v 12569.29455147 UNIFORM ON-AXIS
.0 1.0 2.00 2.00 50 6120  0.15000v 12569.40014828  UNIFORM ON-AXIS
.0 1.0 2.00 2.00 50 6120 0.15000v 12569.48408745 UNIFORM ON-AXIS
.0 1.0 2.00 2.00 50 6120  0.15000v 12568.73784075  UNIFORM ON-AXIS
Total Function Evaluations: 67320
.0 1.0 2.00 2.00 50 6120  0.15000v 12569.48636068  UNIFORM ON-AXIS

But for runs #1 and 11 CFO-PR returned excellent estimates of the Schwefel’s
maximum, which confirms how well it performs with appropriate choices for
N, / N, and y.

5. Typical “Real World” Problems

Besides working very well on a wide range of benchmark functions with excellent
scalability [13], CFO-PR is very effective on “real world” problems as well. Two
sample problems are discussed in this section. Both are drawn from antenna en-
gineering. Readers unfamiliar with or not particularly interested in this field can
peruse this section quickly to get an idea of how well CFO-PR works against a

couple of difficult practical problems.

5.1. Circular Array of Half-Wave Dipoles (PBM#3)

The first real world problem is Problem #3 in the PBM suite of antenna bench-
marks (“PBM#3”) [20]. This suite comprises five difficult real-world antenna op-
timization problems designed to test a metaheuristic’s effectiveness (how close it
gets to the known best fitness and its location in Q) and its efficiency (number of
required calculations).

PBM#3 is a circular array of half-wave dipoles (1/2, where A is wavelength).
Its geometry is shown in Figure 12. The array comprises eight dipoles parallel to
the z-axis uniformly deployed on a one-wavelength radius circle (4=1.0) in
standard right-handed Cartesian coordinates. All dipoles are center-fed by unit-
amplitude sources with phase varying as «, = —cos[Znﬂ(n—l)J , n=1--8,
and S isthe phase parameter. The unit-amplitude excitation is therefore
V, =cose, + jsing,, j=\/—71.

Fitness. The objective (fitness) function is maximizing the array’s directivity
D( ,6‘,9) in the plane @ =0" as a function of the dimensionless phase parame-
ter 0< <4 and the polar angle 6. The decision spaceis {Q: 0< <4,

0 <@ <m}. Its landscape is shown in Figure 13. Although the topology is very
highly multimodal, the global maxima are nevertheless visible. The range of A

results in four equal-amplitude global maxima at the points ( 5, =i—0.5,
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i=1,2,3,4; 0=m/2). The known value of the maxima was determined by mod-
eling the array with the Numerical Electromagnetics Code Version 4 (NEC4) [21].
The NEC4-computed maximum directivity is 6.15 dBi (decibels relative to iso-
tropic). CFO was run with the following parameters: N, =2, N, =100,

N
P — —
—d =8, N, =1, y=0 (4 probes equally spaced on each of the two axes),

FM =05, AF,, =01, F" =005, a=2, f=2, G=2, Ar=1.These

parameter values provide an example of how the number of function evaluations

can be reduced.
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Figure 12. PBM #3, Circular Array of Half-Wave Dipoles (14 radius).
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Figure 13. PBM#3 landscape, perspective view.
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Effectiveness. CFO-PR returned a maximum directivity of 6.48634 dBi, which
is a difference of 0.33634 dB (5.5%//6.15, “//” is relative to). For the maximum’s
location CFO-PR returned coordinates S =0.48024,6 =1.57327, which differ
from the known coordinates by 0.01976 and —0.00247, respectively (3.9% and
0.15% // known coordinates).

Efticiency: CFO-PR required 1050 function evaluations while the best perform-
ing algorithm in [20] required 900. Four different optimizers were evaluated in
[20], and the other three required between 1685 and 5040 function evaluations.
CFO-PR thus performs very well on PBM#3.

5.2. Ultra-Wideband Bowtie

The second real-world antenna problem is optimizing a resistively-loaded Bowtie
antenna. The Bowtie is widely used as a broadband structure, but unloaded ver-
sions cannot provide nearly as much bandwidth as a resistively loaded antenna. A
detailed analysis of the Bowtie structure appears in [22]. The general objective is
to achieve ultra wideband (UWB) performance over as much of the 3 - 8 GHz
band as possible, where following the U.S. FCC definition UWB is defined as 25%
or more of the band center frequency.

Z, asadesign variable: Z, is the characteristic impedance of antenna’s feed

system. For historical reasons its value is usually 50 ohms resistive, and almost all
modern antennas are designed against this standard. In optimizing an antenna
Z, is consequently almost always a fixed parameter, not an optimization varia-
ble. But by removing this artificial constraint and allowing Z, to be determined
by the optimizer much better antennas can be discovered [23]. This approach is
referred to as Variable Z,, which is a patented technology [24] that is now in the
public domain for unrestricted use.

An antenna’s impedance bandwidth (IBW) is defined as the frequency band or

bands within which the antenna input impedance, Z

. » is matched within speci-
fied limits to the feed system characteristic impedance, Z,. The required degree
of impedance matching can be specified in terms of the antenna’s actual input
impedance (resistance and reactance) as a function of frequency, or, as is more
often the case, in terms of a maximum voltage standing wave ratio (VSWR). IBW
typically is specified as VSWR //Z, <2:1 (// denoting “relative to”), which is
equivalent to a return loss (scattering parameter S;,) of approximately less than
—10 dB. Of course, other VSWR thresholds can be used instead (and often are).
Zehforoosh et al. [25] describes the design of an UWB microstrip antenna and
provides a good summary of Z;’s significance as a design parameter in the con-
text of IBW. Notably, in [25] Z, is a fixed parameter, not a variable quantity as
itisin Variable Z,.

The Bowtie antenna structure is shown schematically in Figure 14. The objec-
tive is to maximize bandwidth in the 3 - 8 GHz range. The Bowtie comprises two
symmetrical wire triangles connected by a feed wire. The perfectly electrically

conducting (PEC) wire has diameter 2a meters and the arm and feed wire
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Figure 14. Schematic diagram of resistively loaded Bowtie antenna.

lengths are L

arm

and L, , respectively, also in meters. The bowtie’s flare angle
(vertex angle) is 2¢ radians. The antenna is impedance-loaded with four sym-

metrically placed equal-value loading resistors, R,

o

.. ohms, that increase IBW at
the expense of radiation efficiency (see [26] for a discussion of impedance load-
ing). The resistors are inserted in series with the antenna wire a distance L, ,
meters from the vertex. Excitation is provided by an RF (radio frequency) source
at the center of the feed wire. The feed system characteristics impedance is Z,
which, as discussed above, is an optimization parameter whose value will be de-
termined by the optimization process.

The Bowtie structure was modeled in free space with the double-precision ver-
sion of NEC4, [21] without and with resistive loading. The RF source is located at
the origin of NEC’s standard right-handed spherical polar coordinate system with
the antenna the Y-Z plane and feed wire along the Y-axis.

Design Variables: The Bowtie problem is 5-dimensional with design variables:
Ay Liyyys R

loa

L

arm

odology, Z,. Each of these quantities is allowed to vary in the optimization pro-

.» and, importantly and differently from traditional meth-

cess. Their values are determined by the optimizer. Note that the wire radius a
and the feed wire length L, , are fixed parameters and consequently not in-
cluded in the list of design variables (this is the usual approach).

Optimization Methodology. CFO-PR was used as the optimizer. The fitness
function (to be maximized over the frequency range 0.8-12 GHz) was defined as

F(Zys Ripp> Lipaas L » @) =

load > ~arm >

5-min(G

max

)+min(&)

|max (R,,) - Z,|- {max (VSWR // Z, )~ min(VSWR // Z, )} -{max (X, ) —min (X, )}’

in which ¢ is the bowtie’s radiation efficiency, G, its maximum gain, and

max
Z, =R, +jX, itsinputimpedance, all as functions of frequency. The first term
in the denominator drives the input resistance toward the feed system character-

istic impedance (assumed to be purely resistive), while the second and third terms,
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respectively, minimize the VSWR and input reactance variability with frequency.
The Bowtie’s fitness increases with increasing radiation efficiency and minimum
maximum gain, and it decreases with increasing mismatch between Z, and
R, , and with increasing variability in VSWR and input reactance. The coefficient
5 in the gain term was determined empirically. Of course, the antenna designer is
free to specify any desired fitness function, and different fitnesses will create dif-

ferent decision space landscapes that result in different antenna designs.
The decision space was defined as follows: 0.01<L, <0.08m,

10° < <80° (bowtie variables); 1< {L"’—“dJ <9, 1<R,, <1000Q (loading
variables); 50<Z, <1000 Q (variable feed system characteristic impedance).
The fixed design parameters were L, =0.02m and wire radius @ =0.0005 m
(all dimensions in meters). These parameter ranges were specified based on expe-
rience.

A parameter-free CFO-PR implementation was used (only the fitness function

supplied as input) [22]-[24], run parameters being: N, =5; N, =250 ;

N . )
N, =11 (Ay=0.1); max[—‘”]:%; F™=05; AF,_=0.1;F™ =0.05;
N

rep rep rep
d

a=1; p=1; G=2; Ar=0.5. Decision space adaptation was applied every
20" time step with an early termination criterion of fitness saturation for 25 con-
secutive steps (variation < 107°). CFO-PR’s best fitness was 1.5806 x 107* with

N
N—” =2 and y=1 attime step 35, probe #1.
d

The Bowtie’s performance was computed by NEC4 every 100 MHz across the
band 800< f
sulting data used to compute the fitness at each calculation frequency. The un-

4w <12000 ( f,, being the frequency in megahertz) and the re-
loaded structure was optimized to create a reference Bowtie which was then opti-
mized with loading using the reference structure as a starting point. The NEC-4
model employed 9 segments in each of the six wires forming the bowtie triangles,
and three segments in the feed wire. Gain was computed every 5 degrees from
0<6<90° at @=0" (see [21] for coordinate system details). Note that the
range for L, , isspecified asan integer ratioto L,, because NEC loads a wire
by segment number (“LD” cards), not by coordinate. The distance L, conse-
quently must be converted to an integer for use in NEC4.

Bowtie results: Design values for the optimized loaded Bowtie appear in Figure
15. Its computed VSWR performance from 800 to 12,000 MHz is summarized in
Figure 16. Post-processing extended the frequency range from 200 to 15,000 MHz
with data computed every 15 MHz. Figures 17-24 plot and tabulate the results.
As a preliminary matter, the NEC4 model must be validated using the unloaded
antenna’s average free space power gain test (AGT) as discussed at [21]. The AGT
plot appears in Figure 17. Over most of the band the average power gain is be-
tween about 1.05 and 1.1 with a peak near 1.18. Values within 20% of unity usually

are considered adequate for model validation, so that in this example there is high
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confidence in the Bowtie data.

Figure 18 plots the VSWR with and without resistive loading relative to the

CFO-computed optimum feed system characteristic impedance of Z;, =715Q.

Note that Z, which has been determined as a result of its being a variable quan-

tity in the optimization process, is unusual and quite far from the “standard”

1.1

Average Power Gain

1.0

L, 0.051m
o 39.4°
Ehik
Larm
L,., 0.03117 m
R,.. 166.93 Q
Z, 715Q

Figure 15. Optimized Bowtie design values.

Parameter Minimum Maximum
VSWR/IT15 Q 1.06 6.43
R, 111.51Q 729.32 Q
X, ~286Q 335.73Q
€ 24.25 % 98.88 %
G, ~3.34 dBi 4.71dBi

Figure 16. Optimized Bowtie performance 800 - 12,000 MHz.
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Figure 17. Bowtie NEC4 AGT plot.
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values that are much lower (mostly ~50 Q). Impedance-matching Z, toa “stand-
ard” value, say, 50 Q, requires a sufficiently broadband matching network, for ex-
ample, a broadband transformer, lumped or distributed matching network, ta-
pered transmission line, and so on, with some matching devices being better than
others depending on the frequency range.

Figure 21 summarizes the Bowtie’s IBW using the commonly used threshold

Bowtie VSWR

VSWR//715Q

Frequency (MHz)
Figure 18. Bowtie VSWR.

Loaded Bowtie
Radiation Efficiency
100

80

60

40

Radiation Efficiency (%)

20

Frequency (MHz)

Figure 19. Loaded Bowtie radiation efficiency.
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Bowtie Input Resistance

1000

800

% 600
400
200

0
Frequency (MHz)
Figure 20. Bowtie input resistance.
Resistively Loaded No Loading
Band Limits Width Band Limits Width
(MHz) MHz) | %offe (MHz) (MHz) | %offe
1655-1865 210 11.9% 1685-2030 345 18.6%

3185-5210 2025 | 48.2% 3185-3860 675 18.9%
6365-8345 1980 | 26.9% 4460-5375 915 18.6%
11420-11675 255 2.21% 6260-7025 765 11.52%
- - - 7955-8555 600 1.27%

- - - 9395-9740 345 3.6%

- - - 11510-11765 255 2.19%

Figure 21. Bowtie VSWR//715 Q < 2:1 bands (£ = band center).

VSWR //Z,<2:1. The antenna has several low-VSWR bands, two of which
would be considered UWB because the fractional bandwidth with VSWR < 2:1 is
> 25% of the band’s center frequency, £. The loading resistance thus had the de-
sired effect of increasing IBW, but it does so at the expense of radiation efficiency
as shown in Figure 19. At low frequencies & is quite low, and it decreases very
quickly with decreasing frequency. But, near 3000 MHz & exhibits a sharp in-
crease, with very reasonable values at higher frequencies. The unloaded PEC Bow-
tie’s efficiency is 100% and consequently is not plotted.

Figure 20 and Figure 22, respectively, plot the antenna’s input resistance and
reactance. The effect of adding resistive loading is, as expected, to reduce fluctua-
tions in these variables. Figure 23 and Figure 24 plot the antenna’s maximum and
minimum gains, respectively. Adding resistive loading generally reduces maxi-
mum gain as expected, but, interestingly, in this case it actually increases mini-

mum gain in certain frequency ranges.
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Bowtie Input Reactance

Xin ()

Frequency (MHz)

Figure 22. Bowtie input reactance.

Bowtie Maximum Gain

Max Power Gain (dBi)

0 5000 10000 15000
Frequency (MHz)

Figure 23. Bowtie maximum power gain.

6. Conclusions

This note suggests that pseudorandomness is an important, indeed perhaps essen-
tial, aspect of effective CFO implementations. A pseudorandom variable has an
arbitrary but precisely known value that may be assigned or calculated or both. Its
essential characteristic is that the value is uncorrelated with the decision space’s
topology, so that it has the effect of distributing probes pseudorandomly through-
out the landscape.
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Bowtie Minimum Gain

Min Power Gain (dBi)

Frequency (MHz)

Figure 24. Bowtie minimum power gain.

While in a general sense this process may appear to be similar to the true ran-
domness in an inherently stochastic algorithm, it is in fact fundamentally differ-
ent. The equations underlying stochastic algorithms are formulated in terms of
true random variables whose values are computed from probability distributions
and consequently are unknowable until the calculation is performed. Successive
calculations consequently yield different values, and as a result every optimization
run has a different outcome.

By contrast, a pseudorandom variable in the context of CFO is known with abso-
lute precision because of how its value is determined (assignment or deterministic
calculation). This property allows CFO to compute probe trajectories precisely be-
cause it is inherently deterministic. Therefore every CFO with the same setup, with
or without a pseudorandom component, yields exactly the same results step-by-step
throughout the entire run. Importantly, CFO’s reproducibility lends itself well to
“reactive” implementations in which run parameters are “tuned” in response to per-
formance metrics such as rate of convergence or fitness saturation, for example. Re-
active stochastic algorithms, on the other hand, are not easily implemented.

This note provides examples of how pseudorandomness can improve CFO’s
performance in particular, but it is an approach that can be employed in any sto-
chastic metaheuristic, not only in CFO. For CFO in this note three different ap-
proaches are used (initial probe distribution, repositioning factor, and decision
space adaptation), and each was discussed in detail. Of course, other approaches
are possible, for example P7 Fractions being one that has been used with excellent
results [27]. The utility of P/ Fractions is discussed in [27]. Why determinism is
important in addressing real-world engineering problems is discussed at length with
examples in [28]. In this note, a sample benchmark problem was presented in detail

while another one was summarized. Summary data are also included for CFO-PR
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tested against a 23-function benchmark suite. Two “real world” electromagnetics
problem were discussed in detail showing that CFO-PR provides excellent results.
On the whole CFO-PR’s performance is quite good across a wide range of optimi-
zation problems compared to other highly developed, state-of-the-art algorithms.

Hopefully these results will encourage further work on improved methodolo-
gies for injecting pseudorandomness into CFO as well as into inherently stochastic
algorithms. Of course, any or all of CFO’s run parameters can be pseudorandom-
ized, not only the three that were considered here. But even with respect to those
three parameters, different approaches as to how they are pseudorandomized may
yield better results or faster runtimes. There are many fruitful areas of research on
CFO, and it is the author’s hope that this and the other CFO papers will provide
the foundation and catalyst for that work.
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Appendix: The CFO Metaheuristic

CFO searches an N, -dimensional decision space Q) for the global maxima of an
objective function f(xl,xz,'--,de ) defined on Q: x™ <x, <x™, 1<i<N,.
The x, are the decision variables, and i the coordinate number. The term fit-
ness refers to the value of f(X) at point X in Q. There is no a priori infor-
mation about the objective function’s maxima, thatis, /(X)’s topology or “land-
scape” is unknown.

CFO searches Q by flying “probes” through the space at discrete “time” steps
(iterations). Each probe’s location is specified by its position vector computed
from two equations of motion that analogize their real-world counterparts for
material objects moving through physical space under the influence of gravity
without energy dissipation.

Probe p’s position vector at step ; is 1—?;’ = %x,f /é,, where the x// are

k=1
its coordinates and ¢, the unit vector along the x, -axis. The indices p,
I<p<N i and j, 0<j<N,,respectively, are the probe number and iteration
number, where N, and N, are the corresponding fofa/ number of probes and
total number of time steps.

Egquations of Motion. In metaphorical “CFO space” each of the N, probes
experiences an acceleration created by the “gravitational pull” of “masses” in Q.

Probe p’sacceleration atstep j—1 isgiven by

~p < k » k , @ RL-R,
ar, = GZIJ U(Mj_l —Mj_l).(Mj_l —Mj_l) x—| PO ”ﬂ , (1)
k#p J-1 -1

which is the first of CFO’s two equations of motion. In Equation (1),

M?, =f (x{”j’l,xf’j’l,---,xf,;j ’1) is the objective function’s fitness at probe p’s

location at time step j—1. Each of the other probes at that step (iteration) has

associated with it fitness Mj’.ﬁ,,k =L.,p-Lp+L.,N,. G is CFO’s gravita-
1, z=20

tional constant,and U (-) is the Unit Step function, U(z)= {0 therwise
, otherwise

The acceleration a;, causes probe p to move from position ﬁf_l at step

Jj—1 to R} atstep j according to the trajectory equation
T 1. )
R’ =R’ +Ea;’_1m2, j>1, (2)

which is CFO’s second equation of motion.

The CFO equations of motion, (1) and (2), combine to compute a new probe
distribution at each time step using “masses” discovered by the probe distribution
at the previous step. At is the “time” interval between steps during which the
acceleration is constant. Note that CFO’s terminology has no significance beyond
being a reflection of CFO’s kinematic roots, as is the factor 1/2 in Equation (2).
The gravitational constant, G, and time increment, Af, have direct analogues

in Newton’s equations of motion for real masses moving under real gravity
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through three-dimensional physical space. The CFO exponents a and f, by
contrast, have no analogues in Nature. They provide added flexibility to the algo-
rithm designer who, in metaphorical “CFO space,” is free to change how “gravity”
varies with distance, or mass, or both, if doing so creates a more effective algo-
rithm.

“Mass.” The concept of “mass” in CFO space is very important and quite dif-
ferent than it is in real space. Mass in the physical Universe is an inherent, immu-
table property of matter, whereas in CFO space it is a positive-definite user-de-
fined function of the objective function’s fitness [not (necessarily) the fitness it-
self]. For example, in Equation (1) mass is defined as
MASS o =U (M 11-11 -M7, )(M ;‘71 -M7, )a [difference in fitness values raised
tothe a power multiplied by the Unit Step]. A different function can be used if
it results in a better performing CFO algorithm. In this specific implementation
the Unit Step is a critical element because it prevents negative mass. Without the
Unit Step CFO mass could be negative depending on which fitness is greater. But
mass in the real Universe always is positive, and as a consequence the force of
gravity always attractive. By contrast, mass can be positive or negative in meta-
phorical CFO space, depending on how it is defined, and undesirable effects may
result from the wrong definition. Negative mass creates a repulsive gravitational
force that flies probes away from maxima instead of toward them, thus defeating
the very purpose of the algorithm.

Errant Probes. At any iteration in a CFO run, it is possible that a probe’s accel-
eration computed from Equation (2) may be too great to keep it inside Q. If any
coordinate x, <x™ or x, >x™", the probe enters a region of unfeasible solu-
tions that are not valid for the problem at hand. The question is what to do with
an errant probe, and it arises in many algorithms. There are many approaches s.
While many schemes are possible, a simple, empirically determined one is used
here. On a coordinate-by-coordinate basis, probes flying out of the decision space
are placed a fraction AF, <F,

re, rep

coordinate and the corresponding boundary coordinate. £, is the variable “re-

<1 of the distance between the probe’s starting

positioning factor” discussed above. Its value, as well as those of all the CFO pa-

rameters, were determined empirically.
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